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Abstract

The limit theorems for certain stochastic processes generated by permanents of random
matrices of independent columns with exchangeable components are established. The results
are based on the martingale decomposition of a random permanent function similar to the one
known for U-statistics and on relating the components of this decomposition to some multiple
stochastic integrals.
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1 Introduction

Denote by A = [a;;] an m X n real matrix with m < n. Then a permanent of the matrix A is defined
by
Per A = Z A14y - - Amiyy, -
i1y sim)i {inse im {1, in}

The permanent function has a long history, having been first introduced by Cauchy in 1812 in
his celebrated memoir on determinants. More recently, several problems in statistical mechanics,
quantum field theory and chemistry, as well as enumeration problems in combinatorics and linear
algebra have been reduced to the computation of a permanent. Unfortunately, the fastest known
algorithm for computing a permanent of n x n matrix runs, as shown by Ryser [15], in O(n2™) time.
Moreover, strong evidence for the apparent complexity of the problem was provided by Valiant [19]
who showed that evaluating a permanent is # P-complete, even when restricted to 0 — 1 matrix. In



view of these results, the approximation theory for a permanent function in case of a large dimension
of the matrix A has become a very active area of research over past twenty years (for most recent
results for both random and non-random settings cf. e.g., Pate[11], Rempala and Wesolowski [13],
Forbert and Marx [4], Coelho, and Duffner [3] and references therein).

Let us note that if the entries of A satisfy a;; = a; for 1 <¢ < m and 1 < j < n, then Per A
reduces, in essence, to an elementary symmetric polynomial of degree m in variables aq, ... ,a,. In
probability theory a random permanent function is, therefore, of interest since it can be viewed as a
natural generalization of a concept of a random elementary symmetric polynomial, i.e., a U-statistic
based on the product kernel which asymptotic behavior has been intensely studied (cf. e.g., Székely
[17], Méri and Székely [10], van Es and Helmers [20] or Székely and Szeldi [16]). On the other
hand, as it has been pointed out in Rempala and Wesolowski [13] for random matrices with all
independent entries the permanent function is an example of a U-statistic of permanent design, a
certain sub-class of incomplete U-statistics (cf. e.g., [9]) which enjoys some optimal properties in
the sense of the statistical design theory.

In the present work we shall be concerned with the setting where A = X (") = [X;;] is an m x n
(m < n) real random matrix of square integrable components and such that its columns are build
from the first m terms of independent identically distributed (iid) sequences (X;1)i>1, (Xi2)i>1,

.+, (Xin)i>1 of exchangeable rv’s. Note that under these assumptions all entries of the matrix X (n)
are identically distributed, albeit not necessarily independent. For i,k =1,... ;mand j=1,... ,n
we denote u = E X;j, 0 = Var X;; and p = Corr(Xy;, X;;). Observe that necessarily p > 0.
Assuming in the sequel that p # 0 we denote additionally by v = o/u the variation coefficient.

Finally, we let N denote a standard normal rv and 2 stand for convergence in distribution. In
what follows m = m,, < n is always a non-decreasing sequence. In this notation, we shown herein
the following.

Theorem 1 (Approximation theorems for random permanents).
(i) Suppose p = 0.
If m/n— XA >0 asn— oo then

If m/n — XA =0 and m = my, — 00 as n — oo then
(n)
(BT ) o
m A\ (p)mipm
(i) Suppose that p > 0.

If m?*/n— X >0 asn — oo then

i Fer & M) % exp(v/AoyN = Ap72/2).

If m?*/n — X =0 and m = m,, — o0 as n — oo then

NG (Per (X ()

mo\ () mium

—1) < N



This general result extends and gives the common ground to some special cases of the above
reported at various times in the literature. See, for instance, van Es and Helmers [20], Korolyuk
and Borovskikh [7], Janson [6], and Rempata and Wesotowski [12].

