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Abstract
We give a graphicalprescriptionfor obtainingand characterisingall separable
coordinatesfor which the Schr̈odingerequationadmitsseparablesolutionsfor
oneof thesuperintegrablepotentials
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Here �

�

�

� is adistinguishedcartesianvariable.Thealgebraof secondordersym-
metriesof theresultingSchr̈odingerequationis givenand,for the �rst potential,
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theclosurerelationsof thecorrespondingquadraticalgebra.Thesepotentialsare
particularlyinterestingbecausethey occurin all dimensions�

�

� , theseparation
of variablesproblemis highly nontrivial for them,andmany otherpotentialsare
limiting cases.

1 Intr oduction

In previousarticleswehave lookedat two- andthree-dimensionalsuperintegrable
potentialsfor which the Schr̈odingerequationis maximally superintegrable[1,
2, 3, 4]. (As the �rst investigationof superintegrablepotentialswe alsorefer to
papers[5, 6, 7]. Many examplesof the relationbetweensymmetryandvariable
separationaregivenin [8].) In this articlewe extendour studyto thecaseof � -
dimensionalEuclideanspace,wherethe requirementis that thepotentialsadmit

�

�

�

� functionallyindependentsecond-ordersymmetries.As shown previously
for two- andthree-dimensionalEuclideanspace,thepotentialswe considerhave
boundstatesolutionswhichcanbefoundin polynomialform. Usingthegraphical
calculusdevelopedfor separablecoordinatesin Euclidean � -spaceand on the

� -sphere[9, 10] we areable to describesystemmaticallycoordinateseparation
andboundstatesolutionsfor a largeclassof superintegrablesystems.Thebasic
equationthatwe investigateis of courseSchr̈odinger'sequation���
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(1)

Our goal is to �nd, for two particularlychosensuperintegrablepotentials,all so-
lutionsof this equationvia a separationof variablesansatz
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�

� for
all possiblecoordinatesystems�

� . Thesepotentialsareexceptional. Not only
arethey superintegrable(admitting

�

�

�

� functionallyindependentsecondorder
constantsof themotion),but they occurfor all �

�

�

�

�

�

�

, andcontainmany
otherspecialpotentialsaslimiting cases.They havea distinguishedcartesianco-
ordinate�

�

�

� , anddueto thissymmetrybreaking,thesepotentialsdonotseparate
in all coordinatesystemsfor which thezeropotentialSchr̈odingerequationsepa-
rates.However they do separatein a largesubclassof suchsystems,large in the
sensethat the numberof separablesystemsgrows without boundas � � � .
Thoughtheanalysisis complicated,we canusethegraphicalcharacterizationof
all separablesystemsfor thefreeequationin Euclidean� -space,[9, 10], to deter-
mineexactly which systemsalsoseparatefor thegivenpotentials.Thetwo cases
arethenonisotropicoscillatorpotential
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andthenonisotropicCoulombpotential
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A third superintegrablepotential,anextensionof theisotropicoscillator,
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also belongsin this group. However, the variableseparationproblemfor that
caseis relatively simpleandis well known, [11, 12,13]. (Ellipsoidalcoordinates
andall possiblelimiting casesof thesecoordinates.)Potentials(I) and(III) are
nondegeneratein thesenseof [3], i.e., they form an �

�

� -parameterfamily such
that at any regular point � one can choosethe valuesof the �

�

� quantities
�

���

�

�

� , and
�

�
���

�

�

�

�

arbitrarily. (This is soeventhoughfor a �x edchoiceof
parameterswecanalwaystranslatecoordinatesin (I) sothat

!

���

.) On theother
hand,potential(II) is degenerate, it dependson only � parameters.

Toshedsomeinsightontheconceptof nondegeneracy wedigressandexamine
the relationshipbetweenthe potentialandthe invariantsin a classicalsuperinte-
grablesystem.Let theHamiltonianbe
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where�
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���

�����

�

�

�

� arecartesiancoordinates.Suppose
�

de�nesa superin-
tegrablesystemin thesenseof this paper, i.e., supposethereexist

�

�

�

� func-
tionally independentsecond-orderinvariants
��

���

� �

, 
��

�

�

�

�����

�




�

���

���

:
�

�

�




���

���

���

� �

�

�

�

�����

�

�

�

�

�

� (3)

where




���

�

�

�




��� �

���




���

�

���

�

�

�




�




�

�! 

���

�

�

�

�

�




�"�

�

�#�

�




�"�

�

���

%

(4)

Theintegrability conditionsfor thematrix componentsandthepotentialare
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for �

�

�

�

�����

�

�

�

� and �������

�

� � . Expressions(5) aretheequationsfor
second-orderKilling tensors[14]. Thespaceof solutionsis � � �

�

� �

�

� �

�

�

�

�

�

�

dimensionalandeachcomponent
 �"�

�

�#� is a second-orderpolynomialin thecarte-
siancoordinates.For �x ed ���

�

�

� and �

�

�

�����

�

�

�

�

� , expressions(6) consti-
tute

�

�

�

�

equationsfor the
�

�

�

�

unknowns
�
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,
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�

.
In all, expressions(6) constitute
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equationsfor �
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�

�

� ���
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�

unknowns(theindependentsecondderivativesof
�

). We canwrite
this systemin theform ��


�

�




� where � is 
 ��� , 


� is the ��� � vectorof
second-orderderivativesof

�

, and 


� is the 
�� � vectorcontainingthetermsthat
are�rst-order derivativesof

�

. Wesaythatthissystemis nondegenerateprovided
threeconditionsaresatis�ed:

1. � hasrank � , themaximumpossible.

