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ABSTRACT. We prove a well-posedness result for second order boundary value
problems in weighted Sobolev spaces on curvilinear polyhedral domains in R"™
with Dirichlet boundary conditions. Our typical weight is the distance to the
set of singular boundary points.
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INTRODUCTION

Let Q C R™ be an open set. Consider the boundary value problem

1) {A“:f

ulBQ =49,

where A is the Laplace operator. For €2 smooth and bounded, this boundary value
problem has a unique solution u € H**2(Q) depending continuously on f € H*(Q)
and g € H*"Y/2(09Q), s > 1/2. See [15, 28, 41] for a proof of this basic and well
known result.

It is also well known that this result does not extend to non-smooth domains 2. A
deep analysis of the difficulties that arise for 92 Lipschitz is contained in the papers
[4, 6, 20, 21, 22, 23, 35, 42], and others (see the references in the aforementioned
papers). Results more specific to curvilinear polyhedral domains are contained in
[9, 10, 11, 12, 13, 25, 26, 31] and in the monographs [17, 18, 29, 30, 36].
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2 C. BACUTA, V. NISTOR, AND L. ZIKATANOV

In this paper, we consider the boundary value problem (1) when 2 to is a bounded
curvilinear polyhedral domain in R™, or, more generally, in a manifold M of dimen-
sion n and Poisson’s equation Au = f is replaced by a strongly elliptic system. We
define curvilinear polyhedral domains inductively in Section 6. Let us denote by
Nn_o(x) the distance from a point = € Q to the set Q=2 C 9Q of non-smooth
boundary points of Q (i.e., the set of points p € 9Q such 99 is not smooth in a
neighborhood of p). We take n,_o = 1 if there are no such points, that is, if 9Q
is smooth. The distance is computed within Q, that is, it is the least length of the
curves 7 : [0,1] — © such that v(0) = 2 and v(1) = p € Q"=2). We work in the
weighted Sobolev spaces
2)  KLQ) = {ue L2 (Q), n*30% € L3(Q), for all |a| <1}, 1€ Z,,

loc

which we endow with the induced Hilbert space norm. We extend the above defi-
nition to the case [ € Ry by interpolation. A similar definition, Definition 5, yields
the weighted Sobolev spaces K. (952), | € R,. These weighted Sobolev spaces
are closely related to weighted Sobolev spaces on non-compact manifolds. See
[14, 19, 37, 38, 39] for related results on boundary value problems on non-compact
manifolds and, more generally, on the analysis on non-compact manifolds.

A slightly simplified version of our main result, Theorem 1.5, when formulated
for the Laplace operator A on R™, reads as follows. Before we formulate the result,
let us agree that, throughout this paper, €2 will always be an open set, sometimes
with additional properties.

Theorem 0.1. Let 2 C R"™ be a bounded, curvilinear polyhedral domain. Then
there exists > 0 such that the boundary value problem (1) has a unique solution

u € IC;'H(Q) for any f € K:73(Q), any g € lCZiiﬁ(@Q), any s > 1/2, and any
la| < n. This solution depends continuously on f and g. If s = —1, this solutions

is the solution of the associated variational problem.

The weighted Soblev spaces are more general than the ones considered before (see
Theorem 1.5) and we also allow the dimension of the ambient Euclidean space R™
to be arbitrary. However, we consider only second order, strongly elliptic systems
and only Dirichlet boundary conditions.

The first four sections of the paper contain a self-contained proof our main
result, Theorem 1.5, when g = 0 and the dimension is small (n = 2 and n = 3).
The last three sections are devoted to the (formidable) geometric difficulties arising
in arbitrary dimensions. They are also devoted to setting up the machinery of [2]
and, especially [1], which reduces the case g arbitrary to the case g = 0, based on
general principle.

We now describe the contents of the sections of the paper in more detail. The
first section introduces the weighted Sobolev spaces that we consider and states
the main result, Theorem 1.5. The second section contains a proof of the main
result based on three intermediate results (a Hardy—Poincaré coercivity result, a
regularity result, and a trace result) that would be proved later. A proof of the
coercivity result in dimensions n < 3 is given in Section 4, based on the definition of
curvilinear polyhedral domains for the same set of dimensions, contained in Section
3. Section 5 is, to a large extend, a review of Lie manifolds (with or without
boundary) from [1], which builds on earlier results from [2] and [33]. Polyhedral
domains are defined in 6. They are studied from the point of view of Lie manifolds
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in 7. In the last section, Section 8, we put together the results of the previous
sections to complete the proof of our main result.

We thank Bernd Ammann, Ivo Babuska, Wolfgang Dahmen, Alexandru Ionescu,
and Daniel Tataru for useful discussions. We also thank Johnny Guzman for point-
ing the reference [26] to us. The second named author would like to thank Institute
Henri Poincaré in Paris for its hospitality while parts of this work were being com-
pleted.

1. SOBOLEV SPACES AND STATEMENT OF THE MAIN THEOREM

We introduce in this section the weighted Sobolev spaces hKCE(€2), hICE(00),
and the assumptions on the differential operator P whose Dirichlet boundary value
problem we shall study. (Recall that throughout this paper € will be an open
set.) Then we state the main results of this paper, Theorem 1.5, namely the well
posedness of the boundary value problem (or m x m system)

Pu=f € hK=i(Q)m on
(3) _ s+1/2 m
ulon =g € tha+1/2(3Q) on 0§

for u € hiCZii (@)™, for suitable a and s and a suitable weight h. The spaces
hIC:(£2) are defined in terms of the space IC3(Q2) as follows. If h > 0 on §2, we shall

denote by
(4) RICS () := {hu, u € K ()},

with induced norm, that is ||hul|nics ) = [|ullks (@)-

In this section, we define the weighted Sobolev spaces K05 (£2) and I3 (9€2) when
Q is a straight polyhedron (straight polyhedra are defined below, Definition 1.2).
Theorem 1.5 is valid, however, for any bounded, curvilinear polyhedral domain 2
in a smooth manifold M of dimension n. The general definitions would require
us to introduce too much auxiliary material on curvilinear polyhedral domains, so
we prefered to give this more general definition later. For instance, we postpone
a complete, rigorous definition of curvilinear polyhedral domains until Section 6.
Also, the definition of the Sobolev spaces K2 (92) when Q is a curvilinear polyhedral
domain will have to wait until Subsection 7.5 (the definition of KC2(£2) is essentially
the same). Anticipating in this section the general definitions will allow the reader
to get a very quick insight into our main results, with only minimal loss of generality.
Moreover, the equivalence of the two definitions in case of straight polyhedra is a
result interesting in itself.

The reader may rest assured that, although having an involved definition, a
curvilinear polyhedral domain means almost exactly what one expects it to mean.
See Section 3, where we describe all curvilinear polyhedral domains in R?, in $2,
and in R3, as well as the function 7o and the desingularization ¥(£2). Note, however,
that the subsection 3.3 contains some less common examples.

1.1. Weighted Sobolev spaces. We shall introduce now our Sobolev spaces for
“straight polyhedra.” We shall need a special type of weight, that is, the “distance
to the set of non-smooth boundary points,” denoted 71, _2(x), which we introduce
in the next definition. Recall that a point & € 92 is called a smooth boundary point
of Q if the intersection of 02 with a small neighborhood of p is a smooth manifold
of dimension n — 1. A point p € 99 that is not a smooth boundary point will be
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called a non-smooth boundary point of ). The set of non-smooth boundary points
of Q is denoted by Q("~2) as before (so Q"2 C 9Q).

In what follows, a half-ball will be the intersection of an open ball with an open
subspace whose boundary contains the center of the ball. A point p € 9Q will
be called a one-sided smooth boundary point if p has a neighborhood V, which
intersects €2 in a half-ball. A smooth boundary point p € 9f2 that is not a one-sided
smooth boundary point will be called a two-sided smooth boundary point of €. This
happens precisely when there exist points of 2 as close as desired to p on both sides

of 0.

Definition 1.1. Let € be an open set of a Riemannian manifold of dimension n.
The distance 7, _o(x) from z to the set Q"2 is

where £(y) is the length of the curve 7, and v ranges through all smooth curves
70,1 = @, 4(0) =z, pr= (1) € Q2.

Below, by an affine space we shall denote the translation of a subspace of a vector
space V. A straight polyhedral domain of dimension 1 is simply an open interval on
a line (bounded or not). A straight polyhedral domain of dimension 2, also called
a stratght polygon, is simply a bounded, connected domain bounded by a polygon
with straight edges (no self-intersections). We do not require the boundary of a
straight polyhedron to be connected, as in [5].

Definition 1.2. An open subset 2 C V with finitely many connected components
of an affine space V' of dimension n > 2 will be called a straight polyhedron if there
exist disjoint straight polyhedra D; C 9 of dimension n — 1 such that 0Q = UD);.

Examples of polyhedral domains are, in increasing generality:

i e simplex A,, C R", a case that was treated in [1],

i) the simplex A R™ hat treated in [1

ii) a convex polytope of dimension n, that is the convex hull of a finite set o

ii Lyt f di i that is th hull of a finite set of
points in R”, provided that this set has a non-empty interior.

By contrast, a smooth, bounded domain — while being a curvilinear polyhedral
domain — is not a straight polyhedron. Our definitions below, as well as the main
result, Theorem 1.5, are valid for smooth, bounded domains, trivially. In fact, all
these definitions and results are classical for smooth, bounded domains, and our
results do not bring anything new in that case.

Let Q be a straight polyhedron in an affine space V', which we shall identify with
R™, for simplicity. Let f be a continuous function on €2, f > 0 on the interior of €.
We define the Ith Sobolev space with weight f (and index a) by

(5) KL () ={u€L}.(Q), fl*Im 0% € L*(Q), for all [a| <1}, 1€ Z,.

loc

The norm on ICflyf(Q) is

2 - 2
(6) ||’U,H’qlf(g) = Z Hf\od G8QU||L2(Q) .
' lee| <t
Definition 1.3. Let f, g be two continuous, non-negative functions on 2. We shall
say that f and g are equivalent (written f ~ g) if there exists a constant C' > 0
such that

C™ f(z) < g(z) < Cf(a),
for all z € Q.
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Clearly, if f ~ g, then the norms ||| (@) and ||ul|xt ,(2) are equivalent, and

hence we have ICfo(Q) = ICfl’g(Q) as Banach spaces.

Definition 1.4. We let K\ (Q) = ICfo(Q) and |ullxt (@) = ||u||,cz L@ where
f = nn—2o is the distance to Qn=2),

For example, KJ(Q2) = L%(Q). For Q a polygon in the plane, 1, _2(x) = no(x)
is the distance from x to the vertices of 2 and the resulting spaces K, () are the
spaces introduced by Kondratiev in [25].

Ifl € N = Z, ~ {0}, we define K%, () to be the dual of K (Q) with pivot XJ(€).
That is, we define for any u € C*(Q)

M Julhe—t oy = sup (L 00 e e (),
- [|v ||/C3(Q)

and we let =1 (Q) to be the completion of the space of smooth functions u on
Q) that are such that HUH’C:Z(Q) < 00. We define the spaces K:(f2), s € R, by
interpolation.

To define the spaces K5 (9€2), we need to assume at this time that € is a straight
polyhedron and that 9Q = 9Q. Then the definition is similar. Let D; be as in
Definition 1.2, then

(8) K:af( )_{U’ELIOC( j)?fk_aX1X2"'XkueL2(Dj)a OSkSl}?
for all choices of vector fields X; in a basis of the linear space containing D;. Then
(9)  KL(09) = {u€ L}.(09), ulp, € K, {(D;), f=nn_2, forall j},.

Note that on each face of 912, the natural weight is the distance to the boundary,
not the distance to the set of singular boundary points of that face.

Similarly, the spaces K~ (9) are defined to be the duals of K (9) with pivot
L2(0R2). The spaces K2(9), with s ¢ Z are defined by interpolation.

1.2. The differential operator P. We now introduce the differential operators
that we study. At a first reading, the reader may consider P = —A. Assume first
that (2 is a straight polyhedron. We shall write [D],, for the (p, g) entry of a m xm
matrix D. The adjoint of the matrix D is denoted D*. Hence [D*],, = ﬁqp.
Also, we shall write Re(z) := %(z +7%), or simply Re z for the real part of a complex
number z. The relation A > B means that the m X m matrices A and B satisfy
(A€,€) — (BE,€) > 0 for all £ € C™. The set of smooth functions on Q with values
m x m complex matrices will be denoted C* (€2, M, (C)).

Let u = (u1,us, ..., Uy) € HZ (). We shall study the differential operator (or
matrix of differential operators)

(10) Z 0;[Aji(@)Ou(x +ZB z) + C(z)u(x).

J,k=1

The coefficients A, B;, C are required to satlsfy the following conditions, for some
constant € > 0,

Ajkv Bj7 C e Coo(ﬁ M, (C))

11 n m
1D ( qujpgkq> 2 EZ Z |§Jp| EpeC

j,k=1 j=1p=1
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Bj(xz)* = Bj(z), forall z and j, and

(12) C(z) + Cla)* — Zn:aij(x) > 0.

Let us make the following simple observation, which will be useful nevertheless
in the proof of our main theorem. Namely, decompose P as P; + P, where P;
involves only the terms with A;; and P involves only the terms with B; and C.
Then our assumptions on P are really assumptions on P; + P and P, + P;y. This
shows that P*, the formal adjoint of P, is of the same type as P, that is, it also
satisfies the assumptions of Equations (11) and (12).

Let us consider now the general case of a curvilinear polyhedral domain 2. Let
then E be a vector bundles on M endowed with a hermitian metric, where M is
the given manifold containing €2, of the same dimension as §). A coordinate free
expression of the conditions in Equations (11) and (12) is obtained as follows. We
assume that there exist a metric preserving connection V : I'(E) - T'(E®T*M), a
smooth endomorphism A € End(E @ T*M), and a first order differential operator
P, :T(E) — I'(E) with smooth coefficients such that

(13) A+ A* > 2¢l for some € > 0.

Then we define P, = V*AV and P = P; + P,. In particular, our operator P
will be strongly elliptic in a neighborhood of €2 in M. Note that if 2 C R™ and the
vector bundle F is trivial, then the conditions (13) reduce to the conditions (11),
by taking V to be the trivial connection.

1.3. The set of weights. We first introduce the set of admissible weights. Since
our definition involves the desingularization () of Q, which will be introduced
only in Section 6 (for n < 3 in Section 3), the reader may consider only the particular
admissible weight n%_,, for a € R, instead of a general admissible weight, and hence
ignore the next two paragraphs.

Let 2y be the defining function of the hyperface H of (). A hyperface H C
»(Q) will be called a hyperface at infinity if x(H) C Q™2 A function h =
[14 z%", where H ranges through the set of faces at infinity of 3(£2), will be called
an admissible weight. We endow the set of admissible weights with the topology
defined by the exponents a.