The proof of the result of Theorem 1 relys on the stochasitc integration theory and in fact
we find it convenient to prove its functional version instead (from which then Theorem 1 follows
as a simple corollary). In order to do so we extend the definition of a permanent function to
a stochastic process (in the sequel referred to as “permanent stochastic process” or PSP) in a
manner similar to that of extending the concept of an “U-statistic” to “U-process” (see [9]). That
such a construction is possible follows from the orthogonal decomposition of a random permanent
introduced in Rempala and Wesolowski [14], similar to the famous Hoeflding decomposition for
U-statistics (cf, e.g., [9]) and, in fact, being in some sense its natural extension. In order to obtain
the final result we first derive a general limit theorem for the elementary symmetric polynomial
process (ESPP) based on a triangular array of rowwise independent, zero mean, square integrable
random variables (rv’s). Our theorem in the special case of the independent, identically distributed
(iid) sequence of random variables reduces to the one obtained in Méri and Székely [10] and Kurtz
and Protter [8]. For a concise proof, we adapt to our setting the idea of Kurtz and Protter (KP in
the sequel) of representing ESPP as a multiple stochastic integral.

The paper is organized as follows. In the reminder of the this section define PSP via orthogonal
decomposition of a permanent. In Section 2 we recall some basic facts from the stochastic integration
theory and then derive the invariance principle for an ESPP via stochastic integrals convergence
theorem of KP. The result is presented as Theorem 2. In Section 3 we relate the results of Section 2
to the asymptotic behavior of the component processes of PSP (Proposition 1). Once this result
is established the results for PSP’s follow via the truncation-type argument along with the basic
properties of the Prohorov distance and the martingale properties of the component processes.
These are the main results of the paper and are presented in the last two theorems of Section 3. In
particular, from the theorems of Section 3 the approximation theorems of Rempala and Wesolowski
quoted above follow immediately.

To define the appropriate random functions related to permanents, let us first note the following
useful representation of a random permanent. Namely, it has been proved in [14] that

Per X (®) " /m
T =1y (e W
c=1

() by~
where . .
g =(2) (7)) et Y X pelfud e
1<i1 <...<ie<m 1<j1<...<je<n v=1,...,¢
for X;j = Xij/p—1,i=1,...,m, j=1,... ,n. Moreover, the U{™™)s are orthogonal, i.e.,
Cov (Ug”’”), Ué;"’”)) =0 for ¢y # co. (2)

as well as



Extending the definition of orthogonal components Ucm’n) (¢c=1,2, ... ) to random functions is
straightforward. For any real number x let [z] denote the largest integer less or equal to x. Then
for any ¢=1,2, ... and for any ¢ € [0, 1] such that ¢ < [nt] let us define

1 -
U(gm,n)(t) = W Z Z Per [Xiuju] Zz 1,...,c s

c/\e) T 1< <. <ie<m 1<51<...<j<[nt]
and put U{™™ (t) =0 if ¢ > [nt].

Now, the decomposition (1) suggests that on the interval [0,1] we may define the stochastic
process associated wih Per (X (")), say PSP X (™) (.), by the relation

1+ zm: ("Z) Uém’")(t)] teo,1].
c=1

It follows from (1) that the trajectory of PSP X (") (.) coincides with a permanent function for
t=1., ie.,

PSPX ™ (t) = (;;‘L) ml ™

PSP X ™ (1) = Per (X ™). (4)

2 Weak Convergence of the ESPP

In this section we derive a general result on weak convergence of ESPP based on any rowwise
independent triangular array of zero mean, square integrable rv’s. The result can be viewed as the
extension of Donsker’s central limit theorem.

Theorem 2. Let Y, k=1,...,1,1=1,2,..., be a double array of square integrable, zero-mean,
rowwise independent rv’s. Assume that

l
.1 2
Jim > VarYi =o?, (5)
k=1
1 l
Ye>0  lim - > EVAI{Yix| > 0sVi} =0. (6)
=t
Then, for any positive integer c,
O] O] g
S 1) B (1 “ (7)
Vi (Vi)e
te0,1] t€[0,1]

T
O.tl/2 a.ctc/Q
<, l( T Hl(Bt/\/Z)) ( y Hc(Bt/\/Z)) 1
: tef0,1] : tef0,1]



in the Skorohod space Dgre([0,1]), where
DYy
S[(lt)](j) = E le,krl ”’le,]%7

1<k <...<k; <[lt]

is an elementary symmetric polynomial of degree j, H; is the j-th Hermite polynomial with leading
coefficient equal to one, j =1,2,..., and B = (By)c0,1] is the standard Brownian motion.

