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Figure 13. However, Theorem 4.14 and Corollary 4.15 imply that there is only
one possibility, namely, the case depicted in Figure 14(c). Therefore, in this
case, the uniqueness theorem holds.

Theorem 4.16 Suppose a, b, α, β are in the form of the standard configuration.
Then, W 0

a,b is included in N 1
α,β ∪ N 2

α,β, and W 0
a,b ∩ N 1

α,β and W 0
a,b ∩ N 2

α,βare
non–empty sets. Also, W 1

a,b is included in N 1
α,−β.

(i) If m ∈ W 0
a,b ∩N 1

α,β, there exists a unique quintic PH Hermite interpolant
γ(t) such that wind(r′ ª γ′) = 0.

(ii) If m ∈ W 0
a,b ∩ N 2

α,β, there exist two quintic PH Hermite interpolants γ(t)
such that wind(r′ ª γ′) = 0.

(iii) If m ∈ W 1
a,b there exists a unique PH Hermite interpolant γ(t) such that

wind(r′ ª γ′) = 0.

4.3 Analytic continuation

Consider first the case in which uniqueness fails, i.e., the case where m ∈ W 0
a,b∩

N 2
α,β (depicted in Figure 14(b)). In this case, both the middle control points z

of χ(t) are in W 0
α,β , thereby making wind(χ ª s) = 0 for either case. On the

other hand, when m ∈ W 0
a,b∩N 1

α,β , one middle control point z of χ(t) is in W 0
α,β

and the other in W 1
α,β ∪Hα,β (see Figure 14(a)). Hence, in this case, uniqueness

holds.
The relation between these cases can be explained as follows. As m moves

from W 0
a,b ∩N 1

α,β to W 0
a,b ∩N 2

α,β , each of two branches of z is analytically con-
tinued. Thus, it is advantageous to choose the value (branch) of z obtained by
the analytic continuation of z that gives uniqueness. This idea can be precisely
formulated in the following theorem, whose proof can be found in the Appendix.

Theorem 4.17 Suppose m ∈ W 0
a,b ∪Ha,b. Then, any square root of

5
4

(
6d− a− b + 1

4 (α + β)2
)

has a non–zero real part. Let K be the square root with positive real part. Then
z = K − 3

4 (α + β) is the middle control point of χ(t) from α to β such that
z ∈ W 0

α,β. Thus if m ∈ W 0
a,b, wind(r′ ª γ′) = 0, where γ′(t) = [ α(1 − t)2 +

z2(1− t)t + βt2 ]2.

On the other hand, we know that when m ∈ W 1
a,b uniqueness holds as shown

in Figure 14(c). However, it is still important in practice to have a formula for
z. The following theorem, whose proof can be found in Appendix, gives such a
z.

Theorem 4.18 Suppose m ∈ W 1
a,b ∪Ha,b. Then, any square root of

5
4

(
6d− a− b + 1

4 (α− β)2
)
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Figure 15: Ha,b where a = r1e
−iθ, b = r2e

iθ and θ = 0; 0 < θ < 1
2π; θ = 1

2π.

has non–zero imaginary part. Let K be the root with sin 1
2θ ImK < 0. Then

z = K − 3
4 (α − β) is the middle control point of χ(t) from α to −β such that

z ∈ W 0
α,−β. Thus if m ∈ W 1

a,b, wind(r′ ª γ′) = 0, where γ′(t) = [ α(1 − t)2 +
z2(1− t)t− βt2 ]2.

Analytic Continuation on Ha,b: From the above two theorems, each of the
two solutions — one obtained when m ∈ W 0

a,b and the other when m ∈ W 1
a,b —

can be analytically continued to the solutions when m ∈ Ha,b. When m ∈ Ha,b,
r′(t) passes through the origin; thus wind(r′ ª γ′) is undefined. However, these
two continued solutions on Ha,b do not pass through the origin.

5 Non–generic case

The case not considered above is the one in which a, b are collinear. Although
the direct argument for this case can be complicated, the easier approach is to
treat it as a limiting case of the cases considered above. Here we present an
intuitive limiting argument for this case (a rigorous proof is in the Appendix).

5.1 Case 1: a and b are in the same direction

By a rotation, we may assume a and b are positive real numbers, r1 and r2.
This case can be thought as the limiting case of aθ → a = r1 and bθ → b = r2,
where aθ = r1e

−iθ and bθ = r2e
iθ. Then it is easy to see that, as θ → 0,

Haθ,bθ
→ Hr1,r2 = (−∞,−√r1r2] .

Let αθ =
√

r1e
−iθ/2, βθ =

√
r2e

iθ/2 and α =
√

r1, β =
√

r2. Then it is also easy
to see that as θ → 0

SHαθ,βθ
→ SH√

r1,
√

r2 = [−L,∞) ,

where L is 1
8 (5r1 + 5r2 + 2

√
r1r2) (note that −L < −√r1r2).

Thus the shaded region in Figure 14(b) converges to the open set C −
{x-axis}, the shaded region in Figure 14(a) disappears, and the hyperbola
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Ha,b collapses into the line (−∞,−√r1r2] while SHα,β collapses into the line
[−L,∞). Also, ψα,β : (−∞,− 4

√
r1r2] → [−L,∞) is the quadratic function

ψα,β(z) = 2
5

(
z + 3

4 (
√

r1 +
√

r2)
)2 − 1

2r1 − 1
2r2 − 1

8 (
√

r1 +
√

r2)2 .

It is easy to see that φα,β has two inverses (with multiplicity) if and only if
m ∈ [−L,−S], where −S = φα,β(− 4

√
r1r2) and −L < −S < −√r1r2. Therefore

we have the following theorem.

Theorem 5.1

(i) r′(t) passes through the origin if and only if m lies in the semi–infinite
line (−∞,−√r1r2 ]. In this case, wind(r′ ª γ′) is undefined.

(ii) If m lies in C − {x-axis}, then there are two solutions γ such that the
hodograph winding number wind(r′ ª γ′) = 0.

(iii) If m lies on the half infinite line (−√r1r2,∞) on the x-axis, then there
is the unique solution γ such that wind(r′ ª γ′) = 0. In this case, the
hodograph of the other solution passes through the origin.

The “good” solution selection formula can be obtained by taking the limiting
value — we can easily see that it is the same as in Theorem 4.17.

