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OPTIMAL CONVERGENCE OF THE ORIGINAL DG METHOD FOR
THE TRANSPORT-REACTION EQUATION ON SPECIAL MESHES

BERNARDO COCKBURN *, BO DONG T, AND JOHNNY GUZMAN 1

Abstract. We show that the approximation given by the original discontinuous Galerkin method
for the transport-reaction equation in d space dimensions is optimal provided the meshes are suitably
chosen: the L2-norm of the error is of order k + 1 when the method uses polynomials of degree k.
These meshes are not necessarily conforming and do not satisfy any uniformity condition; they are
only required to be made of simplexes each of which has a unique outflow face. We also find a new,
element-by-element postprocessing of the derivative in the direction of the flow which superconverges
with order k + 1.
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1. Introduction. We show that the original discontinuous Galerkin (DG) [15,
12], method can approximate in an optimal fashion the solution of the convection-
reaction problem

B-Vu+tcu=f inQ, (1.1a)
u=g onl". (1.1b)

Here  C R? is a polyhedral domain, I'~ := {z € 9Q : 8- n(z) < 0}, and n(z) is the
outward unit normal at the point « € 9§2. The functions f and g are smooth, 3 is a
non-zero constant unit vector and c¢ is a non-negative function in L*°(Q2). Indeed, if
up, denotes the approximation given by the DG method using polynomials of degree
k, we prove that, for a special class of triangulations 2, we have
[w = un |22 () + | P(@pu) = B nun |12 (0,) <Clulgrsa,) h*,

where 0g := (3-V, P is the L2-projection into the finite element space, and 0g,nup is an
approximation to dg u obtained by using an element-by-element postprocessing of uy,.
Note that the above approximation result is optimal for the quantity || u —up [|22(q,)
in the order of convergence in h as well as in the regularity of the exact solution;
the estimate of the quantity || P(Ogu) — dg,nun ||L2(q,) is clearly a superconvergence
result. This has to be contrasted with the estimate for general triangulations

|| U — Up, HLQ(Q;L) + h1/2 || 3gu — 3guh HL?(Qh’) < C | U ‘Hk+1(9h) hk+1/2,
that follows from results obtained back in 1986 in [11].

The mechanisms that induce the loss of h'/? in the order of convergence of the
L2-norm of the error are not very well known yet. In 1988, it was shown [16] that, in
the two-dimensional case, the estimate

|| U — Up, ||L2(Qh) < C | U |Hk+2(Qh) hk+1,
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holds for conforming triangulations obtained by using slabs of parallelograms divided
into two triangles always in the same way. The triangles were chosen so that their
sides are uniformly not aligned with the convection direction 3, that is, so that they
satisfy what we could call the transversality condition

|B-nk|>v>0 ondK, forall K€ Qp, (1.2)

where ny is the outward unit normal of the simplex K and + is a fixed constant. In
1991, the rate of convergence of h**1/2 for || u — uy, || 12(q,) Was shown to be sharp in
[13]; a rigorous proof was given for the case k = 0 and convincing numerical evidence
was shown for the case k = 1, also in the two-dimensional case. As the reader might
expect, in those numerical experiments, triangulations violating the transversality
condition played a central role which lead the author to conjecture that this condition
“may be a natural condition under which to seek improved estimates”. However, a
consequence of our main result is that improved estimates can be obtained even if
the transversality condition is not satisfied in any triangle. Indeed, our improved
estimates hold for triangulations 2;, made of simplexes K satisfying the simple flow
conditions with respect to 3

Each simplex K has a unique outflow face with respect to 3, e};. (1.3a)

Each interior face e}; is included in an inflow face with respect to 3

of another simplex . (1.3b)
We say that the face e of the simplex K is an outflow (inflow) face with respect to
Bif B-nkle > (<) 0. We say that a face is interior if it is not included in 9.
Note that the second condition allows the triangulation to be nonconforming. In two
dimensions, this means that hanging nodes in a simplex K are allowed provided they
are not in its outflow edge; an example of such a triangulation is given in Fig. 1.1.
Note that this triangulation is not uniform or translation invariant. In the Appendix,
we show how to construct triangulations satisfying the flow conditions in any number
of space dimensions.

