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Abstract

We studylocalboundaryregularity for the Stokessystem We shaw that,unlike
in theinterior case,non-localeffectscanleadto a violation of local regularity in
the spatialvariablesnearthe boundary

1 Intr oduction

In this paperwe study local boundaryregularity for the Stokes system. Let Bt =
{zeR :|z|<1,z3 >0}, A" =9B} n{z3 = 0},andA; = B} N {z3 > 0}.
We considerthesystem:

ug—Au+Vp=0

} in B x (0,T) 1)
divu=0

whereT > 0. We will assume, = 0on A’ x (0,7) andu = 0 whent = 0. We
emphasizeéhat homogeneousoundaryconditionis assignednly on the flat part of
theboundaryof B;. We do notimposerestrictionsonu at A, x (0,T).

If we considera similar situationfor the heatequationu; — Au = 0, we have the
classicalocal boundaryregularity resultthat

Supgo+ |D; Dyl < Cl,m,r,n|“|L2(Q:r)a
2

whereQ;} C Bf" x (0,T) is aparaboliccylinderandC depend®n i, m,r andn, but
notonu. Becausef non-localeffect of the pressureestimate®f this form cannotbe
expectedto hold for system(1). NeverthelessG. Serayin recentlyin [9] proved the
following resultfor (1) underabore assumptions:

[U]cgm(Q%) < CT,n,a(|VU|L2(Q;“) + |p|L%(Q:r)) 2

wherel < a < % andC depend®nr, n, anda, but notonu (seeLemmaz2in [9, page
219)).

In this paper construcexamplesshawving thattheresultin [9] cannotbe extended
to the derivative D,,u. Roughlyspeakingwe canhave sup [Dy,u| = oo while the
right-handside of (2) is finite. We conjecturethat similar phenomenoroccursfor



the Navier-Stokesequations.(A constructionof suchsingularsolutionof the Navier-
Stokesequationsvould notsolve themainregularity problemfor theseequationssince
in our casethe appearancef the singularityis causedby non-localbehaior of the
solutionsand boundaryconditions.) In a way, our solutionsare a boundaryanalogue
of the well-known solutionof theform u(z,t) = Vh(z,t) whereh(z,t) is harmonic
with respecto thespatialvariable(se€g[10]), whicharerelevantfor questionsegarding
interior regularity. However, non-trivial solutionsof theform u(z,t) = Vh(z,t) with
u|p» = 0 donotexist attheboundary

The planof this paperis asfollows:

In Section2, we review the representatioformulafor the Stokessystemin a half
spacean [12] andwe setup our example.

In Section3, after basicobsenations,we showv that the solutionwe constructis
boundedn aregion considered.

In Section4, we obtaina priori estimateof the normal derivative and show that
normalderivativesof the solutionwe constructareunboundechearthe boundaryat a
certaintime.

In Section5, we shav thatconstructedsolutionis indeeda weaksolutionandthe
pressureassociatedvith it is in areasonablé.ebesguespace.At the endof this sec-
tion, we briefly explain anotherexample,which is againa weak solutionbut Holder
continuityfails attheboundary

2 Preliminaries

In this sectionwe collectnotationanddefinitionsusedthroughouthis paper We shall
alsorecallresultsin [12] for the Stokessystemin a half spacen R3.

» Wedenoteby R asahalf-spacef R?. Forz € R* andr > 0 wedenoteby B, . the
openball {y € R® : |[z—y| <r }. If r =1, wewrite B, 1 (orBjJ) asB, (or B}) for
simplicity. We alsodenoteby D; theunitdiskin R?,i.e. D; = {z' € R? : |z'| < 1}.

e Letz,y € R” wheren = 2,3. We denotethe distancebetweenr andy by d(z, y).
If thereis no confusionwe sometimeslenoted(z, y) by d. Let A C R* andz € R™.
Thend(z, A) indicateghedistanceébetweenr andA4, i.e. d(z, A) = inf{d(z,y) :y €
A}. Similarly, we write d(A, B) asthedistancebetweertwo setsA and B.

e LetQ C R® beadomain.For1 < ¢q < oo, W*4(Q) denotethe usualSobole space,
i.e. Wk1(Q) = {u e LYQ) : D € LI(N),0 < |a| < k}. As usual, W () is
the completionof C§°(Q2) in W*4(£2). We alsodenoteby C%(2) the spaceof Holder
continuousfunctionswith theexponenta € (0,1).

eletl <gq,r <ooandl = (0,7). L™(I;Wk4(Q)) is the Banachspaceconsisting
of all measurabléunctionswith afinite norm

. 1
[T P—— / s 8) [ty )

