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ON GLOBAL EXISTENCE OF SOLUTIONS TO A
CROSS-DIFFUSION SYSTEM

PHAN VAN TUOC

ABSTRACT. We consider a strongly coupled nonlinear parabolic system which
arises in population dynamics in n—dimensional domains (n > 1). We prove
the global existence of classical solutions to the system for n < 10.

1. INTRODUCTION.

Modeling spatial segregation phenomena of competing species in population dy-
namics, Shigesada, Kawasaki and Teramoto proposed [17] in 1979 to study some
nonlinear parabolic systems which include the following problem

ug = di1A[(14+ av + yu)u] + u(a; — bju — c1v)  in Qr,

vy =doAl(1 4+ dv + Bu)v] + v(as — bou — cv)  in Qr,
(1.1)

ou _31}_0

5 = o0 = on S,

u( x,0) =wuo(x) >0, v(x,0)=wve(x) >0 in Q,
where  is a bounded domain in R" (for n € N) with smooth boundary 052,
n_o 92
T is a positive number, Qr = Q x [0,T), Sr = 0Q x [0,T), A = ZW is
i=1 "
the Laplacian, 9/0v denotes the directional derivative along the outward normal
on 990, a;,b;,ci,d; (i = 1,2) are given positive constants and «,~,d, 8 are non-
negative constants. In the system (1.1) u and v are non-negative functions which
represent population densities of two competing species, d; and ds are respectively
their diffusion rates. Parameters a; and as are intrinsic growth rates, by and co are
coeflicients for intra-specific competitions, by and ¢y are coefficients for inter-specific
competitions. Parameters «v and ¢ are usually called self-diffusion rates, and o and
0 are called cross-diffusion rates. The homogeneous Neumann boundary condition
means there is no migration crossing the boundary 92. When a =~ =9§ = =0,
(1.1) reduces to the well-known Lotka-Volterra competition-diffusion system.
Mathematically, the problem (1.1) has received a lot of attention. Local existence
(in time) of solutions to (1.1) was established by Amann in a series of important
papers [1], [2], [3]. His results can be summarized as follows.
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Theorem 1.1. Assume that ug,vo are in W, (2) for some p > n. The system (1.3)
has a unique non-negative smooth solution u(x,t),v(z,t) in C((0,T), W, () N
C>((0,T),C%(2)) with mazimal existence time T. Moreover, if the solution (u,v)
satisfies the estimate

(1.2) sup ||u(.,t)||W;(Q) < oo and sup ||’U(.,t)||W;(gl) < 00,
0<t<T 0<t<T

then T = oo.

However, little is known about global existence of solutions to (1.1). In partic-
ular, when « or 3 is positive, (1.1) is a strongly coupled parabolic system which
occurs frequently in biological and chemical models and it is very difficult to ana-
lyze. In 1984, Kim [9] proved the global existence of classical solutions to (1.1) for
n=1d =ds, a > 0,0 >0and v =3 = 0. Recently, Shim [18] improved
Kim’s results and established uniform bounds of solutions by using a different
method. When n = 2, Yagi [19] showed that (1.1) possesses a global solution
if either 8y > o > 0 and 8 > 3 > O orelse d = 3 = 0 and v > 0. For any
dimension n, under the smallness condition on the cross-diffusion pressures «, 5 or
initial values ug, vo, Deuring [8] established the global existence of solutions to (1.1)
when v = § = 0. For further recent results on global existence of the full system
(1.1) with any n and various conditions on coefficients, one can see [11] and [14].

In this paper, we are specially interested in global existence of solutions to (1.1)
when § = 0. Precisely, we shall prove the global existence of solutions to the
following system of equations

g =d1 A1+ av +yuw)ul + wlar — biu—civ)  in Qp,

ve = doA[(1 4 0v)v] + v(az — bau — cav) in Qr,
(1.3)

Gu =Jv=0 on Sr,

u( z,0)=wup(z) >0, ov(z,0) =ve(x) >0 in Q.

