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Figure [13. However, Theorem /4.14] and Corollary [4.15/ imply that there is only
one possibility, namely, the case depicted in Figure |14(c). Therefore, in this
case, the uniqueness theorem holds.

Theorem 4.16 Supposea, b, a, B are in the form of the standard configuration.
Then, ng is included in ./\/'; U N2 g and WC? NN} 5 and Wa » NN2 pare
non-empty sets. Also, W}, is mcluded mn Ng)fﬁ.

(i) If m € WO ﬁ./\/1 , there exists a unique quintic PH Hermite interpolant
~(t) such that WlIld(T' ©v')=0.

(ii) If m € ng NNZ g there exist two quintic PH Hermite interpolants ~(¢)
such that Wlnd(r o~ =0.

(i1i) If m € Wa{b there exists a unique PH Hermite interpolant y(t) such that
wind(r' ©4') = 0.

4.3 Analytic continuation

Consider first the case in which uniqueness fails, i.e., the case where m € Wl?yb N
N2 s (depicted in Figure 14(b)). In this case, both the middle control points 2
of x(t) are in W 5, thereby making wind(x © s) = 0 for either case. On the

other hand, when m € Wob ﬂNl 3> one middle control point z of x(t) is in Wa,ﬁ
and the other in W, ;U H, g (see Figure 14(a)). Hence, in this case, uniqueness
holds.

The relation between these cases can be explained as follows. As m moves
from WO NN} s to W9, N N , each of two branches of z is analytically con-
tinued. Thus it is advantageous to choose the value (branch) of z obtained by
the analytic continuation of z that gives uniqueness. This idea can be precisely
formulated in the following theorem, whose proof can be found in the Appendix.

Theorem 4.17 Suppose m € Wob UH, . Then, any square root of
S(6d—a—b+ ia+p)?)

has a non—zero real part. Let K be the square root with positive real part. Then
z =K — 3(a+ B) is the middle control point of x(t) from a to (3 such that
z € Woﬁ Thus if m € Wa ps Wind(r’ & 4') = 0, where ¥'(t) = [a(l — )% +
22(1 — t)t + Bt? 2.

On the other hand, we know that when m € Wa1 , uniqueness holds as shown
in Figure [14(c). However, it is still important in practice to have a formula for
z. The following theorem, whose proof can be found in Appendix, gives such a
z.

Theorem 4.18 Suppose m € W} U Hqp. Then, any square root of

5(6d—a—b+ia-p)?)
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Figure 15: H,j where a = rie b=rye? and 6 =0; 0 < 0 < %77; 0= %ﬂ.

has non—zero imaginary part. Let K be the root with sin %HImK < 0. Then
z =K — 3(a— ) is the middle control point of x(t) from o to —3 such that
zeW? _g- Thus if m € Wal’b, wind(r’ ©4') = 0, where v'(t) = [a(l —t)® +

22(1— )t — BE2)2.

Analytic Continuation on H,;: From the above two theorems, each of the
two solutions — one obtained when m € W[?,b and the other when m € W}, —
can be analytically continued to the solutions when m € H, . When m € Ha,b,
r'(t) passes through the origin; thus wind(r’ ©«') is undefined. However, these

two continued solutions on H,; do not pass through the origin.

5 Non—generic case

The case not considered above is the one in which a, b are collinear. Although
the direct argument for this case can be complicated, the easier approach is to
treat it as a limiting case of the cases considered above. Here we present an
intuitive limiting argument for this case (a rigorous proof is in the Appendix).

5.1 Case 1: a and b are in the same direction

By a rotation, we may assume a and b are positive real numbers, r; and rs.
This case can be thought as the limiting case of ag — a = r; and by — b = 79,
where ag = r1e7% and bg = rpe®. Then it is easy to see that, as § — 0,

Hasybe - HT’1,T2 = (—OO, —\/T1T2] .

Let g = \/T1e /2, By = \fr2¢1/% and o = /71, B = \/72. Then it is also easy
to see that as 8 — 0

SHOés,ﬁe - SH\/F,\/E = [—L,OO),

where L is %(57"1 + 57y + 2,/r172) (note that —L < —,/r173).
Thus the shaded region in Figure 14(b)| converges to the open set C —
{z-axis}, the shaded region in Figure 14(a) disappears, and the hyperbola
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H,; collapses into the line (—oo, —/r172] while SH, s collapses into the line
[—L,00). Also, ¢, : (—00, —T173] — [—L,00) is the quadratic function
2
Yap(2) = 2 (2+ (/T +y72))" — 3m1 — 3r2 — 2(VFL + V)%

It is easy to see that ¢, has two inverses (with multiplicity) if and only if
m € [—L,—S5], where —S = ¢ 5(—r1r2) and —L < —S < —,/rirs. Therefore
we have the following theorem.

Theorem 5.1

(i) r'(t) passes through the origin if and only if m lies in the semi—infinite
line (—oo, —\/T172]. In this case, wind(r' ©«') is undefined.

(ii) If m lies in C — {x-axis}, then there are two solutions v such that the
hodograph winding number wind(r’ ©~") = 0.