Theorem 5.2 Suppose a = r1, b = r2 for positive real values r1, r2 and write
α =

√
r1, β =

√
r2. If m 6∈ Ha,b = (−∞,−√r1r2], any square root of

5
4

(
6d− a− b + 1

4 (α + β)2
)

has a non-zero real part. Let K be the square root with Re(K) > 0. Then

z = K − 3
4 (α + β)

is the middle control point of χ(t) from α to β such that wind(r′ ª γ′) = 0,
where γ′(t) = [ α(1− t)2 + z2(1− t)t + βt2 ]2.

5.2 Case 2: a and b are in opposite directions

We may assume a = r1e
−iπ/2, b = r2e

iπ/2 for some positive r1, r2 and we set
α =

√
r1e

−iπ/4, β =
√

r2e
iπ/4 and define aθ = r1e

−iθ, bθ = r2e
iθ. To take the

limit, we let θ → 1
2π, so that aθ → a, bθ → b. It is then easy to verify that

Haθ,bθ
→ Ha,b = {y-axis} and SHαθ,±βθ

→ SHα,±β ,

where Re(SHα,β) < 0 and Re(SHα,−β) > 0 (SHα,β and SHα,−β are symmetric
with respect to the y-axis). In fact, the shaded region in Figure 14(a) converges
to the right half–plane Re z > 0, the shaded region in Figure 14(b) disappears,
and the shaded region in Figure 14(c) converges to the left half–plane Re z < 0.
Thus, we have the following theorem.
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Theorem 5.3 Let a, b be as defined above. Then

(i) r′(t) passes through the origin if and only if m lies on the y–axis. In this
case, wind(r′ ª γ′) is undefined.

(ii) If m lies in the open set C−{y-axis}, there exists a unique solution γ such
that wind(r′ ª γ′) = 0.

However, the selection formula can also be obtained by a limiting argument
applied to the formula given in Section 4, and this differs depending on whether
m lies in the right half plane or in the left half plane. In fact, the selection
formula when m is in the right half–plane comes from Theorem 4.17 and when m
is in the left half–plane it comes from Theorem 4.18 with θ = 1

2π. The selection
formula for the “good” solution is thus given in the following proposition.

Proposition 5.4 Let a, b, α, β be as defined above.

(i) If Re(m) ≥ 0, any square root of

5
4

(
6d− a− b + 1

4 (α + β)2
)

has non–zero real part. Let K be the root with positive real part. Then
z = K − 3

4 (α + β) is the middle control point of χ(t) from α to β such
that z ∈ W 0

α,β. Therefore, if Re(m) > 0, wind(r′ ª γ′) = 0 where γ′(t) =
[ α(1− t)2 + z2(1− t)t + βt2 ]2.

(ii) If Re(m) ≤ 0, any square root of

5
4

(
6d− a− b + 1

4 (α− β)2
)

has non–zero imaginary part. Let K be the root with negative imaginary
part. Then z = K − 3

4 (α − β) is the middle control point of χ(t) from α
to −β such that z ∈ W 0

α,−β. Therefore, if Re(m) < 0, wind(r′ ª γ′) = 0
where γ′(t) = [ α(1− t)2 + z2(1− t)t− βt2 ]2.

Analytic Continuation on y–axis: Similar analytic continuation can be
applied as in Section 4.3. From the above proposition, each of the two solutions
— one obtained when Re(m) > 0 and the other obtained when Re(m) < 0 — can
be analytically continued to the solution when Re(m) = 0. When Re(m) = 0,
r′(t) passes through the origin; thus wind(r′ªγ′) is not defined. However, these
two continued solutions on the y–axis do not pass through the origin.

6 Best selection formula

For numbers r1 > 0, r2 > 0,−π
2 < θ ≤ π

2 , let a = r1e
−iθ, b = r2e

iθ, α =√
r1e

−iθ/2, β =
√

r2e
iθ/2. For given complex number d ∈ C, let r(t) be the

cubic Bézier curve such that

r′(t) = a(1− t)2 + m2(1− t)t + bt2
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where m = 3d − a − b. Suppose r′(t) 6= 0 for all t ∈ [0, 1]. This condition is
equivalent to that m /∈ Ha,b. Let γ(t) be the quintic PH curve such that

γ′(t) = χ(t)2,

χ(t) being given by the selection rule below. Then, γ′(t) 6= 0 for t ∈ [0, 1] and

wind(r′ ª γ′) = 0 .

Selection rule: standard configuration

(i) (θ = 0) or (0 < |θ| < π/2 and m ∈ W 0
a,b) or (θ = π/2 and Re(m) > 0)

Let K be the square root of

5
4

(
6d− a− b + 1

4 (α + β)2
)

such that Re(K) > 0, and let z = K − 3
4 (α + β). Then we select χ(t) =

α(1− t)2 + z2(1− t)t + βt2.

(ii) (0 < |θ| < π/2 and m ∈ W 1
a,b) or (θ = π/2 and Re(m) < 0)

Let K be the square root of

5
4

(
6d− a− b + 1

4 (α− β)2
)

such that sin 1
2θ Im(K) < 0, and let z = K − 3

4 (α − β). Then we select
χ(t) = α(1− t)2 + z2(1− t)t− βt2.

Suppose we are given non–zero a, b not necessarily in standard configuration.
Also, suppose that we are given d such that m = 3d−a−b 6∈ Ha,b. For a non-zero
complex number z, let Arg z be the argument of z such that −π < Arg z ≤ π.
First, we need to find θ0 and θ :

(i) Find θ0 such that a = |a|eiθ0 (Not necessarily θ0 = Arg a)

(ii) Find θ such that 2θ = Arg (b/a)

Now, writing α =
√
|a|eiθ0/2, β =

√
|b|ei(θ0/2+θ), and R = e−i(θ0+θ)/2, we need

only follow the scheme below, which is easy to verify.

Selection rule

(i) (θ = 0) or (0 < |θ| < π/2 and m ∈ W 0
a,b) or (θ = π/2 and Re(mR2) > 0)

Let K be the square root of

5
4

(
6d− a− b + 1

4 (α + β)2
)

such that Re(KR) > 0. Let z be the complex number obtained by

z = K − 3
4 (α + β) .

Then we select χ(t) = α(1− t)2 + z2(1− t)t + βt2.
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(ii) (0 < |θ| < π/2 and m ∈ W 1
a,b) or (θ = π/2 and Re(mR2) < 0)

Let K be the square root of

5
4

(
6d− a− b + 1

4 (α− β)2
)

such that sin 1
2θ Im(KR) < 0. Let z be the complex number obtained by

z = K − 3
4 (α− β) .

