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SCALING LIMITS OF THE CHERN-SIMONS-HIGGS ENERGY

MATTHIAS KURZKE AND DANIEL SPIRN

ABSTRACT. We continue our study in [16] of the Gamma limit of the Abelian
Chern-Simons-Higgs energy

2 |curl A; — heg 1
Geonim 5 [ 1Wal? 4 0 e Peell Ly o1y

on a bounded, simply connected, two dimensional domain where ¢ — 0 and
fie — p € [0,+00]. Under the critical scaling, Gesn =~ |loge|?, we establish
the Gamma limit when p € (0,+o0], and as a consequence we are able to
compute the first critical field H; = Hy(U, ) for the nucleation of a vortex.
Finally, we show failure of Gamma convergence when p. — 0 (this includes
the self-dual case). The method entails estimating in certain weak topologies
the Jacobian J(u.) = det(Vu,) in terms of the Chern-Simons-Higgs energy
Ecsh.

1. INTRODUCTION

Abelian Chern-Simons-Higgs (CSH) theory serves as an anyon model [4, 9,
8, 24] and is a classical field theory defined on (2+1) dimensional Minkowski
space. Such models have applications to the theory of high temperature super-
conductivity, quantum Hall effects and carry fractional charge values [4, 24].
This model has been the source of much interest in the physics community;
the book of Yang [24] offers an excellent overview of Chern-Simons-Higgs and
related theories. Letting D, = (=0, V) then the CSH Lagrangian has the
form

EaY /‘1’2 aﬁ'y 1 2 2 2
Losg = | DoDu + ZE AoFpy — = |u (1 — |ul )

where €*?7 is the antisymmetric tensor. Here F, is the Maxwell curvature
tensor and €*#7 A, Fj, is the Chern-Simons term. The associated Euler-Lagrange
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(CSH) equations are:

1
(1) Oiu = Viu + U (1= 1ul®) (3u®* - 1)
2
(2) q= —% curl A
2
(3) ja=3 (£ x e3)

where ¢ = (iu, Oput), ja = (iu, Vau), E = 0,A — VP, and h = curl A.

Since u : R?* — C we can induce the formation of topological vortices —
regions where |u| = 0 and about which the winding number of the phase is
nontrivial. Setting u = pe® ~ e over R? and ¢ = df with d € Z, then
Ja = curl (Vo — A) = curl Vo — h. Formally, if we integrate the curl of (3)
over R? then 27d = fR2 hdz. Furthermore, integrating (2) over the plane yields

d= i hdx = —L qdzx.
2 R2 /L27T R2
As in Ginzburg-Landau theory, we see that the current and the magnetic field
are quantized about a topological vortex; however, in CSH theory the magnetic
field to induces a quantized electric charge, which can have arbitrary values,
depending on p. This quantized electric charge is a fundamental feature of
Chern-Simons-Higgs theory.

Since the CSH equations serve as a model for high temperature superconduc-
tors, we include the possible presence of an applied magnetic field h.,. If we
look for solutions of (1)-(3) that are independent of time by setting dyu = 0,
then we can remove the electric field potential ®, and we are left with a set of
coupled elliptic PDE’s:

5 2
p? |eurl A — he,| 1
(4) -7 M u=Viu+ a2 (1= lul?) (3lu* = 1)
2
i curl A — he, :
5 0= —"— l{ ————— .
(5) 1 cur ( ME )+]A(U)

Equations (4)-(5) can be viewed as the Euler-Lagrange equations of the following
Chern-Simons-Higgs energy

1 o 2 leurl A — he,|?
A;hey) = = —
(6) Gcsh(u, ; ez) 5 /U |VA’LL| + 4 |U|2

for an applied magnetic field, h.,, and a bounded, simply connected domain,
U c R2%. A discussion of the CSH theory on bounded domains can be found in

[6]-

1
+ ;|u|2 (1 — |u|2)2dm
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We briefly describe some features of CSH topological vortices. First of all
magnetic fields concentrate in an annular region about each topological vortex.
This is in contrast to Ginzburg-Landau vortices, where the magnetic field con-
centrates at the site of the vortex. This concentration behavior is due to the
# part of the second term of (6). Second, in the ¢ — 0 limit |u.| relaxes to

S'u {0}, as opposed to S! in the Ginzburg-Landau case. This implies that non-
topological vortices (regions where |u| = 0 with trivial winding number about
the region) are possible and potentially favorable. However, that such regions
are of size O(¢) if |uc| > ¢y > 0 on QU for some constant ¢y = co(U), see [16].