(iii) If m lies on the half infinite line (—\/T1r2,00) on the x-axis, then there
is the unique solution vy such that wind(r’' & ~') = 0. In this case, the
hodograph of the other solution passes through the origin.

The “good” solution selection formula can be obtained by taking the limiting
value — we can easily see that it is the same as in Theorem 4.17.

Theorem 5.2 Suppose a = r1, b = ro for positive real values r1, o and write

a=/r1, B=r2. If m & Hap = (—00,—\/r172], any square root of
2(6d—a—b+ j(a+B)?)
has a non-zero real part. Let K be the square root with Re(K) > 0. Then
z=K-32(a+p)
is the middle control point of x(t) from « to B such that wind(r' &+') = 0,
where 7' (t) = [a(1 — )% + 22(1 — t)t + Bt?]2.
5.2 Case 2: a and b are in opposite directions

We may assume a = 7“16_”/2, b = r9e™/2 for some positive r1, ro and we set
o= \/ﬁe"”/‘l, B = \/Ee”/‘l and define ag = rie~%, by = ree’?. To take the
limit, we let 6§ — %w, so that ag — a, by — b. It is then easy to verify that
Hagpy — Hap = {y-axis}  and  SHoy1p, — SHaxp,

where Re(SHa,5) < 0 and Re(SHa,—3) > 0 (SHa g and SH,,—g are symmetric
with respect to the y-axis). In fact, the shaded region in Figure |14(a) converges
to the right half-plane Re z > 0, the shaded region in Figure [14(b) disappears,
and the shaded region in Figure 14(c)| converges to the left half-plane Re z < 0.
Thus, we have the following theorem.
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Theorem 5.3 Let a, b be as defined above. Then

(i) v'(t) passes through the origin if and only if m lies on the y—axis. In this
case, wind(r’' © ') is undefined.

(i) If m lies in the open set C —{y-axis}, there exists a unique solution y such
that wind(r’ ©+') = 0.

However, the selection formula can also be obtained by a limiting argument
applied to the formula given in Section 4, and this differs depending on whether
m lies in the right half plane or in the left half plane. In fact, the selection
formula when m is in the right half-plane comes from Theorem [4.17 and when m
is in the left half-plane it comes from Theorem 4.18 with # = 17. The selection

2
formula for the “good” solution is thus given in the following proposition.

Proposition 5.4 Let a, b, a, B be as defined above.
(i) If Re(m) > 0, any square root of
2(6d—a—b+i(a+B)?)

has non-zero real part. Let K be the root with positive real part. Then
z=K - %(a + ) is the middle control point of x(t) from « to B such
that z € Waoﬁ. Therefore, if Re(m) > 0, wind(r' ©+') = 0 where v'(t) =
[a(l —1)? + 22(1 — t)t + Bt? )%

(i) If Re(m) < 0, any square root of
2(6d—a—b+ i(a—pB)?)

has non—zero imaginary part. Let K be the root with negative imaginary
part. Then z = K — 3 (o — 3) is the middle control point of x(t) from a
to —0 such that z € Waoﬁﬁ. Therefore, if Re(m) < 0, wind(r' ©+') =0
where v'(t) = [a(1 — )% + 22(1 — t)t — Bt?]2.

Analytic Continuation on y—axis: Similar analytic continuation can be
applied as in Section 4.3, From the above proposition, each of the two solutions
— one obtained when Re(m) > 0 and the other obtained when Re(m) < 0 — can
be analytically continued to the solution when Re(m) = 0. When Re(m) = 0,
r'(t) passes through the origin; thus wind(r’ ©+') is not defined. However, these
two continued solutions on the y—axis do not pass through the origin.

6 Best selection formula

For numbers r; > 0,72 > 0,-5 < 6 < 5, let a = rie” 0, b = rqe??, o =

Ve /2 3 = /rye?/?. For given complex number d € C, let 7(t) be the
cubic Bézier curve such that

r'(t) = a(l = t)* + m2(1 — )t + bt°
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t) # 0 for all t € [0,1]. This condition is
) be the quintic PH curve such that
) =

X(®)%,
X(t) being given by the selection rule below. Then, 4/(t) # 0 for ¢ € [0, 1] and

where m = 3d — a — b. Suppose r'(
equivalent to that m ¢ H, ;. Let (¢

(
/(t

wind(r’' 64') =0.
Selection rule: standard configuration
(i) (@=0)or (0< 0] <7/2and m € Wao,b) or ( = 7/2 and Re(m) > 0)
Let K be the square root of

5(6d—a—-b+1 8)?)

(a+
such that Re(K) > 0, and let z = K — 3(a + 3). Then we select x(t) =
a(l —1)2 + 22(1 — t)t + Bt
(i) (0 < 0] <7/2and m € W, ;) or (6 = m/2 and Re(m) < 0)
Let K be the square root of
5(6d—a—b+ t(a—p)?)

such that sin 0Im(K) < 0, and let = = K — 3(a — 3). Then we select

x(t) = a(l —t)? + 22(1 — t)t — Bt2.