Then we select χ(t) = α(1− t)2 + z2(1− t)t− βt2.

7 Closure

A topological criterion for identifying the “good” solution among the four PH
quintic interpolants to planar Hermite data has been proposed. The analysis
includes an existence theorem, together with a complete discussion of uniqueness
properties. The availability of a simple formula for finding the “good” solution,
without appealing to curve fairness integrals, is a key step in making practical
use of the many advantageous computational properties of PH curves.

8 Appendix 1: Non–generic cases

8.1 Case 1: a and b are in the same direction

Suppose that a, b 6= 0 and b = λa for some λ > 0. Without loss of generality,
we can assume that a = r1, b = r2 for some r1, r2 > 0. In this case, Hr1,r2 =
(−∞,−√r1r2] from Lemma 8.1.

Lemma 8.1 For positive real numbers r1, r2 set Hr1,r2 = (−∞,−√r1r2 ]. For
a complex number µ ∈ C, let Q(t) = r1(1 − t)2 + µ2(1 − t)t + r2t

2. Then if
µ 6∈ Hr1,r2 , the angle variation ∆θQ is zero.

Proof. From the definition of Hr1,r2 ,

Hr1,r2 =
{
λ1r1 + λ2r2 | λ1 < 0, λ2 < 0, λ1λ2 = 1

4

}
,

we need to get find range of the function f(t) = r1t+r2/4t, where t < 0. Clearly,
for all t < 0, f(t) < 0 and

r1t + r2/4t ≤ −√r1r2 .

Moreover, since lim
t→−∞

f(t) = −∞,

Hr1,r2 = (−∞,−√r1r2 ] .

If µ /∈ Hr1,r2 , then Q(t) 6= 0 for all t ∈ [0, 1] by Theorem 3.2. Then, Q(t) /∈
(−∞, 0] for all t ∈ [0, 1] from the argument below.

29



(i) Im(µ) = 0: In this case, Q(t) is real for t ∈ [0, 1]. If Q(t0) < 0 for
some t0 ∈ [0, 1], then by the Intermediate Value Theorem there exists a
t1 ∈ (0, 1) such that Q(t1) = 0. Therefore, Q(t) /∈ (−∞, 0] for all t ∈ [0, 1].

(ii) Im(µ) 6= 0: Since ImQ(t) = (1 − t)tIm(µ), ImQ(t) 6= 0 for all t ∈ (0, 1).
Thus, Q(t) /∈ (−∞, 0].

Therefore, ∆θQ = Arg (r2)−Arg (r1) = 0. 2

Now suppose that m = 3d − a − b /∈ Hr1,r2 . Let α =
√

r1, β =
√

r2. Let
s(t) be the square–root curve of r′(t) such that s(0) = α. By Lemma 8.1,
∆θr′ = 0. Therefore, s(1) = β. So, by Lemma 3.5, we need to consider only
χ(t) = α(1− t)2 + z2(1− t)t + βt2 with z satisfying

(
z + 3

4 (α + β)
)2 = 5

4

(
6d− r1 − r2 + 1

4 (α + β)2
)

. (17)

Let Lα,β = α(1− t) + βt be the line segment connecting α and β. Note that if
χ(t) 6= 0 for all t ∈ [0, 1],

wind(r′ ª χ2) = 2wind(sª χ) = 2wind(Lα,β ª χ)

since ∆θs = ∆θLα,β
= 0. Thus, we need to investigate when there exists at

least one solution z of (17) such that wind(Lα,β ª χ) = 0. By Lemma 8.1, this
is equivalent to that z 6∈ Hα,β = (−∞,− 4

√
r1r2].

Let us choose the square root K of the right hand side of (17) such that
Re(K) > 0. This is possible from the following Lemma.

Lemma 8.2 Let r1, r2 be positive real numbers, and let α =
√

r1, β =
√

r2.
Suppose m = 3d− r1 − r2 /∈ Hr1,r2 . Let K be a square root of

5
4

(
6d− r1 − r2 + 1

4 (α + β)2
)

.

Then, Re(K) 6= 0.

Proof. Suppose Re(K) = 0. Then K2 ≤ 0, i.e.,

6d− r1 − r2 + 1
4 (α + β)2 ≤ 0 .

Thus, we get the following inequality

6d− 2r1 − 2r2 ≤ −r1 − r2 − 1
4 (α + β)2 ≤ −2

√
r1r2 − αβ = −3

√
r1r2 .

This is a contradiction to m = 3d− r1 − r2 /∈ Hr1,r2 = (−∞,−√r1r2]. 2

Then, two solutions z1 and z2 of Equation (17) can be written as

z1 = K − 3
4 (
√

r1 +
√

r2) , z2 = −K − 3
4 (
√

r1 +
√

r2) . (18)

Theorem 8.3 Let χ(t) = α(1−t)2+z12(1−t)t+βt2, with z1 given by (18). Let
γ(t) be a PH quintic with γ′(t) = χ(t)2. If m 6∈ Hr1,r2 = (−∞,−√r1r2], r′(t) 6=
0 and γ′(t) 6= 0 for all t ∈ [0, 1] and wind(r′ ª γ′) = 0. If m ∈ (−√r1r2,∞), z1

is the unique solution such that wind(r′ª γ′) = 0. If Im(m) 6= 0, both z1 and z2

are such solutions that wind(r′ ª γ′) = 0.
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Proof.

(i) m ∈ (−√r1r2, +∞)

In this case, since the right hand side of (17) is a real number and 3d >
r1 + r2 −√r1r2,

K2 = 5
4

(
6d− r1 − r2 + 1

4 (α + β)2
)

> 5
4

(
r1 + r2 − 2

√
r1r2 + 1

4 (α + β)2
)

= 5
4

(
(
√

r1 −√r2)2 + 1
4 (
√

r1 +
√

r2)2
)
.

So, K is a positive real number. Then, since

− 3
4 (
√

r1 +
√

r2) ≤ − 3
2

4
√

r1r2,

z2 < − 4
√

r1r2, i.e., z2 ∈ Hα,β = (−∞,− 4
√

r1r2). So, χ(t) = 0 for some
t ∈ (0, 1), where χ(t) is constructed by using z2. Now let us show that
z1 > − 4

√
r1r2. It suffices to verify that

K2 >
(

3
4 (
√

r1 +
√

r2)− 4
√

r1r2

)2
.