It is instructive to mention at this time that the function rq := [[, xx, where
the product is taken over all hyperfaces at infinity, is smooth on 2 and equivalent to
Nn—2, by Corollary 7.11. The function rq, for various €2, will play an important role
in the in the inductive definition of the structural Lie algebra of vector fields V()
on X(92). In particular, r, a € R, is the most important example of an admissible
weight. We also have that

(14) ng/CZ(Q) = Kot (),

so in a statement about the spaces hiC:(€2), where h is an admissible weight, we
can usually assume that a = 0, without loss of generality.

1.4. The main results. We now state some of the most important results of this
paper. We begin with the main theorem of this paper.

Theorem 1.5. Let Q C R™ be a bounded curvilinear polyhedral domain of di-
mension n. Assume that the operator P satisfies the assumptions of Equations
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(11) and (12). Let Ws(2) be the set of admissible weights h such that the map
P(u) := (Pu,u|pq) establishes an isomorphism

P hICTHQ)™ — W Q)™ @ hKS T, (09)™.

Then the set W4(Q2) is an open set containing 1.

As we have already pointed out earlier, Theorem 1.5 reduces to a well known,
classical result when  is a smooth bounded domain. (See however Section 9 for a
result on smooth domains that is not classical.) The same is true of Theorem 1.6,
which works for general domains.

Theorem 1.6. Let Q C M be a bounded curvilinear polyhedral domain of dimen-
sion n. Assume that the operator P satisfies the assumptions of Equation (13). Let
WL(Q) be the set of admissible weights h such that the map Py(u) := (Pu+cu, u|sq)
establishes an isomorphism

Pe: hICTTHQ)™ — hCH ()™ @ b, (00)™.

Then the set W.(Q) is an open set containing 1.

We obtain the following immediate consequences of Theorem 1.5. Therefore, for
the rest of this section, 2 and P will be as in Theorem 1.5. Similar consequences
can be obtained from Theorem 1.6, but we will not state them explicitly, since they
are completely similar.

Here are two immediate consequence of the above theorem. The continuity of
the inverse of P is made explicit in the following corollary.

Corollary 1.7. There exists Cq > 0, depending only on 2, s > 0, and h € Ws(Q),
such that

||u||hKi+l(S2) < CQ(||PU||hICi711(Q) + ||u|39||h]<:;‘/"21/2(39))7
for any u € K1(Q)™.
From the fact that n,_» is equivalent to rq := [[, xx, where H ranges through

all hyperfaces at infinity of X(£2), by Proposition 7.9 and Corollary 7.11, we obtain
the following corollary.

Corollary 1.8. There exists n > 0 such that
P ()™ N {u € Hige ()™ uloq = 0} — K5Z1()™
is an isomorphism for all s > 0 and all |a] < 7.

Proof. 'We know that /Cf;ﬁ =735t and that rg is an admissible weight for any
a € R. The result then follows from the fact that W,(Q2) contains the weight 1, by
Theorem 1.5 and it is an open set, by Proposition 2.6. O

Here is another corollary, in the spirit of [7]. This method was used in that paper
for n = 2 to determine the constant 7 in the previous corollary as n = 7/as, where
apy is the largest angle of Q. See also [26].

Corollary 1.9. Let h = [[, %" be an admissible weight such that either all
ag >0 or all ag < 0. Assume that for all X € [0,1] the map

P:hACH)™ N {u € Hip ()™, ulog = 0} — K21 ()™
is Fredholm. Then h € W().
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Proof. We proceed as in [7]. The result for an arbitrary h is equivalent to the
original result for P replaced by h~'Ph. The family Py := h~*Ph* is continuous
for A € [0,1], consists of Fredholm operators (by the definition of W(Q)), and is
invertible for A = 0. It follows that the family Py consists of Fredholm operators of
index zero. To prove that these operators are isomorphisms, it is hence enough to
prove that they are either injective or surjective. Assume first that ay > 0 in the
definition h = [] 2% of h. Then h*K1(2) C K}(Q). Therefore P is injective on
RACEH(Q) N {u|pn = 0}. This, in turn, gives that Py is injective.
Assume that ag < 0 and consider

(15) Py : BAKH) N {ulaq = 0} — K1),

We have (Py)* = (P*)_x. The same argument as above shows that Py is injective,
and hence that it is an isomorphism, for all 0 < A < 1. Hence P, is an isomorphism
forall0 < A< 1. O

2. PROOF OF THE MAIN RESULT

We list in the following subsection, the stepping stones in the proof of our main
result, Theorem 1.5. They are:

(i) a Hardy—Poincaré type inequality (Theorem 2.1;
(ii) a regularity result for polyhedra (Theorem 2.3); and
(iii) general properties of weighted Sobolev spaces (Theorem 2.4 and Proposition
2.5).
The Hardy—Poincaré type inequality, stated next, will be proved in Section 3 for
n = 3 (the only missing ingredient necessary for the general case is Proposition
7.10). The other two stepping stones, follow from the results of Sections 5-7 and
the results of [1], as it will be explained in Section 8.
In Subsection 2.2, we show how our main result, Theorem 1.5, can be proved us-
ing the results stated in the first subsection, Subsection 2.1. Recall that throughout
this paper 2 will be an open set.

2.1. Stepping stones. We now list the main stepping stones for the proof of
Theorem 1.5. Let dx = dxidxs ... dx,. The following result is our Hardy—Poincaré
coercivity result (or inequality).

Theorem 2.1. There exists a constant kg > 0, depending only on ), such that

2
16 ul? ::/de<ﬁ/Vux2dx,
(16) gy = [ 220 do < e [ Vuta)

for any function w € HL _(Q) such that u|sg = 0.
From this theorem we immediately obtain the following corollary.

Corollary 2.2. There exists a constant kg, > 0, depending only on 2, such that

1 2 2
e < [ [Vut@) de.

for any function w € HL _(Q) such that u|sq = 0.
Proof. We have

2
ul|24 :/de+/ Vuxde§m+1/Vux2dx7
il = [ o5 det [ [Vu@) e < (0 +1) [ [Vu(o)
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by Theorem 2.1 and the definition of the norm on the spaces K\ (), 1 € Z,. O

The regularity result, stated next, is of independent interest. Its proof is based
to a large extend on the results of [1]. It will be proved in Section 8. Recall that h
is an admissible weight if h = [[, 2%/, ag € R, where H is a hyperface at infinity
of X(Q).

Theorem 2.3. Let h be an admissible weight. Let u € hK1(Q)™ be such that

Pu € hC*TH)™ and ulaq € hicjj;/z(asz)m, s€Ry. Then u € KT (Q)™ and

A7) Nl @) < CUPUlcer @) + ey + [ulonlle 172 o)

We shall need also the following result about our Sobolev spaces, which general-
izes the well known results on Sobolev spaces on domains with smooth boundary.
Let C°(Q) be the space of compactly supported functions on the open set Q.

Theorem 2.4. The restriction C(Q ~ Q"2) 3 u — u|gg € CX (0N~ Q—2)
extends to a continuous, surjective map

Ka(Q) = K 7V5(00), s>1/2.

Moreover, C2°(Q2) is dense in the kernel of this map if s = 1.

This will follow from Theorems 3.4 and 3.7 of [1], once we shall identify the
Sobolev spaces on 2 with the Sobolev spaces introduced in [1], see Proposition
8.4 and Definition 8.5. The relevant results from Theorems 3.4 and 3.7 of [1] are
recalled in Proposition 5.8.

The continuity of the map P in the above theorem is a consequence of the next
proposition, which in turn is a consequence of the results of Section 7 (it is contained
in Corollary 8.6).

Proposition 2.5. Let P be a differential operator of order m on M with smooth
coefficients. Then P maps hK:(Q2) to hK.Z7 () continuously, for any admissible
weight h. Moreover, the resulting family h=*Ph* : K5(Q) — K7 (Q) of bounded
operators depends continuously on A.

The continuity (and surjectivity) of the second component in P follows from
Theorem 2.4.

Proposition 2.6. The set W,(Q2) is open.

Proof. This follows right away from Proposition 2.5. Indeed, the family P :
RICHH(Q) — AKSTH(Q) is unitary equivalent to h='Ph @ KiTHQ) — K£77HQ).
The result then follows since the set of invertible operators is open. O

2.2. Proof of the main result. We now prove Theorem 1.5 assuming the results
stated in the previous subsection, Subsection 2.1. The proof of Theorem 1.6 is
completely similar.

Proof. We shall follow the pattern of proof from [15]. See also [16], where the
slightly more general version of the Lax—Milgram lemma needed in this proof is
proved. First, let us notice that Theorem 2.4 allows us to reduce the proof to the
case when g = 0. Also, it is enough to prove our result for s an integer, since the
general case then follows by interpolation.
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The first step is to prove that 1 € Wy(Q). We shall denote by (u,v) :=

ity Joui(x)vj(z)de the inner product on L*(Q)™. Let H C Ki(Q) be the sub-

space consisting of the functions u € K1(£2) such that u = 0 on Q. Thus H is the

kernel of the trace map K1(Q) — K};;(@Q) Then

B(u,v) := Pu v Z kaku,aju) + Z (Bjaju,u) + (Cu,v),

J,k=1 j=1

for any u,v € H. In particular, B defines a continuous bilinear form on H. (The
easiest way to check this is to use the fact that C2°(€2) is dense in H, by Theorem
2.4.)

Our assumptions on the coefficients A;;, B;, and C, together with Corollary 2.2
give, for the real part of the inner product (Pu, u), the following inequality

(18)  Re(Pu,u) :/ (Re Z Z k) pgOrtq0; up) dx

J.k=1p,q=1

+(C+Cr - ZaB Y, u /z>ezzua up||2—eZ||VupHLzm

j=1 p=1

2 GZ luplizr oy =+ ellullis -
p=1
Hence the bilinear form B is also coercive.

The assumptions of the Lax-Milgram lemma are therefore satisfied, see [16], and
hence P : H — H* = K~1() is an isomorphism (by this we understand that P is
continuous with continuous inverse). This proves that 1 € Wy(Q).

Let us next prove that Wy C W,(Q) for any s € R, and hence, in particular,
1€ Ws(Q2). Let h € Wy(£2). Then Theorem 2.3 gives that the map

(19) P hICST2(Q) N {ulaq = 0} — A, (Q)

is surjective. Since this map is also continuous (Proposition 2.5) and injective
(because h € Wy(2)), it is an isomorphism by the open mapping theorem. This
shows that W,(Q) C Wy(£2), for any s € R,.

Since we have already proven that W;(Q2) is open, the proof is complete. O

3. CURVILINEAR POLYHEDRAL DOMAINS IN 1, 2, AND 3 DIMENSIONS

In this section we give some examples of curvilinear polyhedral domains 2 in
R2, in S2, or in R®. These examples are crucial in understanding the definition
of curvlinear polyhedral domains in arbitrary dimensions, which will be given in
Section 6. See the paper of Babuska and Guo [5], the paper of Mazya and Rossman
[31], and the papers and Verchota and Vogel [44, 43] for related definitions. Let us
stress that all curvilinear polyhedral domains will be open sets.

For completeness, let us mention that a subset Q C R or Q C S! is a curvilinear
polyhedral domain if, and only if, it is a finite union of open intervals.

3.1. Some curvilinear polyhedral domains in dimension 2 and 3. The def-
inition of a curvilinear polyhedral domain is local, by induction. In this section
we specialize the general definition, Definition 6.1, to the cases n = 2 and n = 3.
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The desingularizations X(2) and the functions rq will be introduced in the next
subsection.

Definition 3.1. A bounded subset Q C R? will be called a curvilinear polyhedral
domain if, for every point of the boundary p € 92, there exists a neighborhood
V, C R? of p and a diffeomorphism ¢, : V,, — U C R?, ¢,,(p) = 0, where U C R? is
an open subset, such that one of the following conditions is satisfied

(a) ¢p(VpNQ) ={(rcosb,rsind), 0 <r < 1,0 € w,}, where w, is a union of open
intervals of the unit circle, different from an interval of length ;

(b) op(VpNQ) ={(z,y),0<z<1,-1<y<1};o0r

(¢) ¢p(VonQ)={(z,y), -1<z<l,z#0,-1<y<1}.

The condition that w, be not an interval of length m of S* above is included to
make sure that no point p will satisfy more than one of the conditions (a), (b), or
(c) above. The set w, is called the link of Q at p. The definition of a curvilinear
polyhedral domain 2 C M, where M is a manifold of dimension 2, is completely
similar.

Ezample 3.2. Let us define first a bounded, curvilinear polygon Q = P C R? with
k vertices. The cases k =0 and k = 1 are also allowed.

If £ = 0, then P is, by definition, a connected, bounded domain with smooth
boundary. Let kK > 1. Then we assume P to be an open set whose boundary is a
closed (not necessarily connected), piecewise smooth curve, consisting of a union
of curves v, : [0,1] — R? j =1,2,...,k. We require that the curves v;, have no
common interior points. When k = 1, we have only one curve v, : [0,a] — R?
satisfying 71(0) = 1(a) and 74(0) # 7} (a):

Let {A;, Ag, ..., Ar} be the vertices of P, defined as the set of end points of the
curves ;. Let r;(z) be the distance from x to A;. Denote V; := {r; < 2¢}. Then we
require that there exist a; € (0,27), oj # 7, and a diffeomorphisms ¢; : V; — B2,
®i(A;) =0, such that

¢;(V;NP) ={(rcosf,rsinf), 0 <r<1,0<0<a;}, 1<j<k.

If the curves 7, are straight lines (that is, if P is a straight polygon), then we
can take ¢; to be a composition of constant translation and constant rotation. In
particular, a vertex belongs to exactly two of the curves ;.

A bounded, connected domain P satisfying the conditions above will be called a
curvilinear polygonal domain (with k vertices).

We carry the above definition to domains on spheres, using diffeomorphisms.

Ezxample 3.3. An open subset Q C M of a two dimensional manifold M will be
called a curvilinear polygonal domain there exists a bounded, curvilinear polygonal
domain Qy C R? and a diffeomorphism ¢ : Uy — U, from a neighborhood Uy of
in R? to a neighborhood U of Q in M, such that

$(Q0) = Q.

The domains 2 and Qg will have the same number of vertices, and these vertices
will correspond under ¢.

It follows from the definitions that every vertex p of a two dimensional curvilinear
polygonal domain 2 C M will have a neighborhood V,, € M for which there exists
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a diffeomorphism ¢, : V,, — B2, ¢,,(p) = 0, such that
(20) d;(Vp,NQ) ={(rcosf,rsinf),0<r<1,0<0<a;}, 1<j<k.

Therefore, a polygonal domain is a curvilinear polyhedral domain where w, =
0, p), ap # .

We shall denote by B* the open unit ball in RF and by S*~! its boundary, the
unit sphere in R!. To discuss curvilinear polyhedral domains in R3, we shall need
the concept of an irreducible subset of S2. For further reference, we include the
definition of an irreducible subset of S¥~1.

Definition 3.4. A subset w C S*~! := 9B* the unit sphere in R* will be called
irreducible if Ryw := {rz’, r > 0,2’ € w} cannot be written as V + V' for a linear
subspace V C R* of dimension > 1.