Suppose we are given non—zero a, b not necessarily in standard configuration.
Also, suppose that we are given d such that m = 3d—a—b ¢ H, . For a non-zero
complex number z, let Arg z be the argument of z such that —7 < Arg z < 7.
First, we need to find 6y and 6 :

(i) Find 6y such that a = |ale?® (Not necessarily 6y = Arg a)
(ii) Find 0 such that 26 = Arg (b/a)

Now, writing a = /]ale?®/2, 3 = \/[p|e!(%0/2%0) "and R = e~ "%0+0)/2 e need
only follow the scheme below, which is easy to verify.

Selection rule

(i) (0 =0)or (0<0] <7/2and m e W,,) or (§ = /2 and Re(mR?) > 0)
Let K be the square root of

2(6d—a—b+ f(a+B)?)
such that Re(K'R) > 0. Let z be the complex number obtained by
z=K-=3(a+p).

Then we select x(t) = a(1 — )2 + 22(1 — t)t + Bt
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(i) (0 < 16| <7/2and m e W, ,) or (§ = /2 and Re(mR?) < 0)
Let K be the square root of
2(6d—a—b+ i(a—pB)?)
such that sin 6 Im(K R) < 0. Let z be the complex number obtained by

z:K—%(a—B).

Then we select x(t) = a(l — )% + 22(1 — t)t — B2

7 Closure

A topological criterion for identifying the “good” solution among the four PH
quintic interpolants to planar Hermite data has been proposed. The analysis
includes an existence theorem, together with a complete discussion of uniqueness
properties. The availability of a simple formula for finding the “good” solution,
without appealing to curve fairness integrals, is a key step in making practical
use of the many advantageous computational properties of PH curves.

8 Appendix 1: Non—generic cases

8.1 Case 1: a and b are in the same direction

Suppose that a,b # 0 and b = Aa for some A > 0. Without loss of generality,
we can assume that @ = ry, b = ry for some r;,7o > 0. In this case, H,, ,, =
(=00, —/r173] from Lemma 8.1l

Lemma 8.1 For positive real numbers r1, ro set H,, ., = (=00, —\/r1r2]. For
a complex number p € C, let Q(t) = ri(1 —t)® + p2(1 — t)t + raot®>. Then if
w ¢ Hy . the angle variation Abg is zero.

Proof. From the definition of H,, ,,,
H,. = {)\17”1 + X2 [ A1 < 0,22 <0, A1 02 = i} )

we need to get find range of the function f(t) = r1t+re/4t, where t < 0. Clearly,
for all t < 0, f(t) < 0 and

T’lt—|—7’2/4t S —\/T17T9 .

Moreover, since lim f(t) = —o0,
t——o0

Hy, r, = (—00,—y/ri72].

If w ¢ Hy oy, then Q(t) # 0 for all ¢t € [0, 1] by Theorem [3.2. Then, Q(t) ¢
(—00,0] for all ¢t € [0, 1] from the argument below.
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(i) Im(p) = 0: In this case, Q(t) is real for ¢ € [0,1]. If Q(typ) < O for
some to € [0,1], then by the Intermediate Value Theorem there exists a
t1 € (0,1) such that Q(¢1) = 0. Therefore, Q(t) ¢ (—o0,0] for all ¢ € [0, 1].

(ii) Im(p) # 0: Since ImQ(¢) = (1 — ¢)tIm(p), ImQ(t) # 0 for all t € (0,1).
Thus, Q(t) ¢ (—o0,0].

Therefore, Ay = Arg (rp) — Arg (ry) =0. O

Now suppose that m = 3d —a —b ¢ H,, ,,. Let « = /11,8 = /2. Let
s(t) be the square-root curve of /(t) such that s(0) = a. By Lemma 8.1,
A6, = 0. Therefore, s(1) = 5. So, by Lemma 3.5, we need to consider only
() = a(l —t)% + 22(1 — t)t + Bt% with z satisfying

2
(z+32(a+pB)" =2(6d—r1 —ro+ z(a+5)?) . (17)

Let Lo,g = a(1 —t) + Bt be the line segment connecting o and 3. Note that if
x(t) # 0 for all t € [0, 1],

wind(r’ © x?) = 2wind(s © x) = 2wind (L, s © X)

since A0y = Afr, , = 0. Thus, we need to investigate when there exists at
least one solution z of (17) such that wind(Ls g © x) = 0. By Lemma [8.1], this
is equivalent to that z ¢ Hy g = (—00, —/T172).

Let us choose the square root K of the right hand side of (I7) such that
Re(K) > 0. This is possible from the following Lemma.

Lemma 8.2 Let r1,75 be positive real numbers, and let « = /r1,08 = /T2.
Suppose m = 3d —r1 —rg ¢ Hy . Let K be a square root of

2(6d—ri—ra+ f(a+B)?) .
Then, Re(K) # 0.
Proof. Suppose Re(K) = 0. Then K2 <0, i.e.,
6d — rq —r2+%(a—|—ﬁ)2 < 0.
Thus, we get the following inequality
6d —2r; —2re < —1y —rg—%(oc%—ﬂ)Q < =2 riry —aff = =3\ /rirs.
This is a contradiction to m = 3d —ry —ry ¢ Hy, ., = (—00, —y/T172). O
Then, two solutions z; and z2 of Equation (17) can be written as
n=K-{(Vri+yr), n»=-K-3(/ri+yr). (18)

Theorem 8.3 Let x(t) = a(1—1)?+212(1—t)t+Bt2, with 21 given by (18). Let
v(t) be a PH quintic with ¥'(t) = x(t)*. If m & Hy, », = (=00, —\/r173], 7' (t) #
0 and ~'(t) # 0 for all t € [0,1] and wind(r' ©+') = 0. If m € (—/rir2,00), 21
is the unique solution such that wind(r' ©+') = 0. If Im(m) # 0, both 21 and z2
are such solutions that wind(r’ © ") = 0.
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Proof.