1.1. Prior results. Up to now, most attention has focussed on the self-dual
case where u. = ¢ and h., = 0. In this case the CSH equations reduce, fol-
lowing Hong-Kim-Pac and Jackiw-Weinberg [8, 9], to a system of first order
PDE’s. Solutions can be recovered by solving (after a substitution) a Liouville-
type elliptic equation, similar to the Jaffe-Taubes approach to solving self-dual
solutions in Ginzburg-Landau theory [10]. It is impossible to give an adequate
accounting of the extensive results on self-dual solutions to the Chern-Simons-
Higgs equations, but we direct the reader to [4, 5, 6, 8, 9, 17, 23, 24] and the
references therein.

We turn our attention to non self-dual Chern-Simons-Higgs theory. The first
rigorous results to our knowledge for small ¢ and p = O(1) for the CSH func-
tional are those of Han-Kim [7], who studied sequential minimizers {u., A.} of
(6) with A. = 0 and Dirichlet boundary condition u. = g on OU with |g| = 1.
Their proofs are similar in spirit to Bethuel-Brezis-Helein [2] for the simplified
Ginzburg-Landau energy

(7) / VP + g (1~ )

and rely heavily on the maximum principle for |u.|. The maximum principle
fails when gauge field A. # 0, so another approach is needed.

In [16] the authors studied (6) with A. # 0 in the I'-convergence framework
under various energy scalings for ¢ — 0 and p. = pu € (0,400). The techniques
used are related to the approach of Jerrard-Soner [12, 13] combined with the
Sandier [18] version of the vortex ball construction method of Jerrard [11] and
Sandier [18]. Similar to their approach to studying (7), we first study the
simplified functional

®) /|Vu|2 Ll upy,
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which helps us express the energetic limit of G.g,. Consider v, = J (:f;), a. = f—;
and A, = g then
r? s 2
Gcsh(ue; Aa; hex) ~ Ecsh(|ua|) + EE Ve — —Qg¢
Te ll2w\uB.))
2
log ¢ pl || = curla, — 2 H
-+ _ HCU‘HUEHM(UBU) + Z ‘UE‘
L2(U)

Such an energetic framework was proved in [16]. The critical scaling G.sp ~
llog 5|2 is the energy scaling where the order parameter interacts at the same
order as the induced magnetic field, and we can see this from a simple scaling
argument. Formally, for the induced magnetic field to interact with the order
parameter we need both the curl v, and v. terms, so

r. = |loge] 5. = T4,
and for the external magnetic field to interact with the induced magnetic field
we need
te =1,
regardless of .. Thus,

2

log e
~ [log €| ||v- — aEHiQ + |lcurl v ||\, + % ||curl a. — H||iQ

Gcsh (u67 Aa; heac) ~ 2

Therefore, we can describe the G.g, ~ |log g|2 energy scaling as ”critical”.

In [16] we study Ges, = |log e|” for . = p € (0, 400), among other asymptotic
limits. Our general assumptions are that U C R? is a bounded, simply connected
domain with smooth boundary. We take [u.|;wqy < €' < 400, so there are
no nontopological vortices. For simplicity, we state the result in the Coulomb
gauge, which amounts to considering only pairs (u, A) with V- A =0 in U and
A-v =0 on dU. These conditions can always be satisfied by an appropriate
gauge transformation replacing (u, A) by (ue™X, A + V) without changing the
energy. Finally, we assume that {u.} is a sequence of functions in H'(U;C)
whose traces on OU satisfy |u.| > 1— “0—26', although we believe this assumption
is technical and not crucial to the results. We recall the following results, stated
here in the spirit of I'-convergence; that is, separated into a compactness result
combined with a lower bound for the energy and a construction that shows that

the lower bound is essentially optimal.

Theorem 1 ([16]). Assume that the external field satisfies he, = H |loge| for
some H >0 and p. — p € (0,+00). Consider a sequence {u., A} with

Gcsh(”saAs; hem) S K |10g5|27
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lus| > 1 — @ on OU, and ||uc|| ey < C. Set a. = mA Ve = @j(ua),
and w, = ﬁc()gsa)l Then {a.} is weakly precompact in H', |10g6|j( Ue) con-
verges to v weakly in all LP, -5 — v in L?, and w. = % —w = Ecurlv mn

Radon measure. Furthermore, the energy satisfies

1
(9) liminf ———=Gegn(ue, Ac; hey)

2
> G(v,a; H) </ v —al? + |Curla— H|* + ||Curlv]|M> :

Conversely, for any a € H*(U;R?) and v € L*(U; R?) such that w = 5 curlv is
a Radon measure, there exists a sequence {u.} in H'(U;C) with |u| =1 on OU
and a sequence {A.} € H(U;C) in Coulomb gauge such that v, = |10;€‘j(u6) —
vin L?, w. = @J(us) — w in (CO)*, a. = —=A. — a in H', and such

that (9) holds with equality.