Remark 1. The asymptotic distribution of 1~¢/2 S[(llt)] (¢) for fixed ¢ and iid rv’s appears in Méri and
Székely [10]. The relation (7), again for iid rv’s only, appears in KP.

Remark 2. The above theorem can be also viewed as a functional version of the result on elementary
symmetric polynomial statistics in Rempata and Wesotowski (2000).

Several different ways of proving the statement (7) are possible. In particular, the approach
utilizing the Newton identities along with some properties of elementary symmetric polynomials
and the Marcinkiewicz-Zygmund-type law of large numbers could be adapted to the present set-
ting. However, a somewhat simpler proof is also possible, based on a quite general result on the
convergence of stochastic integrals, due to KP (see also Jakubowski, Memin and Pagés [5]) . We
have chosen the latter approach below since the application of the stochastic integrals theory allows
us to present a more concise argument, avoiding many technical details that otherwise would need
to be addressed.

In order to proceed we shall recall first some basic facts and definitions. Let F = (F;):e[0,1] be
a filtration in a probability space (Q2,F, P). If Y = (Y};)ic[0,1) is a right continuous F martingale
then its quadratic variation process ([Y];)ic(o,1) is defined for any ¢ € [0, 1] by

> Vo = Y,m)* 5 [V,

=1 k+1
where (u,(cn)) is a sequence of partitions of [0,¢] such that maxk(ul(:gl - ul(cn)) — 0 as n — oo.
Denote by Dgr» the Skorohod space of cadlag functions on [0,1] with values in R*. Let Y be
an F martingale with trajectories in Dr and let X = (X;);c[0,1] be an F adapted process with
trajectories in Drx. Then, following KP we define the stochastic integral as a limit in probability
of the Riemann-Stieltjes sums

t
/0 X, dY, = limZXti(") (}/;7(,:»)1 — Y;i(n)),

for partitions (tz(n)) of [0,¢] such that max(tgi)l — tz(-")) converges to zero. The integral exists if
the respective limit in probability of the Riemann-Stieltjes sums exists. We will use the notation
J X dY for the process (fot X, dYy)ieo,)-

The version of the convergence result for stochastic integrals which suits our purposes can be

formulated in the following way.

Theorem 3 (KP). Assume that (X,Y), (X1,Y1), (X2,Y2), ... are pairs of stochastic processes
such that trajectories of the their first components are in Dryr and trajectories of the second com-
ponents are in Dr. Let Y, be a martingale with respect to a filtration F,, n = 1,2,..., and

sup,,>1 E([Yn]t) < oo for any t € [0,1], where ([Y,]t)ie[o,1) 95 the quadratic variation process for the
square integrable martingale Y,. Assume also that the process X, is F,, adapted, n = 1,2,...
If (X,,,Y,) converges weakly to (X,Y) in Dgrr+1 then (X,,Y,, [ X, dY,) converges weakly to
(X,Y,IX dY) m DR%-H-



We shall use the above result to give a simple proof of our Theorem 2. The idea of representing
elementary symmetric polynomials via stochastic integrals comes from Example 3.1 of KP.

Proof. (of Theorem 2) Define for any k =1,2,... ;¢

(n)
Y, P (t) = f[ﬁ()) :

t e 0,1].

Observe that
v,k = / Y= gy (W,

Also define
ktk/Q

(), oy = (Th (B

vk /Y(k—l) v

te0,1]

Is well known that

Let Z8 = v\, ... v, n=1,2,... andlet Z®) = [y ... Y®] k=1,2,... e
To prove that
Z®) 2 7k

in the Skorohod space Dk, k =1,... ,c, we use induction with respect to k.
The result for k = 1 follows in view of the conditions (5) and (6) which imply, by the Donsker

theorem for triangular arrays (see, e.g. Billingsley [1]), that zV =y 4B = v® in Dg.