For example, (0, ) C S* is irreducible if, and only if, o # 7. A subset w C S¥~!
strictly contained in an open half-space is irreducible, but the intersection of S*~1,
k > 2, with an open half-space is not irreducible.

Definition 3.5. A bounded subset Q C R? will be called a curvilinear polyhedral

domain if, for every point of the boundary p € 92, there exists a neighborhood

V, C R? of p and a diffeomorphism ¢, : V,, — U C R?, ¢,(p) = 0, where U C R? is

an open subset, such that one of the following conditions is satisfied

(a) ¢,(V,NQ) = {ra/,0 < r < 1,2/ € wy}, where w, C S? is an irreducible
curvilinear polyhedral domain;

() ¢p(VpoNQ) = {(rcosh,rsinbd,z), 0 <r < 1,0 € w,,0< 2z < 1}, where w, C S*
is an irreducible subset;

(c) ¢p(V,NQ) ={(z,y,2),0<z<1,-1<y,z<1};or

(d) ¢p(VpNQ) ={(z,y,2), -1<z<lz#0,-1<y,z<1}

Anticipating, the definition of a curvilinear polyhedral domain in R" is by induc-
tion, closely based on the model of the last example. In fact, generalizations of the
diffeomorphisms ¢, used above will provide the crucial ingredient in the definition
of a curvilinear polyhedral domain, Definition 6.1. If p is as in (c) above, we denote
by wp, = {+1} € SY = {£1}. If pis as in (d) above, we denote by w, = S = {£1}.
The set wy, will be called the link of {2 at p, as before. Then condition that the link
wyp, be irreducible guarantees that no point satisfies more than one of the conditions
(a), (b), (c), and (d).

If the point p €  satisfies Condition (a) but does not satisfy condition (b) of
the last definition, then we say that p is a vertex of Q. If p satisfies condition (b) of
the above example, then we say that p is an edge point of ). Recall the discussion
before Definition 1.1 of (one-sided, two-sided) smooth boundary points. The point p
satisfies Condition (c¢) or Condition (d) above if, and only if, p is a smooth boundary
point of Q. If (¢) is satisfied, then p is a one-sided smooth boundary point of Q. If
(d) is satisfied then 92 is a two-sided smooth boundary point of .

The following subsection contains several examples.

3.2. Definition of X(2) and of rq if n = 2 or n = 3. We now introduce the
desingularization () and the function rq for some of the typical examples of
curvilinear polyhedral domains in n = 2 or n = 3. We also frame these definitions
as examples. The general case (of which the examples considered here are particular
cases) is in Section 7. The reader can skip this subsection at a first reading.
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The case n = 2 and of a polygonal domain P particularly simple. We use the
notation in Example 3.2.

Ezample 3.6. The desingularization 3(IP) of P will replace each of the vertices A;,
j=1,...,k of P with a segment of length o; > 0, where o; is the magnitude of
the angle at A;. We can realize ¥(P) in three dimensions as follows. Let 6; be the
angle in a polar coordinates system centered at A;. Let ¢; be a smooth function on
PP that is equal to 1 on {r; < e} and vanishes outside V} := {r; < 2¢}. By choosing
e > 0 small enough, we can arrange that the sets V; do not intersect. We define
then
O :P~{A,A,..., 4} = PxRCR?

by ®(p) = (p,>_ ¢;(p)8;(p)). Then X(P) is (up to a diffeomorphism) the closure in
R3 of ®(P). The desingularization map is x(p,z) = p. The structural Lie algebra
of vector fields V(PP) on X(P) is given by (the lifts of) the smooth vector fields X
on P\ {41, Aa, ..., A} that on V; = {r; < 2¢} can be written as

(21) X = a(rj,0;)r;0-; + ag(r;,0;)0;,

with a, and ap smooth functions of (r;,6;), including r = 0. We can take ro(z) :=
¥(x) H§:1 rj(x), where ¢ is a smooth, nowhere vanishing function on (). (A
factor v like that can always be introduced, and the function rq is determined only
up to this factor. We shall omit this factor in the examples below.)

The example of an edge, is one of the most instructive.

FEzample 3.7. Let us consider first the case when € is the wedge
(22) W= {(rcos,rsinf,z),0 <r,0 <0 <o,z € R},

where 0 < a < 27, a # 7 and z = rcosf and y = rsinf define the usual
cylindrical coordinates (r,0,z), with (r,0,z) € [0,00) x [0,27) x R. Then the
manifold of generalized cylindrical coordinates is, in this case, just the domain of
the cylindrical coordinates on W:

(W) =1[0,00) x [0,a] x R.

The desingularization map is k(r,6,2) = (rcosf,rsind, z) and the structural Lie
algebra of vector fields of £(W) is

ar(r,0,2)ro. + ag(r,0,2)0 + a.(r,0, 2)ro,,

where a.., a, and ay are smooth functions on X(W). Note that the vector fields in
V(W) may not extend to the closure W. We can take rq = r, the distance to the
Oz-axis.

The following example, that of a domain with one conical point, is an example
of a curvilinear polyhedral domain that is not a straight polyhedral domain (and
is not even diffeomorphic to one).

Example 3.8. Let us now consider the case of a domain with one conical point.
That is, we assume that € is bounded and that 02 is smooth, except at a point
p € 012, which is a conical point, in the sense that there exists a neighborhood V,
of p such that, up to a local change of coordinates,

(23) V,NQ={ra/,0<r <ea €wl
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for some smooth, connected domain w C S?~! := 9B™. Then we can realize
$(Q) in R?" as follows. Assume p = 0, the origin, for simplicity. We define
®(x) = (x,|x|~12) for x # p, where || is the distance from x to the origin (i.e.,
to p). Then 3(Q) is defined to be the closure of the range of ®. The map &k
is the projection onto the first n components. Then k is one-to-one, except that
k7 1(p) = {p} x w. We can take rq(z) = |x|. The Lie algebra of vector fields V()
consists of the vector fields on () that are tangent to x~!(p). This example is
due to Melrose [33].

Ezample 3.9. Let Q C R? be a straight polyhedral domain. To construct ¥(Q), we
combine the ideas used in the previous examples. First, for each edge e we define
(re, Oe, z¢) to be a coordinate system aligned to that edge and such that 6. € (0, a.),

as in Example 3.7. Let vy, va, ..., v, be the set of vertices of 2. Then, for x not on
any edge of Q, we define ®(z) € R3+o+b by
(I)((E) = (SE, 361,962, oo )080,’ |£L’ - 'U1|71(.’E - Ul)v ) |£U - Ub‘il(x - Ub)) .

The desingularization () is defined as the closure of the range of ®. The resulting
set will be a manifold with corners with several different types of hyperfaces (a
hyperface is a proper face of maximal dimension). Namely, the manifold ¥(€2) will
have a hyperface for each face of €2, a hyperface for each edge of 2, and, finally, a
hyperface for each vertex of ). The last two types of hyperfaces are the hyperfaces
at infinity of (). Let g be the distance to the hyperface H. We can take then
rq = [y ©H, where H ranges through the hyperfaces at infinity of ().

We can imagine () as follows. Let € > 0. Remove the sets {z € Q, |z —v;| < €}
and {z € Q, |r — ex| < €2}. Call the resulting set 2. Then, for € small enough, the
closure of €2, is diffeomorphic to X().

3.3. Exotic examples. We include now some non-standard examples of curvilin-
ear polyhedral domains in R? and R3. They will show how complicated curvilinear
polyhedral domains can be.

Example 3.10. Let P be a straight polygonal domain. Remove from the interior
of P some short segments, each starting at some vertex of P. We assume that the
interior of the segments that we remove have no common points and that they do
not intersect the boundary. The resulting set Q will be a curvilinear polyhedral
domain.

Example 3.11. Let  be obtained from the unit ball B3 by removing a segment
joining two opposite points of the boundary. Then the resulting set Q will be a
curvilinear polyhedral domain. The same will be true if we remove a disk whose
boundary is a great circle of S2. The resulting set is not connected though.

FEzample 3.12. We start with a connected polygonal domain P with connected
boundary and we deform it until one, and exactly on of the vertices, say A, touches
the interior of another edge, say [B, C]. Let Q be the resulting connected open set.
Therefore that 952 is a union of straight segments, but is not a straight polygonal
domain. Nevertheless, €2 will be a curvilinear polyhedral domain. We define the
set X(Q2) as for the polygonal domain P, but by introducing polar coordinates in
the whole neighborhood of the point A.

If we deform P to Q, 3(P) will deform continuously to a space 3'(Q), different
from (). For certain purposes, the desingularization X/(£2) is better suited than
().
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4. A POINCARE TYPE INEQUALITY

We now prove the Hardy—Poincaré type inequality stated in Theorem 2.1, pro-
vided that the dimension is n = 2 or n = 3. The general case proceeds by induction,
and the inductive step is very similar to the proof of the case n = 3. There is only
a small detail that requires, however, the results of the subsequent sections, namely
Proposition 7.10, which is proved in the last section, Section 7.

If u/np—2 is, in fact, not square integrable (i.e., [, [u(z)[*np—2(x)~? dz = o0),
then we understand the Theorem 2.1 to mean that Vu is not square integrable
either.

4.1. The case n = 2. A first step is provided by the following lemma. By abuse of
notation, we shall write u(r, 6) := u(r cos 8, r sin 0) for a function u(x, xs) expressed
in polar coordinates. Below, dz = dzidzs ... dx,.

Lemma 4.1. Let C = Cg(a,8) := {(rcosf,rsinf) e RZ0<r < R,3 <60 < a},
0<a—p03<2nr. Then
Juf?
— dx < — \Vu\ dx
c T
for any uw € HL (C) satisfying u(r,0) = 0 zf@ =0 or 0 = a. The same result holds
if C is the disjoint union of domains Cr(a, 3), for different values of R, «, and 3.

Again, if u/r is not square integrable, the statement of the Lemma above is
understood to mean that Vu is not square integrable either.

Proof. We include here the elementary proof from [36][Subsection 2.3.1]. See also
[24]. Let Opu(r, #) be the weak derivative of u, which exists and is a locally integrable
function since u € H (C). We can assume that 3 = 0.

Fubini’s theorem gives that the function u(r, ) is a Lebesgue measurable function
of 6, except maybe for r in a set of measure zero (i.e., almost everywhere in r).
Since C°(U) has a countable dense subsequence, for any open set U C R™, we
obtain that, for r fixed outside a set of measure zero, the functions u(r,6) and
Opu(r,0) are measurable in 6, are locally square integrable, and the later is the
weak derivative in 6 of the first one.

The one dimensional Poincaré inequality then applies and gives

«@ 2 «@
w2do < | |19gul? do,
2
0 a® Jo

almost everywhere in . Moreover, both sides of the above inequality define mea-
surable functions of r (we extend them with zero where they are not defined). Using
again Fubini’s theorem, we obtain

‘u|2 R a 2 R a
o T = u r< — ou|“r~ r
5 d 2do ) r—td 02 dpul*r=1do ) d
c T 0 0
2 2
7/ / <89u| + |0, ul )Td@dr: 12/ |Vu|*dz.
a” Je

The proof when C is a union of domains as above is obtained by adding up the
inequalities for the individual domains. O

The following lemma verifies the case n = 2 in Theorem 2.1, the first step in our
induction proof.
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Lemma 4.2. Let € be a curvilinear polygonal domain in a two dimensional man-
ifold M. Fiz an arbitrary metric g on M and let ng(z) be the distance from z to
the vertices of Q. Then there exists a constant kg > 0 such that

2
[ulz)] dz < kg /|Vu |2dz
o Mo(2)?

for any u € HL (Q) satisfying u =0 on 9.

Proof. Let us fix, for any vertex p € €, a diffeomorphism ¢, : V,, — B? such that
(Vo N Q) = C, as in Definition (3.1)(a). By decreasing V,,, if necessary, we may
assume that ¢, extends to a diffecomorphism defined in a neighborhood of Vp in
M. Note that C satisfies the assumptions of Lemma 4.1.

Let rp(2) = r(¢p(2)) be the distance from ¢,(z) to 0 = ¢,(p) € R?. Then
no(2)/rp(2) is continuous on V, \ {p} and

Mo(2)/7p(%) is bounded as z — p.

If follows that 19 (z)/rp(2) is bounded on V},. Similarly, the norms of the differentials
D¢p and D(ﬁ*1 are bounded on V},, by continuity. Hence the Jacobians det(D¢,) =

12| and det(Dg¢, ') = 22| are bounded on V.
Let u€ HE (Q), u= O on 0N. Then Lemma 4.1 gives
O Ly g C L ey 1
V,NQ n0(2)? ¢ ™p(2)? 1 ¢ Tp(2)?

dx <c/| dm<C/\Vu Y(x))|? da

_ u(g, " (2))?
70/67072

In the last inequality we have used the fact that the differential D¢, is bounded in
norm. (We have used above the usual convention that C' denotes a generic constant
that may be different in each inequality.)

We shall also need the usual Poincaré inequality

(25) /Q lu(2)?dz < C /Q Vu(z)2dz.

By decreasing the neighborhoods V,,, we can assume that they are disjoint. Adding
up then the inequalities (24) for all p and Equation (25), we obtain

ZUZQZ 'LLZz,Z
AﬂN(NdSCLW(Nd,

where f(z) =1if 2 € V, and f(z) = 14,2 if z € V,. We claim that the function
no(2)?f(2) is bounded. Indeed, the function n2(z) is bounded on Q. Outside all V,,,
f(#) is bounded as well. Finally, on V,,, we have already noticed that the product
no(2)/7p(2) is bounded.

We therefore obtain 1 2(z) < C'f(z), and hence

1}mwm@*wscéwumma

This completes the proof. (I

<C |Vu(z)]? dz.
VN9
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4.2. The case n = 3. We are ready now for the proof of Theorem 2.1 for n =
3. Our proof combines the methods used in the previous two Lemmata and the
inequality for the case n = 2. The general case will be completed once we will have
proven Proposition 7.10.

Proof. Recall that 1, _2(2) = () denotes the distance from z to the set Q=2
as in Definition 1.1 (also discussed in the Introduction). The set Q("~2) consists of
the non-smooth boundary points of Q (i.e., those points p € 9Q where 95 is not
smooth).

Let us denote by B’ the ball of radius 1 in R’ centered at the origin, as above.
Also, let us fix, for any p € 0f, a neighborhood V), of p in M and a diffeomorphism
Gp: Vp = U= B3l x B! as in Definition 3.5. Let ¢ > 0. We may assume that
V, lies at distance at most e!*! to 9Q. We shall use the notation w, introduced
in that definition. The value I = 0 corresponds to the case (a), i.e., when p is a
vertex, whereas the value | = 1 corresponds to the case (b), when p is an edge
point. (No point p corresponds to more than one value of I.) We need only treat
these two cases. By decreasing V,,, if necessary, we may assume that ¢, extends to
a diffeomorhism defined in a neighborhood of V, in R3.

Assume [ = 0. Then we denote by 19(2’) the distance from a point 2’ € w, C S?
to the vertices of wy, and let 7,(z) = po(a’), if ¢p(z) = pa’, where 0 < p and
z' € wp.