(i) m €

(ii) Im

(—y/T172, +00)
In this case, since the right hand side of (17) is a real number and 3d >

1+ T2 — /T1T2,

K? = 3(6d—ri —r2+ 1(a+3)?)
> 5 (ri+re—2ymme + g(a+ B)?)
= (/=) + (Vi + v)?).

So, K is a positive real number. Then, since

—4(I+ V7)) < 5y,

2y < —YriTy, ie., 2o € Hop = (—00,—/r172). So, x(t) = 0 for some
€ (0,1), where x(t) is constructed by using zo. Now let us show that
z1 > —rirs. It suffices to verify that

2> (31 + y72) — yrim)

This fact comes from the following inequalities.

K2 = (7 + v72) = yrm)’

> 3 (W = VP + 1+ VRP) - (R + Vi) - yrim)”
anMQW*f¥%mIfW%wm

= r1+7‘274m+ (V1 +/T2)Yrira

= (Vi —/r2)* = 2y + §(r1 + r2) /i

> (V1= V) = 2T 3T = (VT - V) VT

So, z1 ¢ Hap. Therefore, the angle variation is Af, = 0, where x(¢) is
constructed by using z;. Thus, wind(L, g © x) = 0.

(m) #0

In this case, Im(K?) # 0 since Im(d) # 0. So, 21, 22 are non-real numbers.
Thus, z1 ¢ Hap and 2o ¢ H, . So, by Lemma 8.1, the angle variation
A, is well defined, and Af, = 0, where x(¢) is constructed by using z;
or zo. Thus, wind(L, 3 © x) = 0.

In any case, z1 ¢ Ha g by the above argument. The angle variation Af, of
x(t) = a(l — )% + 212(1 — t)t + [Bt? is thus well defined, and clearly A, =0
from Lemma 8.1l Thus, the winding number, wind(Lqy,g © x) =0. O

Although z, also gives zero winding number solution in some cases, the curve
shape obtained from z; is better than that from z».
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8.2 Case 2: a and b are in the opposite direction

Suppose that a,b # 0 and b = Aa for some A < 0. Without loss of generality,
we can set a = re ™/2 b = rye’™/2 for some 11,79 > 0. Let a = \/ﬁe*iﬂ/{
B = /r2e"™/*. In this case H,, = {yi|y € R} from Lemma 8.4.

Lemma 8.4 Let a = —ryi and b = r9i for positive real numbers r1, ro. Then
Hap ={vyily € R} = Ri. Let Q(t) = a(l —t)? + pu2(1 — t)t + bt* for some
p e C. If Re(u) > 0 then Abg =, and if Re(n) < 0 then Abg = —m.

Proof. From the definition H, ; = {(—)\17"1 + Aor2)i | A1 <0, A0 <0, A1 00 = %}
we need to determine range of the function f(t) = —rit + r3/4t, where ¢ < 0.
Since lim;—, o f(t) = 0o and lim;_,o— f(t) = —o0, the range of f(t) is R. Thus,
H,p={yi|ly € R} =Ri. Note that Q(0) = —ryi and Q(1) = rqi. If Re(u) > 0,
ReQ(t) > 0 for all ¢ € (0,1) and hence Afg = 7. If Re(p) < 0, ReQ(t) < 0 for
all t € (0,1) and hence Afg = —w. O

So r'(t) = 0 for some ¢ € (0,1) if and only if m = 3d —a — b € Ri. So, we
assume that Re(m) # 0. Since a,b are pure imaginary values, this assumption
is equivalent to Re(d) # 0.

Theorem 8.5 IfRe(m) # 0 there is a unique solution x(t) with wind(r'©x?) =
0, obtained as follows:

(i) Re(m) > 0: Let K be the square root of 2 (6d —a — b+ §(a+ B)?) with
Re(K) >0, and z = K—3(a+f3). Then x(t) = a(1—t)? +22(1 tt+5t2.
(ii) Re(m) < 0: Let K be the square root of 2 (6d —a —b+ (o — 8)?) with
Im(K) <0, and z = K—3(a—p). Then x(t) = a(1—t)>+22(1—t)t—Bt2.

Proof.

(i) Re(m) > 0: From Lemma 8.4, Af,» = 7 and if s(0) = «a, then s(1) = 5.
By Lemma 3.5, we need consider only x(t) = (1 — )% + 22(1 — t)t + (Bt?
with z satisfying

(s+ 3a+5)" = 3 (6d—a-b+a+9)?) . (19)

Consider the line segment Lo g = (1 —t)+ft. Since Afy = Ab , = 1

2T

wind(r’ © x?) = 2wind(s © x) = 2wind(La 5 © X) -

We need to show that a solution z of (19) exists so that wind(L, g&x) = 0.