(1)

Observe also that the process Y,/ is a martingale since it is based on the summation of independent

(1)

rv’s. Moreover, since the process Yy’ just cumulates jumps while remaining constant, for given n,
in-between jumps, then its quadratic variation is

[nt]

Y], =n! Z

Consequently,
o2
sup E([Y,M],) = sup [t <to?.
n n n
Let us also note that all the processes Yék),k =1,...,c, are adapted to the same filtration,
generated by Y,El),n =1,2,..., and similarly, the processes Y *) k= 1,... ¢, are adapted to the

same filtration, generated by the Wiener process B.

Assume now that Z{F ™" 4 z(k-1 ip Dgrr-1. Then, obviously, (Zf,k_l),Yn(l)) <, (zF=1 Yy ()
in Drx since the limiting process is continuous a.s. Consequently, by the KP theorem it follows
that

(ZT(L’HLY;U,/ZTQ’“*U ayy 4 (Z<’<*1>,Y<1>,/Z<’€*1> dy W),

But the above convergence yields immediately the final result since (erl), J Zflk_l) dYn(l)) = Zflk)
and (Y, [ Zz(k=1) gy )y = Z(*), O



3 Convergence of the component processes

Recall that by definition

PSP X M)(

() mtpn 1+Z( )U“”” )] telo,1].

We shall first establish the limiting result for Ucm’n)(~) (c=1,2,...).
To this end, let us consider for any ¢ = 1,2,... a process ( C(n)(t)) defined by the following

rescaling of U{™™ (t).

ng(t):(”) (?)c! urmn =Y > PSPIXi] W ust

(&
1<ii<.ie<m 1< <...j <[nt]

1,
1,...

for t € [¢/n,1] and Wc(n)(t) =0 for t € [0,¢/n). The reminder of this section is devoted to the proof
of the following

Proposition 1. Let ¢ be an arbitrary positive integer. Assume that m = m, — 0o as n — oo.
If p =20 then

n n T & c B;
wnw Wi PR A (%) avier (%) o Do
vmn 7 (/mn)e 1! B c! Re

te[0,1] t€[0,1]
If p > 0 then
T B, c Bt
W (1) W(”)( t) 4 | VetH: (W) (yv/pt) He (W) .
3o — ey in DRe.
my/n " (my/n)e 1! cl
€[0,1] te[0,1]

Proof. Consider first the case p = 0. For an arbitrary fixed positive integer ¢ define a process Vc(")
by
‘/c(n) (t) = niC/Q Z }/mjl e ijc
1<51 <. <Je<Lnt]

for t € [¢/n, 1], where

m
Ynhjzm_l/QZ)N(i%j, ]:1, ,n,

=1

and V") (t) =0 for t € [0,c/n).
Observe that by Theorem 2 the convergence

WtH, (%) (vt H. (%)

n d
[Vl(n) (t)v cee ’Vc( )(t)}te[o,l} - 1l sy e



in Dge follows as soon as we verify (5) and the Lindeberg condition (6), which in our current setting
takes the form
BE(Y I(|Yaa] > Vne)) — 0

for any € > 0 as n — oo. To prove that the condition is satisfied observe first that

E(Y2,I(|Yna| > Vne)) < sup B (Y2, I(Y2, > ne?).
>1

Consequently, it suffices to show that the sequence of rv’s (Yk2 1)k>1 is uniformly integrable. To this
end, let us note the following.

(i) By a central limit theorem for exchangeable sequences - see, e.g., Taylor et al.[18] - it follows
that ¥;?, converges in distribution to E (X7 ,|F)N?, where F is the o-algebra of permutable

events for the exchangeable sequence (X;1);>1, and N is a standard normal rv independent
of F, and

(i) E(E (X'121|.7:)N2) =F (X121) = 7* which, on the other hand, equals E (Y{;) for any k > 1.