Assume | = 1. Then we let r,(z) = r if ¢,(2) = (rcosb,rsinb, z), where 0 < r,
0<6<a and z € R.

We claim that the function 7 (x)/rp(x) is bounded for any p, provided that we
choose € small enough, independent of p. Assume p is a vertex, the other case being
easier. Then, for € > 0 small enough, the quotient 7, (x)/r,(x) is homogeneous in
x, in the sense that n(z)/rp(x) = m(tz)/rp(tx) for 1 > ¢ > 0. We can therefore
assume that the length |z| is constant. (This argument will be discussed again, at
great length, in Proposition 7.10.)

Recall that the set C := ¢,(V, N Q) is assumed to be as in Definition 3.5. We
shall consider separately the cases [ =1 and [ = 0.

Ifl =1,C =C" x (—1,1), and hence we obtain, as in the proof of Lemma 4.2
(especially Equation (24)), the following inequalities. We shall write u(z) instead
of u(¢;,*(x)), by abuse of notation. We first proceed as in Equation (24) to obtain.

o
()
S~—
=
k]
£
N
S~—
)
QU
Q
Il
S
=
—~
N
S~—
)
3
—~
N
S~—
[\
QU
Q
N
Q

uz)?
o ep =0 [
u(z)]? |0z u(z)|?
Wl |02 dxgc/cl (T2)| da.

r2 ox

|
Q
T~
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Then we use again, as in Equation (26), the Hardy—Poincaré type inequality in an
angle proved in Lemma 4.1, to obtain

2 1 2
(27) / @ dzr = / ( @ d:z:ldaz2> dxs
C r -1 c’ r
1 1
< / (/ IV (o ooy (@) 2 dxldxg) dxs < / ( |Vu(z)? dxldm) dxs
1 c’ -1 c’

. c/ Vu@)Pde<C [ V()P d.
c V,nQ

We perform a similar calculation on V,, N when [ = 0. Recall that ¢,(V,NQ) =
{pr, 0<p<1,a € wp} =: C. The inequality

| / / !
28 / <C r, x=pz, |z|=1,
(28) v,ne Mm(2 21#0 1

is proved as in Equation (26) above (which in turn had followed the pattern of
Equation (24)), using also the inequality Cny(z) > po(z). Next, let V' be the
gradient of a function defined on wy, so that

Vau(pz') = p~'V'u(pa') + ,u(pz’).

(The analogue of this decomposition in two dimensions is Vu = r~*9pu + 9,u.)
Hence

V'u(pz')[* < p*|Vu(pz')],
which gives

(29) /c/%dx:/ol (/w |“(%/) da:)dp

p

1 1
< C/ ( |V/U(P$/)2d$/> dp < C/ (/ p2|Vu(pm’)|2dx’> dp
0 Wp 0 wp

- c/ Vu@)Pdr<C [ |[Vu(z)Pdz
c V,nQ

Putting together the Equations (26) and (27) when ! = 1 and the Equations (28)
and (29) when [ = 0, we obtain the following inequality

u(2))?
(30) /V [l )‘2 dz < G, |Vu(z)? dz < Cp/Q |Vu(z)? dz.

>N (2) VpNQ

where the constant C), depends on the point p € QM but not on the function u €
H} (Q) satisfying u = 0 on Q. We shall also need the usual Poincaré inequality

(31) /Q lu(2)|* dz < Cq /Q |Vu(2)]? dz.

We now conclude the proof of the case n = 3 following the same argument used
to complete the proof of Lemma 4.2. Let us cover the set Q1) of points of 9Q where
02 is not smooth with finitely many sets of the form Vj,. Call these sets V},, . Let
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Co > 1y % outside the union of the sets V,,. Let kg = CoCq + > Cp, . We add all
inequalities (30) for p = py and the inequality (31), multiplied by Cy. This gives

(32) /Qf(Z)Iu(Z)Fdz < ko /Q Vu(z)Pdz.

where f(z) > n1(2)7% on V,,, and f(z) > Cy > n1(2)~? outside the union of the
sets V. Hence f(z) > n1(2)~2 on Q. The proof of Theorem 2.1 is now complete
for n = 3.

For n > 3, the only things that still require to be taken care of are: the def-
inition of curvilinear polyhedral domains and the definition and boundedness of
Nn—2(x)/rp(x). This will be done in the next sections. For instance, the bound-
edness is proved in Proposition 7.10. (Note that r, is denoted r, in that proposi-
tion.) O

5. LIE MANIFOLDS WITH BOUNDARY

The results that remain to be proved are, to a certain extend, particular cases
of more general results on manifolds with a Lie structure at infinity. In order to
make this paper as self-contained as possible, we now recall the definition of a Lie
manifold from [2] and of a Lie manifold with boundary from [1]. We also recall a
few other needed definitions and results from those papers.

5.1. Definition. Let us recall that a topological space 9 is a, by definition, a
manifold with corners if every point p € 91 has a coordinate neighborhood home-
omorphic to [0,1)* x (=1,1)"~* such that the transition functions are smooth (in-
cluding on the boundary). It therefore makes sense to talk about smooth func-
tions on 9N, these being the functions that correspond to smooth functions on
[0,1)% x (=1,1)"~*. We denote by C>(9M) the set of smooth functions on a man-
ifold with corners 9. The least integer k with this property is called the depth of
.

Throughout this paper, 9T will denote a manifold with corners, not necessarily
compact. We shall denote by 9, the interior of 91 and by 09 = 9 \ My the
boundary of M, i.e., 09 is the union of all hyperfaces of 90t. The set 9 consists
of the set of points of depth zero of 9. It is usually no loss of generality to assume
that 91y is connected. Let My, denote the set of points of M of depth k and Fy
be a connected component of 9t,. We shall call Fyy an open face of codimension k
of M and F := Fy a face of codimension k of M. A face of codimension 1 will be
called a hyperface of M. In general, a face of 91 need not be a smooth manifold
(with or without corners). A face F' C 9t which is a submanifold with corners of
M will be called an embedded face.

Anticipating, a Lie manifold with boundary 9, is the interior of a manifold with
corners I together with a Lie algebra of vector fields V on 90 satisfying certain
conditions. To state these conditions, it will be convenient of first introduce a few
other concepts.

Definition 5.1. Let 91 be a manifold with corners and V = C*(9)V be a space
of vector fields on M. Let U C 9 be an open set and Y7, Ys, ..., Yi be vector fields
on U NMy. We shall say that Y7,Y5,...,Y, form a local basis of V on U if the
following three conditions are satisfied:

(i) there exist vector fields X1, Xo,..., Xk €V, Y; = X; on U N Miy;
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(ii) for any X € V, there exist smooth functions ¢q, ¢a, ..., ¢, € C(My) such

that

(33) X=p1 X1 +p2Xo+ ...+ X onUNMg;
and

(111) if ¢1,¢2,...,¢k € COO(EUI) and ¢1X1 +¢2X2++¢ka; =0 on Uﬂmo,
then g1y =¢o=...= ¢ =0o0on U.

We now recall structural Lie algebras of vector fields from [2].

Definition 5.2. A subspace V C T'(9, T9N) of the Lie algebra of all smooth vector
fields on 901 is said to be a structural Lie algebra of vector fields on 9 provided
that the following conditions are satisfied:

(i) V is closed under the Lie bracket of vector fields;

(ii) every vector field X € V is tangent to all hyperfaces of 9t;

(iii) C>*(M)V =V; and

(iv) for each point p € 9 there exist a neighborhood U, of p in 9 and a local
basis of V on U,.

The concept of Lie structure at infinity, defined next, is from [2].

Definition 5.3. A Lie structure at infinity on a smooth manifold 9, is a pair
(9, V), where 9 is a compact manifold, possibly with corners, and V C T'(9, T9N)
is a structural Lie algebra of vector fields on 9t with the following properties:

(i) Mo = M~ 9M, the interior of M, and

(ii) If p € My, then any local basis of V in a neigborhood of p is also a local basis
of the tangent space to My. (In particular, the constant k of Equation (33)
equals n, the dimension of 9M.)

A manifold with a Lie structure at infinity (or, simply, a Lie manifold) is a
manifold 9y together with a Lie structure at infinity (90%,V) on MMy. We shall
sometimes denote a Lie manifold as above by (9,9, V), or, simply, by (9,V),
because My is determined as the interior of 9.

Let V4 be the set of vector fields on 9t that are tangent to all faces of 9. Then
(9, V) is a Lie manifold [33, 32]. See [27, 2, 1] for more examples.

5.2. Riemannian metric. Let (91,)) be a Lie manifold and g a Riemannian
metric on My := M IIM. We shall say that g is compatible (with the Lie structure
at infinity (9,V)) if, for any p € M, there exist a neighborhood U, of p in M and
a local basis X1, Xa,...,X,, of V on U, that is orthonormal with respect to g on
Up.

It was proved in [2] that (9o, go) is necessarily of infinite volume and complete.
Moreover, all the covariant derivatives of the Riemannian curvature tensor of g are
bounded. Under additional mild assumptions, we also know that the injectivity
radius is bounded from below by a positive constant, i.e., (Mo, go) is of bounded
geometry. (A manifold with bounded geometry is a Riemannian manifold with pos-
itive injectivity radius and with bounded covariant derivatives of the curvature
tensor, see for example [8] or [40] and references therein). We assume from now on
that rinj(Mo), the injectivity radius of (Mo, go), s positive.
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5.3. V-differential operators. We are especially interested in the analysis of the
differential operators generated using only derivatives in V. Let Diff},(90) be the
algebra of differential operators on 9t generated by multiplication with functions
in C>°(9M) and by differentiation with vector fields X € V. The space of order
m differential operators in Diff},(9t) will be denoted Diff};(91). A differential
operator in Diff},(9) will be called a V-differential operator. We define the set
Diff},(9; E, F') of V-differential operators acting between sections of smooth vector
bundles E, F' — 9 in the usual way [1, 2].
A simple but useful property of the differential operator in Diff},(9) is that

(34) 2*Px=* € Diff},(9M)

for any P € Diff},(9) and any defining function z of some hyperface of 9t [32, 3].
This is easily proved using the fact that X is tangent to the hyperface defined by
x, for any X € V (a proof of a slightly more general fact is included in Corollary
8.6).

5.4. Lie manifolds with boundary. A subset 91 C 9 is called a submanifold

with corners of M if N is a closed submanifold of M such that DN is transverse to

all faces of 9t and any face of 91 is a component of 91N F for some face F' of M.
The following definition is a reformulation of a definition of [1].

Definition 5.4. Let (91,) and (9M,V) be Lie manifolds, where 9 C M is a
submanifold with corners and

W ={X|n, X €V, X|n tangent to N}.

We shall say that (91,V) is a tame submanifold of (9,V) if, for any p € M and
any X € T,0M, there exist Y € V and Z € T,M such that X =Y (p) + Z.

Let 91 C 91 be a submanifold with corners. We assume that 9 and 91 are
endowed with the Lie structures (91, W) and (91,V). We shall say that 91 is a
regular submanifold of (91, V) if we can choose a tubular neighborhood V' of My :=
N0 = NNNMy in My, a compatible metric g; on Ny, a product-type metric g1
on V that reduces to g; on My, and a compatible metric on M that restricts to g1
on V. Theorem 5.8 of [2] states that every tame submanifold is regular. The point
of this result is that it is much easier to check that a submanifold is tame than to
check that it is regular.

In the case when 91 is of codimension one in 901, the condition that 91 be tame
is equivalent to the fact that there exists a vector field X € V that restricts to
a normal vector of 9 in M. The neighborhood V will then be of the form V ~
(0Ng) x (—€0,€0). Moreover, there will exit a compatible metric on 9, that restricts
to the product metric g; + dt? on V, where g; is a compatible metric on Ny.

Let D C 9% be an open subset. We shall denote by dsmnA the boundary of a
subset A C M (computed within 9t). This should not be confused with 0A, the
boundary of A as a manifold with corners, if A happens to be one. We say that D is
a Lie domain in 9 if, and only if, D = OgnD and gD is a regular submanifold
of 9. A typical example of a Lie domain I C 9 is obtained by considering a
regular sumbanifold with corners 91 C 9 of codimension one with the property
that 9t \ O consists of two connected components. Any of these two components
will be a Lie domain.
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Let D be a Lie domain in 9 and Dy = DN M. Also, let O := Dy U dgn,D. Then
9 is a manifold with boundary 09 = Oyn,D, a submanifold of codimension one of
My. Note that unlike our usual conventions, g is not the interior of O.

Definition 5.5. A Lie manifold with boundary is a triple (D9, O,V’), where O is a
smooth manifold with boundary, 9 is a compact manifold with corners containing
9o as an open subset, and V' is a Lie algebra of vector fields on O with the
property that there exists a Lie manifold (9%, 9%,V), a Lie domain D in 9t and a
diffeomorphism ¢ : © — D such that ¢(Dg) = DN My and De(V]p) = V'.

We continue with some simple observations. First note that if (99,0, V) is a Lie
manifold with boundary, then O is determined by (9,V). Indeed, if we remove
from O the hyperfaces H with the property that V consists only of vectors tangent
to H, then the resulting set is g. Therefore, we can denote the Lie manifold with
boundary (Dg, 9O, V) simply by (O,V).

Another observation is that 90, the boundary of Og has a canonical structure
of Lie manifold (09¢, D = 0;mD, W), where W = {X|p, X € V, X|p is tangent to
D}. The compactification D is the closure of 99, in O.

5.5. Sobolev spaces. The main reason for considering Lie manifolds (with or
without boundary) in our setting is that they carry some naturally defined Sobolev
spaces and these Sobolev spaces behave almost exactly like the Sobolev spaces on
a compact manifold with a smooth boundary. Let us recall one of the equivalent
definitions in [1].

Definition 5.6. Fix a Lie manifold (90,)). The spaces L?(9y) = L?*(My) are
defined using the natural volume form on 9y given by an arbitrary compatible
metric g on My (i.e., compatible with the Lie structure at infinity). All such volume
forms are known to define the same space L?(91), but with possible different norms.
Let k € Z4. Choose a finite set of vector fields X C V such that C*(0)X = V.
This condition is equivalent to the fact that the set {X(p), X € X} generates 4,
linearly, for any p € 9. Then the system X provides us with the norm

(35) lulZeo =D XX Xiullfaig), 1<p<oo,

the sum being over all possible choices of 0 <1 < k and all possible choices of not
necessarily distinct vector fields X1, Xo,..., X; € X. Then

HY(9my) = HF (M) = {u € L*(M), lullxom < oo}

The spaces H*(9Mg) = H*(M) are defined by duality (with pivot L?(9y)) when
—s € Z4, and then by interpolation, as above.

Let (9D¢,90,V) be a Lie manifold with boundary. We shall assume that O is
the closure of a Lie domain D of the Lie manifold 9. The Sobolev spaces H*(Dg)
are defined as the set of restrictions to Og of distributions v € H*(9My), using the

notation of Definition 5.5. In particular, we obtain the following description of
H%(Dg) from [1].

