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Abstract. We study boundary value problems of the form −∆u = f on Ω

and Bu = g on the boundary ∂Ω, with either Dirichlet or Neumann bound-
ary conditions, where Ω is a smooth bounded domain in Rn and the data f, g

are distributions. This problem has to be first properly reformulated and, for

practical applications, it is of crucial importance is to obtain the continuity
of the solution u in terms of f and g. For f = 0, taking advantage of the

fact that u is harmonic on Ω, we provide four formulations of this bound-

ary value problem (one using non-tangential limits of harmonic functions, one
using Green functions, one using the Dirichlet-to-Neumann map, and a varia-

tional one); we show that these four formulations are equivalent. We provide
a similar analysis for f 6= 0 and discuss the roles of f and g, which turn to be

somewhat interchangeable in the low regularity case. The weak formulation

is more convenient for numerical approximation, whereas the non-tangential
limits definition is closer to the intuition and easier to check in concrete situ-

ations. We extend the weak formulation to polygonal domains using weighted

Sobolev spaces. We also point out some new phenomena for the “concentrated
loads” at the vertices in the polygonal case.
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Introduction

Let Ω be a smooth, bounded domain in Rn. Motivated in part by some problems
in engineering [21], we want to study distributional boundary value problems of the
form

(1) −∆u = f on Ω, Bu = g on ∂Ω,

where the data f, g are distributions in suitable Sobolev spaces and Bu denotes
either the “restriction” of u to the boundary or the “normal derivative” ∂νu of u
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2 I BABUŠKA AND V. NISTOR

to the boundary (they have to be properly defined). Since u will not be a function,
in general, but only a distribution with low regularity, one of the main issues is to
make sense of the above boundary value problem.

The distributions f and g are also called concentrated loads or concentrated cou-
ples in the engineering literature if they are given by Dirac distributions (i.e., point
measures) or suitable derivatives of such distributions. A motivation for their study
comes from problems in Structural Mechanical, where one studies, for instance,
forces that are acting on a very small surface and are thus idealized with Dirac
distributions. Then −∆ needs to be replaced with the Lamé (or elasticity) opera-
tor whose behavior is rather similar to that of ∆ (both ∆ and the Lamé operator
are strongly elliptic). For this approach to have physical meaning, however, the
continuous dependence of u (the solution of Equation (1)) on the data f and g is
crucial, because the delta distribution appears in practice as a limit of a suitable
sequence of functions. See [21] for a discussion of the continuity issue.

Problems similar to (1) (in spaces of distributions) were studied before, most
notably by Lions and Magenes [15], Schechter [19], and Roitberg and his collabo-
rators [18] (and the references therein). The case f = 0 was studied also by Seeley
[20] and Strichartz [23]. In all these approaches to the distributional boundary
value problem (1), one has to first appropriately reformulate it. This problem was
studied from a numerical point of view–looking for interior approximations–in [3],
where a weak formulation was used. This paper is a sequel of [3], and it helps,
among other things, make a connection between the weak formulation of (1) from
[3] and some strong formulations of (1) that are closer to the intuition.

The weak formulation is more convenient for numerical approximation, whereas
the non-tangential limits definition is closer to the intuition and easier to check in
concrete situations. The strong formulations are also closer in form to the case
when the data f and g consists of smooth functions. These strong formulations
of (1) also suggest a possible treatment of similar boundary value problems on a
polygon. Knowing that the weak and strong formulations coincide will help us
compare the approximate solutions to the exact solution.

In this paper, we treat the Neumann problem (Bu = ∂νu) in detail, and we
just mention some of the changes needed to treat the Dirichlet problem (Bu = u).
If f = 0, the solution u of (1) is a harmonic function in any formulation of (1),
and hence it is smooth on Ω. This allows us then to provide four approaches (or
formulations) to Equation (1). A first formulation is the weak formulation from [3]
using duality, which is similar in spirit to the approach of [18] and is reviewed in
Section 1. A second approach is using the Neumann function (the Green function
for the Dirichlet problem), taking advantage of the smoothness of the Neumann
function on the boundary, which allows us to evaluate any distribution on the
restriction of the Neumann function to the boundary. A third approach is to restrict
u to surfaces ∂Ωε near the boundary ∂Ω, such that ∂Ωε approaches the boundary
if ε → 0. Then a result of Seeley guarantees that the restrictions u|∂Ωε form a
convergent family in a negative order Sobolev space H−r(∂Ω), r > 0. The limit
will be then the definition of u|∂Ω. The normal derivative ∂νu|∂Ω can be defined
similarly. Finally, the last approach is to use Green’s representation formula for
u in terms of u|∂Ω and ∂νu|∂Ω, which are related by the Dirichlet-to-Neumann
map. This is done for the Neumann problem. The Dirichlet problem is completely
similar, so we do not treat it in detail, but we nevertheless occasionally mention the
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changes needed to deal with this problem. The first and last approaches generalize
to the case f 6= 0.

Let us now briefly describe the contents of the paper. In Section 1, we describe
the four approaches mentioned above for the homogeneous Neumann problem and
we show that they provide the same solution. Since the weak solution (or forumu-
lation) is based on the “inf-sup” condition, we automatically obtain the continuous
dependence of u on f and g (see for example [2]). In the second section, we provide
a weak formulation of the inhomogeneous Neumann problem. The third section
provides an alternative approach to the inhomogeneous problem using the method
of layer potentials and an extension of our problem to Rn. In section 3, we discuss
the case of a half space (the case of a smooth, bounded domain is completely simi-
lar), using the second approach (that is, the one based on the Green or Neumann
functions). We then point out some similarities and some differences that arise
when we want to generalize this approach to an angle (the simplest non-smooth
domain). In that case, the Neumann problem with data ∂νu = g = δ0 (δ0 = δ at
the vertex of the angle) can be solved similarly, in spite of the fact that ∂νu is not
defined at the point 0, because the normal vector is not defined at this non-smooth
point. On the other hand, the approach to the Dirichlet problem u = g = δ0 using
Green functions gives u = 0 for an acute angle and u = ∞ for an obtuse angle. In
the last section, we point out an approach to the weak formulation of the Dirichlet
and Neumann problems on a curvilinear polygonal domain using weighted Sobolev
spaces. The advantage of using weighted Sobolev spaces is that the full shift theo-
rems for these domains are valid (Theorem 4.1) unlike the case of the usual Sobolev
spaces. We can thus proceed exactly as in the case of a smooth domain, provided
that we use weighted Sobolev spaces in place of the usual Sobolev spaces.

1. The homogeneous Neumann problem

The main result of this section is to establish the equivalence of four formula-
tions of the homogeneous Neumann problem with distributional data. The first
formulation is a variational formulation introduced in [3], the second formulation
is in terms of the Neumann function, the third formulation is in terms of non-
tangential limits, and the last formulation is in terms of Green’s formula and the
Dirichlet-to-Neumann map. The order in which we introduce these formulations is
that of increasing levels of abstractness. The last formulation is introduced mostly
for technical rather than practical reasons, because it helps us establish the prop-
erties and, ultimately, the equivalence of the other three formulations. Yet another
formulation is possible using the method of layer potentials used in Section 5. (See
[13, 27] for a review of the method of layer potentials.)