Since Re(m) > 0, the real part of the right hand side of (19) is also positive.
Thus, any square root of the right hand side of (19)) has a non—zero real
part, and we can take K as the square root of the right hand side of (19)
with Re(K) > 0. The solutions z;, 25 of (19) are then given by

2=K-3(a+f8), z2=-K-3a+p).
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Since «, ( are linearly independent over R, we can write K = A\ja + A0
for real numbers A1, Ay. Substituting this into (19), we obtain

(Ma+X8)? = 2(6d—a—b+ L(a+p5)?).
Taking the real part of this equation, we obtain

2)\1)\2\/7"17“2 = % (2Re(m) + %\/7"17"2)
and hence Re(m) = (%)\1)\2 — %) /173, Thus Ay > 1—56 since Re(m) > 0.
Now, z1, 29 can be expressed as

a=M-PatPe-PB 2=-(+ia-(+])s.

If 21, 2 are both in Hy 3 UWY 5 or in Ho g UW, 5, then A Ay < 75 (see
Figure(16)). Therefore, only one solution is in W 3> and the other solution
is in W, 5. Actually, 21 € W7 5 from the following argument.

Suppose z; ¢ Wa,3~ Then A1, A2 must satisfy the following conditions.
M<d ha<d - (e-dzi
Since

Re(K) = (M1 + Xay/72)/V2 > 0,

A1+ AR > 0 where R = y/ra/r1. Thus, AMjAs < = by Lemma 9.5 (see
Figure [16). But this is a contradiction, so z; € W 0,3 and 29 € W

Let x(t) = a(1 —t)2 4+ 2:2(1 — t)t + B8t2. Then wind(La g © x) =
B

Re(m) < 0: From Lemma 8.4, Af,» = —m, and if we set s(0) = «, then
s(1) = —B. So by Lemma 3.5, we need only consider x(t) = ( t)? +
22(1 — t)t — Bt? with z satisfying

(z43(a-B)2 =5(6d—a—b+ia-p)?). (20)
Consider the line segment L, _g = a(l —¢) — St from « to —3. Since
ABS = AHLQﬁB = —77/2,

wind(r’' © x?) = 2wind(s © x) = 2wind(La,_5 S X) -

We need to show a solution z of (20)) exists so that wind(L,,_g & x) = 0.

Since Re(m) < 0, the real part of the right hand side of (20) is also
negative. Thus, any square root of the right hand side of (20) has a non—
zero imaginary part. Therefore, we can take K as the square root of the
right hand side of (20) so that Im(K) < 0.

Then two solutions z1 and z2 of (20) are given by

n=K-3(a-08), nn=-K-3a-p8).
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Figure 16: Hlustrations for the proof of Theorem [8.5.

Since «, (3 are linearly independent over R, there exist real numbers A1, Ay
such that K = Ajar — A2 3. Substituting this into (20), we obtain

(Aa — XB)? = % (Gd —a—b+ i(a — B)Q) :
Taking the real part of the above equation, we get

— 2)\1)\2\/7"17’2 = % (2Re(m) — %\/Tl'rQ) (21)
and hence Re(m) = (% — %)\1)\2) /7173, Thus A g > 1—56 since Re(m) < 0.

Now z1, zo can be expressed as
= (M-at(e—3)(=0), 2=-M+i)a-(+3)(=0)

If both z; and 25 are in H, ’,gUWS,_B orin H, ,,gUWé,_ﬁ, then A\ Aoy < %
(see Figure [16). Therefore, only one solution is in Wgﬁ 3, and the other
solution is in Wa{_ 5. Actually, 21 € Wi_ 5 from the following argument.

Suppose z; ¢ W(Sﬁ 5- Then, A1, A> must satisfy the following conditions.

)\1<3

1 )\2<

RS S

Since

Im(K) = —(Ay/T1 + day/r2)/V2 < 0,

A1+ AR > 0, where R = \/72/r1. Thus, by Lemma [9.5] A\ Ag < % (see
Figure [16). But this is a contradiction, so z; € W&_B and z5 € Wé’_ﬁ.

Let x(t) = a(l — )% + 212(1 — t)t — 2. Then wind(L, —3 © x) = 0. O

9 Appendix 2: Proofs

We present below some technical proofs for results used in the body of the paper.
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Lemma 9.1 Let z1, zo be complex numbers. If p € W2 _ then Q. .., (t) €

Z1,%2
A,z fort € (0,1) and if p € V[/zll,z2 then Qz, .z, (t) € Bs, 2, fort € (0,1).

Proof. For brevity we write Q(t) for Q., -, (t). For p1 = A121 + Aaz2 we have
QM) = (1 —t)2 + 20 (1 —t)t) z1 + (2 + 2Xa(1 — 1)t) 2o.

(i) Consider the first statement. Let u € WY

21,2, Lhen we only need check
the following three cases.

(a) A1 > 0: Since (1 — )2+ 2\ (1 —t)t >0 for t € (0,1), Q(t) € A, 2,
for all t € (0,1).