This fact comes from the following inequalities.

K2 − (
3
4 (
√

r1 +
√

r2)− 4
√

r1r2

)2

> 5
4

(
(
√

r1 −√r2)2 + 1
4 (
√

r1 +
√

r2)2
)− (

3
4 (
√

r1 +
√

r2)− 4
√

r1r2

)2

= − 1
4 (
√

r1 +
√

r2)2 + 5
4 (
√

r1 −√r2)2 + 3
2 (
√

r1 +
√

r2) 4
√

r1r2 −√r1r2

= r1 + r2 − 4
√

r1r2 + 3
2 (
√

r1 +
√

r2) 4
√

r1r2

= (
√

r1 −√r2)2 − 2
√

r1r2 + 3
2 (
√

r1 +
√

r2) 4
√

r1r2

> (
√

r1 −√r2)2 − 2
√

r1r2 + 3
√

r1r2 = (
√

r1 −√r2)2 +
√

r1r2 .

So, z1 /∈ Hα,β . Therefore, the angle variation is ∆θχ = 0, where χ(t) is
constructed by using z1. Thus, wind(Lα,β ª χ) = 0.

(ii) Im(m) 6= 0

In this case, Im(K2) 6= 0 since Im(d) 6= 0. So, z1, z2 are non–real numbers.
Thus, z1 /∈ Hα,β and z2 /∈ Hα,β . So, by Lemma 8.1, the angle variation
∆θχ is well defined, and ∆θχ = 0, where χ(t) is constructed by using z1

or z2. Thus, wind(Lα,β ª χ) = 0.

In any case, z1 /∈ Hα,β by the above argument. The angle variation ∆θχ of
χ(t) = α(1 − t)2 + z12(1 − t)t + βt2 is thus well defined, and clearly ∆θχ = 0
from Lemma 8.1. Thus, the winding number, wind(Lα,β ª χ) = 0. 2

Although z2 also gives zero winding number solution in some cases, the curve
shape obtained from z1 is better than that from z2.
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8.2 Case 2: a and b are in the opposite direction

Suppose that a, b 6= 0 and b = λa for some λ < 0. Without loss of generality,
we can set a = r1e

−iπ/2, b = r2e
iπ/2 for some r1, r2 > 0. Let α =

√
r1e

−iπ/4,
β =

√
r2e

iπ/4. In this case Ha,b = { yi | y ∈ R } from Lemma 8.4.

Lemma 8.4 Let a = −r1i and b = r2i for positive real numbers r1, r2. Then
Ha,b = { yi | y ∈ R } = Ri. Let Q(t) = a(1 − t)2 + µ2(1 − t)t + bt2 for some
µ ∈ C. If Re(µ) > 0 then ∆θQ = π, and if Re(µ) < 0 then ∆θQ = −π.

Proof. From the definition Ha,b =
{
(−λ1r1 + λ2r2)i | λ1 < 0, λ2 < 0, λ1λ2 = 1

4

}
we need to determine range of the function f(t) = −r1t + r2/4t, where t < 0.
Since limt→−∞ f(t) = ∞ and limt→0− f(t) = −∞, the range of f(t) is R. Thus,
Ha,b = { yi | y ∈ R } = Ri. Note that Q(0) = −r1i and Q(1) = r2i. If Re(µ) > 0,
ReQ(t) > 0 for all t ∈ (0, 1) and hence ∆θQ = π. If Re(µ) < 0, ReQ(t) < 0 for
all t ∈ (0, 1) and hence ∆θQ = −π. 2

So r′(t) = 0 for some t ∈ (0, 1) if and only if m = 3d − a − b ∈ Ri. So, we
assume that Re(m) 6= 0. Since a, b are pure imaginary values, this assumption
is equivalent to Re(d) 6= 0.

Theorem 8.5 If Re(m) 6= 0 there is a unique solution χ(t) with wind(r′ªχ2) =
0, obtained as follows:

(i) Re(m) > 0: Let K be the square root of 5
4

(
6d− a− b + 1

4 (α + β)2
)

with
Re(K) > 0, and z = K− 3

4 (α+β). Then χ(t) = α(1−t)2+z2(1−t)t+βt2.

(ii) Re(m) < 0: Let K be the square root of 5
4

(
6d− a− b + 1

4 (α− β)2
)

with
Im(K) < 0, and z = K− 3

4 (α−β). Then χ(t) = α(1−t)2+z2(1−t)t−βt2.

Proof.

(i) Re(m) > 0: From Lemma 8.4, ∆θr′ = π and if s(0) = α, then s(1) = β.
By Lemma 3.5, we need consider only χ(t) = α(1− t)2 + z2(1− t)t + βt2

with z satisfying

(
z + 3

4 (α + β)
)2 = 5

4

(
6d− a− b + 1

4 (α + β)2
)

. (19)

Consider the line segment Lα,β = α(1−t)+βt. Since ∆θs = ∆θLα,β
= 1

2π,

wind(r′ ª χ2) = 2wind(sª χ) = 2wind(Lα,β ª χ) .

We need to show that a solution z of (19) exists so that wind(Lα,βªχ) = 0.

Since Re(m) > 0, the real part of the right hand side of (19) is also positive.
Thus, any square root of the right hand side of (19) has a non–zero real
part, and we can take K as the square root of the right hand side of (19)
with Re(K) > 0. The solutions z1, z2 of (19) are then given by

z1 = K − 3
4 (α + β) , z2 = −K − 3

4 (α + β) .
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Since α, β are linearly independent over R, we can write K = λ1α + λ2β
for real numbers λ1, λ2. Substituting this into (19), we obtain

(λ1α + λ2β)2 = 5
4

(
6d− a− b + 1

4 (α + β)2
)

.

Taking the real part of this equation, we obtain

2λ1λ2
√

r1r2 = 5
4

(
2Re(m) + 1

2

√
r1r2

)

and hence Re(m) =
(

4
5λ1λ2 − 1

4

)√
r1r2. Thus λ1λ2 > 5

16 since Re(m) > 0.

Now, z1, z2 can be expressed as

z1 =
(
λ1 − 3

4

)
α +

(
λ2 − 3

4

)
β , z2 = − (

λ1 + 3
4

)
α− (

λ2 + 3
4

)
β .