1.1. Sobolev spaces. Let f̂(x) =
∫

Rn e−ıx·tf(t)dt denote the Fourier transform on
Rn. In the following, by Hs(Rn), s ≥ 0, we shall denote the usual Sobolev spaces
on Rn, namely

Hs(Rn) = {f ∈ L2(Rn), f̂(ξ)(1 + |ξ|2)s/2 ∈ L2(Rn)}.
Throughout this paper, Ω ⊂ Rn will denote an open, connected, bounded subset

with smooth boundary ∂Ω. (That is, Ω is a smooth, bounded domain.) We shall
denote by ∂ν the directional derivative in the direction of the unit outer normal
ν to ∂Ω. (The only non-smooth domains considered in this paper are curvilinear
polygonal domains in the plane, which will be denoted generically by P.)
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If s ≥ 0, then Hs(Ω) is the space of restrictions of distributions u ∈ Hs(Rn) to Ω.
We shall denote by Hs

0(Ω) ⊂ Hs(Ω) the closure of C∞c (Ω) in Hs(Ω). Our convention
is that the negative order Sobolev space H−s(Ω), s > 0, is the dual of Hs(Ω). Then
H−s(Ω) identifies with the distributions in H−s(Rn) that vanish on C∞c (Rn r Ω)
(that is, distributions with support in Ω). If u ∈ Hs(Ω) and v ∈ H−s(Ω), we shall
denote by 〈v, u〉 = v(u), the value of the functional v on the function u.

The dual of Hs
0(Ω) will be denoted H−s

0 (Ω). There is a natural, continuous,
surjective map (projection)

(2) Π0 : H−s(Ω) → H−s
0 (Ω)

that is dual to the inclusion Hs
0(Ω) → Hs(Ω). Any u ∈ H−s

0 (Ω) defines a linear map
on Hs

0(Ω), and hence a distribution on Ω since C∞c (Ω) ⊂ Hs
0(Ω). This is consistent

with [18, 19]. The Sobolev spaces Hs(∂Ω), s > 0, on the boundary can be defined
by restriction, as the boundary values of the harmonic functions u ∈ Hs+1/2(Ω).
For s < 0 we define the space Hs(∂Ω) as the dual of H−s(∂Ω) (with pivot L2(Ω)).

We note, however, that in [6, 20, 23, 25], a different definition of the “negative
order Sobolev spaces” H−s(Ω) is used (H−s(Ω) = H−s

0 (Ω) in those papers).
Let g ∈ Hs(∂Ω), with s ∈ R arbitrary. Then g is a distribution on ∂Ω, i.e., a

continuous linear map C∞(∂Ω) → C. We shall denote by 〈g, φ〉∂Ω ∈ C the value
of g on the smooth function φ. If 〈g, 1〉∂Ω = 0, then we shall say that g has mean
zero. We shall endow ∂Ω with the induced surface measure dS.

We shall denote by (u, v) :=
∫
Ω

u(x)v(x)dx the L2–inner product on Ω and by
(u, v)∂Ω :=

∫
∂Ω

u(x)v(x)dS(x) the L2–inner product on ∂Ω. Both are linear in the
first variable and conjugate linear in the second variable. Also, we shall denote by
∂ν the derivative in the direction of the outer normal unit vector to the boundary
of Ω.

1.2. The Neumann problem. We shall consider the Neumann problem

(3)

{
−∆u = 0 on Ω,

∂νu = g on ∂Ω.

with g ∈ Hs(∂Ω), s ∈ R. If s > 0, it is known that this boundary value problem
has a unique solution u ∈ Hs+3/2(Ω) satisfying 〈u, 1〉 :=

∫
Ω

u(x)dx = 0 for any g

such that 〈g, 1〉∂Ω :=
∫

∂Ω
g(x)dS(x) = 0 [6, 7, 25]. (The last two conditions will be

referred to as the vanishing mean conditions.) Moreover, there is a constant CΩ,s

depending only on Ω and s > 3/2 such that, under the conditions above, we have

(4) ‖u‖Hs+3/2(Ω) ≤ CΩ,s‖g‖Hs(∂Ω).

Any solution u ∈ H3/2+s(Ω), s > 0, of Equation (3) (homogeneous Neumann
problem), will be called a classical solution of (3).

The main goal of this section is to study several generalizations of the homoge-
neous Neumann problem (3) and of the above results to the case when g ∈ H−s(∂Ω)
with s > 3/2. We shall show again that a solution u ∈ H−s+3/2(Ω) exists and is
unique (under the vanishing integrals conditions) and satisfies an analogue of the
estimate of Equation (4). One of the main issues is to make sense of Equation (3)
for s < 0. To this end, we provide four equivalent formulations of the homogeneous
Neumann problem (3).
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1.3. The weak formulation. Our first formulation of the homogeneous Neumann
problem (3) is a weak formulation. This weak formulation of the homogeneous
Neumann problem was introduced earlier in [3], using the “inf–sup” condition and
an idea of Roitberg and his collaborators [18]. We now recall this weak formulation
and some additional results from [3].

For our proof of the existence of the weak solution, we need the well posedness
of the classical Neumann problem and then we proceed by duality. For this reason,
we shall need to assume that s > 3/2 in order to prove the existence of the weak
solution. Better estimates on the regularity of the solution of the homogeneous
Neumann problem (3) will follow from the following sections, once we shall establish
the equivalence of our four formulations of the homogeneous Neumann problem
(Theorems 1.12 and 1.15).

Let us define H̃3/2−s(Ω) := H3/2−s(Ω)⊕H1−s(∂Ω), where s ∈ R. Intuitively, the
second component u1 of an element u = (u0, u1) in H̃3/2−s(Ω) should be thought
of as some sort of trace of u at the boundary. We then define

(5)

B̃ : H̃3/2−s(Ω)×H1/2+s(Ω) → C by

B̃(u, v) = −〈u0,∆v〉+ 〈u1, ∂νv〉∂Ω, where

ũ = (u0, u1) ∈ H̃3/2−s(Ω).

With these preliminaries, we can now introduce weak solutions of Equation (3)
for g ∈ H−s(∂Ω).

Definition 1.1. Let g ∈ H−s(∂Ω), s ∈ R. We say that u = (u0, u1) ∈ H̃3/2−s(Ω)
satisfies Equation (3) in weak sense (or that u is a weak solution of the Equation
(3)) if

B̃(u, v) = 〈g, v〉∂Ω

for all v ∈ C∞(Ω).

Remark 1.2. Similarly, the equation B̃(u, v) = 〈f, v〉 + 〈g, v〉∂Ω provides a weak
formulation of the inhomogeneous Neumann problem (1) (with Bu = ∂νu). See
Definition 2.1.

Let X ⊂ H̃3/2−s(Ω) := H3/2−s(Ω)⊕H1−s(∂Ω) consist of the pairs u = (u0, u1)
satisfying 〈u0, 1〉 = 0. In fact, any linear condition defining a codimension one
subspace X ⊂ H̃3/2−s(Ω) that ensures (1, 1) /∈ X will work, in [3], the condition
〈u0, 1〉+ 〈u1, 1〉∂Ω = 0 was used. Also, let Y ⊂ H1+k(Ω) consist of the functions V

such that 〈V, 1〉 :=
∫
Ω

V (x)dx = 0. Then the restriction of the form B̃ of Equation
(5) to X × Y satisfies the “inf–sup” condition for s > 3/2 (see [2] for details on
the “inf–sup” condition). This was proved in [3], Proposition 4.8, using the usual
solvability results (i.e., well-posedness) for the Neumann problem. We therefore
obtain that the homogeneous Neumann problem has a weak solution, which we
shall denote by u = (uW , u1) in what follows. This leads to the following theorem
from [3].