Fic. 1.1. A triangulation satisfying the flow conditions with 3 = (1,0).
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The main idea behind the devising of these meshes, and the associated analysis
giving rise to optimal error estimates, is a suitable adaptation to the convection-
reaction equation under consideration of the projection (II,P) recently introduced
for the analysis of superconvergent discontinuous Galerkin methods for second-order
elliptic problems in [6]. The first component of such projection, II, was previously
used in the analysis of the so-called minimal-dissipation LDG method for convection-
diffusion problems. Here, we use the second component, P, to render the analysis
of error in u not only extremely simple and optimal but also capable of handling
non-conforming meshes that are not uniform in any way.

Let us emphasize that the role of the special meshes for the construction of the
approximation dg puy, to the directional derivative dgu is not essential for two reasons.
The first is that such an approximation can be defined on any mesh of simplexes. The
second is that, for the general meshes considered in [11], we can obtain the estimate

|| P(agu) — ag’huh HL2(Qh’) S C ‘ u |Hk+1(ﬂh) hk+1/2,
which shows that even in this case, dg rup is a better approximation than dguy.
Postprocessings similar to the one giving rise to dg pu, have been used before in
the context of flow through porous media, [4], in the context of the Navier-Stokes
equations, [7], and in the context of linear elastic incompressible materials, [8]. In all
the above-mentioned references, they have been used to construct exactly divergence-
free approximations to the velocity or exactly divergence-free stresses.

It is interesting to note that, when the triangulations €2}, satisfy the flow conditions
(1.3) with respect to B and with respect to —3, we can obtain error estimates of the
numerical trace Uy, in each outflow face e, namely,

[Pou — Un || -+ (e) < Cle, s)hE | re+1(0,)

for s € [0, k], where Py is the L2-projection into the space of polynomials of degree
at most k on each face, and €. is a suitably chosen subset of Q. In particular, this
implies that the average of 4, on the face e converges to the average of u on that
face with order 2k 4 1. This is the only result of this type in the current available
scientific literature, to the knowledge of the authors.

Finally, we extend our results in two directions. First, we consider approximations
that are polynomials of different degrees on different elements. With the condition
that the degrees of polynomials are non-increasing in the direction of 3, we show that
the estimates of approximations of u and dg pus still hold. Then we consider the
singularly perturbed problem in Q C R?

—eAu+03-Vu+cu=f in§,
u=g ondf.

where 0 < € << 1 is a constant and prove optimal local error estimates for ¢ < h?
on quasi-uniform meshes. We also show that internal numerical layers have width
max(h, €!/2) on triangulations €, that satisfy the flow conditions (1.3) with respect
to both @ and —@3. This improves the best known result of h'/2; see [10]. A similar
result for the streamline-diffusion method is contained in [14].

The paper is organized as follows. In section 2 we state and prove our main
results. In section 3, we extend our results to variable-degree versions of the method;
we show the results for the singularly perturbed problem. We end in Section 4 with
some concluding remarks.
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2. The main results.

2.1. The DG method. Suppose we have a family of triangulations {Q,} of
) satisfying the flow conditions (1.3). To each triangulation €, we associate the
number h = supgcq, hx, where h = diam(K), and the finite-dimensional space
th which is composed of functions that are polynomials of degree at most k on each
simplex K € Q.

The DG approximation u, € V¥ of the solution of (1.1) solves

B(up,vn) =(f,vn)oq, — (g,vn B -n)p-, forallv, € Vf, (2.1a)
where
B(w,v) = — (w,0gv)q, + (W,v3- n>39h\pf + (cw,v)q,, (2.1b)

for any w,v in H'(Q4). Notice that we only need to define the numerical trace ¥ on

faces that are not parallel to the direction 8 and do not belong to the inflow part of
the boundary I'”. Therefore, the numerical trace of a function v on a simplex K for
such faces e is given by

vi=vT, (2.1c)
where v*(2) = limg|o v(z £ §3) where z € e. We are using the notation

(0,0)0, = Y /K o() v(@)ds,  (Gwa, = 3 /K (@) wiz) da,

KeQy, KeQy,

<<7 v- n>39h = Z - C(’Y) 0(7) ‘ndy,

KeQy,

for any functions o, v in H*(Q,) := [H'(Q,)]? and ¢,w in H'(Q). The outward
normal unit vector to K is denoted by n.

Notice that the exact solution u of (1.1) also satisfies the weak formulation (2.1),
so we have the error equation

B(u —up,vp) =0 for all v, € VjF. (2.2)

2.2. The approximation of u. To state our result on the approximation of wu,
we need to introduce a special projection, P, defined on triangulations €2, satisfying
the flow condition (1.3a). The function Pu € V) restricted to K € Qy, is given by

(Pu — u,v) g = 0, for all v € P*1(K) (2.3a)
(Pu —u,w) .+ =0, for all w € P*(ef), (2.3b)
The following lemma was proved in [6].