Lemma 5.7. We have that
Hk({)o) ={ue LQ(EIR), lulx < oo}

The hyperfaces of O that do not intersect the boundary 09¢ of the manifold
with boundary O¢ will be called hyperfaces at infinity. (This is compatible with
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our previous use of the concept of hyperface at infinity, as we shall see later on.)
Let zgy be a defining function of the hyperface H of . As before, an admissible
weight on O will be a function of the form h = [[ %, where H ranges through
the set of hyperfaces at infinity of © and ag € R.

The following proposition, which summarizes the relevant results from Theorem
3.4 and 3.7 from [1], will imply Theorem 2.4, once we will have identified the spaces
K5 with suitable spaces hH?® in Proposition 8.4 Definition 8.5.

Proposition 5.8. The restriction to the boundary extends to a continuous, surjec-
tive map hH*(Do) — hH*"1/2(09y), for any s > 1/2 and any admissible weight h.
The kernel of this map, for s = 1, consists of the closure of C3°(9Dg) in hH(Dy).

For D, O, Oy as in the proposition above, hH*(D), hH*(9), and hH*(Dg) will
all denote the same space.

6. POLYHEDRAL DOMAINS

We shall define a curvilinear polyhedral domain in R™, or, more generally, in a
smooth manifold M of dimension n, by induction on n € N := {1,2,3,...}. The
reader interested only in the case n = 3 should skip this section at a first reading
and only refer back when necessary.

We first agree that a curvilinear polyhedral domain of dimension n = 0 is simply
a finite set of points. Assume now that we have defined curvilinear polyhedral
domains in dimension < n — 1. Let us define a curvilinear polyhedral domain in
a manifold M of dimension n. We continue to denote by B' the open unit ball in
R! and by S'~! := 9B' its boundary. We shall use in the following definition the
concept of an irreducible subset of S'~!, introduced in Definition 3.4.

Definition 6.1. Let M be a smooth manifold of dimension n > 1. Let Q C M be
an open subset. Then 2 C M is a curvilinear polyhedral domain if, for every point
p € 010, there exist:

(i) an irreducible curvilinear polyhedral domain w, C S"~!=1;
(ii) a neighborhood Vj, of p in M; and
(iii) a diffeomorphism ¢, : V,, — B"~! x B! such that

(36) op(ANV,) = {ra/, 0<r < 1,2’ €w,} x B..

We continue with some comments on the definition. Denote by ¢B' the ball
of radius ¢t in R!, | € N centered at the origin. We also let tB° to be a point
independent of ¢. Sometimes it is convenient to replace Condition (36) with the
equivalent condition that there exist ¢ > 0 such that

(37) Gp(2NV,) ={ra/, 0 <r <t,a’ €w,} x tB.

We shall interchange conditions (36) and (37) at will from now on.
The condition that w, be irreducible implies that

Ryw, == {rz’, 0 <r < o0o,2’ € w,}

contains no nonzero subspace of R”~!. This also shows that [ is the largest integer
with the property that p belongs to a submanifold of dimension [ of 9€2. We shall
denote by ¢(p) = [ this integer. This integer is the same for both the pair (€, p)
and for the pair (Riwp,p). This is not true if the condition that @, not contain
diametrally opposite points is dropped.
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We have the following simple result that is an immediate consequence of the
definitions.

Proposition 6.2. Let ¢y : M — M’ be a diffeomorphism and let Q@ C M be a
curvilinear polyhedral domain. Then () is also a curvilinear polyhedral domain.

If ¢(p) = 0, then we shall call p a vertex of 2 and we shall interpret the condition
(36) as saying that ¢, defines a diffeomorphism such that

(38) op(QNV,) ={ra’, 0 <r < t,2' €w,}.

This is consistent with our convention that B is a point. If ¢(p) = n — 1, then we
shall interpret the condition (36) as saying that ¢, defines a diffeomorphism

(39) 6p(QNV,) = (0,1) x B,

We shall then say that p is a smooth boundary point of 2. This is consistent with our
convention that w, must be a point, since it is a polyhedral domain of dimension
0. If p € Q, we set £(p) = n.

Notations 6.3. From now on, Q will denote a curvilinear polyhedral domain in a
manifold M of dimension n. Also, we shall denote Q%) .= {p € Q, 4(p) < k}. All
this notation will remain fized throughout this paper.

It follows from the definition that if ¢(p) = [, then there exists a manifold S,
of dimension [ such that p € S, C 9Q. If w, is connected, then there exists no
manifold of dimension [ + 1 with this property.

It follows from the definition that if ¢ € V},, ¢ # p, then £(¢) > ¢(p). Therefore

OO co®c. . com =0

are closed subsets such that Q@ < Q(@=1) is a (usually disconnected) smooth man-
ifold of dimension d, for any d. It is possible that this manifold is either empty or
disconnected. In particular, the set Q"2 consists of the non-smooth boundary
points of ©Q, as before. Similarly, we have Q"~1 = 9. Also, the set Q) the set
of vertices of €, consists of finitely many points or is empty. We agree that Q) = ()
if k£ <0.

See Section 3 for the explicit description of some of the most common curvilinear
polyhedral domains in R2?, S2, and R3.

Recall that a straight polyhedral domain were defined in Definition 1.2. We
claim that every straight polyhedral domain is a curvilinear polyhedral domain.
We shall prove this, as well as the following preliminary lemma, by induction.

3

Lemma 6.4. Let Q be a straight polyhedral domain and I an affine subspace.
Then the intersection I1 N Q is a finite union of straight polyhedral domains.

Proof. We can assume that II is of maximal dimension. The intersection w := QNII
is an open subset of IT and the intersection Q N1I is a closed subset of II. Therefore
the boundary of the set w in IT is contained in QNI = (2~ Q) NII. We shall use
the notation of Definition 1.2. By induction, the sets D; N1I are disjoint unions of
straight polyhedral domains. The union of the closures of these polyhedral domains
then contains the boundary of w. O

Proposition 6.5. Let Q be an open subset of a manifold M of dimension n.
Assume that, for every p € ), there exists a diffeomorphism b, : U, — B", for
some neighborhood U, of p in M, such that 1,(U,NQ) = B"NKY,, for some straight
polyhedron §,. Then Q is a curvilinear polyhedral domain.
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Proof. We shall use the notation of Definitions 1.2 and 6.1. Fix p € 02 arbitrary.
To check the condition (37) shall chose V,, C U, and ¢, the restriction of ¥, to V.
Since the problem is local in p and invariant under diffeomorphisms, we can assume
that @ =, and that p = 0.

By relabeling the faces of (2,, we can assume that the faces of ), containing
p = 0 are denoted D1, Do, ..., Dy. By changing scale, if necessary, we can assume
that these are the only faces of €, intersecting 2B™ (the ball of radius 2 in R™). By
changing the system of coordinates, we can then assume that the intersection of the
hyperplanes V; containing D;, j = 1,2,...,k, is R! ¢ R™. This [ will have the same
meaning as the [ in Definition 6.1. Denote by R”~! the orthogonal complement of
R! in R™. Since the only faces D; intersecting 2B™ are the ones with j = 1,2,...,k,
we obtain that (B" N,) +v C ,, for any v € B" N R

The result will follow once we prove that w, is an irreducible curvilinear poly-
hedral domain of S"~'=1. Let q € wp be a point on the boundary and II; be the
hyperplane through ¢ perpendicular to ¢ (i.e., II; is the tangent plane through ¢
to the unit sphere). The intersection w between II,; and (2 is then a polyhedral do-
main, by Lemma 6.4. The orthogonal projection onto w, defines a diffeomorphism
of a neighbhorhood of ¢ in @, onto a neighborhood of ¢ in w. We can therefore use
induction to conclude that w,, is a curvilinear polyhedral domain.

To prove that w, is irreducible, let us notice that any subspace V C R™ ! such
that Ryw, = V + V' satisfies V. C V; NR"!, where V; is, as before, the linear
subspace containing the face D;. O

7. DESINGULARIZATION OF POLYHEDRA

In this section, we introduce a desingularization procedure that we shall use for
studying curvilinear polyhedral domains. The desingularization will carry a natural
structure of Lie manifold with boundary. This will allow us to study curvilinear
polyhedral domains using Lie manifolds with boundary.

As before, 2 C M denotes a curvilinear polyhedral domain in an n-dimensional
manifold M. We shall construct by induction on n a canonical manifold with
corners ¥(9) and a differentiable map « : 3(2) —  that is a diffeomorphism from
the interior of ¥(Q2) to . In particular, the map x allows us to identify {2 with a
subset of X(£2). We shall also construct a canonical Lie algebra of vector fields V(2)
on X(£2). The manifold () will be called the desingularization of €2, the map k
will be called the desingularization map, and the Lie algebra of vector fields will be
called the structural Lie algebra of vector fields of 3(€2). We shall also introduce in
this section a smooth weight function rq equivalent to 7,_s.

The space 3(€2) that we construct is not optimal if the links w,, are not connected.
A better desingularization would be obtained if one considers a diffeomorphism
¢pc for each connected component C of V,, N2 that maps C' to a conic set of the
form (0, wpe X B*, with X largest possible. The difference between these two
constructions is seen by looking at the Example 3.12.

Notations 7.1. From now on V, and ¢, : V,, — tB"~' xtB!, | = {(p), will denote
a neighborhood of p € 02 in M D Q and ¢, will be a diffeomorphism satisfying
the conditions of Definition (6.1). Also, w, C S™=I=1 s the curvilinear polyhedron
such that

bp(V, N Q) = {(ra’,2")}, r € (0,t),2' € w, and 2"’ € tB'}.
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All this notation will remain fixed throughout the paper.

If I = 0 in the notation above, then B’ is reduced to a point, and we just drop
z” from the notation above. We will assume that ¢, extends to the closure of V},,
if necessary.

7.1. The desingularization X(£2). We now define the canonical desingularization
of a curvilinear polyhedral domain 2. For n = 0, 2 consists of finitely many points.
Then we define 3(Q2) = Q and x = id. To define 3(Q) for general €, we shall
proceed by induction.

We need first to make the important observation that the set wy,, p € 99, of
Definition 6.1 is determined up to a linear isomorphism of R?~!~1. Indeed, let
p € S, C 0N be maximal connected manifold of dimension ¢(p) passing through p
(this was defined in Section 6 as the connected component of Q) ~ Q=1 containing
p). Let (T,,5,)* = T,M/T,S,. We first define a canonical set N, C (T,S,)" such
that the differential D¢, : T,M — R" = TyR"™ of the map ¢, at p is such that
Doy (T,S,) = ToR!, D, ((T,5,)*) = ToR"/ToR! = R"~!, and, most importantly,

D¢p(Np) >~ R+wp.

Since the definition N, which follows next, is independent of any choices used in
the definition of a polyhedral domain, it follows that w, is unique, up to a linear
isomorphism of R™. It remains to define the set AV, with the desired independence
property. It is enough to define the complement of N,. This complement is the
projection onto (7,S,)* = T,M/T,S, of the set 7/(0) € T,M, where v ranges
through the set of smooth curves v : [0,1] — 99, v(t) € 9Q, v(0) = p.

We let then o, := N, /Ry, the set of rays in N, for p € 9Q. Any choice of a
metric on T,M/T,S, D N, will give identify o, with a subset of the unit sphere of
T,M/T,S,, which depends however on the metric. In particular, D¢, : 0, — wp
is a diffeomorphism. If p is a smooth boundary point of 2, then o, consists of one
or two points single point (one point for a one-sided smooth boundary point and
two points for two sided boundary points). The map & is the projection onto the
second component and is one-to-one above €2 and above the set of one-sided smooth
boundary points.

We now proceed with the induction step. Assume %(Qg) and # : (Qg) — Qo
have been constructed for all curvilinear polyhedral domains g of dimension at
most n — 1. Let Q be an arbitrary curvilinear polyhedral domain of dimension n.
We define

(40) 2(Q, M) = U, {p} x (0, S* 1), peq.

In particular, if £ is a bounded domain with smooth boundary, then 3(Q) =
{0} x Q ~ Q. This definition makes sense since w, is a curvilinear polyhedral
domain of dimension at most n — 1. Since M in 3(Q, M) is most of the time
fixed, we will sometimes omit it from the notation. For example, we shall write
Y(op,) = X(op, SF71).

Below, an open embedding will mean a diffeomorphism onto an open subset of
the codomain.

Proposition 7.2. Let Q@ C M and Qy C My be curvilinear polyhedral domains
and ¢ : M — My be an open embedding such that ¢(2) is a union of connected
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components of Qo N d(M). Then ¢ defines a canonical map X(¢) : (Q, M) —
¥(Qo, My) such that

B(po¢') =X(¢) o X(¢'),
for all open embeddings ¢ and ¢’ for which all the terms are defined.

Proof. The proof is by induction. There is nothing to prove for n = 0. Let
p € Q. We have that ¢(Q) C Qp, and hence p € Qq, as well. Let Vop be an open
neighborhood of p such that there exists a diffeomophism ¢, : Vo, — B! x B!
satisfying the condition (36) of the definition of a polyhedral domain (i.e., ¢gp(£20N
Vop) is the edge Rywop x B!, for some curvilinear polyhedral domain wop C gr—i=1y,
By decreasing Vi, if necessary, we can assume that Vg, C ¢(M). Then Vo, Ng(£2) is
a union of connected components of V;, N€y. Therefore wy, is a union of connected
components of w,,, where w, C S"~!~1 is associated to p € Q in the same way as wp,,
was associated to p € Qy. The induction hypothesis then gives rise to a canonical,
injective map Y(wp, ST — B(wg,, S?7I7Y). The map X(¢) is obtained by
putting together all these maps.

The functoriality (i.e., the relation (¢ o ¢') = X(¢) 0 3(¢’)) is proved similarly
by induction. (I

Here is a corollary of the above proof.

Corollary 7.3. IfQ = Q' UQ" is the disjoint union of two open sets, then the
inclusions (Y, M) C 3(Q, M) and L(Y, M) C 3(Q, M) defined by Proposition
7.2 realize (2, M) = 2(Q', M) UX(Q', M), where the union is a disjoint union.

Proof. We use the same argument as in the proof of Proposition 7.2. (I

The desingularization has a simple behavior with respect to products.
Lemma 7.4. We have a canonical identification
(Mo x Q, My x M) = My x 3(Q, M),
for any smooth manifolds M and My and any curvilinear polyhedral domain Q C M.

Proof. This will follow from the canonical bijection o, 4 ~ o}, for any p € Q and
any ¢ € My (so (p,q) is in the closure of Q x My in M x My). Indeed, since M
is smooth, we can chose the structural local diffeomorphism ¢, 4) to be given by
¢p X g, where 1), is a local coordinate chart defined in a neighborhood of ¢ € Mj.
Then

(41) X(Mo x Q) = Uy p{(q,p)} X E(0(4p)) = Ugpl(a,p)} x E(0p) = Mo x E(2),

where p € Q and q € M. O

It remains to define the topology and differentiable structure on ¥(£2). These
definitions will again be canonical if we require that the map of the above lemma,
as well as the maps k and X(¢), be differentiable, for any open embedding ¢.