(b) A2 > 0: Since t* 4+ 2X5(1 — )t > 0 for t € (0,1), Q(t) € A, ., for all
t € (0,1).

(C) A1 <0, Ay <0, 4X\1 A2 < 1: First note that

—2A 1
0<% <1=ox <L

This is clear from the following inequality.

1 —2)2 0 (1=2Xx2)+2X2(1—2Xy)
1-2X 1-2Xo (1—2X1)(1—-2X2)
_ 1—4X1 )2 > 0.

(I—2X1)(1—2Xz)

If0<t<1/(1—2A;), then
(1=t +20(1—t)t = (1 —1)(1 —t+2)at)
= (1—8)(1—(1-2x)t) > 0.
If —2X5/(1 —2X2) <t <1, then
2201 =)t = t(t+2x(1—1))
= t((1—2X\2)t+2X3) > 0.

Since (0, 7=557) U (7555, 1) = (0,1), Q(t) € A, ., for t € (0,1).

(ii) For the second statement, let € W] _ . Then A\; <0, Ag <0, 4A Ay > 1.

So, by similar calculations, we obtain the inequalities

1 —2)Xo
0< oy <1on < 1.

If1/(1 —2X\;) <t <1, then
(1=t 420 (1 —t)t = (1—t)(1—t+2\t) = (1—t)(1—(1—2X\)t) < 0.
If O <t < —=2X3/(1 —2)2), then

124201 — 1)t = t(t+2Xa(1 — 1)) = t((1 —2X2)t +2X3) < 0.

Since (0, 733 ) U (=555 1) = (0,1), Q(t) € B, ., for t € (0,1). O
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For the following proofs, let Logz denote the principal branch of log z, such
that —7 < Im(Logz) < m — i.e., Logz = Log|z| + i Arg z.

Lemma 9.2 If 21, z2 are linearly independent over R, then L, .,(t) # 0 for
t € [0,1]. The angle variation A8y, of L., ,,(t) fort € [0,1] is well defined, and
A0, = Arg (z2/71). So, clearly |AOr| < 7.

Proof. Since z1, 2o are linearly independent over R, and 1 — ¢ and ¢ cannot be
both zero, it is clear that L, ,,(¢t) # 0. By taking a proper rotation R with
respect to the origin, we can set R(z1) = 717, R(2;) = o€’ for some positive
71,79, and 6 € (—m/2,0)U(0,7/2). Since L(t) := R(L(t)) = R(a)(1—t)+R(b)t €
D={z+iy|x >0,y € R} and Logz is analytic in the domain D,

Afp = Af; =1Im [; L dz = Arg (L(1)) — Arg (L(0))
= 20 = AI‘g (R(ZQ)/R(Zl)) = AI'g (22/21) . O

Theorem 9.3 Let the complex numbers z1, z2 be linearly independent over R.
Then clearly the two open sets A, ., and B, ., do not contain 0. If i1 is not in
H,, .,, the angle variation Ag of Q(t) = z1(1 —1)? 4+ pu2t(1 —t) + 29t%,t € [0, 1]
is well defined, and |Afg| < 2m. Moreover, we have

(1) If Q(t) € A, -, for allt € (0,1) then |Abgeor| = |Abg — Abr| = 0 and
|AOQ| <.

(1t) If Q(t) € B., ., for allt € (0,1) then |Abgor| = |Abg — AfL| = 2w and
T < |Abg| < 27.

Here Afy, is the angle variation of L, .,(t) for t € [0,1].

Proof. First note that since 2,2y are linearly independent, H, ,,, WZOLZQ,
and W}, . are mutually disjoint. If u ¢ H., .,, Abq is clearly well-defined
by Theorem 3.2, Without loss of generality we can assume that z; = r1e~%,
29 = e’ for some positive r1, 79, and 0 € (—7/2,0) U (0,7/2).

(i) Suppose Q(t) € A, ., for t € (0,1). Since it is clear that Q(0),Q(1) €
A, .., Q) € A, ., for all t € [0,1]. Since Logz is analytic in A, .,,

Abg = Ime 1dz = Arg (Q(1)) — Arg (Q(0)) = 20 = Af, .
In this case, |Afg| = |A0L| < 7.

(ii) Now suppose that Q(t) € B,, ., for all t € (0,1). So Q(t) € D =C\{z €
R|z > 0} for all t € [0,1]. Let Logpz be the branch of logz such that
Logpz = Log|z| + itArg pz, where Arg z is the argument of z such that
0 < Arg pz < 2m. Then Logpz is analytic in D, and

0, 0>0 —0+27, >0
agp@U)={ §, 0 920 Amp@o)={ 9T 570
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So,

20— 21 if 0> 0:
Atlg = m fo £ dx = Arg p(QU)-Are p(QO) = { 50737 070

Therefore, |A8g — AfL| = 2w. Moreover, m < |Afg| < 27. O

Proof of Theorem [3.3. This is a simple corollary of Lemma 9.1, Theorem 9.3
and Theorem 3.2. O

Proof of Theorem 3.4, Clearly for p ¢ H., .,, A /5 is well defined since
VQ(t) # 0 for all t € [0,1]. Moreover, since v/Q(t)?> = Q(t), it is clear that
Ab 5 = Abg/2. Since v/Q(0) = L(0) and /Q(1) = L(1) with L(t) € C\{0},
|AO 5 — AfL| = 2nm for some integer n. But, since

A0 g —AOL| < |AO g +]A0L| < 7+ =2m,

|AO 5 — Afr| = 0. Then, by Lemma 9.2/it is clear that
Al g = AfL = Arg (VQ(1)/VQ(0)). O

Proof of Lemma 3.5 First, suppose X (0) = Y (0) and X (1) = Y(1). Then,
since X 6Y is a closed curve,

wind(X? ©Y?) = —(Afx — Afy) = 2wind(X ©Y).