Using the LP-estimates, Lou, Ni and Wu established in 1998 [15] global existence
of solutions to (1.3) for n = 1,2 with v > 0, & > 0 and § > 0. In 2003, 2004 Choi,
Lui and Yamada considered the problem and they obtained some results on the
global existence of the solutions to (1.3) in [5], [6]. Their results, however, have the
restriction n < 6 when § > 0. Independently from [6], D. Le, L. Nguyen and T.
Nguyen used the semi-group techniques and obtained global attractor and global
existence results of (1.3) [13]. These results also have the restriction n < 6.

In another approach, Le and Nguyen constructed a special test function for (1.3)
and obtained a global existence result with any n [12]. Their result, however, has
some various restrictions on the coefficients of (1.3). Recently, by a non-trivial
application of maximum principle (see [16]), we improved the results of Le and
Nguyen. Our result in [16] also has some restrictions on the coefficients of (1.3).

Here, we would like to remark that the equation of u can be written as

u =di1V - [(1 4+ av + 2vu)Vu + auVo] + u(as — biu — c1v).

Therefore, to establish the LP-estimates of u, it is vital to understand the regularity
of Vu. However, it is not an easy task to obtain the LP-estimates of Vv directly from
the second equation of (1.3) since this equation also depends on u. To overcome
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this difficulty, these authors mentioned above used Sobolev embedding theorems.
Therefore, they were only able to construct the global existence results for low n.
It is then an open and interesting question to understand the problem for higher n.

In this paper, we first establish a result on LP-estimates of gradients of solutions
to a class of nonlinear parabolic equations. This result enables us to obtain the
L*-estimate of Vv directly from the equation of v. Then, by an iteration method,
we show that u is in L" for any » > 1 when n < 10. The global existence of the
solutions then follows. More importantly, our result on LP-estimates of gradients of
solutions to non-linear parabolic equations is a topic of independent interests and
we believe that it may have other applications. The results on the global existence
of the system (1.3) is summarized as the following theorem.

Theorem 1.2. Assume that v > 0 and n < 10. Assume also that ug > 0, vo > 0
satisfy zero Neumann boundary conditions and belong to C**N(Q) for some A > 0.
Then (1.3) possesses a unique non-negative solution u,v € C*TMCHN/2(Q x [0, 00)).

The paper is organized as follows. In Section 1, we introduce our main result.
The LP-estimates of gradients of solutions to a class nonlinear parabolic equations
and some useful results will be presented in Section 2. In Section 3, we establish
L"-estimates of the solution u of (1.3) and in the last Section we give a proof of
Theorem 1.2.

2. PRELIMINARY RESULTS

Let p > 1 be any arbitrary number. Throughout this paper, g € W, (2) means
g and Vg are in LP(Q) and g € W2'(Qr) means g, g;, ga,, go,z, are in LP(Qr) for
1,7 = 1,2...n with norm

9llwz1(op = 9llzo@r) +119ellLr@ry + IVl Lr@r) + IV29llr(@r)-
In addition, for any function g on Qr, we say ¢ in Va(Qr) if the following norm is
finite
||g||V2(QT) = Ssup ||9(-,t)||L2(Q) + ||VQ||L2(QT)-
0<t<T
Let a(z,t,£) be continuous and (z, £)-differentiable, where (z,¢,€) € Qr x R.
Assume also that a(z,t,£) satisfies the following conditions

(i) There is d > 0 such that a(z,t,£) > d and ag(z,t,£) > 0 for all (z,t) € Qr
and ¢ in R.

(ii) There is a continuous function M on R such that a(x,t,&) < M(€), for all
(:I;v t) € QT-

(iii) For any bounded measurable function g on Qr, |az(.,., g(.,.))| isin L??(Q7),
where a, = (ag,, gy, -y Az, )-

We then introducing the following proposition which will be used in the next sec-
tions.