\logfl

Although Theorem 1 was established with p. = p € (0, 400) a fixed constant,
the p. — p € (0,4+00) case is a straightforward adaptation of the argument in
Section 7 of [16]. As an application of the last theorem, we calculate the critical
field he.; for which vortices appear in nonzero minimizers of Ggp(ue, Ac; hey)-

Corollary 2 ([16]). As e — 0, the critical field he. is given asymptotically by
Hi(u)|loge|, where
2

Hi(p) = 5———
W2 maxg 2]
and z, is the solution of

2
_MZAZ#+Z#+1:OWU zuzoonﬁU.

Concerning the dependence on u, we have that p?> Hy () — 2 as u — 0. Further-
more, Hy(p) is decreasing in u and converges to a limit H(U) > 0 as p — oo.

The corollary follows from Theorem 1 using some analysis of the limit func-
tional.

1.2. Results. It is natural to ask whether the formal behavior of H; as u — 0
or ;4 — oo in Corollary 2 hold in a rigorous sense. In particular we let . —
€ {0,400} and consider the T-limit of

2 2
pz |eurl Az — heg| 1, 5 ovo
e Gl

1
Gcsh(uaA; hez) = 5/ ’vAsu€‘2 +
U

at the critical energy scaling G, =~ |log 5|2. In the p. — 400 we have
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Theorem 3 (Large p. limit). Assume p. — 00 and Gesp(Ue, Ac; hex)
K |logel®.  Furthermore, assume [ucllpwy < € < +00 and ||t or

IV IA

1 L Assume that each (u., A.) is in Coulomb gauge, that is, V- A. = 0 in

" logel|

Uand A, -v =0 on oU.
Set he, = H |logel, a. = g Aer and v. = @j(ug), then the following
compactness and convergence statements hold:
(1) a. — a = Hay strongly in H', where a; is the solution of the system
curla; =0 U
Vear=0 U
a;-v=0 onoU.

Ve
|ue|

(2) For a subsequence, v. — v in all LP with p < 2 and — v in L2

Furthermore, \ﬁgi‘)l — %Curlv in (CO,B)*.

The enerqy satisfies the I'-liminf inequality
1 1
(10) liminf ———=Gesp (e, Acs hex) > G(v) = = (/ v —al® + ||curlv|| %) :
e—0 |10g 5| 2 U ‘

A gauge-invariant form can be given as

G(v) ifcurla=H
+oo  else.

(11) G(v,a;H) = {

Conversely, for any a € H'(U;R?) and v € L*(U;R?) such that w = 1 curlv
is a Radon measure, there exists a sequence {u.} in H'(U;C) with |u.| = 1
on OU and a sequence {A.} € H'(U;C) in Coulomb gauge such that v. =
uo—és‘j(us) —wvin L? w, = @J(ua) —w in (C%P)*, a. = @AE — a in H,
and such that (10) holds with equality.

The proof of Theorem 3 relies on a I'-convergence result for E.q,(u.) estab-
lished in [16], see the Appendix.

As an application of the last theorem, we calculate the critical field h.,; for
which vortices appear in nonzero minimizers of G g (ue, Ag; hey).

Corollary 4 (Large p. critical field). Ase — 0 and p. — +o00, the critical field
herit 18 given asymptotically by Hy |loge|, where

2

H=—"
Maxy |Zoo|

and zs s the solution of
~Nzee+1=0in U Zoo = 0 om OU.
Hence the 1 — oo behavior of Hy in Corollary 2 holds rigorously. .
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For the pu. — 0 case we find a failure of ['-convergence in the critical G.q, ~
llog £|” scaling. In particular there can be a concentration phenomena of vortices
at a single point, since a topological vortex costs very little energy when pu. < 1.
Therefore, we can pack vortices very close together and still make G, = |log 5|2.

Theorem 5 (Small p. compactness failure). For any p. — 0, there exists
a sequence {u., A.} with Geg(uz, Ac;0) < K |loge|* such that @j(us) and

1 g(ue)

are not bounded in L?.
[loge| fuel

Remark 6. In particular Theorem 5 includes the self-dual case p. = ¢ and
hez = 0; therefore, the I'-limit fails for large numbers of vortices.

