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Abstract

We give a graphicalprescriptionfor obtainingand characterisingll separable
coordinatedor which the Schibdinger equationadmits separablesolutionsfor
oneof thesuperintgrablepotentials

or

Here is adistinguishedtartesiarvariable. The algebraof secondrdersym-
metriesof the resultingSchibdingerequationis givenand,for the rst potential,
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the closurerelationsof the correspondingjuadraticalgebra.Thesepotentialsare
particularlyinterestingoecauséhey occurin all dimensions , theseparation
of variablesproblemis highly nontrivial for them,andmary otherpotentialsare
limiting cases.

1 Intr oduction

In previousarticleswe have lookedat two- andthree-dimensionauperintgrable
potentialsfor which the Schibdingerequationis maximally superintgrable[1,
2, 3,4]. (Asthe rst investigationof superintgrablepotentialswe alsorefer to
paperg5, 6, 7]. Many examplesof the relationbetweensymmetryandvariable
separatioraregivenin [8].) In this articlewe extendour studyto the caseof -
dimensionaEuclideanspacewherethe requiremenis thatthe potentialsadmit
functionallyindependensecond-ordesymmetriesAs shovn previously
for two- andthree-dimensiongtuclideanspacethe potentialswe considemave
boundstatesolutionswhich canbefoundin polynomialform. Usingthegraphical
calculusdevelopedfor separablecoordinatesn Euclidean -spaceandon the
-sphere[9, 10] we are ableto describesystemmaticallycoordinateseparation
andboundstatesolutionsfor a large classof superintgrablesystems.The basic
equatiorthatwe investigatas of courseSchiddingers equation

- - 1)

Ourgoalisto nd, for two particularlychosersuperintgrablepotentialsall so-
lutions of this equationvia a separatiorof variablesansatz for
all possiblecoordinatesystems . Thesepotentialsare exceptional. Not only
arethey superintgrable(admitting functionallyindependenseconcdrder
constant®f themotion), but they occurfor all , andcontainmary
otherspecialpotentialsaslimiting casesThey have a distinguishedtartesiarco-
ordinate , anddueto this symmetrybreaking thesepotentialsdo notseparate
in all coordinatesystemdor which the zeropotentialSchibdingerequationsepa-
rates.However they do separaten alarge subclas®f suchsystemslargein the
sensethat the numberof separablesystemsgrows without boundas
Thoughthe analysisis complicatedwe canusethe graphicalcharacterizatiomf
all separablsystemdor thefreeequationn Euclidean -space[9, 10],to deter
mine exactly which systemsalsoseparatdor the givenpotentials.Thetwo cases
arethenonisotropicoscillatorpotential



andthe nonisotropicCoulombpotential

A third superintgrablepotential,an extensionof theisotropicoscillator,

also belongsin this group. However, the variable separatiorproblemfor that
casels relatively simpleandis well known, [11, 12,13]. (Ellipsoidalcoordinates
andall possiblelimiting casesf thesecoordinates.)Potentials(l) and(lll) are
nondg@eneratein thesenseof [3], i.e.,they form an -parametefamily such
that at any regular point  one can choosethe valuesof the quantities
, and arbitrarily. (Thisis soeventhoughfor a x edchoiceof

parametersve canalwaystranslatecoordinatesn (I) sothat .) Ontheother
hand,potential(ll) is degenegte, it depend®nonly  parameters.

To shedsomeinsightontheconcepbf nondgenerag we digressandexamine
therelationshipbetweerthe potentialandthe invariantsin a classicalsuperinte-
grablesystem Let the Hamiltonianbe

(2)

where arecartesiarcoordinatesSuppose de nesasuperin-
tegrablesystemin the senseof this paperi.e., supposehereexist func-
tionally independensecond-ordeinvariants , :

3)

where
(4)
Theintegrability conditionsfor the matrix componentandthe potentialare

(5)

and

(6)



for and . Expressiong5) aretheequationgor
second-ordeKilling tensorg14]. Thespaceof solutionss

dimensionabndeachcomponent is asecond-ordepolynomialin the carte-

siancoordinatesFor x ed and , expressiong6) consti-

tute equationdor the unknowns :
In all, expressiong6) constitute equationdor

unknavns (theindependensecondderivativesof ). We canwrite

this systemin the form where is , Isthe vectorof

second-ordedervativesof ,and isthe vectorcontainingthetermsthat

are rst-order derivativesof . We saythatthis systems nondgenerteprovided
threeconditionsaresatis ed:

1. hasrank ,themaximumpossible.