Let V,, C M and ¢, be as in Equation (37). By Proposition 7.2, we may assume
that ¢, is the identity, so that p = 0, V,, = B" ! x B!, and V,NQ = (0, 1)w, x B'. Let
(X(wp), K,) be the canonical desingularization of w,. We shall need the following
lemma.
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Lemma 7.5. We have a canonical identification

Y(V, QM) =1[0,1) x B(w,, S" 1) x B!
and the desingularization map
(42) Kp 1 [0,1) x X(w,) x Bt =V, NQ c B" ! x B!
is given by ky(r, ', y) = (rey,(2'),y).
Proof. We shall replace p with 0 below, since we have assumed p = 0. This will
simplify the notation. The closure of Vo N in Vo =V, is {0} x B' U (0,1)wy x B!
(disjoint union). Then we decompose the union of (o) defining (V5 N Q, M),
where ¢ € VN2, as a union of two disjoint sets, corresponding to this disjoint

union decomposition of the closure of Vo N Q. Using also Lemma 7.4, we then
obtain

S(Von QM) =%(VonQ, M~ ({0} x BY)) U [ {(0,9)} x S(wo)
geB!

=3((0,1) x wo x B, (0,1) x "1 x BYY U | {(0,9)} x E(wo)
qeB!
=(0,1) x X(wp) x B'U{0} x B(wp) x B’
=[0,1) x X(wpo) x B

The formula for kg follows from the definition. (Il

Since X(Q, M) is the union of all the sets 3(V, N2, M), with V}, in the covering
above, we can define the topology and smooth structure on %(2, M) as follows.

Definition 7.6. Let ¢, : V,, — B! x B! and wp be as in Definition 6.1. The
topology and smooth structure on (2, M) are such that the induced structures
on X(V, N, M) is the same as the one obtained from the canonical identification
Y(V,NQ,M)=[0,1) x ¥(w,) x B! of Lemma 7.5.

We need to prove that the transition functions are smooth. This follows from
the fact that the maps ¢, are diffeomorphisms.

We have therefore completed our definition of the desingularization (€2, M) and
of its smooth structure.

7.2. The distance to singular boundary points. We continue with a study
of the geometric and, especially, metric properties of X(Q, M). Since M will be
fixed from now on, we shall write 2(Q) = 3(Q, M). We first argue that X(£2) has
embedded faces and hence that every hyperface of ¥(€2) has a defining function.

Let Fyy be an open hyperface of a manifold with corners 9. Then Fj is a manifold
of dimension n — 1. Its closure F', in general, will not necessarily be a manifold,
because it may have self-intersections. (An example typical is the boundary of a
curvilinear polygonal domain with only one vertex, the “tear drop domain.”) By
induction, however, it follows that #'NV,, will be a manifold, for any p. In particular,
we obtain that all (closed) faces of () are embedded submanifolds of X(£2). Let
H be a hyperface of (), since H is an embedded submanifold of codimension
1, there will exist a function zy > 0 on Q, H = {zy = 0}, and dzy # 0 on H.
A function zgy with this property is called a defining function of H, see Melrose’s
book [33].
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One of the main reasons for introducing the desingularization space X(Q2) is the
following result.

Proposition 7.7. Let Q) be a curvilinear polyhedral domain and g1 and g2 be two
smooth Riemannian metrics on M. Fiz k and let f;(z) be the distance from x € Q
to the set Q) £ 0 in the metric g;, computed within Q. Then the quotient fa/ f1
extends to a continuous function on ().

Proof. By replacing V,, with a smaller neighborhood of p, if necessary, we can also
assume that go(£) < Cg1(§), which implies that fo < Cf, and hence that fo/f; is
bounded.

We shall prove the statement by induction on n. In the case n = 1, the only
possibility is that k = 0, or otherwise Q) = (). Then f(z) is the distance to the
vertices of Q. If say Q = [a, b], then close to a, f;(z) = a;(x)(x—a), with a; smooth
near a and a;(a) # 0. The same situation holds at b. This proves our result in the
case n = 1. We now proceed with the induction step.

The function f;/fs is clearly continuous on the open set Q. Fix p € 9Q. We
shall construct an open neighborhood U, of p € Q such that fi/fs extends to
a continuous function on k~'(U,). Let V, be as in the definition of polyhedral
domains (Definition 6.1). We shall identify V, with (0,¢) x w, x B! using the
diffeomorphism ¢, of Equation (37). If I > k, then both f; and f; extend to
continuous, non-vanishing functions on V,, N Q, which can be lifted to continuous,
non-vanishing functions on £71(V,). We shall assume hence that k > [.

On a smaller neighborhood V' C V,, if necessary, we can arrange that the function

f1 gives the distance to Vp(k), that is, that the point of Q*) closest to z € V' N Q
is, in fact, in V,,. By decreasing V' even further, we can further arrange that the
same holds for fo. Then we shall take U, := V.

To prove that fa/f1 extends to a continuous function on k~*(U,), it is enough to
do that in the case Q =V}, because the quotient fo/f1 does not change on U, N Q2
if we replace €2 with V},, as explained in the paragraph above. We can also assume
that go is the standard Euclidean metric, but then we have to prove that fi/fo
extends to a nowhere vanishing continuous function on ¥ (2).

The scaling property of the Euclidean metric and our assumption that & > [
imply that

f2(,’1xl7x//) — sz(x/’xll)7
for any r € [0,1]. Let gg be a constant metric on R™ that coincides with g; at the
origin.

Let fo be associated to go in the same way as f; is associated to g;, for j =1, 2.
Similarly, we have that fo(ra’,z”) = rfo(x’,2”). This shows that the quotient
folra!,2")/ f1(ra’,2") does not depend on r. We can therefore fix » = 1. This
means that we can restrict ourselves to the lower dimensional polyhedral domain
W = wp X B! and prove that fo/f) extends by continuity to ¥(w). It remains to see
that we can use induction to prove the existence of this extension. Let f] be the
distance function to w1 = k== « Bl on w (i.e., computed within w, with
respect to the metric induced by g¢1, as in the statement of Proposition 7.7). We
let f1 =1if w,@kil*l) =, for example if k —1 —1 < 0.

Define fj similarly. The inductive hypothesis guarantees that fj/f] extends to
a continuous function on %(w) = S(w,) x B'. On the other hand, it is easy to see
that both fi/f{ and fi/f1 extend to continuous functions on w if we set them to
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be equal to 1 on w®*~1). The same is true of fy/f; and f}/fo. Putting all this
together, it follows that

fol v = (fo/ 1) (fo/ F(F1/ 1)

extends to a continuous, nowhere vanishing function on X (w).

Let us tackle now the case g, arbitrary. Let fy be defined as before. We then
have that fo(ra’,2") = rfo(2’,2") + r2h(ra’,2"), with h a continuous function on
¥(V, x Q) that vanishes on Q*). Then

I2 fo h(ra’,z")
=4
fi fi fle2)
The function fy/f1 was already shown to extend by continuity to X(£2). The same
argument as above shows that h/f; extends by continuity to a nowhere vanishing
function on
[6,1) x (wp) x B € (0,1) x B(w,) x B! =: %(Q).

The continuity of fo/f1 then follows from the boundedness of fo/f;.

The resulting function does not vanish at r = 0, because it is equal to fy/ f1 there.
It was already proved that it does not vanish for ¢ > 0. The proof is complete. [

We shall need also the following corollary of the above proof.

Corollary 7.8. Identify V,, with (0,a) x w, x B! using the diffeomorphism ¢,,
I ={(p). Let g be a smooth metric on V,,, let f(x) be the distance from x to Q")
k> 1, and f'(2',2") be the distance from (x',2") € w 1= w, x B' to w*~Y (within
@, as in Proposition 7.7) if w*=Y #£ 0, and f'(2',2") = 1 otherwise. Assume w,
connected. Then

Flra? 2 frf (0! a”)

extends to a continuous, nowhere vanishing function on %(Q) = [0,a) x %(w,) x BL.

Proof. Assume first that w*=1 £ (. Let fy and f} be defined in the same
way f and f’ were defined, but replacing g with a constant metric gg. Then
the proof of Proposition 7.7 gives that fo(rz’,z”)/rfi(«’,2") is independent of
r. Hence fo(ra',a”)/rfi(a’,2") extends to a continuous, nowhere vanishing func-
tion on (), because we can do that for » = 1, as it was shown in the proof of
Proposition 7.7. Then

foa',a") _ flra,a") - fo(ra',a”) fo(a',2")
Tf/(x/,l'”) - fo(,rx/"r//) Tf(/)(rx/71.//) f/(x/’xll) .
We have just argued that the middle quotient in the above product extends to a
continuous function on %(£2). The other two quotients also extend to continuous
functions on X(Q2), by Proposition 7.7 applied to 2 and w.
Let us assume now that w*~1) = (). Then the same proof will work in this case,

except that the reason why the quotient f}/f’ extends to a continuous function on
%(Q) is that fi/f = 1. O

7.3. The weight function rq. Recall that 7,_2(x) denotes the distance from
x € Q to the set Q"2 := {p, £(p) < n —2}. The set Q("=2) consists of the non-
smooth boundary points of . For instance, if n = 2, the set Q%) corresponds to
the set of points satisfying (a) in the Definition 3.1, that is, it is the set of vertices
of Q. If n = 3, the set QM) corresponds to the set of points satisfying (a) or (b)
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in the Definition 3.5. Also, recall the definition of the distance function 7, _s(z)
(Definition 1.1, also discussed in the Introduction).

The main goal of this subsection is to define on any curvilinear polyhedral domain

Q a function

rg : 2 — [0,00)
that is smooth on Q and is equivalent to 1,_s when Q is bounded. (Additional
properties of rq will be established later on.) This will lead to a definition of the
Sobolev spaces K, (Q) as weighted Sobolev spaces on Lie manifolds with boundary,
Proposition 8.4. We again proceed by induction on n.

We define rq =1 if n =1 or if © is a smooth manifold, possibly with boundary
(that is, if Q=2 = )). (Note that if Q is connected and n = 1, then Q is a smooth
manifold with boundary.)

Assume now that a function r,, was defined for all curvilinear polyhedral domains
w of dimension < n and let us define it for a given bounded n-dimensional curvilinear
polyhedral domain €.

Let us consider first the case 2 = V},, for some p € 0{2, and let the polyhedral
domain w, C Sn=t=1 n —1—12>1, and the diffeomorphism Op: Vp — Bl x B!
be as in the definition of a curvilinear polyhedral domain (i.e., , satisfying V, N ~
(0,€) x w, x B!, see Condition (36)). We can assume that ¢, is the identity map.
Replace in what follows V,, with ¢, 1 (3 B" ' x $ B). Let r,,, the function associated
to the curvilinear polyhedral domain w,. Then we define

(43) rvp(ra’,a”) = rry (2, 2"),  (ra’,2") e QCV,,

if 2/ € wy, 2" € B!, and 1 <1 = {(p) < n — 2. Following our usual procedures,
we set 1y, (ra’) = rry, (2') if [ = 0. The case | = n — 1, excluded by the inequality
n—I[—1 > 1 need not be considered because it corresponds to the case when 2 =V,
is a smooth manifold with boundary, and hence rq = 1 was already defined.
Let us consider now a locally finite covering of Q with open sets U, of one of the

three following forms

(i) Uy =

(ii) U, =V, with £(p) =n —1 (i.e., p is a smooth boundary point of Q2); or
(iii) such that for any = € U, N, the point of Q=2 closest to x is in Vp and

(44) pEU, CU, CV,.

A condition similar to (iii) above was already used in the proof of Proposition 7.7.
The conditions (i) and (ii) above correspond exactly to the case when 9U,, is smooth
(this includes the case when 9U,, is empty).

We then set
(45) - 1 ?f 6Ua. is sr'nooth

ry, if Uy is as in (44).

Let r, be the function defined for each V,, D U, by Equation (43) above, if U, is as
in Equation (44). Let ¢, be a partition of unity subordinated to U, and consisting
of smooth functions. Finally, we define

(46) rq = Z PaTa

We notice that the definition of rg is not canonical, because it depends on a choice
of a covering (U,) of ) as above and a choice of a subordinated partition of unity.
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Proposition 7.9. Let Q be a curvilinear polyhedral domain of dimension n > 2.
Then rq of Equation (46) is continuous on Q and rq o k is smooth on ().
Moreover, n,—o/rq extends to a continuous, nowhere vanishing function on X()
and ro [rq extends to a smooth function on (V).

Proof. Let m_; := 1 for the inductive step. We shall prove the statement on
Nn—2/rq by induction on n > 1. Since rq = 1 for polyhedral domains of dimension
n = 1, the result is obviously true for n = 1. We now proceed with the inductive
step.

We shall use the above results, in particular, Proposition 7.7, for k =n —2 > 0.
Thus f = n,—2 in the notation of Proposition 7.7. Let f,(z) be the distance from
z €V, to V, N Q"2 if U, C V, is as in Equation (44) (so £(p) < n — 2 in this
case). Thus fo, = f on Uy N Q, by the construction of U,. We identify V,, with
(0,€) x w, x BY, I = {(p), using the diffeomorphism ¢,. Let w := w, x B!. Also,
for any x € w, let f!(z) be the distance from z to the set of p € dw where Jw is
not smooth (i.e., to w3 if w(=3) £ (), f! (x) = 0 otherwise. Let 7, be as in the
definition of rq, Equation (46). Then

fa(rm/,x”) B fa(TSC/,QE") fa(xlaxn)

= for (ra’,2") € V, N Q.
alrat ) g ) v, ey T

The quotient f,(ra’,z")/rf! (z',2") extends to a continuous, nowhere vanishing
function on X(V},), by Corollary 7.8. By the induction hypothesis, the quotient
Ja(2' ")/, (@', 2") also extends to a continuous, nowhere vanishing function on
Y(w) = ¥(wp) x Bl Since this quotient is independent of r, it also extends to
a continuous, nowhere vanishing function on X(V,). Hence f,/ro extends to a
continuous, nowhere vanishing function on X(V,,). Therefore

r/f = Z‘Para/f = Z‘Para/fa

extends to a continuous function on X(€2).

The quotient 7/ f is immediately seen to be non-zero everywhere, from the defi-
nition. Hence f/r also extends to a continuous function on %(9Q).

We have already noticed that r,/f extends to a continuous, nowhere vanishing
function on 3(V,). Hence ro/rq = (ro/f)(f/ra) extends to a continuous, nowhere
vanishing function on X(V},). Since both 7, and rq are smooth on ¥(V},) and the set
of zeroes of rq is the union of transversal manifolds on which rq has simple zeroes,
it follows that r,/rq extends to a smooth function on %(V},). Since U, C V, is
compact, it follows from a compactness argument that r, and r are equivalent on
U,. The proof is complete. ([

We can now prove the following result. As we have observed in the proof of
Theorem 2.1, the following proposition completes the proof of that theorem.