If ¢ = r andk = 0, thenwe simply write LI(I; LY(2)) = L1(Q2 x I). We alsodenote



byCa’% (Q x I') thespaceof Holdercontinuousunctionswith theexponenta € (0,1)

z,t

from Q x I into R3. In theabove definition, ) x T is endavedwith a parabolicmetric
d(z,2') = |z — 2’| + |t — t'|2 wherez = (2, t) andz’ = (2, ¢').

eletf: R x (0,T)—>R% g: RE-R3 andh : R? x (0,7)—R? bevectorvalued
functions.Then f x; h andg x5 h aredefinedasfollows:
t
frnt)= [ [ jw-y.i-s) nsdyds
0 JR2
grah@t) = [ glo—y) h 0.
RZ

e For a given scalarfunction f, we denotef*(z) = max{ f(z),0} and f~(z) =

¢ Welet C denotethe genericconstantwhich mayvary from line to line.

For simplicity, we denotel = (0,7T'). We considerthefollowing Stokessystem:

ug—Au+Vp=0 )
in R} x I
divu=20 (3)
u=20 att=0
with a givennon-zeraboundarycondition:
u(z',0,t) = (0,0,v(z',t)) on OR} x I, (4)

wherew is a scalarfunctioncompactlysupportedn D; x I C R? x I, whichwe will
specifybelow.

Definition of boundary datav Let s beafixedpositvetimewith0 < s < T'.
We definev : D1 x I—R asfollows:

v(@',t) = g(|l2")h(t) in Dy x 1, (5)

whereg andh satisfythe following propertiesrespectiely:

[S] g is compactlysupportedsmooth,positive, radially symmetricandg’(-) < 0 in
D;.

[T] hisof theform

( (s—t)} (t) when0<t<s
h(t) = (6)
0 when s <t < T,

where is acut off function satisfying € C°(R), 0 < (z) < 1, is compactly
supportedn (5,%-),and = 1in (£, —). We notethath is Holder continuousput
not Lipschitzcontinuous. 0



By recallingthe representatioformula of the Stokessystemin [12], we canhave
a solutionu of (3) with boundarydata(4) wherew is givenin (5) andg andh satisfy
[S] and[T]. Beforewe representhe solutionexplicitly, we review someestimatef
functionswhich will be usedlater (see[12, page37, 41]). To avoid confusion,we
follow notationusedin [12].

C
D.DI'A(z,t)] € —————+ 7
DLD7 A 0] < ™
C
DL, Dk DB . . 8
| (01 < (@2 + )™t (22 + 1) ®
|DL, Dk Dy*C (z,1)| < C o )
s (g2 +8)F (m3 +1t)2
whereA, B andC aredefinedasfollows (see[12, page37,40]).
1 (v',0,t)
A(z,t) = (— x (2',0,¢ :/ —2 2 dy’
( ) (|1_| 2 ( )) R2 |-’E_yll
1 (.’17 - yla t) !
B = (- A R
w@<w*@m @ -ty 10

y — X
RZ 5y3 ly — P

where is thefundamentabkolutionof the heatequationin R3. In addition,we recall
relationshetweenB,C and (see[12, page40]).

aC, 8Cs B B ‘ac @
T = EJFW wherea = 1,2, e =-2 Fr (11)

1

Sincethetangentiacomponentsf boundarydataarezeroatthe boundary(see(4)), in
orderto find the explicit representationf v, it sufiicesto recallthe Greentensor
for =1,2,3,and = 3, whicharegivenasfollows (see[12, page36]):

0 (z,t) 3 Yy —=
z,t) = —2 -—— d
3(2, ) > B 3333 /1122 / 33/3 ly — |3 vs

1 o 1

"2 O Il

Usingthe Greentensorsabore,theeachcomponents , = 1,2, 3 of velocity field of
the Stokessystem(3) with (4) is expresseasfollows (see[12, page53)):

0 (z,1) 1,0C 1,0 1
O3 *10) - (8:1:3 *1.0) 2 (8:13 |z *2

for =1,2,3.

v) (12)

u =( gxv)=-2( 3

More specifically

1 0C; 1 0 1
((%3 ”)_2_(671@*2”)’

Uy = —



1,8 1,0 1

uz = _(8—x3 *1 U)_Q_(é‘—xzm*QU)’
0 (z,t 1,0C 1,0 1
uz = —2( 8(:c3 )*1 U)——(a—wz *1 U)—z—(a—%m*zv)-

Finally, we concludethis sectionby remindingthe representatioformulaof the pres-
sureassociateavith u (see[12, page52]).

1 0% 1 1a 0 * &
p(z,t) = 2—823:3(@ % U)——a—%(a—k 16—5’3129)(A*1 v)
(13)
1.1 ov
+2—(m *2 a)

whereA is definedin (10).