2. Theaugmentednatrix alsohasrank

Thesetwo conditionsimply thatwe can(uniquely)solve for the second-
orderderivatives : and ,

as linear combinationsof the  functions with coefcients that are
rationalfunctionsof the cartesiarcoordinates.

(7)

(This is most easily seen,for example,if all -rowed minorsin  are
nonzero.Thenonecan nd solutionsof theform (7),andif  alsohasrank

, thesesolutionsareconsistent. Fromtheseexpressionsve cansolve for
all thethird-orderderiatives andall higherorderdervatives,aslin-
earcombinationsf the derivatives : , . We require
thatthis procesgutsno furtherrestrictionson thecomponents.

3. All higherderiativesof canbedeterminedinambiguouslyrom relations
(7),i.e.,theintegrability conditionsaresatis edidentically.

We saythat is aregular pointif all the rationalfunctions
arewell de ned at

From the de nition of nondegienerag one canshav thatthe potential is
nondgenerataf andonly if it is uniquelydeterminedoy the parameters
: : , andtheseparametersanbeprescribedarbitrarily at
theregularpoint



All known nondgeneratesuperintgrablesystemsave thepropertythatthere
is a quadraticalgebraof constant®f the motion. In particularthereis a basisfor
theseconstantghatclosesundera nite numberof commutators\We verify that
thisis indeedthe casefor system(l). Thestructureof thequadraticalgebrawhich
we work out, providesimportantinformationfor interbasisexpansionsrelating
the separablesystems.On the otherhand,the basisconstantdor the degenerate
system(Il) donotcloseundera nite numberof commutators.

2 Nonisotropic -dimensionaloscillator

The rst potentialthatwe consideris
- — (8)

where . Fromthe known separablesystemson the
-dimensionakphereandin  -dimensionaEuclideanspacg9, 10], we will see
that the separatiorof variablesproblemcan be solved for this multiparameter
potential[13]. To completelydescribethe separablecoordinatedor the corre-
spondingSchibdingerequationt will beconvenientto considerrst somespecial
classeof coordinatesystems.Thesewill provide the groundwork for the com-
plete classi cation of all suchsystems.Eachsuchcoordinatesystemgivesrise
to separatiorconstantsvhich are secondorder symmetriesof the corresponding
Schibdingerequation A basisfor thevectorspaceof suchsymmetriegor is given

by

— (9)

— - — - - (10)
(11)

- — - (12)

[Note: Strictly speakingthereshouldbe aterm addedto the expression
(8) for the nonisotropicoscillatorpotential but we cantranslatehe  coordinate

5



sothatthistermbecomegzero.(Addition of aconstanto thepotentialis ignored.)
It is worth afew wordsto explainwhy thisis thecaseandwhy it doesnt occurfor
othersuperintgrablesystems.In our classi cation of nondgeneratesuperinte-
grablesystemswe cateyorizethe spaceof 2ndorder symmetryoperatorsfor each
systemup to equivalenceunderEuclideantransformationsNOT the correspond-
ing potentials Oncethe spaceof symmetrieds x ed,we calculateall potentials
that are compatiblewith this space. Ordinarily eachof our spacesof symme-
try operatorson alist of superintgrablepotentialsadmitsno propersubgroupof
asasymmetrygroup,i.e.,ary Euclideantransformatiormapsthe space
into adistinctspaceof symmetriesHowever, for casg(l) the spaceof symmetries
is invariantundertranslationsn . (Theindividual symmetryoperatorchange
but thespaceas invariant.)Thusthe  termshouldappearsinceit is compatible
with the symmetryspacebut it canbe madezeroby atranslation ]
We rst consideseparableoordinatesystemdor which remainsunchanged.
In additionwe considetthevariousformsof coordinate$or whichthereis apolar
coordinate . Typically suchcoordinatehave theform