Theorem 1.3. Let s > 3/2. Let g ∈ H−s(∂Ω) satisfy 〈g, 1〉∂Ω = 0. Then there
exists u = (uW , u1) ∈ H̃3/2−s(Ω) satisfying the Equation (1) in weak sense. This
solution is uniquely determined if 〈uW , 1〉 = 0 and then it satisfies

‖uW ‖H3/2−s(Ω) + ‖u1‖H1−s(∂Ω) ≤ CΩ,s‖g‖H−s(∂Ω),

for a constant that depends only on Ω and s.
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We continue with some simple remarks from [3].

Remark 1.4. Let u0 ∈ Hr(Ω), r > 3/2, and u1 := u0|∂Ω ∈ Hr−1/2(∂Ω) be the
restriction of u0 to the boundary. Then, for any s > 3/2, (u0, u1) is a weak solution
of (1) if, and only if, it is a classical solution of (1). This gives the following.

Let (uW , u1) ∈ H̃3/2−s(Ω) be a weak solution of the homogeneous Neumann
problem (3) in the sense of the above definition with s > 3/2. If, in fact, g ∈
Hr(∂Ω), r > 0, then it follows from the uniqueness of the weak solutions (up to
a constant) that uW is a classical solution of the homogeneous Neumann problem
(3) and that u1 is the restriction of uW to the boundary.

Remark 1.5. If u = (uW , u1) is a solution of Equation (3) in weak sense (Definition
1.1) then ∆u0 = 0 in distribution sense and u1 is uniquely determined by u. In
particular, uW ∈ C∞(Ω). Moreover, if v = (vW , v1) is another solution of Equation
(1), then uW − vW = c and u1 − v1 = c, where c is a constant.

The last remark implies, in particular, that if (uW , u1) and (uW , u′1) are two
weak solutions of Equation (3), then u′1 = u1. Therefore, it is justified to say that
uW ∈ H3/2−s(Ω) is a weak solution of Equation (3) if there exists u1 ∈ H1/2−s(∂Ω)
such that u = (uW , u1) is a weak solution of that equation.

Remark 1.6. For the Dirichlet problem we do not have to consider proper subspaces
X and Y , see [4] for details. The Dirichlet problem in weighted Sobolev spaces on
curvilinear polygonal domains is discussed in Section 4.

1.4. Strong formulations of the homogeneous Neumann problem. The
other three formulations of the homogeneous Neumann problem (Equation (3)) for
g ∈ H−s(Ω) will be called strong formulations of the homogeneous Neumann prob-
lem. We now introduce these remaining three formulations of the homogeneous
Neumann problem (using the Neumann function, non-tangential limits, and the
Dirichlet-to-Neumann map, respectively), which will lead to solutions denoted uN ,
uL, and uD, respectively. We shall show in Theorem 1.12 that uW = uN = uL = uD

as smooth functions on Ω, that is, as elements of H
3/2−s
0 (Ω). In what follows, the

most important definition of a strong solution will be the one using the Neumann
function (respectively, using the Green function for the Dirichlet problem).

A common feature of the strong formulations of the homogeneous Neumann
problem is that the resulting solutions uN , uL, and uD are naturally defined only
as elements of H

3/2−s
0 (Ω) (recall that Hr

0 (Ω) is the closure of C∞c (Ω) in Hr(Ω) if
r ≥ 0 and Hr

0 (Ω) := H−r
0 (Ω) if r < 0). This is not a big loss of generality, as we

shall show in Subsection 1.6 that any harmonic function in H
3/2−s
0 (Ω), s > 3/2, has

a canonical extensions to an element in H3/2−s(Ω) and that the canonical extension
of uN = uL = uD is uW , the solution obtained from the weak formulation. Also, the
strong formulation distinguish themselves from the weak formulation in that they
are naturally defined for all s ∈ R (not only for s > 3/2, like the weak solution).
Since the weak solution and the strong solutions turn out eventually to coincide,
this provides us with additional regularity for the weak solution of the homogeneous
Neumann problem (3).

1.4.1. Definition of the solution uN using the Neumann function. Let Φ(x) =
cn|x|2−n be the fundamental solution of ∆ [6, 7, 25] (Φ(x) = c2 log |x| if n = 2), so
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that ∆(Φ ∗ φ) = φ for any φ ∈ C∞c (Rn), where cn is a constant depending only on
n and ∗ denotes the convolution product:

Φ ∗ φ(x) =
∫

Rn

Φ(x− y)φ(y)dy.

Note that we use a different sign convention than the one in [6, 8], where the
constant cn is negative ours. Let N(x, y) be the Neumann function of Ω. That is,

(6) N(x, y) := Φ(x− y)− φx(y), ∆yφx(y) = c and ∂νyN(x, y) = 0.

The constant c above is chosen such that a solution to the Neumann problem
∂νyN(x, y) = 0 exists. Moreover, we chose the solution φx such that

∫
Ω

N(x, y)dy =
0 for all x. This can be achieved by adding a constant to φx.

The solution u of (3) is then given by

(7) u(x) = −
∫

∂Ω

N(x, y)g(y)dS(y).

(This follows from Green’s representation formula, Equation (12), by substracting∫
∂Ω

(
∂νφx(y)u(y)− φx(y)∂νu(y)

)
dS(y) = 0. See [8] for details.)

We now observe that the function N(x, y) is smooth as a function of y ∈ ∂Ω for
any fixed x ∈ Ω. Therefore the formula of Equation (7) still makes sense, provided
that we replace integration over ∂Ω with the pairing between distributions and
functions. We can therefore define

(8) uN (x) = −〈g,N(x, ·)〉∂Ω,

which defines a harmonic function u0N ∈ C∞(Ω).

Remark 1.7. For the homogeneous Dirichlet problem ∆u = 0 on Ω and u = g at
the boundary, we just replace the Neumann function N with the Green function
G. See [6, 7] or [8], for instance, for the definition of the Green function. Let
K(x, y) = ∂νy

G(x, y). Then uG(x) = 〈g,K(x, ·)〉∂Ω. A detailed discussion of the
Dirichlet problem will be included in [4].

1.4.2. Definition of the solution uL using non-tangential limits. We now introduce
a formulation of the homogeneous Neumann problem (3) with g ∈ H−s(∂Ω) using
non-tangential limits of the solution u, taking advantage that u is a smooth function
on Ω, since it is harmonic. Let Ωε be the set of points of Ω at distance > ε to ∂Ω.
Then, for ε small enough, Ωε is an open set with smooth boundary ∂Ωε ' ∂Ω. The
isomorphism can be chosen to associate to x ∈ ∂Ωε the closest point on ∂Ω, again,
for ε small enough.

Let Hr
0 (Ω) be the closure of C∞c (Ω) in Hr(Ω) and H−r

0 (Ω) := Hr
0 (Ω)∗, r > 0, as

before. Let us define

(9) K(−r) = {u ∈ H−r
0 (Ω) = Hr

0 (Ω)∗, ∆u = 0}, r > 0.

Here ∆u = 0 is in distribution sense, that is, 〈u, ∆φ〉 = 0 for all φ ∈ C∞c (Ω). The
following theorem is a particular case of the results in [20] (especially Theorem 7
on page 807). We shall still denote by ∂ν the directional derivatives in the direction
of the normal to the boundary to Ωε.