Proposition 2.1. Assume that w € W2H(Qp) N C*H(Q x [0,T)) is a bounded
function satisfying

(2.1) wy < alx,t,w)Aw + f(x,t) in Qr,

with boundary condition Z—w < 0 on S, where f € LP(Qr). Then, Vw is in
v
L*(Qr).
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Proof. By replacing a(az,t,ianw + &) for a(z,t,£), and w — ianw for w, we can
T T

assume that w > 0. For any fixed 0 < ¢t < T, multiplying (2.1) by w|Vw|>®~1) and
integrating the result over €2, we have

/wtw|Vw|2(p_1)dx§/Aw(aw|Vw|2(p_1))d:v+/fw|Vw|2(p_1)dx
Q Q Q
3}
S/ aw|Vw|2(p_1)—w—/Vw-V(aw|Vw|2(p_l))da:
o9 v Q

+/ fw|Vw*P~Ddy
Q

< _/alvw|2pd$€—/wVw-V(a|Vw|2(p_l))dx
Q Q
+/fw|Vw|2(p_1)d;p
Q
<—d [ [Vufrds [ weelVulrds — [ wlVuPe V0. o,ds
Q Q Q
- [ waVu - V(VuPe Do+ [ fulvule Vs
Q Q
<

—d |Vw|2pdac+/w|Vw|2p71|am|dx
Q Q

+2(p-1) Z /Q wa|Vw|2(p71)|wmﬂj|d:E—|—/Qw|f||Vw|2(p*1)dw

3,5=1

Since w is bounded, we can find a constant C; > 0 such that
d | |Vw[*dz < Cy [/ |wt||vw|2<f’*1>d;c+/ |Vw|?~ Y a, |dx
Q Q Q

(2.2) + Z/|Vw|2(p71)|wzim].|d:zr+/|f||Vw|2(p*1)d:1:
Q Q

i,j=1

Using the Young’s inequality, we can find a constant Co > 0 such that
d
|wi|[VwPP™D < = |Vw[* + Coluwy?,
8C4

d
[Vw|*Ha,| < @Wwﬁp + Calaq|*,
1

n - d n
Z |V’LU|2(p 1)|wwim]~| < 8—611|vw|2p +C2 Z |w13i$j|p7

=1 ij=1
d
FIVwE= < == Vwl + G| fIF.
8Ch
Therefore, (2.2) becomes
d
3 [ 9w < G0 [0l + s (o

(23) HIF GO By + 1wt ) o]
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Integrating (2.3) inequality with respect to ¢ from 0 to T, we obtain

@4) [ [Vulrdudt < C [lullys g, + Ingr +lasts )y

T

where C' > 0 is a constant depending on sup w and a. From the hypotheses of the
lemma, we get the desired result. O

Following the proof of Proposition 2.1, we see that the same result also holds
for parabolic equations in divergence forms. We state this claim in the following
remark.

Remark 2.1. Assume that w € W2 (Qr) N C**(Q x [0,T)) is a bounded solution
of the following equation

(2.5) wy = Djfaij(z,t)Djw] + f(z,t) in Qr,
with boundary condition
[viai; Djwlw <0 on Sr,
where f € LP(Qr) and a;; are measurable, bounded functions and there is a fized
constant d > 0 such that

aij(xvt)&gj > d|€|27 N 5 = (515 7671) € an v (Iat) S QT'
Then, Vw is in L?P(Qr).

Now, we recall the following known results which are going to be used in the
next sections.