LEMMA 2.1. If the triangulation Qy, satisfies the flow condition (1.3a), the pro-
jection P given by (2.3) is well defined. Moreover, on each simplex K € Q, we have

||IP’u—u||Lz(K) < Chk+1|u|Hk+1(K), (2.4)

where C' only depends on k and the shape regularity of the simplex K.
Now we can state our first error estimate.
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THEOREM 2.2. If Qy, satisfies the flow conditions (1.3), the error between uy,
given by the discontinuous Galerkin method (2.1) and the exact solution u of the
equations (1.1) is bounded as follows:

[Py —unll2(0,) < Clle(u —Pu)l[r2(0,)-
In particular, if c =0 then
up, = Pu.
Note that, after a straightforward application of the triangle inequality, we get
||’LL - uh||L2(Qh) < ||U - IP)’u'HLr"(Qh) + CHC(U - PU)HLQ(Qh),
and hence, by the approximation property of the projection P, (2.4), we have that
lu—unlL2(,) < Clulgrsa,

whenever u € H**1(Q,), as claimed in the Introduction.
Proof. Set E = uj, —Pu. By the error equation (2.2), we have that for all v € th,

3
B(E,v) =B(u — Pu,v) = Z T;,
i=1
where, by definition of the bilinear form B(,-), (2.1b),
T, = — (u—Pu,dgv)q,,

Ty =(i — Pu,v - n) 50\~ ;
T3 =(c(u — Pu),v)q,.

Now, by the definition of the projection P, (2.3a),
T, =0.
Moreover, by the definition of the numerical trace ﬂ,(?.lc),

Ty =(u — Pu,v B - n)oq,\r-

= Z (u—=Pu, (v —v")B-n) +
KeQy, :
—0

by the definition of the projection P, (2.3b), and by the fact that, by the second flow
condition (1.3b), (v— — v+)\e}+< € P*(e}.). Therefore, we have that

B(E,v) =(c(u — Pu),v)q, forallve V¥,
and, by the stability result of Theorem 2.1 in [11], we obtain

IE[z2(0,) <Cllc(u—Pu)|[2(q,),

for h sufficiently small. This completes the proof. O
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2.3. Post-processing: The approximation to dgu. Next we show how to
post-process uy, in order to get a superconvergent approximation of dgu. To this end,
for each simplex K we define q;, € P*(K) @ x P*(K) to be the solution of

(g, — Bup,v)k =0, for all v € P*H(K) (2.5a)
((g, — BAn) -n,w). =0, for all w € P¥(e), for all faces e of K, (2.5b)

where A\, = Pyg on I'™ and A, = Uy, otherwise. The existence and uniqueness of g,
is well known; see, for example, [5]. We then define

Og,pup ==V - qy in €y,.

We can now state the error estimate between dg pup and dgu.
THEOREM 2.3. If Q, is an arbitrary triangulation of 2, then

108,nun — P(9gu)lL2(0,) < Clle(u — un)llL2(0,)-
In particular, if c =0 then
8g’huh = P(a@u).

Here P is the L*-projection into V}{“.
We can thus see that, if we use the estimates for arbitrary triangulations €,
obtained in [11], we obtain

| P(8pw) — Og.nun |2y < C e q,) B2,

and if, we assume that €0, satisfies the flow conditions (1.3), we obtain, by Theorem
2.2,

| P(9gu) — dg,nun |l r2(0n) < Clulgeri(g,) K,

as claimed in the Introduction. This implies that, if w is smooth enough, ||dgu —
dg.nun || r2(0,) is of order h*+1/2 for arbitrary meshes and of order h**! for the special
meshes under consideration.

Proof. For v € V¥ we have

(9p,nun — P(9pu),v)q, =(V - q), — dpu,v)q,
=~ (qy, Vv)q, + (g, - n,v)aq, — (9pu,v)q,
= (qh> vv)ﬂh, + <qh ' n, v>3ﬂh - (f, U)Qh + (C’LL, 'U)Qh,,

by the definition of the exact solution u of (1.1a). By the definition of g;, (2.5),
(Og,nun = P(9pu), v)a, = = (un, dpv)a, + (Un,vB-n)g,\r- + (9,08 - n)r-

- (f7 U)Qh + (CU, v)Qh

:(C (U' - uh)7 U)th

by the definition of the approximate solution up, (2.1). The proof is complete once
we take v = Jg pun, — P(9gu). O
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2.4. The approximation of the numerical trace u; on outflow faces. To
state the approximation result, let us introduce some notation. We are going to use
the following negative-order norm

(¥, @)e
Y lrr-s(e) i=  sup —DFle (2.6)
€ eew(e) 12 o)

where e is the outflow face of the simplex K € €. To this face, we associate the
subset of 2}, defined by

Qe :={K € Qp, : Vz € K, there is 9 € e and t > 0, such that x = xo — Gt}.