Theorem 1.8 (Seeley). For any u ∈ K(3/2−s) ⊂ H
3/2−s
0 (Ω), s > 3/2, the restric-

tions gt := ∂νu|∂Ωt
converge in H−s(∂Ω) to a distribution Ru = g ∈ H−s(∂Ω) as

t → 0. There exists a continuous linear map P : H−s(∂Ω) → K(3/2−s) with image
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the distributions u ∈ K(3/2 − s) with vanishing integral on Ω. We have RPg = g
if, and only if, 〈g, 1〉∂Ω = 0. Similarly, PRu = u if, and only if, 〈u, 1〉 = 0.

For any g ∈ H−s(∂Ω) with 〈g, 1〉∂Ω = 0, we shall then denote

(10) uL := P(g) ∈ H
3/2−s
0 (Ω).

Remark 1.9. It is interesting to mention here that it was proved by Straube [22]
that a harmonic function has distributional boundary values if, and only if, it grows
no faster than some power of ρ−1, where ρ is the distance to the (smooth) boundary.

1.4.3. Definition of the solution uD using the Dirichlet-to-Neumann map. We now
introduce the Dirichlet-to-Neumann map using the Cauchy space C(∆) of ∆. The
Cauchy space C(∆) of ∆ is defined as the set of limits at t = 0 of pairs (ht, gt), where
ht is the restriction of u to ∂Ωt and gt is the normal derivative of u on ∂Ωt. Then
C(∆) consists of pairs of the form (h,N (h)), with h a suitable distribution on ∂Ω
and N the Dirichlet-to-Neumann map, which we is recalled in the next definition.
In particular, we have that g := Ru = 0 only if u is a constant (the map R is as in
Theorem 1.8). The continuity of P shows that

(11) ‖uL‖H
3/2−s
0 (Ω)

≤ CΩ,−s‖g‖H−s(∂Ω)

if
∫
Ω

u(x)dx = 0. Then, in Seeley’s notation, P(g) = P (N−1g, g) if 〈g, 1〉∂Ω = 0,
with P a “multi-layer potential.”

Let us now recall the definition of the Dirichlet-to-Neumann map used in the
paragraph above and necessary for our last formulation of the homogeneous Neu-
mann problem with distributional data.

Definition 1.10. The Dirichlet-to-Neumann map N : Hr(∂Ω) → Hr−1(∂Ω), r >
1, is defined by

N (h) = ∂νu,

where u ∈ Hr+1/2(Ω) is the unique function satisfying ∆u = 0 and u = h on ∂Ω.

It is known [24, 27] that N is an elliptic pseudodifferential operator of order
1, so it extends by continuity to a map N : Hr(∂Ω) → Hr−1(∂Ω) for all r ∈ R.
Moreover, N (g) = 0 if, and only if, u is constant and N has as range the space
of distributions with mean zero. If we define N−1 to be 0 on constants and to
be the inverse of N on distributions with mean zero, then N−1 will also be a
pseudodifferential operator (of order −1 this time), so it also extends to a map
N−1 : Hr−1(∂Ω) → Hr(∂Ω) for any r ∈ R.

In particular, if u is a classical solution of the homogeneous Neumann problem
(3), the Dirichlet-to-Neumann map determines u = N−1(g) at the boundary (with
the usual assumptions that the means of u and g vanish). Green’s representation
formula [6, 9, 25] then allows us to recover u inside Ω:

(12) u(x) =
∫

∂Ω

(
∂νΦ(x− y)u(y)− Φ(x− y)∂νu(y)

)
dS(y),

where Φ(x) = cn|x|2−n is the fundamental solution of ∆ (Φ(x) = c2 log |x|, if n = 2).
Formula (12) extends to distributions (with the integral replaced by a pairing),

which suggests to define for every g ∈ H−s(∂Ω),

(13) uD(x) = 〈g, ∂νΦ(x− ·)〉∂Ω − 〈N−1(g),Φ(x− ·)〉∂Ω.
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In this formula, Φ(x− ·) denotes the smooth function y → Φ(x− y), where y ∈ ∂Ω
and x ∈ Ω. Similarly, ∂νΦ(x−·) denotes the normal derivative of Φ(x−y), regarded
as a function of y alone (x is fixed) defined on the boundary. In particular, the
normal derivative ∂ν is in the y variable. This formula reduces to Equation (12) if
g is a (distribution given by a) function.

Equation (13) defines uD ∈ C∞(Ω). The following proposition shows that, in
fact, we obtain an element uD ∈ H3/2−s(Ω).

Proposition 1.11. Let s > 0. Then for any g ∈ H−s(∂Ω) with zero mean, we
have uD ∈ H

3/2−s
0 (Ω), ∆uD = 0 inside Ω, and

‖uD‖H3/2−s(Ω) ≤ CΩ,s‖g‖H−s(∂Ω),

for a constant CΩ,s depending only on Ω and s > 0. A similar statement with
H

3/2−s
0 (Ω) replaced by H3/2−s(Ω) holds true for s ≥ 0.

Proof. Let s > 0 first. Also, let g ∈ H−s(∂Ω). Then

C∞(Rn) 3 φ →
∫

∂Ω

g(y)φ(y)dS(y) ∈ C,

defines a distribution g ⊗ δ∂Ω ∈ H−s−1/2(Rn), as in [16], for example. Similarly, if
h = N−1(g) ∈ H1−s(∂Ω), the linear map

C∞(Rn) 3 φ →
∫

∂Ω

∂νφ(y)h(y)dS(y) ∈ C

defines a distribution h ⊗ δ′∂Ω ∈ H−s−1/2(Rn). (See also Equation (22).) Let χ ∈
C∞c (Rn) be equal to 1 in a neighborhood of Ω. We define Qu(x) := χ(x)[Φ ∗ u(x)].
Then one can explicitly identify the distribution kernel of Q as χ(x)Φ(x− y). The
characterization of the kernels of pseudodifferential operators [26] then shows right
away that Q is a pseudodifferential operator of order −2. Formula (12) then can
be reformulated as

(14) u = Q(g ⊗ δ∂Ω + h⊗ δ′∂Ω).

Therefore u ∈ H3/2−s(Rn) because Q defines a continuous linear map Hr(Rn) →
Hr+2(Rn) for any r ∈ R (this can also be seen also directly using the Fourier
transform, as in [3], Lemma 3.10, without making appeal to the fact that Q is a
pseudodifferential of order −2). The continuous restriction map H3/2−s(Rn) →
H

3/2−s
0 (Ω) then completes the proof in the case s < 0.
For s > 0, we see from the classical Green representation formula that u is the

unique solution with mean zero of the homogeneous Neumann problem (3). The
result then follows from the classical well posedness of the Neumann problem.

Finally, for s = 0, the result follows by interpolating between −r and r for some
small r > 0. �

1.5. The equalities uW = uN = uL = uD. We now prove the main theorem of
this section, stating that the four formulations of the homogeneous Neumann prob-
lem with distributional data coincide, and hence uW = uN = uL = uD, where
uW was introduced in Theorem 1.3, uN was introduced in Equation (8), uL was
introduced in Equation (10), and uD was introduced in Equation (13).