3 BasicLemmasand boundedvelocity

Letuschooseapointzy  (z1,0,0) € OR3 sufficiently away from origin andz; > 0
(for instancenve maytake z; > 10 suchthat(B,» N {zs =0})ND; = ). Wedenote
A" = By n{zs = 0}. Supposehatu = (u;,us,us) andp aregivenin (12) and
(13) wherew is givenby (5) andg andh satisfy[S] and[T], respectiely. Fromthe
representatioformula(12) and(13), we easilyseethatu, p € L1(1R§r x I), andthus
they arewell-definedalmosteverywherein H&i x I andsolve the Stokessystem(3) in
adistribution sense{seee.qg.[6, page87]) in RS x I (Thiscanbedoneby regularizing
h andpassingto the limit). In addition,we will showv thatu is boundedin B:, x I
(seeLemma3.3) andu andp solve thefollowing Stolessystemin a weaksensgsee
Lemmab.1landLemmabs.2)

u—Au+Vp =0
in B, x I (14)
divu=0

andu satisfiednitial andboundaryconditions
u=0 at B, x{t=0}, w=0onA"xI. (15)

It shouldbe mentionedhatu satisfieszeroboundaryconditionsin a point-wisesense
on A’ becausey is Holder continuousup to the boundary(seeRemark4.2). Our main
goalisto shav thatthenormalderivativesof tangentiacomponentsf « areunbounded
nearA’ whent = s, whichwill beshavn in Main Lemmain sectiorné.

In this section,we shav thatvelocity field  is uniformly boundedoy L*°—norm
of v and Dv for each = 1,2,3 in B;C x I where D meansthe first order spatial
derivative, not including time derivative. We shall startwith simple obsenationsfor
our proof. We consider



(‘rl - yl7 )7 (16)

o _ (m_yl_zla) 1
B(x y,)—/RZ 7 dz—( )%

where (2’ —y', ) isdefinedby

! ! 12

(' -9y, ):/Rszz'. a7

Sincey’ € D, andz’ € ', thedistancdz’ — y'| is strictly positive. We notefirst that
(' —y', ) holdsthefollowing scalingproperties:

( wl - yl7 > ): (xl _ylv ) (18)

z' ! 1
(=-n=— @ -y, ) (19)
Indeedchanginghevariablez’ = 2/, we have (18). Thesecondne(19)is obtained

by replacing by --. In following Lemmaswe calculatethe upperboundandlower
boundof (z' -/, ).

Lemma3.1l Letz’ € A',y' € D;,and bedefinedn (17). Then

’ 12

+ o=y T (20)

! !
— < -
(x y’ )_|1"—y'|

Proof. With theaid of relations(18) and(19), it sufficesto considetthecaseof = 1.
For simplicity, we denoted = |z’ — y'| andintroducethreedisjoint sets

. d
={Z/eR: |m'—y'—z'|§§}

={z'€lR2:|z'|§%l}, C=R (A4 B).

Dividing integrandon eachdisjoint setswe have

’ ! 12

/ ; dz':/-+/-+/- I+1II+III
R2 2| c

Considetthefirstterm. Usingid < |2/| < 2din , wehave

1 1 r2

-_ 2 ’ ’ 12
I = —d <= - dY
/ E z—d/ :

2 2 2
< —= [ TTsds<—=(1- 1)
< 77 Tsisza- o)

Since|z'| < 1din ,weobtain

I ! r2

2
e ! —a ! !
]I:/—dzg/lidzs —é/d_zg it
Ed |2'] 2|



Finally, similarly, thethird term I 11 is estimatedasfollows.

! 1 12

- 2 1 1 12
Irr = /7Idz'§—_/ - dz’'
c 2| dJe

— [ Tsds<— T
d/z P

IA

To sumup, we get

’ ’ 12

- 2
e [ e
N e

The scalingproperty(19) completesour proof. 0

Following similar proceduresf thepreviousLemma,we alsohave thelower boundof
@' =y, ).

Lemma3.2 Letz' € A',y' € D;,and bedefinedn (17). Then

@' =y, ) (- " )- (21)

3|z’ —y'|

Proof. As the previous caseiit sufficesto considerthe caseof = 1. It follows the
simplemodificationof thefirstterm.Using%d <l|Z'| <2don ,weget

! ]

| 7 !
(' —9',1) / o 3d/ dz

3d/ sds——J(l— _1_).

The scalingproperty(19) completeour proof. 0
Using estimateof the abore Lemmaswe canprove that L>°-norm of « is estimated
in termsL*-normof v andits spatialderivative Dv.

Lemma 3.3 Letv bea functiongivenin (5), andassumehat g and h satisfy[S] and
[T], respectivelylLetu begivenbytherepresentatiorformula(12). Thenu is bounded
in B$ x I andthefollowing estimateholds:

sup |u| < C sup ([v| + [Dv]) (22)
+ I 1 I

whee C = C(d(zy, D1),T).