2. LARGE .

The case of very large . turns out to be very similar to that of finite p., and
we obtain a restricted limit functional by a similar I'-convergence argument.

Proof of Theorem 3. After rescaling, the CSH energy satisfies

Ve 2 [curla, — HJ?

4 |u€|2

2
+ dx;

— a.|ue|

log |
Gcsh(usaAe; hea:) - Ecsh(|ue|) + | g2 | /
U

| |

therefore,

2 9 Lo — HP w2
&/ |curl a. — H]qu; = &/ [curl a. | e do
8 Ju U

|U€|2

8
CZ,LLE:/ lcurla. — H|
U

< ] dx
CQ Gcsh(uea Ae; hex)

8 log =P

< C°K,

where €' > [Juz|| ;o ;) is one of our assumptions. From Jy leurla, — H? <

% — 0 as ¢ — 0 we obtain that curla. — H strongly in L?, so curl(a. —

Ha;) — 0in L?. This, combined with the Coulomb gauge condition, implies
elliptic regularity, and in turn the strong convergence of (a. — Ha;) — 0 in
HY(U).

The compactness assertions for v, follow as in [16]: We decompose

Gcsh<u€7 As; hex) = Ecsh(us> - / ](uz-:) : Ae
U

1 p? |eurl A, — heg|?
—A 2 2 e € exr
+ [ Sl + e

(12)
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from which we see E g, () < Gesp(te, Ac; hex) + fU Jj(ue)- Ae, and we can repeat
our reasoning of [16] (which in turn is adapted from [13]) and estimate
- 1[5 (ue)|?
A j(u)| < =
A ] < 15

1
< _‘VUEP + |ua| |1 - |ua|2‘ + 1) |A£’2

+ |U6|2|Aa|2

1
—IVUe|2+|A [* + el (1= Jue?)” + 22| A

1
S §Ecsh(u€) + |A€‘2 + 2€2|A€’47

where we used the simple estimate z? < z|1 —z?|+ 1 for z > 0. By the uniform
H' bound on a., it follows via Sobolev embedding that

1
(13) éEcsh(ug) < K |logel> 4+ C|loge|* + Ce?|loge|* < C |logel]®.

Inequality (13) lets us apply the compactness and lower bound results of The-
orem 8 in the Appendix.
We decompose

Gesh(Ue, Aci heg) = Gcsh(u57 Ac) + Gcsh(u57 Ac) + Gcsh<u€’ A) + Gcsh(u€7 Ag),
where

Gcsh<u€7 A ) - ECS]’L(U€>

log e|* 2 H2|loge|” 2
Gcsh( A€) =T 5 |a£’ + = |CU.I'1 Az — H’
2 U 8 o
|10g8|2 2 2
Gcsh( Atf) = (|U5’ - 1) |a’€|

Gcsh<u€7 = - ’10g€| /as Ve .

For G,; we use the lower bound of Theorem 8 in the Appendix and obtain

1
liminf —— Gl (ue, AL) > = (HUHiQ + |leurlv]| ) -
=0 \log i 2

Using the strong H* convergence we estimate

L2
liminf ——= G, (ue, Ac) > = [lal| 72 -
mipl Gl A) 2 3 ol

For the third term, we use Corollary 2.4 of [16], which shows that [|1 — |u.|?[|7, <
Ce? logel*, hence

Gt < ([ (ot =1 ) ([ 1. |4) < C[logel* — 0.
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The convergence
1
ngsh(u67Aa) - _/ a-v
llog ¢| U

follows from the weak convergence of v, in LP with p < 2 and the strong conver-
gence a. — a in L9 for all ¢ that follows from Rellich-Kondrachov compactness.
Summing up the terms, we obtain the lower bound as claimed.

The lower bounds can be complemented by matching upper bounds, yielding
I'-convergence. The construction is identical to the one used in the p = O(1)
case, see Sections 6 and 7 of [16]. O

As an application of the I'-liminf energy (10), we compute the asymptotic
value of the critical field strength for vortex nucleation. This follows from
the solution of a classical obstacle problem, commonly found in free boundary
theory. The obstacle problem for Ginzburg-Landau can be found in [20].