Hence, we conclude that the sequence (Y;?;)r>1 is uniformly integrable since it converges in dis-
tribution and the corresponding sequence of expectations also converges (all being equal) to the
suitable limit. This entails (5) and (6) and thus, via Theorem 2, also (8).

Observe that for any k=1,... ¢
ngn)(t) _ V(n) (ﬁ) . Rl(cn) (t) (9)
(Vmn)k — F (vmn)*’

where (R,(cn)(t)) is a process such that for any ¢ € [k/n,1] it is a sum of different products
X; -Xi;mjk such that 1 < j; < ... < jix < [nt], (i1,...,ir) € {1,...,m}* and at least one
of the indices 41,... ,4; in the sequence (i1,... ,ix) repeats. For ¢ € [0,k/n) we define R,(C") (t) to
be equal to zero.

1,1 °

Note that (R,(C") (t))te[o,1] is a martingale for any fixed n, in view of the assumed independence
of columns of X ("), Consequently, by the maximal inequality,

P( Ry (1) ) _E®RP)? _ Var (R (1)

tzl[é%)l] (y/mn)Fk - 2(mn)k  e2(mn)k

Using the fact that R,(cn)(l) is a sum of orthogonal products (observe that the covariance of any
two of such different products equals zero since the columns are independent and elements in each
column have zero correlation) and that the variance of any of such single product equals 2* while

the number of products in R,(gn)(l) equals (})(m* — (7')k!) we obtain

(n) " (mk — (™! 2k bk — (M) k!
Var (4%1;) = ~2k (k)( nkmlgk)k) < ’2—!4m£k)k =0(1/m) — 0,

k—

as n — oo (since the numerator is of order m*~! while the denominator is of the order m*).



Consequently, the c-variate process

RO AI0) N
Vi ()

in Dre and thus the first result follows immediately by (8) and (9).

t€(0,1]

Next, let us consider the case p > 0. As above, let us define for any k = 1,2,... the process
(V" (8)refo, by
V() = /2 > Yoir Yo,

1<j1<...<je<[nt]

where

i=12,...,n

Similarly to the previous case, in order to apply the result of Theorem 2, we only need to show
that the Lindeberg condition (6) and the condition (5) are satisfied. As above, we shall argue that
the sequence (Yk2 1) is uniformly integrable. To this end, we observe first that by a version of the
law of large numbers for exchangeable sequences (see, e.g.,[2], Ch. 7) it follows that

d ~
Vi = E* (X1l F),

where F is the o-algebra of permutable events. Further, by the de Finetti theorem, we have

E(E*(X1,1|F)) = BE(E(X1,1|F)E(X21|F)) = BE(E(X12X2,1|F)) = BE(X1,1X1,2) = p7°.

We also note that

5

1
E(YZ)) = —5lmy* +m(m = 1)py’] = py*, m — oo,

Thus, the sequence (Yk2 1) is uniformly integrable and the conditions (5) and (6) of Theorem 2 are
satisfied. This allows us to conclude that

V0 VW | Y, Y mgvi)| o)

tefo,1]

Similarly to the previous case of uncorrelated components, for any k =1,... ¢, we have

W () R (1)
mF(y/n)F mF ()’

however, note that this time some of the elements of R,(Cn)(l) are correlated - this is true for the
pairs of products originating from exactly the same columns; if at least one column in the pair of
products is different then their correlation is zero. Consequently,

R(")(l)> 1
Var k = E Var (R; i (n)) =
% Ty 155Gk
<mk\/7_l m2n 1<j1<...jk<n

= V() - (11)

()

m2knk

Var (R1,.. x(n)),



where Rj, . ;. (n) denotes sum of respective products arising from the columns ji, ... ,ji. Since
o % 2k
|COU(Xi1,j1 = Xlk ]k’thJl . 'Xlk;jlc)| <%

for any choices of rows (i1,... ,ix) and (I1,... ,l;), we conclude that

2
Var (R, x(n)) < (mk — (7:) k!> 2k,
Hence, it follows that

. ( R (1) ) _ G)OmE = (R 2 k()R

mk (/) m2kpk <o m2k —0

as n — oo. As before the process (R,(Cn) (t))te[o,1] is a martingale for fixed n and thus once again the
maximal inequality yields