Proof. For corveniencewe denoted  d(zg, D1). We notefirst thatthereexists a
positive constantC' > 0 suchthatC~'d(y,D;) < d < Cd(y,D;) forally € B},,

becauser; is sufficiently away from the supportof v. Recallingthe representation



formula (12), let us considerfirst component:! of v = (u!, u?,u?) andwrite it, for
corvenienceas

ui(z,t) u(z,t) + u(z, t), (23)
where
uat) =2 mo) =2 [ ay [FEEN Dy g
and

1,0 1 __i , i 1 ,
uat) = ~5- (GG a) = =5 [ w00 gy

Sincew is supportedn D; C 2, thesecondermis boundedIndeed,

C/ dy/|vyt |2|d

C sup |v|—= < C sup |v|.
up [v]5 < C sup o

|u(z,1))|

IA

IA

Secondlyutilizing therelation(11), we rewrite v(z, t) asfollows,

B 1 801 _ 1 0Cs 8’B
u(z,t) = ——( *1 v) (8331 + (%1(%3) ¥V
U —
R2 6:1/1
OB(zx —y', Yu(y',t— )
- d '/ g ’ d
/Ra Y'Jo T 0m a1
ur(x,t) + u2(z, t). (24)

With theaid of the estimatg9), u, canbecontrolledin termsof | Dv|. Indeed,

t , _
ol <ol [ o [ eE-y, )Wd |
R 0 Y1

<Csup|D11|/ dy/ Y )d

1 d
< C sup |Dv|—/ — < C sup |Duv|.
1 I d? 0 2 1 I

It remainsto estimateu». Usingtheestimatg20)of (2’ —¢', ), weobtain

B _
uaa, 0] < € sup |DU|/ dy/ |6“’7)|d



2

t 2 It
< C sup |DU|/ dy'/ _iﬁwd
1 I 1 0
_dz3 1

t
<C D ———d
S sllle ’l)| o 3 d(:L", y/)

3$3 12

+C sup |Dv|/ **——d(a: y') ~
1 1 0

d I+11I.

We caneasilycheckthatintegral partof 17 is boundedandthuswe skip the details.
For thefirstterm I, usingthe changeof variables = 22, we have

oo
I < C sup |Dv| -fds<C sup |Duv|.
1 I 3 1 I

2

This completeghe assertion(22) for u;. Following similar procedureswe obtainthe
sameestimatefor us. Next considerthe third components.

5 0_@1) 1,0, 1,9 1

=— ——(——= . 25
us ( 65[33 *1 U) (6373 U) 2 (8373 |£L'| *2 'U) ( )
Firstconsiderthelastterm.
0 1 0 1 1
— — %x0)| < C su v/ — ———dy' < C sup |v|]—.
|(6$3|.Z'| 2 )|_ 1pI|| 161’3'1’—:1/" Yy = 1p1| |d2
Secondlythefirst termis estimatecdasfollows. We notefirst that
_ 1 12 1
/ Lay<c, (26)
. 2

where(C' is independentf 2’ and . Indeed,the crucial factis that |z' — y'| never
vanishes.With the aid of the scalingmethod,(26) canbe easily verified. Using the
estimatg26), we have

z
| ( *1v|<0// o(y',t — )dy’2—3( )%Id
] 121 __%
—Csup |v|// —dyxg( )%d
__3_
<C supI|v| 2 (27)
1 0

Finally, usingthe relation(11) andthe estimate(27), the secondtermin (25) canbe
estimatedby the similar computationsve did before,andthuswe omit details. This
completeghe proof. 0



4 Normal derivativesnear boundary

In this section,we study a priori estimateof normal derivatives of velocity field u
representech (12)in Bj, x I of the Stokessystem(3) with boundarydata(4) where
v is givenin (5) andg andh satisfiegS] and[T], respectiely. Next, we prove that
normalderivativesof  blow upnearA’ B, N {z3 = 0} whent = s.

4.1 A priori estimate

In next Lemma,we assumehatwv givenin (4) is smoothin spaceandtime variables.

Lemma4.1 Letwv beafunctiongivenin (5), andassumehat g and b are smoothand
compactlysupportedn D; and I, respectively Let u be givenby the representation
formula(12). Thenthenormalderivativeof » is boundedn B;f, x I andthefollowing
estimateholds:
sup |Dg,u| < C sup (|Dv| + |D?*v| + |Dyv|) (28)
N v I

whee C = C(d(z;, D), T).

