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ABSTRACT
In this paper we have proved six results — one each for the three Lauricella functions

F'&n) ,F[(Bn) andF[()n) of matrix arguments, two for the functidhgn) and one for the

function ng]) of matrixarguments.

INTRODUCTION
The Lauricella functions of matrix arguments have been studied extensively by Mathai
[4,5,6] and to some extent by Mathai and Pederzoli[7,8].We have already given the
Mathai’s definitions for the four Lauricella functions of matrix arguments in our
previous papers [11,12].Here we are proving further results for the Lauricella functions

F'&n), Fén) andF[()n) and also for the function©(2n) andCD([;]) of matrix arguments.

All the matrices appearing in this paper are (pxp) real symmetric positive definite
matrices and the meanings of all the other symbols used are the same as in the works
Mathai [3,4].
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1.The Lauricella Functions of Matrix Arguments

THEOREM 1.1:
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‘qa_(p-l-l)/Z‘T ‘bl (p+l)/2 -‘T ‘ —(p+1)/2 S}QT%X T%g}é)x

- oR( e, S}QT%X T}/S}é)de'li darg, e (1.1)

for Re(a,bl,--.,bn) >(p-1/2.

PROOF: Taking the M-transform of the right side of eq. (1.1) with respect to the
variablele,---,Xnand the parametep:i, Pp respectively, we have,

fx1>o "'an>0 ‘X ‘F>1-(p+1)/2m‘xn‘pn—(p+1)/2><
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Applying the transformations

S%T}/X Tys}é whence, dY H(pﬂ)/z‘ J‘ erl)/dej
=18

to the expression (1.2) and then using the M- transfomb(ffla‘unction (eq.(2.3.5)

andlY ‘fOI‘j—l, - n;

page 38 of Mathai [4] ) gives us,



Substituting this expression on the right side of eq. (1.1) and then integrating out the
variables S’Tl’ ’Tn in the resulting expression by using a Gamma integral produces
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M (FX‘)) as given eq. (1.2) of the authors’ paper [12]. Thus the theorem is proved.
THEOREM 1.2:
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for Re(ai,bi) >(p-1D/2, i=1---,n.
PROOF: Taking the M-transform of the right side of eq.(1.4) with respect to the
variablele, e, X nand the paramete[&i, Py respectively,we get,
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Making use of the transformations,
+1)/2 +1)/2
Y; :Ti%sl}éxisl%Ti%, sothat, dY; =‘Ti‘(p ) ‘SI‘(p ) dX;, and

= fori =1
in the expression (1.5) and then using the theorem (3.3) page 55 of Mathai [4] yields,
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Substituting this expression on the right side of eq. (1.4) and then integrating out the
variablesSl,T ,Sn ’Tn in the resulting expression by using a Gamma integral we

s Tl

obtain M (Fén)) as given by eq. (1.3) of our paper [12], whence the proof.

THEOREM 1.3:
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for Re(a,bi) >(p-1/2, i=1---,n.
PROOF: This theorem can be proved in a similar fashion as theorem (1.2) above. The

transformations to be used zi(? = T%Sl}éxisl}éT%,for I =1,---,n . Finally

a—(p+1)/2‘sl‘b1-<p+1>’ 2

M(Flgn)) is obtained, as given eq. (1.4) of the authors’ paper [12].



2. Related Functions of Matrix Arguments

THEOREM 2.1:
(n) — _
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PROOF: Taking the M-transform of the right side of eq. (2.1) with respect to the
variablele,---,Xnand the parameteml,---,pnrespectively, we obtain,

IX1>O ”'IXn>O ‘Xl‘pl_(pﬂ)/2---‘Xn_1‘p”‘1_(p+1)/Z‘Xn‘pn_(pﬂ)/zx
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Applying the transformations
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Y, = u%xju%, with v, =(uP* D 2gx and‘Yj‘ :\U\‘Xj‘, for j=1,--,n-1

to the expression (2.2) and then integrating out the variédlles- : Yn—l by using a
type-2 Beta integral and the variabDéTa] by using a Gamma integral \aee led to,
rp(bl - pl)rp(Pl) B rp(bn—l - pn_l)rp(pn_l)
M) Mp®n_p)
Substituting this expression on the right side of eq. (2.1) and integrating out the variabl
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U in the resulting expression by using a type-1 Beta integral yﬁél(tbgl)) as given
by eq. (1.7) of the authors’ paper [12].



THEOREM 2.2:
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whereS = Sl + iSZ’ Sl andS2 arereal matriceswith Sl = 8'1 >0 andit being

assumedhat St =V with V'XjV >0,j=1---,nandi =+/-1.

PROOF: Taking the M-transform of the right side of eq. (2.4) with respect to the
variablele,---,Xnand the parametep'l,---,pnrespectively, we have,
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Now observing that
|+xjs‘1 =|) +xjvv": I+V'va‘forj:1,---,n;

H_l = M2 and making useof the transformaions,

¥; =V XV ith dv; = V[P Pax, and‘Yj‘ = Mz‘x )for j=1,---,n

j J"

and then integrating out the variabléjs_, T Yn by using a type-2 Beta integral, the last

expression renders,

rp(by) Mp(by)
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Substituting this expression on the right side of eq. (2.4) and using eq. (2.5.11) page 4¢

of Mathai [4] in the resulting expression prodd\ik(ﬂ)(zn)), as given by eq. (1.4) of the

authors’ paper [11].
This theorem generalizes the theorem (4.5) page 63 of Mathai [4].



THEOREM 2.3:
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for Re(y) > (p-1)/2.

PROOF: Taking the M-transform of the right side of eq. (2.7) with respect to the
variablele,---,Xnand the parametepl,---,pnrespectively, we have,
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Jx,;>0 7 fx >0 X4 X x
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Applying the transformations,
Yi :T%xi'r% with in :\T\(pﬂ)/zdxi and‘Yi‘ =\T\‘Xi‘,fori =1---,n
in the above expression and then using eq. (1.4) of the authors’ paper [11], we obtain,
n
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n
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Substituting this expression on the right side of eq. (2.7) and integrating out T in the
resulting expression by using a Gamma integral produces,

T[7P1™""Pn .(2.9)
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Now taking the M-transform of the left side of eq. (2.7) with respect to the variables
Xl,---,Xnand the parametepi,---,pnrespectively, we have,

1‘p1—(p+1)/ 2”-‘Xn‘pn—(p+l)/2 3

| + P_%X . P_%
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On using the transformations,

_Bl

P Y dX;---dX (2.1

Z; = P_%XiP_% with dz; =[P~ (P*D/2qx and(z; :\P‘_l‘xi‘for i=1..n
in the above expression and integrating out the variébies- : Zn by using a type-2
Beta integral the outcome is the same as in eq. (2.10) above, thus proving the result.
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