Stability of Polytopic Polynomial Matrices!

Long Wang Zhizhen Wang Wensheng Yu

Center for Systems and Control, Department of Mechanics and Engineering Science
Peking University, Beijing 100871, CHINA

Abstract: This paper gives a necessary and sufficient condition for robust D-stability of
Polytopic Polynomial Matrices.

Keywords: Robust Stability, Polynomial Matrices, Polytopic Polynomials, Edge Theorem,
Kharitonov’s Theorem.

1 Introduction

Motivated by the seminal theorem of Kharitonov on robust stability of interval polynomials[1, 2],
a number of papers on robustness analysis of uncertain systems have been published in the past few
years[3, 4, 5, 6, 7, 8,9, 10]. Kharitonov’s theorem states that the Hurwitz stability of a real (or complex)
interval polynomial family can be guaranteed by the Hurwitz stability of four (or eight) prescribed critical
vertex polynomials in this family. This result is significant since it reduces checking stability of infinitely
many polynomials to checking stability of finitely many polynomials, and the number of critical vertex
polynomials need to be checked is independent of the order of the polynomial family. An important
extension of Kharitonov’s theorem is the edge theorem discovered by Bartlett, Hollot and Huang[4]. The
edge theorem states that the stability of a polytope of polynomials can be guaranteed by the stability
of its one-dimensional exposed edge polynomials. The significance of the edge theorem is that it allows
some (affine) dependency among polynomial coefficients, and applies to more general stability regions,
e.g., unit circle, left sector, shifted half plane, hyperbola region, etc. When the dependency among
polynomial coefficients is nonlinear, however, Ackermann shows that checking a subset of a polynomial
family generally can not guarantee the stability of the entire family[11, 12, 13].

Parallel to this line of research, robust stability of uncertain matrices has also received considerable
attention. Bialas 'proved’ that for robust Hurwitz stability of an interval matrix, it suffices to check all
vertices[14]. But Barmish and Hollot gave a counter-example to show that Bialas’s claim is incorrect[15].
Kokame and Mori considered Hurwitz stability of an interval polynomial matrix, and by using some result
in signal processing theory, established a necessary and sufficient condition for robust stability[16].

This paper studies robust D-stability of polytopic polynomial matrices, i.e., matrices with entries
being polytopes of polynomials. We give a necessary and sufficient condition for robust D-stability of
Polytopic Polynomial Matrices, namely, the stability of a subset of this family guarantees the stability of
the entire family.

2 Preliminaries

Definition 1 An interval polynomial matrix A = (p;;)nxn IS & matrix whose entries p;; are interval
polynomials, i.e., pi; = ¢ + ql;s + ...+ qfjs™, qf; € [gfj,qu], kE = 0,...,m, where k stands for
superscript. A polytopic polynomial matrix A = (p;;)nxn is a matrix whose entries p;; are polytopic
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polynomials, i.e., pi; = Y0l Alipl, A5 >0, YL A =1, 4,5 =1,...,n, where p}; are fixed
polynomials.

Definition 2 Suppose Q@ C R"*! is an m-dimensional polytope. Its supporting plane H is defined
as an n-dimensional affine set, satisfying Q N H # @, and all points of  lie on the same side of H; Its
exposed set is defined as the intersection of ) and its supporting plane H; Its exposed edge set is defined
as the one-dimensional exposed set.

An n-th order polynomial can be regarded as a point in its (n + 1)-dimensional coefficient space.

Definition 3 Given an open region D in the complex plane, the polynomial matrix A is said to be
D-stable, if all roots of detA = 0 lie within D; A polynomial matrix set A is said to be D-stable, if every
member in A is D-stable. When D is taken as the open left half of the complex plane, D-stable is also
called Hurwitz stable.

In fact, Edge Theorem holds for more general stability regions. For simplicity, we only consider
simply-connected stability regions in this paper.