We are ready now to prove our main theorem. The interesting case is when s >
3/2, because otherwise it is a classical result. Recall that Π0 :: H−s(Ω) → H−s

0 (Ω)
is the natural projection for s > 0.
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Theorem 1.12. Let s ∈ R. Then for any g ∈ H−s(∂Ω), we have uN = uL = uD

for any x ∈ Ω. If s > 3/2, the we also have uN = uL = uD = Π0(uW ). In
particular, by denoting by u the common value, we have the estimate

(15)
‖u‖H3/2−s(Ω) ≤ CΩ,−s‖g‖H−s(∂Ω) if s ≤ 3/2 and

‖u‖
H

3/2−s
0 (Ω)

≤ CΩ,−s‖g‖H−s
0 (∂Ω) if s > 3/2.

Proof. For g ∈ C∞(∂Ω), it is known that uW (x) = uN (x) = uL(x) = uD(x). For
arbitrary g ∈ C∞(∂Ω), these relations follow by continuity. Indeed, the estimate
of Theorem (1.12) was established for u = uW in Theorem 1.3. For u = uN ,
uL, or uD, this estimate follows from Equation (8), from Theorem 1.8, and from
Proposition 1.11. This shows that all these functions have the same restriction
in the interior (which is an element of H3/2−s(Ω). This is enough to show that
uW = uN = uL = uD, since they are the canonical extensions of their restrictions
to the interior, by Proposition 1.14 and by definition of uN and uL. �

The common function u of Theorem 1.12 will be the unique solution of the homo-
geneous distributional Neumann problem (3). For s > 3/2 we have u ∈ H

3/2−s
0 (Ω),

which is slightly inconvenient. However, we shall next extend th solution u in this
case to an element in u ∈ H3/2−s(Ω) that coincides with uW .

1.6. Canonical extensions. We first define a canonical extension ũ ∈ H3/2−s(Ω)
of a harmonic function u ∈ H−r

0 (Ω). We use the ideas used to define uD.

Proposition 1.13. Let u ∈ H
3/2−s
0 (Ω), s > 3/2, be such that ∆u = 0 on Ω.

Let χε be the characteristic function of the set Ωε := {x ∈ Ω, dist(x, ∂Ω) > ε}, as
before. Then χεu ∈ L1(Rn) and

∫
Rn χε(x)u(x)φ(x)dx converges as ε → 0 for any

φ ∈ Hs−3/2(Rn). The limit ũ := limε→0 χεu ∈ H3/2−s(Ω) maps to u in H
3/2−s
0 (Ω)

in the sense that Π0(ũ) = u, and we have ‖ũ‖H3/2−s(Ω) ≤ C‖u‖
H

3/2−s
0 (Ω)

.

Proof. Let hε be the restriction of u to ∂Ωε and gε = ∂νu on ∂Ωε, as before. Then
(hε, gε) → (h, g) in H1−s(∂Ω)⊕H−s(∂Ω), after we identify ∂Ωε with ∂Ω using the
closest point, by Seeley’s results (Theorem 7 of [20]). Let Q be as in the proof of
Proposition 1.11. Then gε ⊗ δ∂Ωε + hε ⊗ δ′∂Ωε

→ g⊗ δ∂Ω + h⊗ δ′∂Ω in H
−1/2−s
0 (Rn)

for ε → 0, and hence

(16) ũ := Q(g ⊗ δ∂Ω + h⊗ δ′∂Ω) = lim
ε→0

Q(gε ⊗ δ∂Ωε
+ hε ⊗ δ′∂Ωε

) = lim
ε→0

χεu,

by the continuity of Q.
For any φ ∈ C∞c (Ω), we have 〈ũ, φ〉〈χεu, φ〉 = 〈u, φ〉 for ε small enough, so ũ maps

to u in H
3/2−s
0 (Ω). Finally, it follows from [20] that ‖gε‖H−s(∂Ω) ≤ C‖u‖

H
3/2−s
0 (Ω)

.
This implies the last inequality. �

We are interested in the canonical extension ũ because of the following result.

Proposition 1.14. Let u0W := Π0(uW ) ∈ C∞(Ω) ∩ H
3/2−s
0 (Ω) be the canonical

image of uW . Then uW = ũ0W , the canonical extension of u0W .

Proof. If the data g is smooth enough, then uW is a continuous function on Ω,
and hence uW = limε→0 χεuW =: ũ0W in H3/2−s(Ω), the limit being taken in this
space. For general g, the result follows by the continuity of the canonical extension
and of the projection Π0. �
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In particular, Theorem 1.12 and Proposition 1.14 give the following result.

Theorem 1.15. Let s > 3/2. Then ũN = ũL = ũD = uW .

2. The inhomogeneous Neumann problem

We now reformulate our problem (Equation (1)), based on the results in [18, 19,
20]. We shall consider in this section the inhomogeneous Neumann problem

(17)

{
−∆u = f on Ω,

∂νu = g on ∂Ω, .

Green’s formula,

(18) 〈u, ∆v〉 = 〈∆u, v〉 − 〈∂νu, v〉∂Ω + 〈u, ∂νv〉∂Ω , u, v ∈ C∞(Ω),

tells us right away that, for u, f ∈ C∞(Ω), g ∈ C∞(∂Ω), the inhomogeneous Neu-
mann problem (17) is equivalent to

(19) 〈u, ∆v〉 = −〈f, v〉+ 〈u, ∂νv〉∂Ω − 〈g, v〉∂Ω , for all v ∈ C∞(Ω).

Roitberg proceeds then to define a solution of the Dirichlet problem (17) as a triple

(u0, u1, u2) ∈ H3/2−s(Ω)⊕H1−s(∂Ω)⊕H−s(∂Ω),

such that u2 = g and

(20) (u0,∆v) = −(f, v) + 〈u1, ∂νv〉 − 〈u2, v〉 , for all v ∈ C∞(Ω).

See [18, Section 0.2] for details.
Inspired by [19] and [20], we now reformulate the Equation (20) as follows. Let

f ∈ L1(Ω), then denote by fχΩ the distribution defined by

(21) 〈fχΩ, φ〉 =
∫

Ω

f(x)φ(x)dx , φ ∈ C∞c (Rn).

Also, for g ∈ L1(∂Ω) and any φ ∈ C∞(Ω), we shall denote as before

(22)
〈g ⊗ δ∂Ω, φ〉 =

∫
∂Ω

g(x)φ(x)dS(x)

〈g ⊗ δ′∂Ω, φ〉 =
∫

∂Ω

g(x)∂νφ(x)dS(x),

(recall that dS is the measure on ∂Ω induced by the Riemannian metric and ∂ν is
the derivative in the direction of the unit outer normal). These definitions extend
to f a distribution with support in Ω and to g a distribution on ∂Ω.

Then Equation (20) is equivalent to

(23) −∆(u0χΩ) = fχΩ − u1 ⊗ δ′∂Ω + u2 ⊗ δ∂Ω

as distributions on Rn. Let h := f +g⊗δ∂Ω. Recall now the bilinear form B̃(u, φ) =
−〈u0,∆φ〉 + 〈u1, φ〉∂Ω introduced in Equation (5) where u = (u0, u1). Then the
Equation (23) is equivalent to

(24) B̃(u, φ) = 〈h, φ〉, where u = (u0, u1) and φ ∈ C∞(Ω).

We are ready now to formulate what we mean by the fact that u is a solution of
the distributional, inhomogeneous Neumann problem, Equation (17), when f and
g are distributions.
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Definition 2.1. Let h := f + g⊗ δ∂Ω and u be a distribution on Rn with support
in Ω. We shall say that u is a weak solution of the inhomogeneous distributional
Neumann problem, Equation (17) if u satisfies Equation (24) for all φ ∈ C∞(Ω).