If z1, z2 are both in Hα,β ∪W 0
α,β or in Hα,β ∪W 1

α,β , then λ1λ2 ≤ 1
16 (see

Figure 16). Therefore, only one solution is in W 0
α,β , and the other solution

is in W 1
α,β . Actually, z1 ∈ W 0

α,β from the following argument.

Suppose z1 /∈ W 0
α,β . Then λ1, λ2 must satisfy the following conditions.

λ1 < 3
4 , λ2 < 3

4 ,
(
λ1 − 3

4

) (
λ2 − 3

4

) ≥ 1
4 .

Since
Re(K) = (λ1

√
r1 + λ2

√
r2)/

√
2 > 0 ,

λ1 + λ2R > 0 where R =
√

r2/r1. Thus, λ1λ2 ≤ 1
16 by Lemma 9.5 (see

Figure 16). But this is a contradiction, so z1 ∈ W 0
α,β and z2 ∈ W 1

α,β .

Let χ(t) = α(1− t)2 + z12(1− t)t + βt2. Then wind(Lα,β ª χ) = 0.

(ii) Re(m) < 0: From Lemma 8.4, ∆θr′ = −π, and if we set s(0) = α, then
s(1) = −β. So by Lemma 3.5, we need only consider χ(t) = α(1 − t)2 +
z2(1− t)t− βt2 with z satisfying

(z + 3
4 (α− β))2 = 5

4

(
6d− a− b + 1

4 (α− β)2
)

. (20)

Consider the line segment Lα,−β = α(1 − t) − βt from α to −β. Since
∆θs = ∆θLα,−β

= −π/2,

wind(r′ ª χ2) = 2wind(sª χ) = 2wind(Lα,−β ª χ) .

We need to show a solution z of (20) exists so that wind(Lα,−β ª χ) = 0.

Since Re(m) < 0, the real part of the right hand side of (20) is also
negative. Thus, any square root of the right hand side of (20) has a non–
zero imaginary part. Therefore, we can take K as the square root of the
right hand side of (20) so that Im(K) < 0.

Then two solutions z1 and z2 of (20) are given by

z1 = K − 3
4 (α− β) , z2 = −K − 3

4 (α− β) .
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Figure 16: Illustrations for the proof of Theorem 8.5.

Since α, β are linearly independent over R, there exist real numbers λ1, λ2

such that K = λ1α− λ2β. Substituting this into (20), we obtain

(λ1α− λ2β)2 = 5
4

(
6d− a− b + 1

4 (α− β)2
)

.

Taking the real part of the above equation, we get

− 2λ1λ2
√

r1r2 = 5
4

(
2Re(m)− 1

2

√
r1r2

)
(21)

and hence Re(m) =
(

1
4 − 4

5λ1λ2

)√
r1r2. Thus λ1λ2 > 5

16 since Re(m) < 0.

Now z1, z2 can be expressed as

z1 =
(
λ1 − 3

4

)
α +

(
λ2 − 3

4

)
(−β) , z2 = − (

λ1 + 3
4

)
α− (

λ2 + 3
4

)
(−β) .

If both z1 and z2 are in Hα,−β∪W 0
α,−β or in Hα,−β∪W 1

α,−β , then λ1λ2 ≤ 1
16

(see Figure 16). Therefore, only one solution is in W 0
α,−β , and the other

solution is in W 1
α,−β . Actually, z1 ∈ W 0

α,−β from the following argument.

Suppose z1 /∈ W 0
α,−β . Then, λ1, λ2 must satisfy the following conditions.

λ1 < 3
4 , λ2 < 3

4 ,
(
λ1 − 3

4

) (
λ2 − 3

4

) ≥ 1
4 .

Since
Im(K) = −(λ1

√
r1 + λ2

√
r2)/

√
2 < 0 ,

λ1 + λ2R > 0, where R =
√

r2/r1. Thus, by Lemma 9.5, λ1λ2 ≤ 1
16 (see

Figure 16). But this is a contradiction, so z1 ∈ W 0
α,−β and z2 ∈ W 1

α,−β .

Let χ(t) = α(1− t)2 + z12(1− t)t− βt2. Then wind(Lα,−β ª χ) = 0. 2

9 Appendix 2: Proofs

We present below some technical proofs for results used in the body of the paper.
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Lemma 9.1 Let z1, z2 be complex numbers. If µ ∈ W 0
z1,z2

then Qz1,µ,z2(t) ∈
Az1,z2 for t ∈ (0, 1) and if µ ∈ W 1

z1,z2
then Qz1,µ,z2(t) ∈ Bz1,z2 for t ∈ (0, 1).

Proof. For brevity we write Q(t) for Qz1,µ,z2(t). For µ = λ1z1 + λ2z2 we have

Q(t) =
(
(1− t)2 + 2λ1(1− t)t

)
z1 +

(
t2 + 2λ2(1− t)t

)
z2.

(i) Consider the first statement. Let µ ∈ W 0
z1,z2

. Then we only need check
the following three cases.

(a) λ1 ≥ 0: Since (1 − t)2 + 2λ1(1 − t)t > 0 for t ∈ (0, 1), Q(t) ∈ Az1,z2

for all t ∈ (0, 1).

(b) λ2 ≥ 0: Since t2 + 2λ2(1− t)t > 0 for t ∈ (0, 1), Q(t) ∈ Az1,z2 for all
t ∈ (0, 1).

(c) λ1 < 0, λ2 < 0, 4λ1λ2 < 1: First note that

0 < −2λ2
1−2λ2

< 1
1−2λ1

< 1.

This is clear from the following inequality.

1
1−2λ1

− −2λ2
1−2λ2

= (1−2λ2)+2λ2(1−2λ1)
(1−2λ1)(1−2λ2)

= 1−4λ1λ2
(1−2λ1)(1−2λ2)

> 0 .

If 0 < t < 1/(1− 2λ1), then

(1− t)2 + 2λ1(1− t)t = (1− t)(1− t + 2λ2t)
= (1− t)(1− (1− 2λ2)t) > 0 .

If −2λ2/(1− 2λ2) < t < 1, then

t2 + 2λ2(1− t)t = t (t + 2λ2(1− t))
= t ((1− 2λ2)t + 2λ2) > 0 .

Since (0, 1
1−2λ1

) ∪ ( −2λ2
1−2λ2

, 1) = (0, 1), Q(t) ∈ Az1,z2 for t ∈ (0, 1).