V@ R r P.0 D
ey - — R-
TN VO

Now, the second assertion of the theorem follows from (10) and (11) and the proof of Proposi-
tion 1 is complete. O

4 Main results

Having established the result of Proposition 1 in the previous section, we are finally in position to
state our two main theorems which are functional versions of the limiting result of Theorem 1. In
particular, due to (4) they entail the lattest.

To begin, we consider the case when the entries of matrix X are uncorrelated.

Theorem 4. Assume that p =0 and let (By):eo,1] denote the standard Brownian motion.
Ifm/mn— X >0 asn— oo then

SP XM (¢
(PSP (t))tef0.1) d (exp (ﬁ,th _ )\m?)) in Dg. (12)

(Mymlpm te[0,1]

If m/n — 0 and m = m, — 0o as n — oo then

n [ (PSP XM (t))sepo, d )
\Vm ( (Z)m!umte[ 1 1) % 9(Biepy i Dr. (13)

Proof. Consider first the case A > 0. For any n and any N such that N < m, define a process
S = (SN ()sefo.y by

N n)
Sy =1+ Ulmm(t) =1+ cwe (8
vo=1+3(7) 3 o

10



Observe that by the first assertion of Proposition 1 it follows that

N

(SN ()rero = G = (Z WHC(&N%)) (14)

c=0 te[0,1]

in Dr as n — o0, since for any ¢ = 1,2, ...

(\/m)c N AC/2
() '

Define also a process Tg\?) = (TJ(Vn)(t))tE[O,l] by

=3 (M.

c=N+1

And let Goo = (Goo(t))ieo0,1] be defined by

tefo,1]

o 2\c/2
(GOO(t))tG[O,l] = (Z %H&Bt/\ﬁ)) = exp (\/X7Bt — )\mQ)

c¢=0 te[0,1]

Let o denote the Prokhorov distance between the random elements in Dgr. Then
0(Z™,Goe) < o(Z™,SV) + 0(SY, G) + 0(G v, Go), (15)

where Z(™) = Ss\?) + TS\T,L). Let us note that for any t € [0, 1]
PSP XM (1) = <;) ml ™ Z™ ()

and that (14) implies Q(S%),GN) — 0 as n — oo for any fixed N, as well as, that we have
0(Gy,Go) — 0as N — oo. Therefore, in order to argue that o(Z™ G,) — 0 as n — oo we

only need to show that o(Z(™, Sg\?)) tends to zero uniformly in n as N — oo.
To this end observe that by the definition of the Prohorov distance

o(Z™, 8 < inf{e > 0: P(sup [T\ (1) >¢e) < e}
te[0,1]
On the other hand, as before, it is easy to see that due to the assumed independence of columns

of X (™) the process Tg\?) is a martingale for fixed n, N and thus, via the maximal inequality and
the relations (2) and (3) for p = 0, we have for any € > 0

m m 2 oo 2¢
P(sup [T (1) >e) < VarTP(1) =2 Y (‘;;)7' <y 7' —e2ay —0
t€(0,1] c=N+1 (C)C' c=N+1 ¢

as N — oo, which entails
Q(Z("), SS\T,L)) < Yan — 0,

11



uniformly in n, as N — oo and hence, by (15) that o(Z(™, G,.) — 0 as n — oo.
Thus, we conclude that Z(™ converges weakly to G in Dg.

For the proof in the case A = 0, let us observe that

o fE oo

Observe that due to the independence of columns of the matrix X the process (R(™™(t)) is a
martingale for fixed values of m,n. Consequently, by the maximal inequality we get
P(sup |R™™M ()| >¢e) <e ?Var R™™ (1) = 2 zm: (2)r* < Eexp(f) -0
te[0,1] m= (M) T n

where

and conclude that (R(™™ (t)) converges to zero in probability in Dr. Hence, the final result follows
now directly by Proposition 1. O

Remark 3. A quick inspection of the proof of the second part of the theorem reveals that a slight
modification of the argument shows the validity of the second part of the hypothesis also for m
remaining fixed. In particular, let us note that for m = 1 we obtain simply Donsker’s theorem.