Proof of Corollary 4. We compare G(v,a; H) with G(0,a; H); the difference is
given by

1 1 1
(14) —/ ]U|2+—||curlv||///—/v~a2—||curlv||//[—/v-a.
2 Ju 2 ' U 2 ' U

Define z,, as the solution of Az, = —1in U, 2z, = 0 on U. Since curla = H
then HAz,, = — curla and a = —H curl z,. Integrating by parts, we note that
Jyv-a=H [z curlv. It follows that

G(v,a;H) — G(0,a; H) 2/

1
(— - sgn(curlv)zooH) d||curlv]| ,
v\ 2

which is positive for H maxg 20| < 3. O

Remark 7. The critical field obtained in the proposition above is identical to
the limit as y — oo of the critical fields for ¢ = O(1) that were calculated in
[16].

3. SMALL e

In this section we consider the situation where y. — 0 as ¢ — 0. We show
that a simple application of the tools of the u = O(1) case does not work here
by means of a counterexample of a sequence {u., A.} where G.g,(u-, Ac) <

K |log 6\2 but |lo§a| j&“"') is not bounded in L?. In particular we build a lattice

of |loge| vortices inside of a box of size y. with energy of size |loge|”. This is
1

possible so long as p. is not too small. (If . < Celloge|? - as in the self-dual

case - we use a modified construction.) Since p. < 1 then the scaled current

blows up like |[v.]|7. 2 log ;-
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J(ue)
[log ¢

Proof of Theorem 5. The idea of the construction is to use v, = and

a—AS

2
a_‘lon ‘

and to set v. ~ a., to let %?fUlcuﬂaa ~ C and |curle.| , = C

while fU [v.|*> — co. We do this by letting curlv. approach a delta function.

1. To achieve this, we define some auxiliary functions:

%10g23—%10gs—% ifr<s
(15) Q(r) = %—%logr—i—%log%—% if s <r < 2s

logr else
Note that ®°(r) is a smooth approximation to a solution of Av = ¢, for
s — 0 and that [p , AP® = 27Tf828 2dr = 2 for £ > 2s. We also set

¢e(r) = min(1,Z) Our example will use the domain U = B;(0). We choose
N, points a; in a square lattice of side length Kg% < e inside B, (0), so

|
N. = 7 |loge| + O(|loge|"?).

We now set p.(z) = HZN; q-(z — a;), P(2) = Zf\;&l ®%(z — a;), and U (z) =
Z?ﬁl log |z — a;|. We further set V. = curl U, and A, = curl .. To define u,,
we choose a multi-valued function ¢. with V. = V. and set u. = p.e’®=. In our

following calculations, we assume ¢ < s < m. We calculate the energy
Gesn(ue, Ac) (the external field is zero in this example). In the case where
pe < 4e [loge|?, we will use ji. = 4e |loge|"? instead. Note that |V uc|? =
|Vpe|? + p?|V: — A.|%. From our construction, it follows that

1
/ Vil + (1 ) < ON..
U

For the curl term, we observe that curl A. = 0 where p. = 0, hence

,U_g/ CU.I'IQAE — Nglug 4 (482 o 82) — M?TFN&'
8 Ju p? 8 954 652

For V. — A., we find that

—2(—y,l') r<s
(_82781)(10g |Z| - (I)S(Z)) = 32—2(—y,1’) + ﬁ(_yax) s<r<2s
0 r<2s
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and so since s is chosen such that the fields of different particles a; are disjoint,
we can calculate

(16)

2 A 2 c T2 1 28 4 4 ’/“
UP5|V5— |F =27, 52?””"‘ i ﬁrdr—l— 5 W+@+_94 rdr
s 4 13

=27 N, 1 —log?2
T ( +0g€—|—9 og —|—12)

= N.(C + 7T10g§).

Summing up, we obtain a total energy of (C' + mlog? + C”S‘—g)Na. Choosing

4“0 : 1/2, this is bounded by C'|log 5| since p. < 1.

2. If p. < i = 4eloge] /2 the construction has to be done with ji. in

place of u. and s = ¢, and the total energy is (C' + 7 log % + C’;—E)NE, and now
ue Ee < 16|logel, so the total energy is again bounded by C'|log €|2

3 We still need to show the unboundedness of ox ‘2 fU {Zglz To do so, we

estimate it from below by considering only the integral over By \ By, . We note

that
[VaP?(z ZZ

=1 j=1

V—GP V—GP

We estimate each of the terms from below, using that |z| > 2u. and |a;| < p..
It is clear that 1[z] < |z —a;] < 3[z].