Proof. Notefirst thatit sufiicesto considerD,,u , = 1,2, becauseD, us is con-
trolled by tangentiaberivativesdueto div u = 0. In addition,we estimateonly D, u; .
Sinceit follows similar procedureswe omit the detailfor D,,u». Recallingrepresen-
tationformula,we denoteu; (z,t)  u(z,t) + u(x,t) astheproofof Lemma3.3(see
(23)). We notefirst that|D,,u| < C'sup | ;|Dvl|. Indeed,sincev is supportedn
D, wehave

Ou(z,t) 0 , . 0 1 ,
2 —| < — — < Du|.
2 0 < [ 0 | < C sup Do

Therefore,it remainsto analyzeD,, u. As (24), we canexpressu = u; + us. First,
we considerthe secondterm, D, us(z,t). Using (0; — Ag)B(z —y', ) = 0, the
integrationby parts,andthe estimatg8) of B(z — y', ), we obtain

Oua(z,t L92B(x —y', ) ov(y',t —
Ors3 R2 0 0%x3 Oy

Oy Oy

" 9Bz —y', )du(yt— )
+ d’/ : : d
/R2 Y 0| 3?11 0 |

< C sup |D*v|+ sup |Dy|
1 I 1 I

t 2 ot 2, (0 4 _

10



Considetthefirstterm,u (z, t). Takingderivative with respecto z3 andusingthe
relation(11), we obtain

| 6u1(x t)l .y 4 /t ACs(x —y', )ov(y',t— )
R2 0 6.’173 6:1/1

d |

t 2 2, (ol 4
<if [ ey )T g
R2 0 Y1y

to oy, t— )
+2 d’/ 9 (w—y, YT Pg ) T4l
| LW 33:3( Yy, ) i |

With theaid of (9), I is estimatechsfollows:

t 2 2, (ol 4
IS/ dy'/ IC (z -y, )%Id < C sup |D?v|.
R? (O Y1y 1 1

Following the similar computatioras(27), we have
t
0 ov(y',t— )
II</d’/—a:—’, —=2*|d < C sup |Dv.
</, 0|6w3( y's ) i ld < lpll |

To sumup, we get

ou(z,t)

| ——== i [<C sup (|Dv| + |D*v| + |Dyv)).

This completeghe proof. 0

4.2 Unboundednormal derivative

In this subsectionwe estimatenormal derivative of « in Bj, x I. Accordingto a
priori estimatg(28), we obsene thatevery othertermsexceptfor D, u, (See(29)) are
controlledby spatialderivativesof v. Thereforejt suficesonly to analyzeD, u,. We
firstrecall D, us in (29):

Qus(z,t) / / ?B(z—y', )ov(y',t — )d
6.’E3 R2 0%x3 oy ’

Before we stateour main Lemma, let us make somecommentsfor boundarydata
v(z',t) = g(|z'|)h(t) in (5). Among arbitrary smoothfunctionssatisfying certain
propertieg(see[S] in page4), we canchoosean appropriatefunction g suchthat for
everypointz € B;f, , thefollowing conditionholds:

—(ly’ _; ﬁ+ ! '
| o) D - e ) Dy >0, (@)

11



wherez' is the projectionof z = (2/,z3) € B}, ontoA’ = B, N {z3 = 0}.
Indeed sinceg is radially symmetricanddecreasingthesignof D . g(|y'|) is positive
if y1 < 0 andnegativeif y; > 0in D;. Dueto thedifferenceof the distancefrom =z’
to supportof (—-)~ and(—)™*, (30) canbeeasilyverified by anappropriatechoice
ofg satisfying[S]l. Now we arlereadyto prove our mainLemma.

Main Lemma Let v be afunction givenin (5), andassumehat g satisfies/S] and
(30), andh satisfiedT]. Let u be givenby therepresentatioformula (12). Thenfor
eachz € BY,, wehave

Ou (z, s)

| 6:1:3 | Cl (2—§)| —C, = 1727 (31)
whereC = C(d(zg,D1),T).
The Proof of Main Lemma We only prove the caseof = 1. Sinceit follows the

sameprocedurdine by line, we omit the detailsfor the caseof = 2. In addition,as
mentioneckarliet, it sufficesonly to consider %L andthereforein this proof, we

only prove thefollowing estimatefor 2 € B:, andwhent = s,

Oua(z, s) x3
P ¢l G3I=-C

Simplecomputatiorshavs that

62B('T _yly ) _

- 0
82$3 2 g ('Z- yJ )7

whereB and aredefinedin (16)and(17), respectiely. Thus,we obtain

) _ [ gy [ TRt ) ),
Ors3 R2 62~'L'3 63/1

1 ' _j 1 ’ r 6“(:’/,75_)
=7 [ d )= @ -y, )T g
( o] (2)§<xy> =

/ / i doly'ys— )
% R2

Oy
We denoted(x ,y") = |z’ —y'| by d +, for simplicity. We first shav thatthe second
term is boundedlndeed usingtheestimatg20)andh(s — ) = 3, we have

dg(|y' 3 a2 1
< oy ')||oo/ a [ B
dg( 342 05 %
ol G [y [ F @

0
oI5 s )

(xl_yla ) d I+ .

mw| =

12



As before, we notethatthereexistsapositive constantC' > 0 suchthatC—1! d(z,y') <
d d(z,D1) < Cd(z,y') forallz € B}, andy’ € D;. Now consider ;.