2
2
Note that the winding number of a closed curve is integer. Now, suppose X (0) =
Y (0) and X (1) = =Y (1). Then,

2
Wlnd(X2 S} Y2) = 2—(A9X - Aey)
™

But, since X (1) = =Y (1),

)

Abx — Afy = (Arg X(1) — Arg X(0) + 2k1m) — (Arg Y(1) — Arg Y (0) + 2kam)
= Arg X(1) —Arg Y(1) + 2(k1 — k2)m = 2n+ )7

for some integer ki, ko, n. Thus, wind(X?©Y?) =2n+1. O

Proof of Lemma [4.2. From s(t)? = r/(t), x(t)> = +/(t), and Theorem 3.4,

wind(r' ©7') = &= (A0 — Afy) = 5=(2A0, — 2A0,) = 5= (2A6L — 2A6,),

where L(t) = s(0)(1 —t) + s(1)t. Thus, if s(0) = x(0) and s(1) = x(1) we have

wind(r’ © 7') = 2wind(Ly(0) (1) © X)-
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Since x(t) is a quadratic Bézier curve, wind(Ly o)1) © x) is 0 or £1 from
Theorem 3.3, So, wind(r’ & 4') is 0 or £2. Now, suppose s(0) = x(0) and
s(1) = —x(1). In this case, clearly

Ab, — A, = (2n + )7

for some integer n. But, |Af;| < 7 from Lemma 9.2, and |A6,| < 27 from
Theorem 9.3, so
|AGL, — Aby| < |AOL| + |Aby| < 37,

Therefore, |Af, — A6, | =1 and wind(r' 6+') = £1. O

Proof of Lemma 4.1l First note that the middle control point of r/(t) is m.
Thus, by Theorem 9.3, m € Wg,b implies that |Af,/| < 7, and m € Walyb implies
that 7 < |Af,/| < 27m. Since Af; = A6,/ /2, |Afs| < 7/2 when m € ng, and
7/2 < |Af,| < 7 when m € W, ,. We now calculate Af; in terms of a, 3. If
0(t) is a continuous function of argument of s(t), then

Afy, = 0(1) —0(0) = (Arg s(1) + 2ny7) — (Arg s(0) + 2ngm)
= Arg s(1) — Arg s(0) +2(ny — no)m = Arg (s(1)/a) + 2k

for some integers ni,ng, k. However, since |Arg (s(1)/a)| < m and |Ab,] < 7, k
must be 0. Therefore, Af, = Arg (s(1)/a). Now note that |[Arg (6/a)| < 7/2
and /2 < |Arg (—8/a)| < w. So, if m € ng)b, then |Arg (s(1)/a)| = |Afs] <

7/2, thus s(1) = 3. On the other hand, if m € W, ,, then |Arg (s(1)/a)| =
|AO,| > w/2, thus s(1) = —6. O

Suppose a,b are in the form of standard configuration, i.e., a = e, b =
roe? a = \/rie /2 3 = | frye’?/? for positive r1,ro and 0 < |0] < /2.

Proof of Theorem 14.17. First we need the following lemma.
Lemma 9.4 For d € C, let K be given by K? = % (6d— a—b+ %(a—l—ﬁ)Q).
Then if m=3d—a—b € ng U Hg b, we have Re(K) # 0.

Proof of Lemma 9.4. Suppose Re(K) = 0. Then, K? < 0 and
m=2K?—2(a+b)— ta+p8)?=2K>—2(a+b)—taf=—-3(a+b)—¢
for some positive €. Since
(a/r1) + (b/r2) = 2cosb,
m can be rewritten as
m = — (3 + Je/ricosf)a— (2 + Le/racosh)b.

Let A, B be such that
A= —_3

€
8 2rycosf?