(13)
where

(14)
For coordinate®f thistypethecorrespondingeparablsolutionsof theSchibdinger
equationhave the form . The effect of this choice
is to reducethe problemto the equivalentoneon the -dimensionakphere

with correspondindrosokhatiugl5] potential

- — (15)
Indeedthe correspondingchibdingerequation
- (16)
where
(17)

is separablen all the coordinatesor which the zeropotentialSchibdingerequa-
tion is separable(The potentialis a Stackel multiplier [16].) The completeso-
lution of this latter problemis known [17] (seealso[13] for hypersphericato-
ordinates).The variouscoordinatesanbe constructedrom a knowledgeof the
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solutionto this problemfor elliptic coordinatesn -dimensions. In graphical
notation,[9, 10], this correspond$o

(18)
Theassociatedoordinate®nthe dimensionakpherehave theform
(19)
where . In termsof thesecoordinatesthe
correspondingchibdingerequation(16) is
- — (20)
Theseparatiorequationsare
- — (21)
for . We nd thesolutionsof this equationasfollows. If we make the
ansatz
thezerosmustsatisfy[17]
— — (22)
This ansatzs basedn theidentity
e — (23)
The operatorghatspecifythe separatiorconstantsare
- (24)



Theeigervalueof andtheseoperatorsare

- - (25)

- (26)

Herethe symbol denoteghe sumof all productsof elementgakenfrom
, Where areall differentandthe symbolis symmetricin thein-

dices ,e.g.,

Effectively the sumin theseformulasis taken over asindicated.In orderto
obtainthebasicbuilding blockswe needto illustratehow coordinategorrespond-
ing to thediagram

(27)

give rise to separableolutionsandhow the wave functionscanbe computed.A
cornvenientchoiceof coordinatesn this caseis

(28)
where isaunitvectoronthesphere and
. If wenow rede nethe  accordingo
(29)
thena solutionof the Schibdingerequationcanbe obtainedn the form
— (30)

where



and

— - (31)
Theequationsatis edby thezeros is
— — (32)
Theseparatiorequationsare
i — (33)

Theeigevalues aregivenby theformulasusedfor generaklliptic coordinates
correspondingo thediagram

(34)

but with thereplacement . Thisenablesusto give all the
separableoordinate®f thetype for the potentialunderconsideration.

We give an exampleof how this works. Considerthe coordinatesystemde-
scribedby thediagram

(35)
This diagramcorrespond$o the choiceof coordinates

(36)
where

(37)

(38)



The solutionsto the correspondingchibdingerequatiorwith potential

have theform where

with and
equationssatis ed by thezerosare

The separatiorequationgor thesesolutionsare

10

(39)

(40)

(41)

(42)

. The

(43)

(44)

(45)

(46)



_ _ (47)

where ,
- (48)
where and
The operatorsiescribinghe separatiorconstants - and are
(49)
- (50)
_ (51)
- (52)
(53)
respectrely. Theeigervalues and aregivenby
(54)
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(55)

We have establishedhe following result: For the potential , solution of the

Schrodinger equation via the separation of variables ansatzis possiblein all
the coordinate systemsfor which the Helmholtz equation on the sphere is
separable. In terms of the graphical calculus, all separablesystemson the
sphere are constructed from tree graphs whosecomponentscome from the
branching rule

(56)

where indicatescoordinateson the sphere of dimension

Now thatwe seehow the separatiorof variablesworks on the spherefor the
potential , wecandescribenow separatiorof variableswvorksin the caseof the
potential

i (57)

Thecorrespondingchidingerequationcanbe solvedby separatiorof variables
in all the coordinatedor which the correspondingHelmholtz equationcan be
solved. The coordinatedor which this is possibleconsistof a disjoint sum of

graphsof theform

(58)
wherethe symbol denoteselliptic coordinatesn  dimensional
Euclideanspacq10], viz

