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[A] C11 = C12 = 0

[B] C11 = C21 = 0

[C] C22 = C21 = 0

[D] C22 = C12 = 0

Under reflection in the y-axis (i.e. interchange of z and z̄), systems satisfying [A] are exchanged
with those satisfying [C] and systems satisfying [B] are exchanged with solutions satisfying [D].

Note that we can use (8) – (20) to show that if one of these conditions holds at a point, then
one of them must also hold in a neighborhood of that point. For example, if [A] holds at a
point, then either [A] or [C] holds in a neighborhood. Hence, with out loss of generality, we
can consider the conditions defining cases [A] to [D] as holding in a neighborhood.

3.1.1 [A] C11 = C12 = 0

With C11 = C12 = 0, equations (8) to (13) become

∂C22

∂z
= 0 (21)

∂C22

∂z̄
=

2

3
(C22)2 − ∂C21

∂z
(22)

∂C21

∂z̄
=

2

3
C22C21 . (23)

So C22 depends only on z̄ and so we can set C22 = X(z̄). Differentiating (22) with respect to
z shows that C21 is at most linear in z, that is,

∂2C21

∂z2
= 0 =⇒ C21 = Y (z̄)z + Z(z̄) (24)

where Y (z̄) and Z(z̄) are functions to be determined. Now, (23) becomes

Y ′(z̄)z + Z ′(z̄) =
2

3
(Y (z̄)z + Z(z̄))X(z̄) (25)

and equating coefficients of z,

Y ′(z̄) =
2

3
Y (z̄)X(z̄) (26)

Z ′(z̄) =
2

3
Z(z̄)X(z̄) . (27)
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and M4 is a cubic function of the Cij . Since at least three of the Cij are nonzero a rotation
can be performed so that M1 = 0 and furthermore, since

∂M1

∂z
= M5M1 −

1

2
M2M3(C

11 − C22 + C12 − C21)

∂M1

∂z̄
= M6M1 −

1

2
M2M3(C

11 − C22 + C12 − C21) ,

where M5 and M6 are quartic functions of the Cij , the condition M1 = 0 is maintained under
translations when N4 = 0. So the condition N4 = 0 can be replaced by either M1 = M2 = 0,
which leads to N3 = 0 and so has already been considered, or M1 = M3 = 0. It can be shown
that if M2 6= 0 and N4 and M1 vanish in a neighborhood, then so does M3. So we can solve for
C11 and C12 in terms of C22 and C21 and then, after a suitable translation the last remaining
case is found.

12: C11 = 3(z̄−2z)
2(z(z−z̄))

, C12 = 3z̄
2(z(z−z̄))

, C22 = 3(z−2z̄)
2(z̄(z̄−z))

, C21 = 3z
2(z̄(z̄−z))

.

V =
1

√

x2 + y2

(

α +
β

x +
√

x2 + y2
+

γ

x −
√

x2 + y2

)

+ δ (E16)

4 The quadratic algebra

The fact that the algebra of constants of the motion of a nondegenerate 2D superintegrable
system closes quadratically was establish in [14] and has been used to determine the spectra
of the quantum versions of these systems [21] as well as in their classification [19, 23]. Using
results presented here we give an very direct and explicit description of the quadratic algebra.

Since we have an involutive system for the ai, the dimension of the space of second order
constants is three. At any point H has (a

(0)
1 , a

(0)
2 , a

(0)
3 ) = (0, 4, 0). We can complete a basis by

choosing two more second order constants, L1 and L2, which at a particular regular point have

(a
(1)
1 , a

(1)
2 , a

(1)
3 ) = (1, 0, 0) , (a

(2)
1 , a

(2)
2 , a

(2)
3 ) = (0, 0, 1) .

Furthermore, we are free to choose the additive constant in V , W (1) and W (2) so that they
vanish at the regular point. We denote the values of Vz, Vz̄, and Vzz̄ at the regular point by
V 0

z , V 0
z̄ , and V 0

zz̄.

If we define,
Q = {L1, L2} ,
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then

Q2 =
16

9

(

(C21)2L3
1 + (C11C21 + 3C21

z )L2
1L2 + (C22C12 + 3C12

z̄ )L1L
2
2 + (C12)2L3

2

)

+
4

9

(

2(C22C21H + 3C21V 0
z̄ )L2

1 + 2(C11C12H + 3C12V 0
z )L2

2

+ ((5C12C21 − C11C22)H − 3C22V 0
z − 3C11V 0

z̄ + 9V 0
zz̄)L1L2

)

+
1

9

(

((C22)2 − 3C11C21 − 3C21
z )H2 + 6(C22V 0

z̄ − C21V 0
z )H + 9(V 0

z̄ )2
)

L1

+
1

9

(

((C11)2 − 3C22C12 − 3C12
z̄ )H2 + 6(C11V 0

z − C12V 0
z̄ )H + 9(V 0

z )2
)

L2

− 1

36
(C11C22 + 7C12C21)H3 − 1

12
(C11V 0

z̄ + C22V 0
z + 3V 0

zz̄)H
2 − 1

2
V 0

z̄ V 0
z H .