(ii) For the second statement, let µ ∈ W 1
z1,z2

. Then λ1 < 0, λ2 < 0, 4λ1λ2 > 1.
So, by similar calculations, we obtain the inequalities

0 < 1
1−2λ1

< −2λ2
1−2λ2

< 1 .

If 1/(1− 2λ1) < t < 1, then

(1− t)2 +2λ1(1− t)t = (1− t)(1− t+2λ1t) = (1− t)(1− (1−2λ1)t) < 0 .

If 0 < t < −2λ2/(1− 2λ2), then

t2 + 2λ2(1− t)t = t(t + 2λ2(1− t)) = t((1− 2λ2)t + 2λ2) < 0 .

Since (0, −2λ2
1−2λ2

) ∪ ( 1
1−2λ1

, 1) = (0, 1), Q(t) ∈ Bz1,z2 for t ∈ (0, 1). 2
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For the following proofs, let Logz denote the principal branch of log z, such
that −π < Im(Logz) ≤ π — i.e., Logz = Log|z|+ i Arg z.

Lemma 9.2 If z1, z2 are linearly independent over R, then Lz1,z2(t) 6= 0 for
t ∈ [0, 1]. The angle variation ∆θL of Lz1,z2(t) for t ∈ [0, 1] is well defined, and
∆θL = Arg (z2/z1). So, clearly |∆θL| < π.

Proof. Since z1, z2 are linearly independent over R, and 1− t and t cannot be
both zero, it is clear that Lz1,z2(t) 6= 0. By taking a proper rotation R with
respect to the origin, we can set R(z1) = r1e

−iθ, R(z2) = r2e
iθ for some positive

r1, r2, and θ ∈ (−π/2, 0)∪(0, π/2). Since L̃(t) := R(L(t)) = R(a)(1−t)+R(b)t ∈
D = {x + iy |x > 0, y ∈ R } and Logz is analytic in the domain D,

∆θL = ∆θL̃ = Im
∫

L̃
1
z dz = Arg (L̃(1))−Arg (L̃(0))

= 2θ = Arg (R(z2)/R(z1)) = Arg (z2/z1) . 2

Theorem 9.3 Let the complex numbers z1, z2 be linearly independent over R.
Then clearly the two open sets Az1,z2 and Bz1,z2 do not contain 0. If µ is not in
Hz1,z2 , the angle variation ∆θQ of Q(t) = z1(1− t)2 +µ2t(1− t)+z2t

2, t ∈ [0, 1]
is well defined, and |∆θQ| < 2π. Moreover, we have

(i) If Q(t) ∈ Az1,z2 for all t ∈ (0, 1) then |∆θQªL| = |∆θQ − ∆θL| = 0 and
|∆θQ| < π.

(ii) If Q(t) ∈ Bz1,z2 for all t ∈ (0, 1) then |∆θQªL| = |∆θQ −∆θL| = 2π and
π < |∆θQ| < 2π.

Here ∆θL is the angle variation of Lz1,z2(t) for t ∈ [0, 1].

Proof. First note that since z1, z2 are linearly independent, Hz1,z2 , W 0
z1,z2

,
and W 1

z1,z2
are mutually disjoint. If µ /∈ Hz1,z2 , ∆θQ is clearly well-defined

by Theorem 3.2. Without loss of generality we can assume that z1 = r1e
−iθ,

z2 = r2e
iθ for some positive r1, r2, and θ ∈ (−π/2, 0) ∪ (0, π/2).

(i) Suppose Q(t) ∈ Az1,z2 for t ∈ (0, 1). Since it is clear that Q(0), Q(1) ∈
Az1,z2 , Q(t) ∈ Az1,z2 for all t ∈ [0, 1]. Since Logz is analytic in Az1,z2 ,

∆θQ = Im
∫

Q
1
z dz = Arg (Q(1))−Arg (Q(0)) = 2θ = ∆θL .

In this case, |∆θQ| = |∆θL| < π.

(ii) Now suppose that Q(t) ∈ Bz1,z2 for all t ∈ (0, 1). So Q(t) ∈ D = C\{x ∈
R |x ≥ 0 } for all t ∈ [0, 1]. Let LogDz be the branch of log z such that
LogDz = Log|z|+ iArg Dz, where Arg Dz is the argument of z such that
0 < Arg Dz ≤ 2π. Then LogDz is analytic in D, and

Arg D(Q(1)) =
{

θ, θ > 0
θ + 2π, θ < 0 , Arg D(Q(0)) =

{ −θ + 2π, θ > 0
−θ, θ < 0
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So,

∆θQ = Im
∫

Q
1
z dz = Arg D(Q(1))−Arg D(Q(0)) =

{
2θ − 2π if θ > 0;
2θ + 2π if θ < 0.

Therefore, |∆θQ −∆θL| = 2π. Moreover, π < |∆θQ| < 2π. 2

Proof of Theorem 3.3. This is a simple corollary of Lemma 9.1, Theorem 9.3,
and Theorem 3.2. 2

Proof of Theorem 3.4. Clearly for µ /∈ Hz1,z2 , ∆θ√Q is well defined since√
Q(t) 6= 0 for all t ∈ [0, 1]. Moreover, since

√
Q(t)2 = Q(t), it is clear that

∆θ√Q = ∆θQ/2. Since
√

Q(0) = L(0) and
√

Q(1) = L(1) with L(t) ∈ C\{0},
|∆θ√Q −∆θL| = 2nπ for some integer n. But, since

|∆θ√Q −∆θL| ≤ |∆θ√Q|+ |∆θL| < π + π = 2π ,

|∆θ√Q −∆θL| = 0. Then, by Lemma 9.2 it is clear that

∆θ√Q = ∆θL = Arg (
√

Q(1)/
√

Q(0)) . 2

Proof of Lemma 3.5. First, suppose X(0) = Y (0) and X(1) = Y (1). Then,
since X ª Y is a closed curve,

wind(X2 ª Y 2) =
2
2π

(∆θX −∆θY ) = 2wind(X ª Y ) .

Note that the winding number of a closed curve is integer. Now, suppose X(0) =
Y (0) and X(1) = −Y (1). Then,

wind(X2 ª Y 2) =
2
2π

(∆θX −∆θY ).