The results of [3], especially Proposition 4.9 (see also Theorem 4.8 of that paper)
give right away the following result.

Theorem 2.2. Let s > 3/2. For any h := f + g ⊗ δ∂Ω, where f ∈ H−s−1/2(Ω)
and g ∈ H−s(∂Ω), that satisfies 〈h, 1〉 := 〈f, 1〉 + 〈g, 1〉∂Ω = 0, the inhomoge-
neous, distributional Neumann problem (17) has a weak solution u = (u0, u1) ∈
H̃3/2−s(Ω) := H3/2−s(Ω)⊕H1−s(∂Ω). Any two solutions differ by a constant and,
if we also impose 〈u0, 1〉 = 0, then the solution is unique and it satisfies

‖u0‖H3/2−s(Ω) + ‖u1‖H1−s(Ω) ≤ CΩ,s‖h‖H−s−1/2(Ω)

≤ C(‖f‖H−s−1/2(Ω) + ‖g‖H−s(∂Ω)).

Let us record the following simple consequence of our approach, which is probably
the main difference between our approach and that of [18]. The following remark
and the following example are relevant for the discussion of concentrated loads and
couples [21].

Remark 2.3. The data f and g is not uniquelly determined by the solution u =
(u0, u1) of the inhomogeneous Neumann problem (17). Indeed, let p be a point
on the boundary of Ω and δp the Dirac distribution (or measure) concentrated at
p. Then the choices (f, g) = (δp, 0) and (f, g) = (0, δp), will lead to the same
solution of the distributional, inhomogeneous Neumann problem. The reason is the
solution u = (u0, u1) depends only on h and h = δp in both cases. Let N(x, y)
be the Neumann function associated to Ω. Then the solution (u0, u1) is given by
u0(x) = −N(x, p), x ∈ Ω, and u1 = −N(x, p), x ∈ ∂Ω. (So, in particular, u1 is the
“restriction at the boundary” of u0.) Both functions are integrable, so there is no
problem in defining u0 and u1 as distributions.

Let us include now a simple example related to the above remark.

Example 2.4. Let us consider now the inhomogeneous distributional Neumann prob-
lem with data g = 0 and f = δp, p ∈ Ω. Let us chose a sequence of points pn ∈ Ω,
pn → q as n → ∞, and let us solve the problem −∆vn = δpn

, ∂νu = 0 on ∂Ω.
Then vn → u0, vn|∂Ω → u1 as n → ∞, by the continuity of the weak solutions of
the inhomogeneous distributional Neumann problem.

3. Examples

We now illustrate the results obtained in the previous sections and point out to
some further developments.

3.1. The half-space. Let us consider Ω = Rn
+ = Rn−1 × [0,∞). This is not a

bounded domain and the Laplace operator ∆ : H2(Ω) → L2(Ω) is not invertible.
Nevertheless, this is a domain for which we can easily write the Green function
G(x, y), x = (x1, . . . , xn), y = (y1, . . . , yn) using the reflection principle [6], page 37,
which leads to G(x, y) = cn

(
|x−y|2−n−|x̃−y|2−n

)
, where x̃ = (x1, . . . , xn−1,−xn).

Then K(x, y) := ∂νG(x, y) is

K(x, y) =
c′nxn

|x− y|n
, x ∈ Ω, y ∈ ∂Ω,
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where c′n = 2(n − 2)cn. The boundary value problem ∆u = 0, u = δp on the
boundary ∂Ω then has the solution u(x) = K(x, p). Let p = 0 and consider gt =the
restriction of u(x) = c′nxn|x|−n to xn = t, t > 0. Then

∫
xn=t

gt(x′)dx′ = 1, u ≥ 0,
and

∫
|x′|>ε

u(x′)dx′ → 0 as t → 0. This verifies that gt → δ0 in distribution sense.
If we replace the boundary value δp with ∂αδp, then we obtain the solution

uα = (−1)|α|∂αK(x, p).
Similarly, a solution of the homogeneous Neumann problem ∆u = 0, ∂νu = δp

at the boundary, is obtained by replacing the function K(x, y) with the Neumann
function N(x, y) = cn

(
|x− y|2−n + |x̃− y|2−n

)
.

3.2. An angle. Let us now look at the case of the angle P := {(r, θ), 0 < θ < α},
in polar coordinates (r, θ) ∈ [0,∞) × [0, 2π). Let s = π/α. Then the map z → zs

maps P conformally onto the half-space H := {=(z) > 0}, where =(z) := b denotes
the imaginary part of z = a + bi ∈ C. Taking into account that the fundamental
solution for the plane is Φ(z) = 1

2π log |z|, the reflection principle gives G1(z, w) =
Φ(z−w)−Φ(z−w) and N1(z, w) = Φ(z−w)+Φ(z−w) for the Green and Neumann
functions of the half-plane H. Therefore, the Green and Neumann functions of P
are G(z, w) = G1(zs, ws) and N(zs, ws), which gives the explicit formulas

(25) G(z, w) =
1
2π

log
∣∣∣∣zs − ws

zs − ws

∣∣∣∣ and N(z, w) =
1
2π

log |(zs − ws)(zs − ws)|.

(We chose the branch of zs that is obtained by removing the positive real axis.)
Let us consider now the Neumann problem ∆uN = 0 on P and ∂νuN = δw,

the Dirac distribution concentrated at the point w on the boundary ∂P. Then the
solution is given by uN (z) = N(z, w). If w = 0, this gives

(26) uN (z) = − 1
α

log |z|.

Let Ωr be the intersection of P with the disc of radius r centered at the origin
(i.e., at 0). Then the “conservation property”

∫
∂Ωr

∂νuN (z)dS(z) of this solution
is immediately checked.

On the other hand, the solution of Dirichlet problem

(27) ∆uD = 0 on P and uD = δw on the boundary

is given by ∂νK(z, w) = ±r−1∂θG(z, w), where z = r(cos θ+i sin θ) and we have the
sign − for w real and + otherwise (i.e., for w on the upper half of the boundary).
Explicitly, if w ∈ R+, then

(28) K(z, w) =
sws−1=(zs)
π|zs − ws|2

.

Then, if we let w → 0 (w ∈ R+), we obtain K(z, 0) = 0 if α < π and K(z, 0) = ∞
if α > π. Thus the Dirichlet problem (27) seems not to be well posed for w at the
angle (or corner), unlike the corresponding Neumann problem.

4. Polygonal domains

Let P ⊂ R2 be a (curvilinear) polygonal domain. Then it is possible to extend to
this case the definitions of the weak solutions. In view of the problems pointed out
in the preceeding section, it is convenient weighted Sobolev spaces. Let us recall
first the definitions of the weighted Sobolev spaces Km

a (P) on P [14] and of the
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weighted Sobolev spaces Km
a (∂P) on the boundary ∂P [1]. See also [11, 10, 5] for a

discussion of similar Sobolev spaces.
Let us denote by ϑ(x) the distance from a point x ∈ P to the closest vertex of

P. Then

(29) Km
a (P) := {u : P → C, ϑ|α|−a∂αu ∈ L2(P), |α| ≤ m}, m ∈ Z+, a ∈ R.

Similarly,

(30) Km
a (∂P) := {u : ∂P → C, ϑ|α|−a∂αu ∈ L2(∂P), |α| ≤ m}, m ∈ Z+, a ∈ R,

where only derivatives tangent to the boundary are to be used. More precisely, let
us notice that we can identify each edge with [0, 1]. Then Km

a (∂P) consists of the
functions f : ∂P → C that, on each edge, are such that tk(1 − t)kf (k) ∈ L2([0, 1]),
0 ≤ k ≤ m, after we identify that edge with [0, 1]. This last condition is equivalent
to [t(1− t)∂t]kf ∈ L2([0, 1]), 0 ≤ k ≤ m.