Since

{Q, L1} = −1

2

∂Q2

∂L2
and {Q, L2} =

1

2

∂Q2

∂L1
,

equation (39) determines the quadratic algebra, and guarantees its existence.

Using discriminants of a cubic, it can be shown that the part of Q2 that is cubic in L1 and L2

has at least a repeated factor. Cases in which the factor is a triple factor can be distinguished
from those with a double factor. This analysis can be extended to classify the possible systems
according to their quadratic algebra as they have been in [19] and [23].

5 Classification by invariants

We consider systems related by symmetries of the complex Euclidean plane to be equivalent.
The local action of the group is given by (8) for the generators of translations. The action of
the rotations is given by (7)

For each system there is a subgroup of motions that leaves the form of the potential unchanged,
the isotropy subgroup of the system.

The relative invariants that distinguish each system from other systems as well as the generators
of the isotropy subgroup of E(2, C), are summarized in Tables 1 and 2.

In the case of systems with D 6= 0, it has been shown above that N1, N2, N3 and N4 are relative
invariants and these are summarized in Table 1.

For the case D = 0, all systems found either have C11 = C12 = C12
z̄ = 0 or can be obtained
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D N1 N2 N3 N4
generators of the isotropy subgroup
continuous discrete

E1 9
2x2 + 9

2y2

−3iz̄
4xy

3iz
4xy

0 − 81
4x2y2 Rx=0, Ry=x

E2 9
2x2 − 3

4x
− 3

4x
0 0 Tx Rx=0, Ry=0

E16 9x2

2zz̄y2 − 3iz̄
4zy

3iz
4z̄y

9
2zz̄

0 Rx=0, Ry=0

E17 − 9
2zz̄

0 3z
2z̄2

9
2zz̄

0 Mθ

E19 − 9z̄
2(z̄2−1)

0 3z
2(z̄2−1)

9z̄
2z(z̄2−1)

81
z2(z̄2−1)2

Mπ

E20 − 9
4zz̄

0 0 9
4zz̄

81
16z2z̄2 Mθ Rx=0

Table 1: Relative invariants and generators of the isotropy subgroup for systems with D 6= 0.

D (C22)2 − 3C21
z C21

z C21 generators of the isotropy subgroup
continuous discrete

E3 0 0 0 0 Tx, Ty, Mθ

E7 0 9
(z̄2

−1)2
3

z̄2
−1

Mπ

E8 0 0 3
z̄2 Mθ

E9 0 9
4z̄2 0 3

2z̄
Tx + iTy Mπ

E10 0 0 0 2 Tx, Ty

E11 0 9
4z̄2 0 0 Tx + iTy, Mθ

Table 2: Relative invariants and generators of the isotropy subgroup for systems with D = 0,
assuming C11 = C12 = C12

z̄ = 0.
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from these systems by y ↔ −y and so we assume C11 = C12 = C12
z̄ = 0 and find

∂zC
21
z = 0

∂z̄C
21
z =

2

3
C22C21

z

∂z

(

(C22)2 − 3C21
z

)

= 0

∂z̄

(

(C22)2 − 3C21
z

)

=
4

3
C22

(

(C22)2 − 3C21
z

)

.

Thus, since C21
z and (C22)2 − 3C21

z scale under rotations, they are relative invariants in case
[A] above. Further, if C21

z = 0, then ∂zC
21 = 0 and ∂z̄C

21 = 2
3
C22C21 and hence it is a relative

invariant in case [A] with C21
z = 0.

Note that the two tables show that the isotropy subgroups, together with the condition D ≡ 0
or D 6= 0, are sufficient to distinguish all superintegrable systems.
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Symmetries in Quantum Mechanics.” Phys. Lett. 16, 354–356 (1965).

[2] A. A. Makarov, Ya. A. Smorodinsky, Kh. Valiev and P. Winternitz, “A Systematic Search
for Nonrelativistic Systems with Dynamical Symmetries.” Nuovo Cimento 52, 1061–1084
(1967).
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(2005).

[19] C. Daskaloyannis and K. Ypsilantis, “Unified treatment and classification of superinte-
grable systems with integrals quadratic in momenta on a two dimensional manifold.” J.

Math. Phys. 47, 042904 (2006).
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