(59)
The standardchoiceof coordinategor theabove diagramis

(60)
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whereeach liesonaunitsphereof dimension . Thecorrespondingchibdinger
equationcanbewrittenin theform

- — (61)
where
- (62)
for . If we write this out in elliptical coordinates the equality
assumesheform
- — (63)
Theseparatiorequationsare
(64)

To obtainthe polynomialsolutionsin the usualway we look for solutionsof the
form

- — (65)
With thisansatzhe  satisfy
— — (66)
Theenegy s givenby
(67)
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The operatorsvhoseeigervaluesarethe separatiorparameters  are

- (68)

Theeigervaluescanbereadily calculatedas

(69)

For the potential  exactlythe coordinate systemsconstructedfr om disjoint
graphs, viz

(70)

enablethe correspondingSchrodinger equation to be solved via separation
of variables.

We arenow in a positionto give a completesolutionto the problemof sep-
arationof variablesfor our original problem: the Schibdingerequationin
dimensionswith potential

- — (71)

There are two possibletypes of separablecoordinatesystems. The rst and
most obvious are the disjoint coordinatesystemsof the type alreadyusedfor
the previous potential  andexcludingthe coordinate . For a coordinatesys-
tem of this typethe coordinateis not connectedo ary othercoordinateand
can factoredout of the solution via the ansatz where

The only type of separableoordinatesystemthatis linked to the coordinate
canbetakenas

- (72)
Here is avectoronthe dimensionakphere[Note: We couldalso
take coordinate®of theform uponsuitable
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rearrangemenaf the Cartesiarcoordinates . If we separatedhe depen-

denceon out we would thenhave essentiallythe coordinatesystem
(72) but with .] Returningto (72), if we write the Schiddingerequationfor
thesecoordinateanduseour potentialwe have, with , thatthe
equationfor is
- (73)

where . Thisequationassumega moretransparentorm if
we write . Thenis

- — (74)

This is exactly the equatiornwe obtainin the caseof two dimensionakpacewith
the exceptionof theoccurenceof  [1]. If weuse and asseparableoordi-
nateshenthe correspondingolutionsare

) i (75)
(However, this is equivalentto the earliertype in which Is isolatedfrom
the othercoordinates.Alternatively if we chooseparaboliccoordinates
then islinkedandthe equationassumesheform
- - (76)
This equationadmitsseparableolutions which satisfythe separation
equations
— (77)
where accordingas , respectrely. To obtainthe boundstate
solutionsfor this problemwe make useof theidentity [1]
— (78)
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If welook for solutionsof theform

— (79)
we seethatthe  satisfy
— (80)
andtheeigervalue is givenby theexpression
(81)

whichis the eigervalueof the operator . givenby (12).

We have establishedhat the coordinatesystemsfor which the Schibdinger
equationwith potential is separablareof two types:

[1]. Coordinate systemsfor which the  coordinate remainsisolated.
This correspondsto the systemswhich separatefor

(82)

[2]. Coordinate systemswhich are associatedwith disjoint sum of graphs
of the form

(83)

Here, isthebasicparaboliccoordinatesystem.
How do we know that this potentialdoesnt separatén coordinatesystems
otherthanthoselisted abore? The characterizatiorf the separablesystemsoy
second-ordesymmetryoperatoran involution is crucial here. In [10] these
operatorsarelisted in detail for the zero-potentiakasein Euclideanspacesand
onthesphere We have computedhevectorspaceof symmetryoperatorgor our
potential,andgivenabasisin (9,10,11,12)In orderthatour equationseparaten
agivencoordinatesystemwe mustbeableto construcbperatorgrom this vector
spacethatagreen their differentialtermswith the characterizingperatordisted
in [10]. For example,the fact that thereis no operatoranalagougo
in (9,10,11,12)meansthat the coordinate cannotbe part of ary separable
ellipsoidalor hypersphericatoordinatesystem.
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3 Nonisotropic -dimensionalCoulomb problem

In additionto the potentialwe have consideredhusfar we canalsodiscussthe
potential(whichis the -dimensionalgeneralizatiorof the tree-dimensionasu-
perintgyrablepotential[7])