The spaces Ks
a(∂P), s ≥ 0, are defined by interpolating in s (for a fixed). The

negative order weighted Sobolev spaces K−s
−a(∂P), s ≥ 0, and K−m

−a (P), m ∈ Z+,
are defined by duality (with pivot L2), for instance K−m

−a (P) ' Km
a (P)∗ with the

duality map extending the L2–inner product. The following result are classical
results of Kondratiev (with the additional identification of the Sobolev spaces at
the boundary from [1]). Let us denote by αj ∈ (0, 2π) the angles of the (curvilinear)
polygonal domain P.

Theorem 4.1. Let m ∈ Z+, then the map

∆D : Km+1
a+1 (P) → Km−1

a−1 (P)⊕Km+1/2
a+1/2 (∂P), ∆Du = (∆u, u|∂P),

is Fredholm for a 6= kπ/αj, k ∈ Z, k 6= 0. Similarly, the operator ∆N : Km+1
a+1 (P) →

Km−1
a−1 (P)⊕Km−1/2

a−1/2 (∂P), ∆Nu = (∆u, ∂νu|∂P) is Fredholm for a 6= kπ/αj, k ∈ Z.

Note that k 6= 0 for the Dirichlet problem, while k = 0 is allowed for the Neumann
problem. In fact, the map ∆D turns out to be an isomorphism for |a| < π/αMax,
where αMax = max αj . On the other hand, ∆N is not an isomorphism for a = 0
(it is not even Fredholm for this value of the weight a).

Theorem 4.1 can then be used to formulate a definition and prove the existence
of weak solutions of the Dirichlet or Neumann problems with data in the spaces Ks

a

along the lines of the ones in the preceeding sections. Let us outline this procedure
(using the method from [4]) for the Dirichlet problem and |a| < π/αMax, for which
we do not have to consider subspaces.

Let K̃1−s
a+1(P) := K1−s

a+1(P)⊕K−1/2−s
a−1/2 (∂P) and D : K̃1−s

a+1(P)×K1+s
a+1(P) → C be the

bilinear functional defined by

(31) −D(u, v) := 〈u0,∆v〉+ 〈u1, v〉∂P,

where u = (u0, u1) ∈ K̃1−s
a+1(P).

Consider the inhomogeneous Dirichlet problem

(32)

{
−∆u = f in P,

u = g on ∂P,

with g ∈ K1/2−s
a+1/2(∂P) and f ∈ K−1−s

a−1 (P), s ∈ R, |a| < π/αMax.
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Definition 4.2. Let g ∈ K1/2−s
a+1/2(∂P) and f ∈ K−1−s

a−1 (P) , s ∈ R+. We say that

u = (u0, u1) ∈ K̃1−s
a+1(P) satisfies (32) in weak sense, or that u is a weak solution of

the Dirichlet problem (32) if

(33) D(u, v) = 〈f, v〉 − 〈g, ∂νv〉∂P,

for all v ∈ Ks+1
a+1(P).

Then Theorem 4.1 and the fact that we get an isomorphism for |a| < π/αMax

for the Dirichlet problem and the “inf-sup” condition from [2] give the following
result that is proved similarly to Proposition 4.8 in [3] or to the corresponding result
in [4].

Theorem 4.3. Let g ∈ K1/2−s
a+1/2(∂P) and f ∈ K−1−s

a−1 (P), s ≥ 0, |a| < π/αMax.

Then there exists a unique weak solution u = (u0, u1) ∈ K̃1−s
a+1(P) for 32 and

‖u0‖K1−s
a+1(P) + ‖u1‖K−1/2−s

a−1/2 (∂P)
≤ C0

(
‖g‖K1/2−s

a+1/2(∂P)
+ ‖f‖K−1−s

a−1 (P)

)
,

for a constant CP,s that depends only on P, s, and a.

5. The inhomogeneous Neumann problem revisited

In this section we carry an alternative discussion of the inhomogeneous Neumann
problem using the methods from [12].

For technical reasons that will become clear in the following, we will replace
−∆ with −∆ + V , where V is a smooth function, following an idea from [17].
The advantage of this choice is that the Dirichlet problem on exterior domains for
−∆+V , V ≥ ε > 0 outside a compact set, is well posed (i.e., has a unique solution
continuously depending on the data).

Definition 5.1. Let u be a distribution on Rn (or, more generally, on M) and
h := f + g ⊗ δ∂Ω. We say that u is a distributional solution of the (inhomogeneous
distributional) Neumann problem (17), where f is a distribution supported on Ω
and g is a distribution on ∂Ω, if u is supported on Ω and there exists a distribution
u1 on ∂Ω such that

(34) (−∆ + V )u = h− u1 ⊗ δ′∂Ω := f + g ⊗ δ∂Ω − u1 ⊗ δ′∂Ω ,

as distributions on Rn.

By “u supported on Ω” we mean u(φ) = 0 for any φ ∈ C∞c (Rn rΩ), as usual. For
V = 0, the above definition of the solution u is clearly equivalent to the definition
of a weak solution (Definition 2.1). We now make some more comments.

Remark 5.2. (a) If f and g are smooth functions on Ω, respectively ∂Ω, then they
are determined by the knowledge of h := f + g ⊗ δ∂Ω.
(b) The distribution u2 turns out, in fact, to be determined by f , g, and the
condition that the support of u be contained in Ω. (See Theorem 5.5 below.) By
taking u = u0χΩ, we u1 = g recover Roitberg’s notion of solution of the Dirichlet
problem when the data f and g are distributions.
(c) Our approach owes to [19] in that it has transformed the two equations of our
boundary value problem in only one equation (Equation (34)) and the distributions
f and g in one distribution, namely h. However, the domain of our operators are
larger and our conditions stronger than those in [19].
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We shall need the following technical lemmas.

Lemma 5.3. Let V ≥ 0 be a smooth function such that V ≥ 1 outside a compact
set. Then V −∆ : Hr+1(Rn) → Hr−1(Rn) is an isomorphism for any r ∈ R, and
hence (V −∆)−1 is a pseudodifferential operator of order −2.

Proof. Let u ∈ H1(Rn) be such that (V −∆)u = 0 in H−1(Rn). The estimate

(∇u,∇u) + (V u, u) = ((V −∆)u, u) = 0

shows that V −∆ : Hr+1(Rn) → Hr−1(Rn) is injective for r ≥ 0.
The result is well known if V = 1. Let us then write V −∆ = (1−∆)− φ, with

φ = 1− V a function with compact support. Then V −∆ = (I −R)(1−∆), with
R = φ(1 − ∆)−1, and hence R maps Hr−1(Rn) to Hr+1

0 (B), where B is a large
ball. Since the inclusion Hr+1

0 (B) → Hr−1(Rn) is compact, by Rellich’s lemma, we
obtain that R is a compact map Hr−1(Rn) → Hr−1(Rn). We also have that 1−R
is injective, since 1 −∆ and V −∆ are injective. By the Fredholm alternative, it
follows that 1 − R is invertible. This shows that V −∆ : Hr+1(Rn) → Hr−1(Rn)
is an isomorphism for r ≥ 0.