_ _5 _ €
B = 8

2rg cosf °
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Since A < — 5 ,B < — 5 , AB > l This means that m € Wa{b which contradicts
m € Wob U Ha b- Therefore Re( )#0. O

Now let K be the root with positive real part, written as K = Aja + A0
for some real numbers A\;, As. Then

Re(A1a + A2f) = cos 360 (\1y/T1 + Aay/72) -
S0 A14/r1 + A24/T2 is positive. Set R = m Then, A1 + A2 R > 0. Since
(Ma+XB)? = 2 (6d—a—b+ t(a+p)?),
m = Aa + Bb, where
A= -2+ EMe D) e B =385+ (NN —1) soun-

Suppose z = (A1 — 2)a+ (A2 — 3)3 ¢ W, [3 Then, A1, Ao satisfy

Ml de<ds (oDl

Thus, by Lemma 9.6, A < 0, B < 0,AB > 1. Therefore, m = Aa + Bb € W,
This contradicts the hypothesis, so z € W?
To prove Lemma 9.6, we need the followmg simple result (see Figure [16):

Lemma 9.5 Let R be a positive real number. If A1, Ao satisfy the conditions
M<3 n<d M=) (e-2)>1 N +Rx>0,

then AAa < Tle'

Lemma 9.6 R> 0 and 0 < C <1 are given. Let A, B be

A= Bi-tr (- E, B= 3o (k-] o
If M1, Ao satisfy the following conditions
)\1<%, /\2<%, ()\1—%)()\2—’)2%; A1+ RA >0,

then A <0, B <0, andAB>i.

Proof of Lemma 9.6. Since \; + RA2 >0, \; > 0 or Ay > 0.

(i) A1 > 0, Ay > 0: First note that A; Ay < iﬁ from Lemma 9.5. Since

OS)\% ( ) 0<)\2 ( ) and )\1)\2 16’

4 R 4 1
A<_ﬁ_1oc7 B<_ﬁ_1OCR'

Therefore,

AB > 15 (16+ G +cp+ ) 2 o (16+ 5 +2) 2 1
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(i) A1 >0, A2 <0: Since 0 < A < (3)2, A A2 0,
242 _ 5 4
A< N —5<-—7-"
Therefore AB > %, since
B = gih(Ra+oM) -5 - wr
< R (Ra+M+(E-1)M) -2 < -3,
(ili) A <0, A2 > 0: Since 0 < A3 < (2)2, A\1A2 <0,
2y2 _ 5 4
B <iAM—-3<-15-
Therefore AB > i, since

A = %)\1 ()\1 + %)\2) —

R
~ 8C
< ENM (M H R+ (S —1)RX) —

Ql~ oolen
ool

5
< -3 O

Proof of Theorem [4.18. First we need the following lemma.

Lemma 9.7 For d € C, let K be given by K? = %(Gdfaber %(a—ﬁ)Z).
Then if m =3d —a—be Wy, UH,yp, we have Im(K) # 0.

Proof of Lemma 9.7. Suppose Im(K) = 0. Then, K2 > 0 and
m=2K?—-1(a+b)— 3(a—pB)?>=2K?—2(a+b)+ a8 =—2(a+b) +e
for some positive €, where € > im Since
(a/r1) + (b/r2) = 2cosb,
m can be rewritten as
m = (gries — ) o+ (sess — 3) 0

Let A, B be such that

_ _5 € — _5 €
A= 8+2'r1cos6” B = 8+

2ry cosf °

Then,
A>=54+3/rofri, B> -=2+1\r/rs.
Since, by the assumption, m € Wal7b U Hgp, A and B must be negative. So,
AB < 6714(_5—1_\/7“2/7“1) (—54-\/7"1/7“2)

- 6—1(25—5\/r2/r1—5\/r1/r2+1) < L@5-10+1)=1.
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This is a contradiction to m € Wa{b UHgp. So, Im(K) #0. O

Now, let K be the square root with sin %9~ImK < 0. We write K = Aja—X2f3
for some real numbers A1, As. Then,

Im(Ara — A2f8) = —sin 20(A1/r1 + Aay/72) -
50 A1/T1 + A24/T2 is positive. Set R = \/1% Then, A1 + A2 R > 0. Since
(Ma—XB)? = 2(6d—a—b+ i(a—p)?),
m = Aa + Bb, where
A=EN-3-GMhe-Daag: B=38-8- (M~ 1) s

Then, from the hypothesis m € Wal7b U Hgp, it is clear that A < 0 and B < 0.
Suppose z = (A — %)a— (Mg — %)ﬁ ¢ Wgﬁﬁ. Then A1, Ao satisfy the conditions

T T T ICT S

Thus, by Lemmal9.8, AB < %. This contradicts the hypothesis m € Wg,b UHqp
SO z € W&_B.

Lemma 9.8 Let R>0 and 0 < C <1 and let A, B be given by
(Y I N VIRE SC) g i
Also, let A\, Ay satisfy the following conditions
)\1<%, /\2<%, ()\1—%)()\—%)2%, A+ RX>0.
Then if A <0, B <0, we have AB < i,

Proof of Lemma [9.8. Let M7, M5, N be given by

_ 5 242 _ 5 2y2 _ 1 2
Ml—g—g)\l, M2—§—3A27 N—g_g)\l)\Q

From the conditions on A1, A2, we can easily deduce that A\j Ao < %. So N is
positive. Therefore, we get the following inequalities

A>—-M;+NR, B> —-My+N/R.
Since, by the assumption, A < 0 and B < 0,
M, > NR, M; > N/R.
Therefore, M; and M, are positive, and M;Ms > N2. Moreover,
AB < (=M + NR)(~My+ N/R) = M;My — N (MyR + M, /R) + N?
< MMy —2N/MiMy + N? = (MM, — N)?.

Therefore AB < i, since

0< MMy~ N < L(Mi+M)-N=1-10-xn)2. O
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