Definition 4 Given an interval polynomial set F(s) = {d>",@:s', ¢ € ¢,,4;]}, its Kharitonov
vertex set is K& = {fL, f2, f2, fi}, and ES = {Afi+ (1 =N fE,  (s,t) € {(1,2),(2,4),(4,3),(3, 1)}, A €
[0,1]} is called its Kharitonov exposed edge set, where

f%:go—kgls—kﬁng—l—... f,f:g0+qls+5232+...
fg:qo+gls+g282+... f,f:qo—&—@ls—l—%sz—i—...

Consider the polytopic polynomial sets

Pij = {Z;nﬂ )‘i‘cjpfj : Afj 2 0727::1 >‘i'€j = 1} (4,7=1,...,n)
pfj are fixed polynomials, k =1,...,m.

Their vertex sets are
K;; :{pfj k=1,....m} (i,7=1,...,n)

and by definition, their exposed edge sets are contained in
Eij = {\pj; + (1 —)\)pﬁj, s,t=1,....m} (5,7=1,...,n)

Let A= {(pij)nxn : Pij € Pij, ©,j =1,...,n}, and let P’ be the set of all permutations of 1,2,...,n.
Definition 5 Define €4 as

B . pslsGESlS,(Zl,...,Zn)EPS,S:].,...,TL
{(p”)"x"' pei. € Kaivig=1,...ls—1,1,+1,....n (2)

It is easy to see that, €4 is produced by taking only one entry from its exposed edge set in every
row/column and all other entries from their vertex sets in A.

3 Main Results

3.1 Polytopic Polynomial Matrices

Consider the polytopic polynomial matrix set
A:{(pl-j)an : where Dij GPij, i,jil,...,n} (3)

Suppose VA € A, deg(detA) = const.
Theorem 1 A is D-stable if and only if €4 is D-stable.



Proof: Necessity is obvious. To prove sufficiency, suppose €4 is D-stable. Let

P11 ... DPin
A:

Pn1 -+ Pnn
By using Laplace formula on the first column, we have

detA = p11 M1+ ... + pp1Mp

Let .
Pi1 P12 --- Din and pf; € Pisi=1,...,n
T = , Di; are entries of A
D1 Dn2 .- Dnn ji=2,...,n

It is easy to see that A€ 7 and VT € T
detT = pyy My + ...+ ppy Mna
Apparently, detT is an affine function of pjy,...,p};. By Edge Theorem
detT is D-stable < the edge set of detT is D-stable.
The edge set of detT is

EilMil + Z Klejh 7 = 1,...,’17,

i#j=1
The corresponding matrix collection is
q1 »
qi1 € Eﬂ,l S {1,,7’l}
_ leeKk-l;t:27~-~,n
Ar = Gir (Pst)nx(n-1) | Drt, Pi¢ are entries of A
k=1,...;i—1,i+1,...,n
gn1

In this case, 7 is D-stable <& A; is D-stable. Moreover, VA, € A;, there exists i € {1,...,n},q1 €
Fi,qu € Kk, k=1,...,9—1,i4+1,...,n such that

qi1 P12
A = qi1 Di2 (pst)nx(nﬂ)
dnl  Pn2

Again, by using Laplace formula on the second column, we have
detAy = p1aMis + ... + ppaMp2

Set
gi; are entries of Ay

B @ Pz P13 Pin pij are entries of A
= o e P,
dn1 p;Z Pn3 o DPnn Z;; — 1jj n
Let 71 = U4, ca, B, then, its edge set Aj is
qi11 912 je{l,...,n};lil,...,n
m=1,1+#1i
Kim: 7l
g1 i € P = 2,14
(pst) tm 5o m=1,1=1
qj'g bm m=2,l:j
Py are entries of A
dni dn2 t:3,...7n




and A; C 7;. By definition and Edge Theorem
71 is D-stable < A, is D-stable.