THEOREM 2.4. If Qp is a triangulation of Q satisfying the flow conditions (1.3),
with respect to B and —B3. Then on any outflow face e

||P3U — ﬂh”H*S(e) S C(C, S)hk+s+1| u ‘H)H'l(Qe)?

for s €10, k], where C(c, s) := C([|cllymaxta=1,01.00(0,)) ||C||%M(Qe)/‘ B-n.l|. In partic-
ular, if c =0 then

Pau = ah.

Note that the condition of the triangulation 2 implies that each simplex K has
exactly one outflow face e; and one inflow face ey. It also implies that the outflow
face e lies on Q \ I'~ or coincides with an inflow face, and that ey lies on I'~ or
coincides with an outflow face.

This result implies, in particular, that the average of the numerical trace u; on
each outflow face e converges to the average of the exact solution u on that face with
order 2k + 1 for general ¢ and with order 2k + 2 in the case ¢ = 0. To see this, let us
begin by noting that if T € H**!(e), we have that

(Up, —u, Ve =(Up — Pou, T)e + (Pou — u, 1),
=<ﬂh — Pau7 T>e + <P3U, —u, T — P@T>e,

and so
| (@n — u, T)e | < CR2FHL,
where
C = Cle,s) | ulmrri) | T llaerie) + Chlu|grsiey | T [ mreae).

The claim follows by simply taking T = 1.

Let us emphasize that the order of convergence of the approximation of linear
functionals of the form (u, Y)so\r- can be proven to be of order 2k + 1; see [1] for
the case ¢ = 0 and T = 1. This result holds for functions Y that are independent of
the mesh; as a consequence, T cannot be taken to have support in a single element
face. To the knowledge of the authors, Theorem 2.4 is the only result that allows this.

Next, we give a proof of the result. To do that, we need to introduce some
notation. A glance to the definition of the negative-order norm || - [|g-+(q,), (2.6),
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suggests that, to estimate ||[Ppu — up|| -+ (c), We need to introduce the corresponding
dual problem, namely,

—B-VY+cipy=0 1inQ,, (2.7a)
Y=¢/B-n one, (2.7b)

whose exact solution is
Y(@(t) = pzo)e™ Jo =I5,

where x(t) = xo — Bt. Hence, if we assume that ¢ € W™ax{s=1.0}20(Q) ) and that
Y € H%(Q,) for some s > 0, then we have

[Vl as ) < Cllellus /B n, (2.8)

where C' = C(|[c|lyymaxts-1.0).% (0,))-

We are going to use two auxiliary projections. We set P* := P which is defined
in (2.3), and let P~ be the projection which satisfies (2.3a) and imposes (2.3b) on
ey instead of e}. Finally, we note that, by using the projections P and Py, we can
rewrite the error equation (2.2) as

—(P*u — up, dgv)q, + (Pou — Up,v B - n)sor- + (c(u—up),v)o, = 0. (2.9)

We are now ready to prove Theorem 2.4.
Proof. To prove this result, we begin by noting that

<P8u - aha ¢>€ :<P6u - ah) ¢/8 : n>e7
by the boundary condition of the dual problem, (2.7b), and that

(Pou — tn, p)e =(Pou — Un, B - n)so \r-,

by our assumptions on the triangulation 2. Then

(Pou — tn, p)e =(Pou — Up, (v —P~¢) B - n)aa.\r-
+ (Pou —up, P~ B - n)sa.\r-,

and, by the error equation (2.9) with v := P~ ¢,

(Pou — Up, p)e =(Pou — Up, (Y — P~ 9) B - n)ag \r-
+ (Ptu — up, 98P~ ¢Y)q,
= (c(u—un), P ¢)q,
=(Pou —up, (v — P~ %) B-n)so, \r-
+ (PYu — up, 98P~ Y,
— (c(PTu—up),P"¢)o,
—(c(u—Pru),P e)q,.
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Hence, by the dual equation, (2.7a),