But, since X(1) = −Y (1),

∆θX −∆θY = (Arg X(1)−Arg X(0) + 2k1π) − (Arg Y (1)−Arg Y (0) + 2k2π)
= Arg X(1)−Arg Y (1) + 2(k1 − k2)π = (2n + 1)π

for some integer k1, k2, n. Thus, wind(X2 ª Y 2) = 2n + 1. 2

Proof of Lemma 4.2. From s(t)2 = r′(t), χ(t)2 = γ′(t), and Theorem 3.4,

wind(r′ ª γ′) = 1
2π (∆θr′ −∆θγ′) = 1

2π (2∆θs − 2∆θχ) = 1
2π (2∆θL − 2∆θχ) ,

where L(t) = s(0)(1− t) + s(1)t. Thus, if s(0) = χ(0) and s(1) = χ(1) we have

wind(r′ ª γ′) = 2wind(Lχ(0),χ(1) ª χ).
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Since χ(t) is a quadratic Bézier curve, wind(Lχ(0),χ(1) ª χ) is 0 or ±1 from
Theorem 3.3. So, wind(r′ ª γ′) is 0 or ±2. Now, suppose s(0) = χ(0) and
s(1) = −χ(1). In this case, clearly

∆θL −∆θχ = (2n + 1)π

for some integer n. But, |∆θL| < π from Lemma 9.2, and |∆θχ| < 2π from
Theorem 9.3, so

|∆θL −∆θχ| ≤ |∆θL|+ |∆θχ| < 3π.

Therefore, |∆θL −∆θχ| = 1 and wind(r′ ª γ′) = ±1. 2

Proof of Lemma 4.1. First note that the middle control point of r′(t) is m.
Thus, by Theorem 9.3, m ∈ W 0

a,b implies that |∆θr′ | < π, and m ∈ W 1
a,b implies

that π < |∆θr′ | < 2π. Since ∆θs = ∆θr′/2, |∆θs| < π/2 when m ∈ W 0
a,b, and

π/2 < |∆θs| < π when m ∈ W 1
a,b. We now calculate ∆θs in terms of α, β. If

θ(t) is a continuous function of argument of s(t), then

∆θs = θ(1)− θ(0) = (Arg s(1) + 2n1π)− (Arg s(0) + 2n0π)
= Arg s(1)−Arg s(0) + 2(n1 − n0)π = Arg (s(1)/α) + 2kπ

for some integers n1, n0, k. However, since |Arg (s(1)/α)| < π and |∆θs| < π, k
must be 0. Therefore, ∆θs = Arg (s(1)/α). Now note that |Arg (β/α)| < π/2
and π/2 < |Arg (−β/α)| < π. So, if m ∈ W 0

a,b, then |Arg (s(1)/α)| = |∆θs| <

π/2, thus s(1) = β. On the other hand, if m ∈ W 1
a,b, then |Arg (s(1)/α)| =

|∆θs| > π/2, thus s(1) = −β. 2

Suppose a, b are in the form of standard configuration, i.e., a = r1e
−iθ, b =

r2e
iθ, α =

√
r1e

−iθ/2, β =
√

r2e
iθ/2 for positive r1, r2 and 0 < |θ| < π/2.

Proof of Theorem 4.17. First we need the following lemma.

Lemma 9.4 For d ∈ C, let K be given by K2 = 5
4

(
6d− a− b + 1

4 (α + β)2
)
.

Then if m = 3d− a− b ∈ W 0
a,b ∪Ha,b, we have Re(K) 6= 0.

Proof of Lemma 9.4. Suppose Re(K) = 0. Then, K2 ≤ 0 and

m = 2
5K2 − 1

2 (a + b)− 1
8 (α + β)2 = 2

5K2 − 5
8 (a + b)− 1

4αβ = − 5
8 (a + b)− ε

for some positive ε. Since

(a/r1) + (b/r2) = 2 cos θ ,

m can be rewritten as

m = − (
5
8 + 1

2ε/r1 cos θ
)
a− (

5
8 + 1

2ε/r2 cos θ
)
b .

Let A, B be such that

A = − 5
8 − ε

2r1 cos θ , B = − 5
8 − ε

2r2 cos θ .

38



Since A < − 5
8 , B < − 5

8 , AB > 1
4 . This means that m ∈ W 1

a,b which contradicts
m ∈ W 0

a,b ∪Ha,b. Therefore, Re(K) 6= 0. 2

Now let K be the root with positive real part, written as K = λ1α + λ2β
for some real numbers λ1, λ2. Then

Re(λ1α + λ2β) = cos 1
2θ (λ1

√
r1 + λ2

√
r2) .

So λ1
√

r1 + λ2
√

r2 is positive. Set R =
√

r2/r1. Then, λ1 + λ2R > 0. Since

(λ1α + λ2β)2 = 5
4

(
6d− a− b + 1

4 (α + β)2
)

,

m = Aa + Bb, where

A = 2
5λ2

1 − 5
8 +

(
4
5λ1λ2 − 1

4

)
R

2 cos θ , B = 2
5λ2

2 − 5
8 +

(
4
5λ1λ2 − 1

4

)
1

2 cos θR .

Suppose z = (λ1 − 3
4 )α + (λ2 − 3

4 )β /∈ W 0
α,β . Then, λ1, λ2 satisfy

λ1 < 3
4 , λ2 < 3

4 ,
(
λ1 − 3

4

) (
λ2 − 3

4

) ≥ 1
4 .

Thus, by Lemma 9.6, A < 0, B < 0, AB > 1
4 . Therefore, m = Aa + Bb ∈ W 1

a,b.
This contradicts the hypothesis, so z ∈ W 0

α,β .
To prove Lemma 9.6, we need the following simple result (see Figure 16):

Lemma 9.5 Let R be a positive real number. If λ1, λ2 satisfy the conditions

λ1 < 3
4 , λ2 < 3

4 ,
(
λ1 − 3

4

) (
λ2 − 3

4

) ≥ 1
4 , λ1 + Rλ2 ≥ 0 ,

then λ1λ2 ≤ 1
16 .

Lemma 9.6 R > 0 and 0 < C ≤ 1 are given. Let A,B be

A = 2
5λ2

1 − 5
8 +

(
4
5λ1λ2 − 1

4

)
R
2C , B = 2

5λ2
2 − 5

8 +
(

4
5λ1λ2 − 1

4

)
1

2CR .

If λ1, λ2 satisfy the following conditions

λ1 < 3
4 , λ2 < 3

4 ,
(
λ1 − 3

4

) (
λ2 − 3

4

) ≥ 1
4 , λ1 + Rλ2 ≥ 0 ,

then A < 0, B < 0, and AB > 1
4 .