Proposition 7.10. Let Q be a bounded, curvilinear polyhedral domain. Let v’ be
another choice for rq. In other words, ' is constructed in the same way rq was
constructed, but with possibly other choices of ¢p, Ua, @a, Tw,. Thenr'/rq extends
to a smooth, nowhere vanishing function on L().

Proof. We know from Proposition 7.9, that f/r’ and f/rq extend to continu-
ous, nowhere vanishing functions on %(£2). Hence 7’/rq extends to a continuous,
nowhere vanishing function on (). Since both 7/ and rq are smooth functions
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on X(€2) and the set of zeroes of rq is a union of transverse manifolds, each a set
of simple zeroes of rq, it follows that the quotient r’/rq is smooth on (). O

We obtain the following corollary. Let H C X(§2) be a hyperface (i.e., face of
maximal dimension) of 3(€2). Recall that a defining function of H is a smooth
function xy > 0 defined on (), such that H = { = 0} and dzgyg # 0 on H. All
the faces of 3(M) are closed subsets of 3(M), by definition. Also, we have already
noticed that any face of ¥(£2) has a defining function. We then have the following
corollary.

Corollary 7.11. Let n = [[ xu, where H ranges through the set of hyperfaces
of X(Q) that do not intersect O ~ Q"=2) (i.e., through the set of hyperfaces at
infinity). Then n/rq extends to a smooth, nowhere vanishing function on L().

Proof. This is alocal statement that can be checked by induction, as in the previous
proofs. (Il

In particular, since the function rq is anyway determined only up to a factor of
h € C>*(3(2)), h # 0, we obtain that we could take rq =[], xx, where H ranges
through the set of hyperfaces at infinity of X(Q2). (Recall from Subsection 1.3 that
a hyperface H C X(Q) is called a hyperface at infinity if x(H) C Q"=2))

7.4. The structural Lie algebra of vector fields. We now proceed to define by
induction a canonical Lie algebra of vector fields V(€2) on 3(€2), for Q a curvilinear
polyhedral domain of dimension n > 1. In view of Corollary 7.3, we can assume
that Q is connected.

We let

(47) V(Q) = X(Q) = X(D(Q) ifn=1

In other words, there is no restriction on the vector fields X € V(Q), if Q has
dimension one.

Assume now that the Lie algebra of vector fields V(w) has been defined on X(w)
for all curvilinear polyhedral domains w of dimension 1 < k < n — 1 and let us
define V(Q) for a curvilinear polyhedral domain of dimension n. Let us denote by

X(M):=T(M;TM)

the space of vector fields on a manifold M. Fix p € 92 and let V,, and ¢, be as
in Definition 6.1, as usual. We identify V}, with (0,1) x w, x B! using ¢,. Assume
1 < 4(p) < n—2, so that in particular w), is a curvilinear polyhedral domain of
dimension > 1. We notice that

T([0,1) x B(w,) x BY) =T([0,1)) x TX(w,) x TB*
and hence
X([0,1) x B(wp) x BY) = X([0,1)) x X(S(wp)) x X(B).
Then we define
(48)  V(V,NQ)={X = (X1,X2,X3) € X([0,1)) x X(S(wp)) x X(B")}
where X7, X5, and X3 are required to satisfy the following two conditions:

(49) Yy i=75'X; and Y3 :=r;' X3 are smooth
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and
(50) Xo(t, o', 2") € V({t} x wp x {2""}) = V(wp), for any fixed ¢, y.

In Condition (49) above, smooth means, smooth including at r = 0. If £(p) = 0,
then we just drop the component X3, but keep the same conditions on X; and Xs.
By Proposition 7.10, the definition of V(V, N Q) is independent of the choice of rgq.
All vector fields are assumed to be smooth.

Finally, we define V(Q2) to consist of the vector fields X € X(3(€)) such that
Xlv,no € V(V,NnQ) for all p € Q("=2) In particular, only the smoothness condition
is imposed on our vector fields at the smooth points of 0€2. Note that the vector
fields in V() may not extend to the closure €, in general. This was seen in Example
3.7.

7.5. Lie manifolds with boundary. We now proceed to show that the pair
(3(Q),V(2)) defines a Lie manifold with boundary. Lie manifolds with bound-
ary were defined in [1]; their definition will be recalled below.

We first establish some lemmata.

Lemma 7.12. Let X € X(3(Q2)) be such that X = 0 in a neighborhood of the
boundary of £(2). Then X € V().

Proof. This follows right away by induction from the definition of V(). O
We also get the following simple fact.

Lemma 7.13. If f: X(Q) — C is a smooth function and X € V(Q), then X(f)
is a smooth function on %(2) and fX € V.

Proof. The vector field X is smooth on %(2), hence X (f) is smooth on %(£2). The
second statement is local, so it is enough to check it on 2 and on each Vj,. This is
then immediate using the definition and induction. (Il

Lemma 7.14. For any X € V() and any continuous function f : Q — C such
that f o k is smooth on %(2), we have

X(f) = f'ra,
where [’ is a smooth function on X(Q). In particular, X (rq) = fxra, where fx is
a smooth function on 3(2).

Proof. This is a local statement that can be checked by induction in any neighbor-
hood V,, = (0,€) X w, x R!, using the definition, as follows. Let us use the notation
of Equation (48), and the equation immediately after it, and write

X = (Xl, 0, 0) + (O, XQ, O) + (0, O7 X3)
We shall write, by abuse of notation, X; = (X1,0,0). Define X5 and X3 similarly.
It is enough to check that X;f(ra’,2”) is of the indicated form, for j = 1,2,3.
We have X; = rqY; and X3 = rqYs, where Y7 and Y3 are smooth (in appropriate
spaces), by Equation (49). This proves our lemma if X = X; or X = X3. If
X = X5, then we have

(51) (Xf)(’l", x/’:r/’) = XQ(f(T'rl?xN)) = rwpfl(r7 I’/, ZL'H),

with f1 a smooth function on X(V},) = [0, €) x X(w,) x R!, by the induction hypoth-
esis. Moreover, from the explicit formula for X f, we see that X f(0,2',2"”) = 0,
(due to the “r” factor). Therefore X f = 77, f’, for some smooth function f’
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on X(V,). Let us denote ro = 77y, as in Equation (45) and in Proposition 7.9.
Proposition 7.9 gives that r,/rq is smooth on its domain of definition. Hence
Xf =rafi = ralra/ro)fi = rof’, with f’ smooth on each X(V,). Hence f’ is
smooth on 3(12). O

Let us now check that the statement “the vector field X on  is the restriction
to Q of a vector field in V(Q2)” is a local statement.

Lemma 7.15. LetY be a vector field on Q with the property that every pointp € Q
has a neighborhood U, in M such that Y = Xy on UNQ, for some Xy € V(Q).
Then there exists X € V() such that' Y is the restriction of X to .

Proof. Let us cover Q with a locally finite family of sets U,, p € B C Q. Let 1y,
p € B be a subordinated partition of unity.
We claim that X =} 5 ¢, Xy, € V(Q) satisfies X (z) =Y (), z € Q. Indeed,

X(2) = Xpen ¥o(0)Xv, () = 2 ¢p(2)Y (2). O
We can now prove the following lemma.

Lemma 7.16. Let Y be a smooth vector field on Q. Then rqY is the restriction
to Q C X(Q) of a vector field X in V().

Proof. Let us notice that this is a local statement by Lemma 7.15.

To check this statement on a neighoborhood V}, of some p € 052, we shall proceed
by induction. We can assume that V,, = B"~! x B! and that V,NQ ~ (0, 1)w, x B’.
Assume first that Y = 9, is a constant vector field on Vj,. Let ay(z/, ") = (to’, z").
Then Day(9;) = t0;. Therefore,

(52) Day(X) = X,

where X = rod;, where ro can be taken, on V,, to be given by Ty, Let us
decompose 0; = (Y1,Y2,Y3) on V, using the notation of Equation (48). Then
Y3 is constant. In fact, either Y3 = 0; or Y3 = 0. In any instance, if we write
X = (X1, X2, X3), then X3 = rqYj3 satisfies the condition of Equation (49). The
relation (52) gives that Y;(r,2’,2") = a1(2")0, and Ya(r,2’,2") = r~1Z(2'), with
a1 a smooth function and Z a smooth vector field on w,. Clearly X; = roY;
will satisfy the conditions of Equation (49). The induction hypothesis then gives
that Xo(r,2’,2") = rqYa(r,2’,2") = r,,(2')Z(2") is the restriction to Q =V}, of a
smooth vector field in V(V,). (This vector field depends only on the second factor
in X(V,) =1[0,1) x w, x RL) O

We now identify a canonical metric on the vector fields V. Recall that the concept
of local basis of a space of vector fields was defined in Definition 5.1.

Proposition 7.17. Let us fir a metric h on M D Q. Let g € 3(Q) be arbitrary.
Then there exists a neighborhood U of q in () and X1, Xa,..., X, € V(Q) that
form a local basis of V() on U and satisfy

h(Xj,Xk) = T?z(sjk-

In other words, the vectors X;, X, ..., X, form an othonormal system on QNU
for the metric r§2h. A local basis X1, Xo, ..., X, with this property will be called
a local orthonormal basis of V() over U.
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Proof. If ¢ € Q C X(R), the result follows from Lemma 7.12. Let p = x(q). We
shall hence assume that p € 9. This is again a local statement in p € 92. We can
therefore proceed by induction. If the dimension n of €2 is 1, then there is nothing
to prove because rqg = 1 in this case.

Let ¢, : V, — B"~! x B! and w, be as in Definition 6.1. We can assume that ¢,
is the identity map. If we can prove the result for the function r = rq, then we can
prove it for the function ' = f'r, where f/,1/f" € C>(X(Q)), simply by replacing
X; with f'X;. By Proposition 7.9, we can therefore assume that rq = 77, on
V, N Q. Let ¢ = (0,2,2") € [0,1) x X(w,) x B..

Let hg be the standard metric on V;. For the induction hypothesis, we shall need
that the metric hg is given by

(53) ho(r,a’,2") = (dr)? + r*(da’)? + (dz')?

on QNV,=(0,1) x w, x R". Here (dz’)? denotes the metric on w, induced by the
Euclidean metric on the sphere S"~!=1. In other words, if X = (X1, Xs, X3) is a
vector field on V}, N §}, written using the product decomposition explained above
(or in the Equation (48)), then

ho(X) = [| X1 1* + 72| Xa||* + (| X5

where the norms come from the standard metrics on T'[0,1), on TS" =1 D Tw,,
and, respectively, TR’

Let us assume first that h = hg, the standard metric on R™. By the induction
hypothesis, we can construct Ys,...,Y,—_; € V(wp), a local orthonormal basis of
V over some small neighborhood U’ of 2’ in X(wp) (i.e., Ya,..., Yy € V(wp)
is orthonormal with respect to the metric r;f(dx’ )?). Here (dz')? denotes the
metric on wy, induced by the Euclidean metric on the sphere S n=1=1" a5 above. Let
Y1 =rq0r and Y; = 1q0;, j =n—1+1,...,n, where J; is the constant vectors
on R™ in the direction of the jth coordinate. Then we claim that we can take
U=10,1) x U xR and

(54) {Xl,XQ, cee ,Xn} = {Yl} @] {}/27 . ,Yn,l} @] {Yn,prl, .. ,Yn}

(If n — I = 1, then the second set in the above union is empty. If [ = 0, then the
third set in the above union is empty.) Indeed, {X1,...,X,} is a local basis by
construction and by the local definition of V() in Equation (48). Let us check
that this is an orthonormal local basis. To this end, we shall use the form of the
standard metric hg given in Equation (53), to obtain

ho(X1) =m0l =8, ho(Xn—141) = ... = ho(Xn) =75
and ho(Xz2) = ... = ho(Xn_;) = || Xz||* = TQT‘ip =rd.
It is also clear that {X7, Xs,..., X, } is an orthogonal system. This completes the
induction step if h = hg, the standard metric on R™.
If h is not the standard metric on V}, we can nevertheless chose a matrix valued

function T defined on a neighborhood of ¢ in U such that h(T&,Tn) = ho(€,7n). We
then let X; = T'Y; and replace U with this smaller neighborhood. ]

This lemma gives the following corollary.

Corollary 7.18. Let X,Y € V(Q) and h be a fized metric on M. Then the
function r§2h(X, Y), defined first on Q, extends to a smooth function on ().
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Proof. This is a local statement in the neighborhood of each point ¢ € 3(Q). Let
X1,Xs,...,X, be alocal basis of V on a neighborhood U of ¢ in () satisfying
the conditions of Proposition 7.17 (i.e., orthogonal with respect to rﬁzh). Let
X =>¢;X;and Y =) 9;X; on UNQ, where ¢;,v; are smooth functions on
¥(Q). Then ro5*h(X,Y) = > ¢j1; is smooth on U. O

Lemma 7.19. Let p € 0Q and X1, X, ..., X, be vector fields on Q that define a
local basis of TM on U, for some neighborhood U of p. Then raXi,roXs,...,raXn
is a local basis of V(Q) on U.

Conversely, if a vector field Y on Q satisfies Condition (55) for any p and any
local basis X1,...,X, of TM at p, then'Y is the restriction to Q of a vector field
in V(Q).

In particular, for any Y € V(Q), there exist smooth function ¢, ¢s,...,d, on
() satisfying

(55) Y = ¢p1ro X1 + doroXo + ... + dpro X, on UNQ C X(Q).

Proof. The converse part is easier, so let us prove it first. Let Y be a vector field
on Q that satisfies Condition (55) for any p and any local basis X;,..., X, of TM
at p. Fix an arbitrary p € Q. Lemmata 7.13 and 7.16 give that ¢,;rqX; is the
restriction to Q of a vector field in V(€2). Hence on each U N, Y is the restriction
of a vector field Yy € V(). Lemma 7.15 then gives the converse part of our lemma.

We now prove the direct part of the lemma. We can assume that the vector fields
Xi,..., X, form an orthonormal system on U with respect to some fixed metric h
on M. We know from Lemma 7.16 that roX; € V(Q).

Let then Y € V(Q) and ¢; = rg'h(Y, X;) = r5 h(Y,r0X;) € C*(X()), by
Corollary 7.18. Then Y = Z?Zl ¢jraX; on U NS The local uniqueness of the
functions ¢; follows from the fact that roXq,rqXs, ..., 70X, also form a local basis
of T on U N K. [

We are now ready to prove the following caracterizations of V(). We notice
that the restriction map V() > X — X|q is injective, so we may identify V(2)
with a subspace of the space I'(2, TM) of vector fields on €.

Proposition 7.20. Let QQ C M be a curvilinear polyhedral domain of dimension
n and let X be a smooth vector field on Q. Fix an arbitrary metric h on M. Then
X € V(Q) if, and only if, ro " h(X,Y) extends to a smooth function on $(Q) for

any smooth vector field Y on €.