(Pou — tn, p)e =(Pou — Un, (¥ =P~ ¢) B n)aq.\r-
+ (Pru — up, 9p(P~¢ — ),
— (c(PTu—up), P e —)q,
— (c(u—Pru),P 9)q,

4
::ZTi.
i=1

Let us estimate the terms 7;,¢ = 1,2, 3,4. We begin by showing that 77 +75 = 0.
After a simple integration by parts, we get that

Ty =— (Ptu—up, (v —P ) B-n)oq, + (0P u—up), v — P 9)q,
=— (Ptu—w, (¥ =P %) B n)oaq,,

by the orthogonality property of the projection P, (2.3a). Hence,
Ty + Ty =(Pou —Up, (v —P~¢) B-n)go\r- — (PTu—up, (¥ —P7¢) B-n)aq,
=0

since, by the definition of Pt and 7y, we have that Pyu = Ptu and uj, = up, on any
outflow face, and since, by the definition of P~, we have that

(w,(p =P ) B-n): =0 VYw e P*(e),

on any inflow face €.

It remains to estimate T3 and T;. The estimate of T3 follows after a straight-
forward application of Cauchy-Schwarz inequality, the estimate of Theorem 2.2, the
approximation property of the projection P~, (2.4), the stability estimate (2.8). In-
deed, we easily get that

Ty < Cle,s) BT | g ) 1l 1 (o)

for s € [0,k + 1]. Let us estimate Ty. If we denote by P*~! be the L2-projection onto
thfl, we have that

Ty =(c(u—Pru), vy =P ¢)g, — (u—Pru,cp)q,
=(c(u—Pru), —P ), — (u—Pru,cp — P Leap)q,,

by the orthogonality property of the projection P*, (2.3a). Then we get
Ty <Cle, 5) R0l ooy | [ e

for s € [0, k], by the approximation properties of the projections P, P~ and P*~1,
and the stability estimate (2.8). This completes the proof. O
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3. Extensions.

3.1. The variable-degree DG method. The variable-degree DG approxima-
tion uy belongs to the finite dimensional space th which is given by

Vi = {v e L*(Q),v]x € PFIO(K), VK € O},

where k = {k(K), VK € Q}.

The definition of P can easily be generalized for the variable-degree space. We
define Pu € V}* using the definition of the previous section but with the space P*~1(K)
replaced with PFF)=1(K) and the space P*(e}.) replaced with P (e}).

We need to impose a condition on the space th:

k(K) > k(K') whenever ef; C ex.. (3.1)

The following result can be proven in the same way as Theorem 2.2.

THEOREM 3.1. Let up € th be the variable degree DG approximation given by
(2.1) with V}¥ replaced with ViE. If Q) satisfies the flow conditions (1.3) with respect
to 8 and ViF satisfies the condition of the polynomial degrees (3.1), then the results of
Theorem 2.2 hold for the variable-degree DG method.

3.2. Singularly Perturbed Problem. We present local error estimates of a
DG method for the following singular perturbed problem in  C R?

—eAu+B-Vu+cu=f inQ, (3.2a)
u=g ond. (3.2b)

We use the interior penalty method to discretize the viscosity term —eAuw, see [2] and
[9]. Any other DG method which is consistent and stable could be used to discretize
this term, see [3].

Thus, the DG approximation uj, € V¥, where k > 1, of (3.2) solves

eA(un,vp) + Bup,vp) = F(vy,) for all v, € ViF, (3.3)
where
Aw,v) = (Vw, Vo), — > ({Ve}, [v])e + ({ Vo), [w])e — %([[w]], [v])e),
ecéy
F(v) = (f,v)a, + (9,98 n)sa + (Vv -n,g)aq — €%<97U>BQ-

The set €y, is the collection of edges of the triangulation 2. The parameter 7 is large
enough in order to ensure stability.

The average {-} and jump [-] operators are defined as follows. For an interior
edge e, we set

1

{q}: 5(‘11""12)’ HQ]] =4q; -n1+4g,- ne,
1

{e} = 5(901 + 2), [e] = p1m1 + pana,

where e = K1 N Ka,q, = qlk,, pi = ¢|k, and n; is the exterior unit normal to
K;, 1 =1,2. For a boundary edge e, we set

{a} =a [pl=¢n
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where n is the outward unit normal. The quantities [g] and {»} on boundary edges
are not required, so they are left undefined.