Hence (z — a;) - (z — aj) = |z — aj||z — aj|| cos | > }|z[?| cos @, where o is the
angle between (z —a;) and (z — a;). Since |a;| < p and |z| > 2u, this angle can
be estimated from above, and a short argument in elementary geometry shows
that | cosa| > \/73 Hence (z — a;) - (2 — a;) > %§|z|2, and the contribution of a
single term in the sum can be estimated below by I»Z% (with ¢ = M), and we

81
obtain

1 3 1
(17) / Vo)? > CN;/ ~dr = C |loge|* log —,
U 2pe r 2:“

€

and this is > |loge|” for any p. — 0.
4. In the case that p. < fi., we obtain the same bounds with fi. instead of

1. However, log i = log m > 1 so our unboundedness statement for

g el
HO—;E‘VE still holds. 0]

4. APPENDIX

In order to establish Theorem 3 we use the following I'-limit result for E., ~
llog e|* established in [16]:
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Theorem 8 ([1 ]) Assume E.g,(u.) < K |logel?, for some constant K and
HutEHLOO(aU) > 1- \log6|
Set v, = mg(ue) and w, = @J(ug) = Lcurlv.. Then {w.} is precompact

in the weak (C%9)* topology and {v.} is bounded in LP for 1 < p < 2. Further-

Ve

more, if w. — w = %curlv and v. — v, then also ] U in L?, and the energy
E

satisfies

o 1 1

(18) liminf —— Feop(u:) > = (||v||2LQ + |lcurlv]| ) -
e—0 Hog 5’ 2

Conversely, for every v € L*(U;R?) such that w = %curlv 15 a Radon mea-

sure, there exists a sequence {u.} in H'(U;C) with |u.] = 1 on OU such that

Ve = \loéa|j(u5> — v in L* and w. = mc](us) — w in (C%P)* such that the
enerqgy satisfies
1 1 5
19 li —Ecs = 3 1 .
(19 i s Een(0) = 5 (Il + ool

Proof. Jacobian estimates have been extremely useful in Ginzburg-Landau the-
ory, [1, 3, 12, 13, 14, 19], and the proof of this theorem follows from the approach
of Jerrard-Soner for Ginzburg-Landau, see [12]. In particular the theorem fol-
lows quickly from the Jacobian estimate

(20) ’ / 6J (u)dw

where d ~ Ll Ik eugg(z‘f de 7 € (0,1), and C depends on [ <522 e“h dac Estimate

< 7| oo + CE7 [[Dl] o

(20) follows from Proposition 9 and Proposition 10 below. O
We sketch the relationship between the Jacobian

1
J(u) = det Vu = 5 curl j(u)

and the energy density e.q,(u) found in (20). Set ¢ € C%Y(U) a Lipschitz
function vanishing on OU. We define §2(t) = {z € U such that ¢(x) > t} then
00(t) is a level set ¢. Let

t € [0, ||¢]| ;] such that 9Q(t) = ¢~1(¢),
Reg(9) := { 00(t) rectfﬁable, and H(09(t)) < oo } '

By the co-area formula |[Reg(¢)| = ||¢||,~ and t € Reg(¢) implies 0Q(t) is a
union of finite Jordan curves, I';(¢). We set, as in [12],

['(t) := U{components of 092(t) such that II%II(l |u| > }
Te

We set d € Z* and define
Dy := {t € Reg(¢) : T'(t) is nonempty and |deg(u;T'(t))| > d+ 1}.
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We will choose d to be the least integer multiple of 7 |loge| of the energy. Let
us define

Ey(u) :/ eesn(u)dx
spt(¢)
for short. The first estimate is rather direct and follows in spirit of [12]:

Proposition 9. Suppose U C R? and u € H'(U;C) then

[ ortws| < (ma+ &) ol

(21) e Vo]l [QE;(U) + 38 (u) + 240
D
*‘LjdE¢@O

for any e < 1.

In order to use (21) and close the estimate we need to control |D,|. This is
estimated by the following result.

Proposition 10. Suppose |u| > 1 — @ on U and let € € (0,e72). Define
1

g% = ¢ |log€|2/ eesn(u)dz e =TT
U

~ loge]

> 1,

then

(22) Dl < 82 96l (1400 (24 [ contiric) )

*

where d, = d+ 1. Here V = L'J]-Br]. is the union of disjoint balls B, with

B, Cspt() € U and 32,75 = qrighi—.

Proposition 10 provides a good estimate for |Dy| when d & L fv e“h("g)J, and

m|loge]
this estimate follows from a variation of the Jerrard [11] and Sandier [18] vortex
ball method. There is also a different approach [21] that can be taken to the
estimate of |Dyl.
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