Proof of Lemma 9.6. Since λ1 + Rλ2 ≥ 0, λ1 ≥ 0 or λ2 ≥ 0.

(i) λ1 ≥ 0, λ2 ≥ 0: First note that λ1λ2 ≤ 1
16 from Lemma 9.5. Since

0 ≤ λ2
1 < ( 3

4 )2, 0 ≤ λ2
2 < ( 3

4 )2, and λ1λ2 ≤ 1
16 ,

A < − 4
10 − R

10C , B < − 4
10 − 1

10CR .

Therefore,

AB > 1
100

(
16 + 4R

C + 4
CR + 1

C2

) ≥ 1
100

(
16 + 8

C + 1
C2

) ≥ 1
4 .
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(ii) λ1 ≥ 0, λ2 < 0 : Since 0 ≤ λ2
1 < ( 3

4 )2, λ1λ2 ≤ 0,

A < 2
5λ2

1 − 5
8 < − 4

10 .

Therefore AB > 1
4 , since

B = 2
5Rλ2

(
Rλ2 + 1

C λ1

)− 5
8 − 1

8CR

< 2
5Rλ2

(
Rλ2 + λ1 +

(
1
C − 1

)
λ1

)− 5
8 ≤ − 5

8 .

(iii) λ1 < 0, λ2 ≥ 0 : Since 0 ≤ λ2
2 < ( 3

4 )2, λ1λ2 ≤ 0,

B < 2
5λ2

2 − 5
8 < − 4

10 .

Therefore AB > 1
4 , since

A = 2
5λ1

(
λ1 + R

C λ2

)− 5
8 − R

8C

< 2
5λ1

(
λ1 + Rλ2 +

(
1
C − 1

)
Rλ2

)− 5
8 ≤ − 5

8 . 2

Proof of Theorem 4.18. First we need the following lemma.

Lemma 9.7 For d ∈ C, let K be given by K2 = 5
4

(
6d− a− b + 1

4 (α− β)2
)
.

Then if m = 3d− a− b ∈ W 1
a,b ∪Ha,b, we have Im(K) 6= 0.

Proof of Lemma 9.7. Suppose Im(K) = 0. Then, K2 ≥ 0 and

m = 2
5K2 − 1

2 (a + b)− 1
8 (α− β)2 = 2

5K2 − 5
8 (a + b) + 1

4αβ = − 5
8 (a + b) + ε

for some positive ε, where ε ≥ 1
4

√
r1r2. Since

(a/r1) + (b/r2) = 2 cos θ ,

m can be rewritten as

m =
(

ε
2r1 cos θ − 5

8

)
a +

(
ε

2r2 cos θ − 5
8

)
b .

Let A,B be such that

A = − 5
8 + ε

2r1 cos θ , B = − 5
8 + ε

2r2 cos θ .

Then,
A > − 5

8 + 1
8

√
r2/r1 , B > − 5

8 + 1
8

√
r1/r2 .

Since, by the assumption, m ∈ W 1
a,b ∪Ha,b, A and B must be negative. So,

AB < 1
64

(
−5 +

√
r2/r1

)(
−5 +

√
r1/r2

)

= 1
64

(
25− 5

√
r2/r1 − 5

√
r1/r2 + 1

)
≤ 1

64 (25− 10 + 1) = 1
4 .
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This is a contradiction to m ∈ W 1
a,b ∪Ha,b. So, Im(K) 6= 0. 2

Now, let K be the square root with sin 1
2θ·ImK < 0. We write K = λ1α−λ2β

for some real numbers λ1, λ2. Then,

Im(λ1α− λ2β) = − sin 1
2θ(λ1

√
r1 + λ2

√
r2) .

So λ1
√

r1 + λ2
√

r2 is positive. Set R =
√

r2/r1. Then, λ1 + λ2R > 0. Since

(λ1α− λ2β)2 = 5
4

(
6d− a− b + 1

4 (α− β)2
)

,

m = Aa + Bb, where

A = 2
5λ2

1 − 5
8 −

(
4
5λ1λ2 − 1

4

)
R

2 cos θ , B = 2
5λ2

2 − 5
8 −

(
4
5λ1λ2 − 1

4

)
1

2 cos θR .

Then, from the hypothesis m ∈ W 1
a,b ∪Ha,b, it is clear that A < 0 and B < 0.

Suppose z = (λ1− 3
4 )α− (λ2− 3

4 )β /∈ W 0
α,−β . Then λ1, λ2 satisfy the conditions

λ1 < 3
4 , λ2 < 3

4 ,
(
λ1 − 3

4

) (
λ2 − 3

4

) ≥ 1
4 .

Thus, by Lemma 9.8, AB < 1
4 . This contradicts the hypothesis m ∈ W 1

a,b∪Ha,b

so z ∈ W 0
α,−β .

Lemma 9.8 Let R > 0 and 0 < C ≤ 1 and let A, B be given by

A = 2
5λ2

1 − 5
8 −

(
4
5λ1λ2 − 1

4

)
R
2C , B = 2

5λ2
2 − 5

8 −
(

4
5λ1λ2 − 1

4

)
1

2CR .

Also, let λ1, λ2 satisfy the following conditions

λ1 < 3
4 , λ2 < 3

4 ,
(
λ1 − 3

4

) (
λ2 − 3

4

) ≥ 1
4 , λ1 + Rλ2 ≥ 0 .

Then if A < 0, B < 0, we have AB < 1
4 .

Proof of Lemma 9.8. Let M1, M2, N be given by

M1 = 5
8 − 2

5λ2
1 , M2 = 5

8 − 2
5λ2

2 , N = 1
8 − 2

5λ1λ2 .

From the conditions on λ1, λ2, we can easily deduce that λ1λ2 ≤ 1
16 . So N is

positive. Therefore, we get the following inequalities

A > −M1 + NR , B > −M2 + N/R .

Since, by the assumption, A < 0 and B < 0,

M1 > NR , M2 > N/R .

Therefore, M1 and M2 are positive, and M1M2 > N2. Moreover,

AB < (−M1 + NR) (−M2 + N/R) = M1M2 −N (M2R + M1/R) + N2

≤ M1M2 − 2N
√

M1M2 + N2 = (
√

M1M2 −N)2 .

Therefore AB < 1
4 , since

0 <
√

M1M2 −N ≤ 1
2 (M1 + M2)−N = 1

2 − 1
5 (λ1 − λ2)2 . 2
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