The result of Theorem 4 is complemented with the corresponding one in the case when p > 0.
Theorem 5. Assume that p > 0 and, as before, let (By)ep0,1) denote the standard Brownian mo-

tion.
If m?/n — X\ >0 asn — oo then

(PSPX (n) (t»te[o 1 d 9 .
: VApyB: — Apt Dg.
Gyl o (V3B =ty >te[o,1l R

If m?/n — 0 and m = m,, — oo as n — oo then

NG <<7>87D X (1)) sefo)

m () mtper

d .
- 1) = /PY(Bt)iepp)  in Dr.

Proof. The proof of the result parallels, to large extent, that of Theorem 4. As before, consider
first the case A > 0. For any n and N such that N < m,, define a process Sg\?) = (S](JL)(t))tE[O,l] by

n mon al mn)e W (t
S0 ”Z( Joimw =1 N

Observe that by the second assertion of Proposition 1 it follows that

N 2\c/2
(S8 (D)eeto.y) Gy = (Z %mwt/ﬂ))

c=0 tel0,1]

12



in Dr as n — o0, since for any ¢ = 1,2, ...
(\/ﬁm)c N )\6/2 )

(2)e!

Define also a process Ts\?) = (Tz(vn)(t))te[o,l] by

0= 3 (Mo

c=N+1

And let Goo = (Goo(t))te[o,1) be defined by

o 2\c¢/2
(Goo(t))ieclo,1) = (Z MHJ&/Q) = exp (\//\_pot - )\pt'yQ)

c! te[0,1]
=0 te[0,1] (0:1]

As before, if ¢ denotes the Prokhorov distance between the random elements in Dg, then
o(Z™,Go) < o(Z™,SY) + o(SY) . Gw) + o(G . Goo).

where Z(" = 85\7) + Tg\?). In order to complete the argument along the lines of the first part of the
proof of Theorem 4 we only need to argue that for any € > 0

P(sup [TV ()] > €) — 0,
te[0,1]

uniformly in n as N — oo. To this end note that again by the martingale property and the maximal
inequality as well as by the relations (2) and (3)

n _ n I (m)v% ““1/m-—r el
P(sup [T ()] >¢e) < e 2VarT( (1) =2 </ — (1—p)pc
refo] N m? C:Nz;l (%) TZZO” c—r

m\2 c
in view of the inequalities ('~") < (") and ¢! (ﬂ) < (%) for 0 < r < ¢ < m. Therefore,

c—r

m 2 c 2¢c
n — m
Plsup 01> < e 3 () 2
tef0,1] =Nl n c!
& 2\ 2\c
< e Zexp(l) E ( "7 ) =c2ay —0
c=N+1 '

as N — oo, and the first part of the theorem follows.

The proof in the case A = 0, follows similarly to the second part of the proof of Theorem 4 with
obvious modifications. Consider

m/n
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where

RO™m) (1) = % i (T:) U (¢).
c=2

The process (R ™ (t)) is a martingale for fixed values of m,n and thus

2
P(sup |[R™™M ()| >¢) < e 2Var R™™ (1) < 2 % exp(1++?) — 0,
te[0,1]

follows, in view of

m? ~— (Z) —~ rt\c—r
m 2\ € ~2¢ 2 m 2\ ¢2 _2¢
n m v m m
<exp(l); 5D (7) a Sewl) T3 (7) cv
c=2 c=2
2 m. o 2
m v m
< exp(l) —- > 7 < —ep(l+97)
c=2

if only n is large enough to have m?/n < 1. The result now follows as in the proof of Theorem 4. [

Remark 4. Let us again note that the above result remains valid for m being a fixed constant (see
the remark after the proof of Theorem 4).
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