For r ≤ 0, the result follows by taking duals. �

We shall denote by Ω1 := Ω
c

the open complement of (the closure of) Ω.

Lemma 5.4. Let V be as in the previous lemma and v ∈ H1/2−s(Ω1), such that
(V − ∆)v = 0 on Ω1 := Rn r Ω. Then there exists u1 ∈ H−s(∂Ω) = H−s(∂Ω1),
such that v = (V −∆)−1(u1 ⊗ δ′∂Ω) on Ω1.

Proof. Let w = (−∆ + V )−1(φ⊗ δ′∂Ω). Then, for φ smooth enough, the boundary
values w− of w at ∂Ω = ∂Ω1 (approaching non-tangentially from the outside the
domain Ω) are defined and of the form w− = (− 1

2 + K)φ, where K is a pseudodif-
ferential operator of order −1, and hence compact. This is a standard result in the
theory of layer potentials, see [7, 17, 26] for example.

If w− = 0, it follows from the energy estimate

0 = ((−∆ + V )w,w) = (∇w,∇w) + (V w, w)

that w = 0. Consequently, − 1
2 + K is injective. Since − 1

2 + K is also Fredholm
of index zero, if must be an isomorphism. The inverse (− 1

2 + K)−1 is then a
pseudodifferential operator of order zero which will act on any Sobolev space on
∂Ω.

We can take then u1 = (− 1
2 + K)−1/2v−, where v− ∈ H−s(∂Ω) exist by Seeley’s

results (Theorem 7 in [20], used earlier for the Laplace operator, see Theorem
1.8). �

The main goal of this section is to prove the following theorem generalizing
Theorem 1.12.

Theorem 5.5. Let Ω be a smooth, bounded domain in Rn and s > 1. Assume
h := f + g ⊗ δ∂Ω ∈ H−s(Rn). Then Equation (34) has a unique distributional
solution u ∈ H2−s(Rn) and there exists CΩ,s > 0, independent of h, such that

‖u‖H2−s(Ω) ≤ CΩ,s‖h‖H−s(Ω).

Furthermore, u1 ∈ H3/2−s(∂Ω) and ‖u1‖H3/2−s(∂Ω) ≤ C‖h‖H−s(Ω), for some con-
stant C > 0 independent of h.
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Let s > 1/2, g ∈ H1/2−s(∂Ω), and f ∈ H−s(Rn) be a distribution with support
in Ω. Then h := f + g ⊗ δ∂Ω ∈ H−s(Rn) and has support in Ω, so it satisfies the
assumptions of our theorem.

We are ready now to prove Theorem 5.5.

Proof. Choose V ≥ 0 to be a smooth function pn Rn that is equal to 0 in a
neighborhood of Ω and is ≥ 1 outside some big ball.

Let v = (−∆ + V )−1h ∈ H2−s(Rn), which is defined since the inverse map
(V −∆)−1 : H−s(Rn) → H2−s(Rn) is defined and continuous by Lemma 5.3. Then
‖v‖H2−s(Ω) ≤ C‖h‖H−s(Ω), for some constant C > 0. Moreover, (−∆ + V )v = 0
on Ω

c
. Let u1 ∈ H3/2−s(∂Ω) such that v = (−∆ + V )−1(u1 ⊗ δ′∂Ω) on Ω

c
. The

existence of u1 with this property is guaranteed by Lemma 5.4.
Then

u := v − (−∆ + V )−1(u1 ⊗ δ′∂Ω)

has support in Ω and satisfies Equation (34). The norm estimates follow from the
continuity of all the maps involved. �
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[4] I. Babuška, V. Nistor, and N. Tarfulea. Dirichlet boundary value problems with a distribu-
tional data and their numerical solutions. work in progress.

[5] A. Erkip and E. Schrohe. Normal solvability of elliptic boundary value problems on asymp-

totically flat manifolds. J. Funct. Anal., 109:22–51, 1992.
[6] L.C. Evans. Partial differential equations, volume 19 of Graduate Studies in Mathematics.

American Mathematical Society, Providence, RI, 1998.

[7] G. Folland. Introduction to partial differential equations. Princeton University Press, Prince-
ton, NJ, second edition, 1995.

[8] P. Garabedian. Partial differential equations. AMS Chelsea Publishing, Providence, RI, 1998.

Reprint of the 1964 original.
[9] D. Gilbarg and N.S. Trudinger. Elliptic partial differential equations of second order.

Springer-Verlag, Berlin, 1977. Grundlehren der Mathematischen Wissenschaften, Vol. 224.

[10] G. Grubb. Functional calculus of pseudodifferential boundary problems, volume 65 of Progress
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[11] B. Guo and I. Babuška. Regularity of the solutions for elliptic problems on nonsmooth do-
mains in R3. I. Countably normed spaces on polyhedral domains. Proc. Roy. Soc. Edinburgh
Sect. A, 127(1):77–126, 1997.
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18 I BABUŠKA AND V. NISTOR

[15] J.-L. Lions and E. Magenes. Non-homogeneous boundary value problems and applications.
Vol. I. Springer-Verlag, New York, 1972. Translated from the French by P. Kenneth, Die

Grundlehren der mathematischen Wissenschaften, Band 181.
[16] M. Mitrea and V. Nistor. Boundary layer potentials on manifolds with cylindrical ends. ESI

Preprint.

[17] M. Mitrea and M. Taylor. Boundary layer methods for Lipschitz domains in Riemannian
manifolds. J. Funct. Anal., 163(2):181–251, 1999.

[18] Y. Roitberg. Boundary value problems in the spaces of distributions, volume 498 of Mathe-

matics and its Applications. Kluwer Academic Publishers, Dordrecht, 1999. Translated from
the Russian manuscript by Inna Roitberg.

[19] M. Schechter. Negative norms and boundary problems. Ann. of Math. (2), 72:581–593, 1960.

[20] R. Seeley. Singular integrals and boundary value problems. Amer. J. Math., 88:781–809, 1966.
[21] E. Sternberg and W. Koiter. The wedge under a concentrated couple: a paradox in the

two-dimensional theory of elasticity. J. Appl. Mech., 25:575–581, 1958.

[22] E. Straube. Harmonic and analytic functions admitting a distribution boundary value. Ann.
Scuola Norm. Sup. Pisa Cl. Sci. (4), 11(4):559–591, 1984.

[23] R. Strichartz. Analysis of the Laplacian on the complete Riemannian manifold. J. Funct.
Anal., 52(1):48–79, 1983.

[24] M. Taylor. Pseudodifferential operators, volume 34 of Princeton Mathematical Series. Prince-

ton University Press, Princeton, N.J., 1981 xi+452.
[25] M. Taylor. Partial differential equations I, Basic theory, volume 115 of Applied Mathematical

Sciences. Springer-Verlag, New York, 1995.

[26] M. Taylor. Partial differential equations II, Qualitative studies of linear equations, volume
116 of Applied Mathematical Sciences. Springer-Verlag, New York, 1996.

[27] M. Taylor. Tools for PDE, volume 81 of Mathematical Surveys and Monographs. American

Mathematical Society, Providence, RI, 2000. Pseudodifferential operators, paradifferential
operators, and layer potentials.

The University of Texas at Austin, Institute for Computational Engineering and

Sciences, Austin, TX 78712–0027
E-mail address: Babuska@ticam.utexas.edu

Pennsylvania State University, Math. Dept., University Park, PA 16802

E-mail address: nistor@math.psu.edu