Lemma 2.1 (Lemma 2.4 [6]). Let ¢ > 1, ¢ = 2+ 4q/n(q + 1), 3 be in (0,1)
and let Cp > 0 be any number which may depend on T'. Then there is a constant
M, depending on q,n,Q, 3 and Cr such that for any g in C([0,T), W4 (Q)) with
(Jo lg(., H)|Pdx)YP < Cr for all t € [0,T), we have the following inequality

n 2
gllLa@r) < M {1+ (OiltlET||g(.,t)||L2q/(q+1>(Q))4q/ @1 |g|| 750 }

Lemma 2.2 (Theorem 9.1 [10] p.341-342 and its remark on p. 351.). Let3 < ¢ < o©
and w be a solution of the equation

wy — C_Lij(iZ?, t)lf)xix]. = h(:E, t), (:E,t) € Qr
(2.6) 9u — 0, re 00t >0,

w(x,0) = wo(zx) x €,
where T < 0o and @;; are bounded continuous functions on Q1 satisfying
M < ag&ig; < AJ¢f?,ve e R,
where A\, A are positive constants. Suppose h € L1(Qr). Then there exists a con-
stant ¢q depending on the bounds of {ai;(x,t)}ij=1,.m, A, A, Q, T and q such that
(2.7) 18121 () < €a (I1Pllzoc@r) + olly2-2ragy )
where the constant ¢, remains bounded for finite values of T and wo(x) satisfies the

compatibility condition ZY0 _ 0 on 9.

ov
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3. L"-ESTIMATES FOR u.

Let T = Tmax, where Tmax is as in Theorem 1.1. Assume by contradiction that
T < oo. First, we introduce the following lemma.

Lemma 3.1. There exists a constant C1(T) > 0 such that
IVollLa@r) < Ci(T).

Proof. Let w; = (1 + dv)v. By using the maximum principle to the equation of v,
we see that v is bounded. Therefore, w; is also bounded. By Lemma 2.2 [6], we
have w; € W22 ’1(QT). Moreover, simple calculation shows that w satisfies

wyy < do(1 + 26v)Awy + (1 4 20v)v
= dov/1 + 40w Awy + (1 + 26v)v.
Applying Proposition 2.1 with p = 2,a(z,t,£) = do/1+40¢, f(x,t) = (1 +
26v(z,t))v(x,t), we obtain the desired result. O

2
Lemma 3.2. Let r > 2 and p, = —T2 be two positive numbers. Assume that
r—

v > 0 and assume also that there is a constant M, v > 0 depending only on r, T,
and the coefficients of (1.8) such that

[[Vollr o) < My 7.
Then for any q > 1, there exists a constant C(r,q,T) > 0 such that

B Nul Ol oy + IV@)Zaq, + IV @ TTV2)]2aq,)

< C(r,q,T) <1+||u||‘J;i(q1 ) Vi e [0,7).
=5 Q)

t

Proof. For any constant ¢ > 1, multiplying the equation of u in (1.3) by qui~—! and
using the integration by parts, we obtain

% /Q uwldr = q/Q u? H{di Al(1 + av + yu)u] + u(ay — biu — cyv) }dz
= qd; /Quqfl{v 1+ av 4 2yu)Vu] + oV - [uVo]}de
+ q/Quq(al —biu— cpv)dx
=—q(q—1d;y /Q u? (1 + aw + 2vyu)|Vu|*dx
—(q¢— l)dla/QV(uq) -Vou + q/ ul(a; — byu — crv)dx

Q

(3.2) < —q(qg—1)dy / u?™2 (1 + 2yu)|Vu|*dz
Q

—(q— l)dla/ V(u?) - Vv + q/ ul(ay — byu — cyv)dz.
Q Q
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Integrating (3.2) from 0 to ¢ we get

/u(:v, t)4dz — / uo(z)?dx + q(qg — 1)dy / u? (1 + 2yu)|Vu|?dzds
Q Q

(3.3) < —(¢- l)dla/ V(u?) Vv + q/Q ul(a; — bu — c1v)

Since,

q a—2 ql_q+1 q*

V(u?) = §uTVu, Viu=z)= 5 2 Vu.