In order to state the result we need to introduce a proper weight function. For
simplicity we assume 8 = (1,0). Accordingly, we set, for fixed z¢, y; and ys,

Qo = ((—o0,z0] x [y1,2]) N,

and construct a function w satisfying

C1 S w(x,y) < Oy, for (2,y) € Qo,
lw(z,y)| < Cype~@=20)/Mp, for x > xg + h,
w(z,y)| < Coe™W7v2)/Me, for y >y, + b,
lw(z,y)| < Cpe~Wr—v)/Ma fory <y; — h.

Here p > 0, 0 > 0 are parameters that will depend on the mesh size h and €. We say
that p is the size of the upwind layer and o is the size of the crosswind layer. The
positive constants Cp, Cy and M are fixed.

THEOREM 3.2. We assume € < h and that our mesh is quasi-uniform. If Qp
satisfies the flow conditions (1.3) with respect to 3. Then the error between uyp, given
by (3.3) and u given by (3.2) is

1/2

€
lw(u = un)|l2) < C((A + T)HW(U — Pu)||z2() + €2 |wV (u — Pu)| 120y

—|—h61/2|\wD2(u —Pu)|z20,))

where w is given above with p = log(%)h, o =h'? and K is a sufficiently large fized
constant. Moreover, if Qp, also satisfies the flow conditions (1.3) with respect to —[3,
then we can choose o = max(e'/? h).

We immediately get optimal weighted error estimates if ¢ < h2. The size of the
crosswind layer o is typically o = h'/2 for general triangulations; see [10]. However,
we see that the size of the crosswind layer is reduced to o = h if the flow conditions
(1.3) for both B and —3 are satisfied. This is exactly the result that was obtained for
the streamline diffusion method in [14]. However, in [14] an almost uniform mesh con-
dition was needed whereas for our results we only assume quasi-uniformity. Moreover,
our results also hold for high-order elements.

The proof of Theorem 3.2 is very similar to the proof of the local estimates given
in [10]. However, instead of using the L2-projection one must use the projections
P = P+ and P~ used in this paper.

4. Concluding remarks. This paper contains the first instance in which the
approximation error || u —up, || 12(q,), Where u is the solution of the transport-reaction
equation and wup is given by the original DG method, is proven to be optimal in the
mesh size h and in the regularity of the exact solution. Unexpectedly, this happens
with meshes whose main feature is to be, roughly speaking, aligned with the flow.

The fact that the direction of the flow 3 is a constant and the use of simplexes
to define the triangulations €25, seem to play a major role in the result. The case of
variable 3 and simplexes with curved boundaries is the subject of ongoing research.

Appendix: The construction of triangulations satisfying the flow con-
ditions. Let us show that it is always possible to construct a triangulation of the
domain © C R? satisfying the flow conditions (1.3).
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Fic. 4.1. Detail of the construction of a 3D triangulation satisfying the flow conditions.

We can do this as follows. First, we triangulate the inflow border of 2, I'~, by
using (d — 1)-dimensional simplexes T'; let I, := {T'} be such a triangulation. Next,
for each T, we construct the d—dimensional prism

Tr=Tad{AB: AeR}HNQ,

which we are going to triangulate by using conforming d-dimensional simplexes. Note
that the triangulations of the prisms are completely independent of each other since
no conformity between them is required thanks to the flow conditions 1.3.

To triangulate the prism T, we only have to show that, if T and T” are two (d—1)-
dimensional simplexes whose vertices are on the border of Tr, we can triangulate the
convex hull of T and T', CH (T, T"), by using exactly d d-dimensional simplexes each
of which has one inflow and one outflow face. Those simplexes are CH(T;_1,T;),
i=1,...,d, where the (d — 1)-dimensional simplexes T;, i = 0,...,d, are constructed
in such a way that Ty := T, Ty := T’, and, assuming that 7" is an inflow face, that
T;_1 is the only inflow face of the simplex CH(T;_1,T;) and T; is the only outflow
face of the simplex CH(T;_1,T;).

If we identify the (d — 1)-dimensional simplex T; with its set of vertices, {2}
it is not difficult to see that we can take

d
j:la

gl 2 d—2 _d—1 _d
To ={zg, x5, ..., x5, x5, )
ol 2 d—2 _d—1 _d
T ={xy, g5, - .-, Ty Xy, Tgls
gl 2 d—2 _d—1 _d
Ty ={xg, xg,..., x5 Ty, Tg),
ol 2 d—2 _d—1 _d
T3 ={xy, zg,..., x5 Ty , TG},
a1 2 d—2 _d-1 _.d
To={xy,xy, ..., x5 " x5, g},

respectively. An example of this construction is illustrated in the Fig. 4.1.
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