2 3 oo

<c| B _4 <cC ~’sds< C

Similarly, changinghevariableM = 2 wehave

2<c/ dy/ w3d <c| - "3 <c
Next considerthefirsttermI.
31,1
r-cof wl Gy
R2 0 2 2
311
o[ a [ i @ 0.9 (e )
L + L.

With theestimatg21) of (2’ — ', ), wehave
3 1

Il C/ dy/ __3 2—
_31

I+ I12-

)(@.9)"(ly'Dh(s — )d

mlw| = mlw|

Let us shaw first that the secondterm I;5 is bounded. Indeed,using the factsthat
0 ,v = (0 ,g9)” hisboundedandd is strictly positive, we have

31
Tl < €0l | dy/ S0 e

< M -4 <cC (32)
3 +d2 )32

. 2 2 . . .
wherewe usedthe changeof variableZst ~ = 2, Beforeestimatingly,, we consider

first I. With theaid of upperbound(20)of (2’ — %', ), weget

_311
noo—cf W[ 50t he—- )
1
L 311 A (o
- a [ g Cde T O (W DAG - )d
= Iy + Ip.

13



It is easilychecledthatthe seconderm I, is boundedby the similar calculationas

(32). Indeed,
_31 1 S Tl
[la2| < dy 2——% )@ ,9) " (ly'Dh(s— )d
< C OO/ ’ d
< ClO s T T S
To sumup all theabove estimatesye obtain
dwa@s) _ 1. || L+bL-C
65173
Li+ I — |Li2| = [Ie2| - C L1 +1n —C.

Thusit remaingto estimatel;; + I»;. Sinceg satisfie30), we have
0.9)~(¥']) (9.9 )_ (Iy’ I))

31 (
I Ly = ! — _
_ “(y') _ ©@.9)"(y'D /°° _»1
- C/ 3d, T Y o d
©.,9° () _ @90 WD, . &
o[ g D4y (™).
Summingup all togetheywe obtain
Oua(z, s) z3
~oms Li+In-C C(- (ﬁ))—C.
O

whereC = C(d(zy, D1), T). This completegheproof.
Remark 4.2 Calculationssimilar to thoseabove givesthat « is Holder continuous

with theexponenta € (0,1) in f xI,i.e
lu(z,t) —u(z', )| < C(le — 2’| + |t — #'|7)®

). Sincecomputationgre similar to aboveMain Lemma
O

wheeC = C(d(zy,D1), T, a
andmore or lessstraightforward, we omit the details

Remark 4.3 If wetake h(s) = (s — t)* whee 0 < a < } in (6), thenwehave
Oua(z, s) C
o5 e +C.

Corversely similar computatiorshowsthereverseinequality i.e

;P +C whend<a<i

drs  —  Cuxs

whee C = C(d(zg, D1),T).

14



5 Weakderivative and pressue integrability

Up to now, we have shovn thatthe normalderivativesof tangentiakomponent: blow
up attheboundaryA’ = B, N {z3 = 0} attimet = s, which impliesthatu cannot
be a classicalsolution. We will show thatw is a weaksolution of the Stokes system
(14) and(15). For corveniencewe denoteQ?, = BY, x I andW*(B}) = {u €
Wh2(Bt ) : u=0o0nA'}. Hereaweaksolutionu meanghatu € L>(I; L*(B}, )N

LY, W2(B))), divu = 0a.e.in Q] and

/Q ula, o, 1) — Vula, ) Vo(a, o) da d = 0 (33)

for everydivergencedreevectorfieldv € Cgo(Qj, ) (seee.g.[14, pagel71]for ananal-

ogousversionof weaksolutions).We notethatoncewe have u € L?(I; W,{;Q(B:, ),
we easilyobtain(33) by regularizingthefunctionh in (6) andpassingo thelimit. The
pressuredoesnot appearexplicitly in this definition, but canbe recoreredmoduloan
arbitraryfunction of ¢. Formula(13) givesa representationf the pressureandthis
representatie is in Lq(B:, x I) for every ¢ < 2 (seeLemmab.2). An equialent
approachwould beto bring p into the definition of weaksolutionsandreplace(33) by

/Q+ [u(z, t)ve(z,t) — Vu(z,t)Vo(z,t) + p(z,t)V - v(z,t)]dzedt =0

for everyv € C5°(Q}).