We see that (3.3) is equivalent to

—1 8vq(qg—1
R

/ ul(z, t)dx + 4dy g
Q

—(q— l)dla/ V) Vo + q/ ul(ay —byu — c1v) + [ wo(x)?.
t t Q

On the other hand, using Hélder’s inequality, we have

q/ ul(a; —byu — cv) < —qbl/ uq+1d:cds—|—qa1/ uldrds
< —qb1||u||Lq+1 @ T qa1|QT|1/(q+l)||U||%q+1(Qt)
< ¢ Vt e [0,T),

where ¢ is a finite constant which depends only on T, ¢, || and the coefficients
ay,by of (1.3). Therefore, there is a constant Cy(¢,T) > 0 depending on ¢, T,
coefficients of (1.3) and initial data ug such that

—1 —1
/uq(w,t)+4d1q / T @sl2)? 18y 1 3/ |V (@22
Q + Q.

(¢+1)
(3.4) < —(q- 1)d1a/ V(u) Vo + Cr(q,T), ¥ t € [0,T).

. 1 1 1 . . A .
Since that - + 3 + — =1and Vuvisin L"(Qr), using the Holder’s inequality, we
have

|/ V(u?)Vu| = q+1 ‘/ (@=1/2g (4(@+D/2)ydrds
1)/2 n
< Ll IV @) 1902 @)
2q (a—1) /2 +1)/2
<2 (n
S rllull o=y @ IV (u MLz
2€quT quT

35 < s V (n+1)/2 2 q—
85 < TR g, + g g
for any € > 0. From (3.4), (3.5) and by choosing a sufficiently small €, we get (3.1).
This completes the proof of the lemma. O

Next, for any number a, we denote a4 = max{a,0}. Then, we have the following
lemma.
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Lemma 3.3. Assume that v > 0. Then there is a constant Co(T) > 0 such that
4(n+1)

, there is positive
(n—2)+

l[ullvy(@ry) < Ca(T). Moreover, for any constant r <

constant C,. 1 such that ||ul[pr@.) < Cr 1.

Proof. For any ¢ > 1, we define w := u(9t1)/2, Also, we introduce

E = sup /uq(a:,t)d:c—l—/ |V (w92 2dzdt
0<t<T JQ T

= sup /wQQ/(q“)dfc—i-/ |Vw|dadt.
0<t<T JQ Qr

Let 1o = 4, po = Ti% By Lemma 3.1, we see that Vv is in L™(Qr). So, from

Lemma 3.2, we have

2(¢g—1)

(3.6) E + ||V(Uq/2)||2L2(QT) < C(ro,q,T) (1 +wl| %y ) ,
L at1 (QT)

for some constant C(rg,q,T) > 0 depending only on T, (2, initial data wug,vo and
the coefficients of (1.3) Now, setting 5 = 2/(¢+ 1) € (0,1), by Lemma 2.2 [15] we
see that there is a constant C'(T') > 0 such that

(3.7) (. 8)llo @y = llu(- OIIYE, < @Y, ¥t € 0,7

So, in addition to ¢ > 1, if we restrict our ¢ so that
(3.8) (npo — 2n — 4)q < 2n + npg

Then L(q i)
+1
(3.7), Lemma 2.1 and the definition of F, we have

< @, where ¢ is as in Lemma 2.1. Therefore, by Holder’s inequality,

_ < g
[[w] |L%(QT) < C3(q,T) l[wl[La(q@r)
(3.9) < Ca(q, )M {1+ BBV}

for some finite constant C3(q,T) > 0 depending on |Q|, T, pp and ¢. From (3.6)
and (3.9) we can find a constant Cy(g,T") > 0 such that

(3.10) E < Cu(q, T)(1+ EFE"),
with
Ag-1) 4,21
ng(q+1) (g+1)
Since
_20¢-1)[2
SR PRy [nﬂ}
4q .
<tlmrn =

we see from (3.10) that E is bounded from above by a constant depending only
on ¢,T,Q and the coefficients of the system (1.3). Therefore, from (3.9) we get
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w € LI(Qr) which in turn implies v € L"(Qr) for r = g(q + 1)/2 for any ¢
satisfying (3.8). Now, looking at (3.8), we see that if n < 2, we have

dn+8—4
(3.11) np0—2n—4:n+72ro:2(n—2)§0,
To —

then (3.8) holds for all ¢. So for n <2, w is in L"(Qr) for all » > 1. Now, suppose
that n > 2 we see that (3.8) is equivalent to