Proof. In one direction the result follows from Lemma 7.16 and Corollary 7.18.
Indeed, let X € V() and Y be a smooth vector field on Q. Then rqY € V() by
Lemma 7.16 and hence 7o 'h(X,Y) = r52h(X,rqY’) extends to a smooth function
on X(Q) by Corollary 7.18. (We have already used this argument in the proof of
the previous lemma.)

Conversely, assume that ro h(X,Y) extends to a smooth function on () for
any smooth vector field on Q. The statement that X € V(Q) is a local statement,
by Lemma 7.15. So let p € Q and U an arbitrary neighborhood of p. Chose smooth
vector fields defined in a neighborhood of € in M such that X1, Xs,..., X, is a
local orthonormal basis on U (orthonormal with respect to h). Let

¢j =rg h(Y, X;) € C*(2()),
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by assumption. Then Y = 3", ¢;X; on UNQ and 7, ¢;X; € V(Q?). Lemma
7.15 then shows that X € V(Q). O

We now prove the main characterization of the structural Lie algebra of vector
fields V().

Theorem 7.21. Let Q C M be a bounded curvilinear polyhedral domain of dimen-
sion n. Then the vector space V() is generated as a vector space by the vector
fields of the form ¢rqX, where ¢ € C°(X(Y)) and X is a smooth vector field on
Q.

Proof. We know that ¢rqoX € V(2) whenever X is a smooth vector field on Q,
by Lemmata 7.13 and 7.16. This shows that the linear span of vectors of the form
¢raX, where ¢ € C*(2X(2)) and X is a smooth vector field in a neighborhood of
3, is contained in V(Q).

Conversely, let Y € V(2). Then Lemma 7.19 shows that we can find, in the
neighbhorhood U, of any point p € Q vector fields Xip, Xop, ..., Xpp and smooth
functions ¢j, such that Y = 3" ¢;,rqX,p on U,. The result then follows using a
finite partition of unity on X(£2) subordinated to the covering U,,. O

If we drop the condition that €2 be bounded, we obtain the following result,
which was proved in the first half of the above proof.

Proposition 7.22. Let Q@ C M be a curvilinear polyhedral domain of dimension
n. Then V(Q) consists of the set of vector fields that locally can be written as linear
combinations of vector fields of the form ¢roX, where ¢ € C°(X(Q0)) and X is a

smooth vector field on ).

Recall from Subsection 1.3 that a hyperface H C 3(Q) is called a hyperface
at infinity if x(H) C Q™ 2. Let §'S(Q) be the union of the interiors Hy of
the hyperfaces of ¥(€2) that are not at infinity and 9”3(Q) be the union of the
hyperfaces of X(£2) that are at infinity. Then 9'2(Q2) = 0X(Q2) \ 9"E(2).

Theorem 7.23. Let Q) be a bounded curvilinear polyhedral domain and
D0 :=2(Q) "2 =QUIE(Q) = 1O~ Q)

Then (D9, 2(Q),V(Q)) is a Lie manifold with boundary &'%(Q). We have that
kDo — QN Q"2 s such that k= (p) consists of two points if p € Q ~ Q=2
is a two-sided smooth boundary point and consists of exactly one point otherwise.

Proof. The last statement (on the number of elements in K~ (p), p € Q ~ Q=2
follows from the definition. Therefore, to prove the proposition, we need, using the
notation of Definition 5.5, to construct a compactification O of Oq that identifies
with the closure of a Lie domain in a Lie manifold 1.

We shall choose then O = 3(Q). Then we shall let 9t be the “double” of X(),
also denoted 4% (). More precisely, 9 is obtained from the disjoint union of two
copies of () by identifying the hyperfaces that are not at infinity. We let V to
be the set of vector fields on 9t such that the restriction to either copy of X(Q) is
in V(Q).

Let D be obtained from the closure of  in 9 by removing the closure of '%((2).
Then D is an open subset of 9t whose closure is (). Moreover, dgnD (the bound-
ary of D regarded as a subset of 9) is the closure of ' (§2). To prove our theorem,
we shall check that 9t is a manifold with corners, that (9t,V) is a Lie manifold,
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and that dDD is a regular submanifold of 9. Each of these properties is local, so
it can be checked in the neighborhood of a point of 1.

Fix V,, = (0, €) xwj, x B'. Then the union of the two copies of ¥(V},) is the double
4%3(V,) of %(V},). Denote by %w, the double of w,. Then

I%(V,) = [0,€) x “w, x B".

An inductive argument then shows that () is a manifold with corners and that
dD is a regular submanifold of 9.

Let us check that V satisfies the conditions defining a Lie manifold structure on
M. It follows from Theorem 7.21 that V is a C*°(9M)-module (this checks condition
(iii) of Definition 5.2). Theorem 7.21 and Lemmata 7.14 and 7.13 show that V is
closed under Lie brackets (this checks condition (i) of Definition 5.2). Condition (ii)
of that definition follows from the definition of V(£2). Condition (iv) of Definition
5.2 as well as Condition (ii) of Definition 5.3 were proved in Lemma 7.19. This
shows that (91,V) is a Lie manifold. O

An immediate consequence of the above Proposition is that the boundary 09¢ =
I'E(2) of Dy = X(N) \ 9"E(Q) will aquire the structure of a Lie manifold, as
explained after the definition of a Lie manifold with boundary, Definition 5.5. Let
D be the closure of 99 in O. Then the Lie structure at infinity is (09, D, W),
where

(56) W ={X|p, X € V, X|p is tangent toD}.
As always, X € W, is completely determined by its restriction to Oy.

8. END OF PROOFS

We now explain how the general results on Lie manifolds and Lie domains,
together with the results of the previous three sections, allows us to complete the
proof of our main result.

8.1. Sobolev spaces and Lie manifolds. We now identify the weighted Sobolev
space KC!(Q) with hH'(%(12)), for a suitable admissible weight h (more precisely,
h = r& "2 The following description of V() for  a curvilinear polyhedral
domain in R™ will be useful.

Corollary 8.1. Let Q C R™ be a bounded curvilinear, polyhedral domain. Then
V(Q) = {p11001 + p2r02 + ... + @10y, where ¢; € C*°(X(Q))}.
We shall denote by
(57) Diffg, := Diffy o) (32(2))

the space of differential operators with smooth coefficients of order < k on ()
generated by V(). The algebra of differential operators Diffy is an example of
the algebra of differential operators considered in 5.3. From the last corollary, we
obtain right away the following lemma.

Lemma 8.2. Let X1, Xs,..., Xy be smooth vector fields on M. Then
P:=rEX X, ... X, € Difff,
and ¢P, with P as above and ¢ € C=(2(Q)) generate Diff§, linearly.
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Proof. For k =1, this follows from Lemma 7.16. Next, we have
e XX Xy = roXor Xy ... Xy — kXo(ro)rE Xy ... X

The fact that P € Difff, then follows by induction, since Xo(rg) € C(2(Q)), by
Lemma 7.14.

Conversely, we can similarly check by induction (using the same identity above)
that the product rqX1rqXs...rq Xy can be written as a linearly combination of
differential operators of the form ¢P, with ¢ € C*°(X(Q2)) and P as above. Since
roX generate V(Q) as a C>°(X(£2))-module (see the second part of Theorem 7.21),
the result follows. O

We next provide a different description of the weighted Sobolev spaces K/, (£2),
l € Z,. Denote

(58) (T’Q(())a = (7*981)0‘1 (TQ@Q)QQ C. (man)“".

Theorem 8.3. Let 2 C R” be a bounded curvilinear polyhedral domain and

lulfo =D llrg®(rad)™ (rad2)"* ... (radu)*"ullfa(q)-

laf <l
Then ||ull1,qo is equivalent to ||lullxt oy of Definition 1.4. In particular,
Ko () = {u, [luflia < 0o}
Proof. We have that
weKL(Q) 3% e L3(Q) for all [a] <1
& rg"*“aau € L*(Q) forall o] <1 by Proposition 7.9
& rg%(rod)*u € L*(Q) for all o] <1 by Proposition 8.2.

Above the corresponding square integrability conditions define the topology on the
indicated spaces. Therefore < also means that the topologies are the same. (]

Let © be a bounded curvilinear polyhedral domain and
Do :=2(Q) N "2 =QUIT(Q) =r QN Q)

as in Theorem 7.23. Since (D, O = 3X(Q),V(Q) is a Lie manifold with bound-
ary (Theorem 7.23), the definitions of Sobolev spaces on Lie manifolds (with or
without boundary) of Subsection 5.5 provide us with natural spaces H*(X(Q2)) and
H#(0'2(Q)) = H*(09g). The last equality is due to the fact that the boundary of
the manifold with boundary Oy is 9"X(Q).

Proposition 8.4. Let Q) be a bounded curvilinear polyhedral domain and let h be
an admissible weight on Q. We have an equality

hKCE () = hr& ™2 H ((9)).
If Q is a straight polyhedral domain and 02 = 0Q), then
hICE(09) = hrl "2 S (9/5(Q)) = el V2 H (09).



BOUNDARY VALUE PROBLEMS 41

Proof. This is again a local statement. We can therefore assume that @ C R”. It
is enough to prove our statement in the case h = 1 and s € Z;. (The other cases
follow by duality and interpolation.) Equation (14) and Proposition 7.9 show that
we can also assume a = 0. Recall from Lemma 5.7 that the spaces H*(X(2(f2))) are
defined using L?(3(£2)). In turn, L?(%(Q)) is defined using the volume element of
a compatible metric. A typical compatible metric is 7, 21, where h is the Euclidean
metric. Therefore the volume element on () is r," dx, where dx is the Euclidean
volume element. In particular, v € L2(Q) < v € rg"™ *L2(S(R)).

Let us also notice next that ro,"(rqd)%r, — (rqd)® is a linear combination with
C>(3(9))—coefficients of monomials (rqd)?, with |8 < |al, by the second part of
Lemma 7.14.

From this we obtain

u € KY(Q) < (rqd)u € L?(Q) for all |a| <1 by Theorem 8.3
& (rd)u € rg_lnmLQ(E(Q)) for all |o| <1
& (rgd)rt?u e LX(S(Q)) for all o] <1 u e rg"*H(S(Q)).

For the second part we shall use the notation of Definition 1.2. The condition
0Q = 09 guarantees that there are no two-sided smooth boundary points, and
hence 99y = UD;, disjoint union, since x : D9 — Q Q("=2) is one to one. The
proof of hK2(99Q) = hr?;(nfl)/sz (0'2(Q)) = H*(09Dy) is then completely similar.
First, we observe that we can assume h = 1 and a = 0, as above. Then we use the
description in Equation (56) of the Lie structure at infinity on the boundary. In
particular, Theorem 7.21 shows that the Lie structure at infinity on 99y is linearly
generated by the vector fields X on 00 = UD; that vanish on all D;, except
maybe one, and X = ¢rq0y, where ¢ € C*(990) and 9y are the constant vector
fields along the subspace containing D;, the face on which X is not zero. O

8.2. Proof of Theorem 2.4. First we define the Sobolev spaces on the boundary
in general.

Definition 8.5. Let ) be a bounded, curvilinear polyhedral domain. Then we
define

hICE(09) = hrl” D2 Hs (9'5(9),
for any admissible weight h.
We are ready now to prove Theorem 2.4.

Proof. The map H*(X(Q)) — H*"1/2(0'%(Q)) is well defined, continuous, and
surjective by Proposition 5.8. Proposition 8.4 then shows that the map

W () = hrgy P H(Q) — hrg "2 HY2(00) = hCZY5(9Q)
is also well defined, continuous, and surjective.
The density of C2°(Q) in the subspace of elements in hK(£2) with trace zero also
follows from Proposition 5.8 and Proposition 8.4. (]
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8.3. Proof of Proposition 2.5. We also have the following corollary, which im-
plies right away Proposition 2.5 of Section 2. This corollary can be proved directly
in dimension 2 and 3, using polar, cylindrical, or spherical coordinates. Recall that
the algebra Diffy is the natural algebra of differential operators on ) associated
to the Lie algebra of vector fields V(2), namely, it is generated as an algebra by
X e V() and ¢ € C°(X(Q)). (This algebra was used also in Equation (57) and in
Subsection 5.3.)

For the following result, let us recall that if Q C R"™, the principal symbol of
(rd)® is £~. This follows from the definition of the principal symbol in [2, 1] and
from Corollary 8.1. (The reader can just take this as the definition of the principal
symbol of a differential operator in Diffg.)

Corollary 8.6. Let P be a differential operator of order m on M with smooth
coefficients. Then
(i) r&P e Diffy;
(i1) P is (strongly) elliptic if, and only if, vy is (stronly) elliptic in Diff(y;
(iii) h*Ph= depends continuously on \;
(iv) P maps hKE(QY) — hIC;ZT(Q) continuously;

Proof. The relation ry P € Diff; was proved as part of Lemma 8.2. Strong
ellipticity is a local property, so we can assume 2 C R”. The proof of Lemma 8.2
shows that P and r{& P have the same principal symbol, and they are at the same
time elliptic or strongly elliptic.

For any X € V and any defining function 2 of some hyperface at infinity of (1),
we have that 2* X2~* = X — Az71X(x). Since 27! X(z) is a smooth function (this
follows from the fact that X is tangent to the face defined by x), we see that
2 Xz~ € Diff}, and depends continuously on X. This proves (iii). It also shows,
in particular, that Diﬂ’g is conjugation invariant with respect to defining functions
of hyperfaces at infinity (Equation (34)).

We can therefore assume that h = 1. Since (X(£2),V(Q2)) is a Lie manifold
with boundary (Theorem 7.23) any Q € Difff, maps H*(2(Q)) — H5*(2(Q))
continuously. (This simple property, proved in [1], follows right away from the
definitions.) The continuity of P : K5(Q) — K. (€2) then follows using also the

fact that multiplication defines an isometry rg : 5~™(2) — K327 (). O

8.4. Proof of Theorem 2.3. We now show how the proof of Theorem 2.3 can
be obtained from the results of [1] and the theory developped in Section 7. The
following result was proved in [1].

Theorem 8.7. Let (IM,V) be a Lie manifold with boundary and Py € Diff™ ()
be a second order, strongly elliptic operator. Let h be an admissible weight and
u € hHY(IM) be such that Pu € hH*" (M) and ulsogy € hH*T/2(0M), s € R,.
Then u € hH*1(9M) and

(59)  Nullpms+romy < CUPoullnms—1 o) + l[wllnmoony + uloallpms+1/20m))-
The same result holds for systems.

Theorem 2.3 then follows by applying the above theorem to Py := r3 P, which
is strongly elliptic by Corollary 8.6(ii). The exact statement is obtained by using
also the identifications of Proposition 8.4 and Definition 8.5.
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9. EXTENSIONS

It seems that it would be more natural to work in the framework of stratified
spaces than in the framework of polyhedral domains. For example, if we consider a
smooth, bounded domain €2 C R™ and a submanifold X C 992 of lower dimension,
then we can consider n,_2(z) to be the distance from x to X. Then Theorem 1.5

remains true, with essentially the same proof, by taking Q

n=2) .= X in this case.

The method of layer potentials seems also to give more precise results, but is
less elementary [22, 34, 35].
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