Lemma5.1l Let0 < < % andv bea functiongivenin (5), and assumehat g and
h satisfy[S] and[T], respectivelyLet u be givenby the representatiorformula (12).
Thenu € L®(I; L*(B},)) N L*(I; W (B, ) and Vu satisfieshe following point-

wiseestimaten BY, x I

L 4C  ift<s
|Vu(z,t)] < (02 (34)
Cl (t—9)|+C if s<t<T,

whee C = C(d(zf, D1),T, ).

Proof. Notethatu € L>(I; L*(B}, )) N L*(I; W, * (B}, )) is theeasyconsequencef
estimatg34),Lemma3.3,andRemark4.2,andthereforewe only shav (34). In fact,it
sufiicesto estimated,,u for = 1,2, becausdangentiaderivativesarecontrolledin
termof derivativesof v anddiv u = 0. In this proof, we consideronly 9,,u; , because
0z, u2 follows similar computationsIn addition,accordingto a priori estimateg28),
we estimateonly 0., us in (29) becaus¢he othertermsarecontrolledin termsof L>°-
normof v andspatialderivativesof v.

Let usfirst considerthecases < t < T'. For simplicity, we denotesup | |Dg| =
[|Dgl|-c andasmentionedearlier we notethatthereexistsa positive constantC' > 0
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suchthatC'd(y,D1) < d  d(zy,D1) < Cd(y,D,) for all y € BY,. Usingthe
estimatg8) of B(z,t) andh( ) = 0when > s, wehave

Oua(z,t) / / OBz —vy',t— )
TR\ Dol
) < clvglle [ RIS D o

(s— )3d
C”D*"”“’/l/o @+ D@yt NS

Since((z —y")? +(t— ) >d*> |2'—y'|>>0and(s— )< (t— ), wehave

Gualmt) C||D_g||oo/ (s— )2d <C||D_g||oo/ d
O3 = d o (zZ+(t— ): - d o (t—)

A

IA

C||Dgl|
< A= g+ @hsol G-9l+C
In thecasethat0 < ¢ < s, we notefirst that
8u2 .’E t 0U(yla )
2)B(x — -
 Oxz /R2/ e JBla—y't=) on d

wherewe usedthefactthat B(z, t) satisfiegshe heatequation.Sincet is lessthans, v
is smooth,andthereforeusingtheintegrationby parts,we obtain

Oua(z,t) ov(y', )
s /]R2/3$ y',t— )0 an d

oy, ) )
Bz —y',t — )0% I+
/W / a: y ) Byl

wherewe usedthe factthat B(z,0) = 0 andv(y’,0) = 0. We first shav that is
uniformly bounded Usingthe estimatg(8) of B(x, t), we obtain

C(s— 2dy'd C||D3g||s
||<||D3g||oo// 5 Lo iy
Di@—yP+t— )F = d

wherewe usedthefactthatt — < s — andd < Cd. Thus,it remaingo analyzethe
firsttermI. Usingthe estimatg8) again,we have

)
1l < C”DQHOO/ dy/ g((mli/)2+(t_ )2
Cl|Dglloo
= d /0 (s — )%(a:§+(t— )
CliDgll [* 1
= d /0 (s— )a(t— )%d.



Since(t— ) < (s— ),forary with0 < < 1, wehave

1 1

1

< .
e e e L
With theaid of theinequalityabove, we get
t %_
C||Dg]los / L g <APdeti” O
d(s —t)2~ (t— )=t d(s —t)z~ (s—t)2~

whereC = C(d(zg,D),T, ). To sumup estimatesabove, we obtain (34), which
|mmed|ately|mpllesthatVu(:c,t) is squarentegrablein B x I. Thiscompleteghe

proof. 0

1] <

)

Next, we show thatthepressure givenin (13)isin theclassL'l(B;r, x I') for every
g < 2. Letusfirstrecalltherepresentationf the pressuralreadyshovnin (13).

1 8 T
p(z,t) = 5 62:1:3/ v(y,t)mdy

19,0 * & [t
-z = Alz — o' !¢
5$3<3t k 5$i)/1z2dy/o (e =y, Wiyt )d
1 ov(y',t)
- I
2 lx—y!| Ot tot

Lemma5.2 Let v be a function givenin (5), and assumethat g and A satisfy[S]
and [T], respectively Let p be givenby the representatiorformula (13). Thenp €
LY(B}, x I) for everyq < 2 andthefollowing point-wiseestimateholdsin B/}, x I

( —+C if t<s
Ip(z, t)] < (= (35)
Cl (—s8)|+C ifs<t<ty

wheeC = C(d(z', D1),T).

Proof. The first assertions the easyconsequencef (35). Thusit suficesto shav
the estimate(35). We note that there exists a positive constantC' > 0 suchthat
C~Yd(y,D1) < d d(zh,D1) < Cd(y,D,) for ally € BY,. Thefirst termis
uniformly boundedIndeed,

1 9 1 C
Il=——— "t dy' < — . 36
1= 5 gy [ 0O < e o (36)
Next considerthe third term . If ¢ > s, thenv(y',t) = 0, whichimplies = 0.