2n + npo n(ro—1) 3n
3.12 1<qg<gq:= = = .
( ) 4= npp—2n—4 n4+2—-1r9 n-—2

Then, we have

q(q+1)
2

20  (n+1)rg  4(n+1)

3.13 240
( ) n n+2-—rg n—2

2
—g+1+ T <T=q 14

So, we see that w is in L"(Qr) for all 1 < r» <7; and this completes the proof of
the second assertion of the lemma. Finally, since (3.8) holds true for ¢ = 2. So
when we take ¢ = 2, we have F is finite. Therefore, from (3.6) and (3.9), we see
that ||ul|v, (g, is bounded by a constant depending only on 7" and the coefficients
of (1.3). This completes the proof of the lemma. O

Remark 3.1. In [6], for the case § > 0, the authors were only able to obtain
u € Vo(Qr) for n < 6 (see Proposition 3.1 of [6]). Here, u is in Vo(Qr) for any n.

4. PROOF OF THEOREM 1.2.

We begin with the following lemma

n+2

Lemma 4.1. Assume that there are r1 > max{ ,3} and a positive constant
Cyr, 7 such that
llul|pri@r < Cry .

Then, u is in L™ (Qr) for any r > 1.
Proof. First of all, the equation of v can be written in the divergence form as
(4.1) vy = daV - [(1 4 200) Vo] + v(az — bau — cav).

_ 2
Since 1420w is bounded in Q1 and v(ag —bau—cov) is in L™ (Qr) with rq > i,

applying Theorem 1.3 [7, p. 43] to (4.1)(see also Theorem 10.1 [10, p. 204]), we
see that there is a constant 8 > 0 such that

(4.2) ve CPPQL).
Moreover, we have
(43) (wl)t = d2(1 + 25’0)A’LU1 + h1,

where wy; = (14-dv)v is as in the proof of Lemma 3.1, hy = v(1+26v)(az—bou—cav).
Since v is bounded and by the assumption of this lemma, we see that hq(z,t) is
in L™ (Qr). From (4.2), we can apply Lemma 2.2 to the equation (4.3). Then we
have

(4.4) w1 € WHHQr).
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1
This implies Vv = Hi%vwl in L™ (Qr). Now, following the proof of Lemma
v

3.3 with r; instead of rg and p; =

instead of py, we see that either w is in

1
L™(Qr) for any r > 1 or else w is in L™ (Qr) with
(n+ 1)r
Tg im —————— .
n+2—r
The later case happens if and only if
n+2—-—r;y >0.

If this case happens, we see that hq isin L™ (Qr). Therefore, applying the regularity
result again, we get Vv in L™ (Qr). Then we go back and do the same argument
again. Keep doing like this we will get a sequence of numbers

(n+ D)rg
4.5 =
(4.5) Thtl n+2—rg
We stop and get the conclusion that w is in L"(Qr) for any r > 1 when
(4.6) n+2—r, <0.

By the formula (4.5) and since 71 > 3, we can prove by induction that r > 3 for
any k = 1,2, ... Then, we have

1 1
(4.7) S S Y

T n+2—r, n-—1

This implies that the sequence 7y is strictly increasing. Therefore, there must be
some k such that (4.6) holds. We stop at this k£ and conclude that u is in L™(Qr)
for any r > 1. O

n+2  4n+1)

2 (TL — 2)+
4.1, we see that v in L"(Qr) for any » > 1 and w is in Vo(Qr). Then, the proof of
the theorem is trivial and is exactly the same as that of Theorem 1.1 of [16].

Now, for n < 10, we see that

. So, by Lemma 3.3 and Lemma

Acknowledgment . [ would like to thank my adviser, professor Wei-Ming Ni for
his support, encouragement and useful discussion.
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