_ — (84)
The correspondingchibdingerequation
- — (85)
admitssymmetrieghere )
- — - — - (86)
- — - (87)
- - (88)
The Schibdingerequationadmitsa separatiorof variablesn coordinates
(89)
where is expressedn termsof arny separableoordinatesystem
onthe dimensionakphere.If we look for solutionsof Schibdingers equation
of theform , theequationgor and are
— — _ — (90)
- — (91)
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where -, . Thisequatiorhas
solutions

_ (92)
where is aLaguerrepolynomialand is radialquantumnum-
ber. The quantisatiorconditionontheenepy levelsis

(93)

The secondset of coordinatesn which separatiorof variablesis possibleis a
versionof paraboliccordinatesyiz.

- (94)

In thesecoordinateshe Schivdingerequatiorhastheform
- — - (95)
With - , the equationsfor and have the

form

— — - (96)
- - (97)
where . Theequation(96)is essentialljthatwe

have alreadylooked at. The separablesolutionsfor the wave functions in the
paraboliccoordinates is

i (98

where andthe enegy spectrumhave theform

(99)
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The equation(96) canbe alsosolved by a separatiorof variablesby regarding
and ascartesiarcoordinates.We could alsochoosepolar or elliptical coordi-
natesand solve our problemby separatiorof variables.In elliptical coordinates
we canobtainasolutionfor by writing

B (100)
wherethe satisfy
— - (101)
andwe have the quantisatiorcondition
(102)

We couldalsowrite this expressiorin termsof Cartesiarcoordinatedy using

In conclusion,this potential separatesin thr ee classesf coordinate sys-
tems:

(103)

Here, isthe sphereof dimension .

Again,we cancheckthatthis potentialdoesnt separatén coordinatesystems
otherthanthoselisted above by makinguseof characterizatiorof the separable
systemdy second-ordesymmetryoperatorsn involutionasgivenin [10]. We
have computedhevectorspaceof symmetryoperatorgor our potential,andgiven
a basisin (86,87,88). In orderthat our equationseparaten a given coordinate
systemwe mustbe ableto constructoperatordrom this vectorspacethatagree
in their differentialtermswith the characterizingpperatordistedin [10].

4 Operator characterizations

Associatedvith thevariousseparationsf variablesarethe operatorcharacterisa-
tionsof theindividual systemsTheoperatordorm a quadraticalgebrawhich de-
terminesthe natureof the dynamicalsymmetriesassociatedavith the Schibdinger
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equation. For the rst potential,we give the de ning relationsfor the quadratic
algebrageneratedy and . (We notethatthe algebraof operators
for thelastpotentialcannotbe closedpolynomially underrepeatedcommutation.
Howeverif we discard closureis againpossible.)Returningto our rst poten-
tial, the rst commutatorsare

(104)
wherethe and aretotally antisymmetric. The commutatorsof the
and are
The commutator®f andwith are
The commutator®f andwith are
The commutator®f andwith are
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Thecommutator®f the and amongsthemselesare

All the commutatorsof the and can be expressedn terms
of quadraticsymmetricproductsof themseles. The algebrathereforecloses
guadratically We shouldnotethat only someof thesecommutatorsxist in di-

mension5 or higher Therearerelationsbetweenthe symmetricproductsof the
generator®f thisalgebra.Thesearelistedin theappendix.
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Appendix

Herewelist identitiesbetweersymmetrigproductsof thegeneratorsf thequadratic
algebrafor the rst potential. Thelist is exhaustve, exceptthatidentitieshaving
overall moreindicesthanthosewhich appeaiin eachof the termsof the identity
have notbeenlisted, e.g.,anidentitiesof theform

Ourexhaustvelist is asfollows. In all theformulasit is assumedhatindiceswith
differentlabelshave distinct numericalvalues. De nitions of eachof the terms
aregivenin (104).
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The symmetricproductsof component®f with itself are

Symmetricproductsof  with  are

Symmetricproductsbetween and are
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Thesymmetricproductsof  with itself are

Thesymmetricproductsof and are

Thesymmetricproductsof  with itself are
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