Thereforeit sufficesto estimatdat whent < s.

1 ov(y',t Cll9lloo
Lle=y'|n ot d(s —t)2
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It remainsto estimatethe secondterm . For the seconderm, it sufiicesto estimate
thepart,denotecby again,containingthe normalandtime derivative becausather
termscontainingnormalandtangentiaderivativescanbe easilyshovn to bebounded.
Firstconsiderthe caseof ¢ < s. usingtheestimatg(7), we have

200)
Clglls | @/W e vr—t

C||g||oo/ d Cllgl|ot c
- d2 o(s—)f(t— )2 T @2(s—t): " (s—1t)3

IN

Inthecaseoft s, usingtheestimateg(7) again,we obtain

(s — )%
Clalls [ ' [ s
llgllss [ (5= ) _
2 A(F”gdsm (t =)l

wherewe usedt — < s — . To sumup above estimatesyve obtainthe point-wise
estimatg(35) of pressureywhichimmediatelyimpliesthatp € LY(B,: x I) for every
g < 2. Thiscompletegheproof. 0

IN

IA

Summarizinghe previousresults we obtainthefollowing maintheorem.

Main Theorem Letwv beafunctiongivenin (5), andassumehatg satisfiedS] and
(30), andh satisfiedT] . Let w andp be givenby the representatiofiormula (12) and
(13), respectiely. Then(u, p) is aweaksolutionof the Stokessystem(14) and(15).
Thepressureisin L‘I(BJr x I) for any ¢ < 2 andu is boundedandHdldercontinuous

up to the boundaryin BJr L xIforary0<r<1,ie u€Cy % (BJr x I) where

0 < a<l. The normalderlvatlvesof tangennalcomponent:of u areunboundedat
nearA’ = B, N{x3 = 0} whent = s.

The Proof of Main Theorem Thisis dueto Lemmag3.3, Main Lemma,Remark4.2,
Lemmab.1,andLemma5.2 above. 0

We concludethis sectionby constructinganotherexamplewhichis notevenHolder
continuousup to theboundary

Remark 5.3 We canalsoconstructa weaksolution,which is boundedout not Holder
continuous For simplicity, let s = 1 andT' = 2. We defineh(t) asfollows

C, 1-t)" () fo<t<1
h(t) = (37)

0 if 1<t<2,
whee isapositivenumbersatisfying >, 2 < ooandn =1, and isacut-of
functionsupportedn (0, 2). Letv beafunctiongivenin (5), andassumehat g satisfies
[S] and (30), and h satisfies(37). Suppose: be givenby the representatiorformula
(12). We notethat sinceh is boundedsois u, i.e. u € L=(B/, x (0,2)) becausef
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Lemma3.3. Moreover, following thesimilar procedue asin Lemmab.1,weobtainthe
following estimateof derivativeof u:

( C ®y——r if t<1
(1-t)2 2
Vu(z, )]

Cs @=-1|+C S T if 1<t<2.

Thisimplies|Vu(z,t)| € L?(B;, x (0,2)). Indeed simplecalculationsshow

/02/t|vu|2ﬁc/ol(im)zd

2 o0
+C [ (2 ( =-DI+ + —)*d
/1 3 (1— )E—?

) ] 1 oo
SC2+C( ) )/0 2(1_ )1—Ld
<c3+o( ) 2 )<oo

wheeweused *, <C *, % .Ontheotherhand,wenotethat

' 2 o _ 2 _2
lu(z', z3,1)] C x4 d forall 2.

3

2

From this observationwe notethat « is not Holder continuousup to the boundary
Indeed,for a fixedh > 0, since can be chosento be arbitrary large, we have
lu(z', zs,1)|z5 Cwi_ . We can seethat the right-side goesto infinity as 3
goesto zeo providedthat 2 — h is negative and therefore it cannotbe Holder con-
tinuous. Next, by following similar proceduesasin Lemma5.2, we can seethat the
pressue p representedn (13) satisfieghefollowing point-wiseestimate:

e — [ 1
(c =, T if t<

Ip(z,1)] c I "
o  (t-1)|+ S ar 1<t<?2.
It canbeeasilychededthatp € L' (B}, x (0,2)), butit is notin LY(B;, x (0,2))
for anyq > 1. This showsthat someassumption®n p are necessanto get Holder
continuityup to the boundary We remarkthatif p € L¢(B}, x (0,2)),¢ > 1, thenu
is Holder continuouswith the exponenta: = a(q) (seeLemmal andLemma2 in [9,
page 216,219])). 0
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