By repeating the process above, we have

A27"'7An—1a-’471; 757"'57;1—1
Ty, is D-stable < A4 is D-stable
Ay is D-stable < T}, is D-stable k=2,...,n—1

where A, is the collection of

g1 .- ik Ei il =iy
Q”E{Km,z?eit
Qiy1 - Qirk i1,...,0k €{1,...,n}
(pst) t:].,,k
Qix1 -+ Qigk l=1,...,n

p1s are entries of A
Qni -+ Qnk xn S=k+1....n

Thus, for each element of Ay, its entries have the following characteristics: for the first k& columns, all
entries of each column belong to their vertex sets except that one entry belongs to its exposed edge set,
and the entries of the remaining n — k columns are the corresponding entries of A. Hence, VA, € A, we
have

qi1 .- Qin

E7ft7l:7/t

giy1 - Qirn e E{ K, 1 # iy
A, = o ey

qi,1 -+ Gi,n tzl,...,n

cee e l=1,...,n

dn1  --- Gnn

If i = i; for some pair iy, ¢, without loss of generality, suppose i; = i3 = 1, namely

qu1 qi12 --- {qin
An: ,Q11€E11, Q12€E12

dn1 Q4n2 --- Qnn

By using Laplace formula on the first row of A,,, we have

n

detA,, = g1 M1 + q12Mi2 + Z q1iMy;
i—3

By Edge Theorem

An is D-stable < Q11M11 + q(1)2M12 + Z?:?, C]uMu and

n
Q?lMll + Q12M12 + Z CIuMu are D—stable.

=3
The corresponding matrices are
0
911 12 --- Qin o
.. ,CI11€K117
dni dn2 e dnn
0

qi1 412 --- din 0

, Q12 € K2,
dni dn2 e dnn



which belong to

qi1 ... dQin

Gi Gi QisseEiss,(il,...,in)GPﬁ
nboe nn qlseKlsvl#is

s lzl,...,n

Ginl - Ginn s=1,...,n

dn1 .-+ dnn

So, A, is D-stable < €4 is D-stable. Thus

€4 is D-stable & A,, is D — stable < 7,,_1 is D-stable
= A, _1 is D-stable... & 7; is D-stable
= A; is D-stable & T is D-stable = A is D-stable.

That is to say, €4 is D-stable = VA € A, A is D-stable, namely, A is D-stable. This completes the proof.
Remark 1 When m = 2, i.e. A= (pij)nxn, Where

pij =i+ Aijpi; Aij € [0,1]
p%, pllj are fixed polynomials 1,5 =1,...,n

(4)

Let
By = {(pij)nxn pij satisfies (4)} 5)

In this case, the vertex sets of p;; are {p?j, pgj + pllj}, and their exposed sets are exactly themselves, namely,
Dii + AijDii} e corresponding conclusion has more concise form, this is due to the simplification o
?j )\lej Th ding lusion h ise f this is due to the simplificati f
the edge set of B
(lh,.. lp) €Pls=1,...,n
€B, = (pij)nxn Ao € Oa 1] 1= ls
SELH01) il

3.2 Interval Polynomial Matrices

Consider the subset of R"*"(s)
Bz = {(pij)nxn, pij are interval polynomials } (6)

where R™*"(s) is the collection of n x n polynomial matrices. Assume ep, is Hurwitz stable.

Consider detA, using Laplace formula on first column, we have
detA = py Mg+ ...+ puiMp .

Similar to the proof of theorem 1, and by resort to the Generalized Kharitonov Theorem, we have

Theorem 2 If VA € By, deg(detA) = m. Then By is Hurwitz stable < eg, is Hurwitz stable,
where €p, is
Di1; € E?l,’;i =1,...,n
(pij)an t Dsis € Ksis;ls Fis=1,...,mn;
(lh,...,ln) €PMs=1,...,n

and E9 | K©

i,» K, are defined in Definition 4.

Remark 2 Theorems 1 and 2 can be viewed as a generalization of the Edge Theorem and Kharitonov
Theorem to MIMO case. Stability test of the entire family is reduced to a critical low-dimensional subset.
No extra lemma from signal processing is needed in our proof. Furthermore, our results can be easily

extended to polynomial matrices with complex coefficients.
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