2. Theaugmentedmatrix ���

�

���

�




�

� alsohasrank � .

Thesetwo conditionsimply thatwe can(uniquely)solve for the � second-
orderderivatives

�

� �

�

�

�

� �

�

, ��������� and
�

	 �

�

, �������

�

� �

as linear combinationsof the � functions
�

	

�

with coef�cients that are
rationalfunctionsof thecartesiancoordinates.
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(This is most easily seen,for example, if all � -rowed minors in � are
nonzero.Thenonecan�nd solutionsof theform (7),andif ��� alsohasrank

� , thesesolutionsareconsistent.)Fromtheseexpressionswecansolve for
all thethird-orderderivatives

�

	 �#�

�

andall higher-orderderivatives,aslin-
earcombinationsof the derivatives

�

� �

�

,
�

	

�

, ����� � � . We require
thatthisprocessputsno furtherrestrictionson thecomponents.

3. All higherderivativesof
�

canbedeterminedunambiguouslyfromrelations
(7), i.e., theintegrability conditionsaresatis�ed identically.

We saythat �"! is a regular point if all the rationalfunctions
�

� �

�

�

�

�

�

�

	 �

�

�

�

�

arewell de�ned at �

�

�#! .
From the de�nition of nondegeneracy onecan show that the potential

�

is
nondegenerateif andonly if it is uniquelydeterminedby the �

�

�

parameters
�

� �

�

�

�"!

� ,
�

	

�

�

�"!

� ,
�

�

�"!

� , andtheseparameterscanbeprescribedarbitrarilyat
theregularpoint �#! .
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All known nondegeneratesuperintegrablesystemshavethepropertythatthere
is a quadraticalgebraof constantsof themotion. In particularthereis a basisfor
theseconstantsthatclosesundera �nite numberof commutators.We verify that
this is indeedthecasefor system(I). Thestructureof thequadraticalgebra,which
we work out, provides importantinformation for interbasisexpansionsrelating
theseparablesystems.On theotherhand,thebasisconstantsfor thedegenerate
system(II) donotcloseundera �nite numberof commutators.

2 Nonisotropic � -dimensionaloscillator

The�rst potentialthatweconsideris
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where �
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���

� . From the known separablesystemson the
� -dimensionalsphereandin � -dimensionalEuclideanspace[9, 10], we will see
that the separationof variablesproblemcan be solved for this multiparameter
potential[13]. To completelydescribethe separablecoordinatesfor the corre-
spondingSchr̈odingerequationit will beconvenientto consider�rst somespecial
classesof coordinatesystems.Thesewill provide the groundwork for the com-
pleteclassi�cationof all suchsystems.Eachsuchcoordinatesystemgivesrise
to separationconstantswhich aresecondordersymmetriesof thecorresponding
Schr̈odingerequation.A basisfor thevectorspaceof suchsymmetriesfor is given
by
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[Note: Strictly speaking,thereshouldbea term
!

� addedto the expression
(8) for thenonisotropicoscillatorpotential,but wecantranslatethe � coordinate
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sothatthistermbecomeszero.(Addition of aconstantto thepotentialis ignored.)
It is worthafew wordsto explainwhy this is thecaseandwhy it doesn't occurfor
othersuperintegrablesystems.In our classi�cationof nondegeneratesuperinte-
grablesystemswecategorizethespaceof 2ndordersymmetryoperators for each
systemup to equivalenceunderEuclideantransformations,NOT thecorrespond-
ing potentials. Oncethespaceof symmetriesis �x ed,we calculateall potentials
that are compatiblewith this space. Ordinarily eachof our spacesof symme-
try operatorson a list of superintegrablepotentialsadmitsno propersubgroupof

�

� �

���

� asasymmetrygroup,i.e.,any Euclideantransformationmapsthespace
into adistinctspaceof symmetries.However, for case(I) thespaceof symmetries
is invariantundertranslationsin � . (The individual symmetryoperatorschange
but thespaceis invariant.)Thusthe

!

� termshouldappear, sinceit is compatible
with thesymmetryspace,but it canbemadezeroby a translation.]

We�rst considerseparablecoordinatesystemsfor which � remainsunchanged.
In additionweconsiderthevariousformsof coordinatesfor whichthereis apolar
coordinate� . Typically suchcoordinateshave theform
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where
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�

� (14)

Forcoordinatesof thistypethecorrespondingseparablesolutionsof theSchr̈odinger
equationhave the form
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��� �	� � �
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��
 �
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� . The effect of this choice
is to reducetheproblemto theequivalentoneon the ���

�

��� -dimensionalsphere
with correspondingRosokhatius[15] potential
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IndeedthecorrespondingSchr̈odingerequation
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is separablein all thecoordinatesfor which thezeropotentialSchr̈odingerequa-
tion is separable.(The potentialis a Sẗackel multiplier [16].) The completeso-
lution of this latter problemis known [17] (seealso[13] for hypersphericalco-
ordinates).Thevariouscoordinatescanbeconstructedfrom a knowledgeof the
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solution to this problemfor elliptic coordinatesin



-dimensions. In graphical
notation,[9, 10], this correspondsto
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Theassociatedcoordinateson the



dimensionalspherehave theform
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� . In termsof thesecoordinates,the
correspondingSchr̈odingerequation(16) is
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Theseparationequationsare
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for �
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. We �nd thesolutionsof thisequationasfollows. If wemake the
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Thisansatzis basedon theidentity
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Theoperatorsthatspecifytheseparationconstantsare
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Theeigenvalueof
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andtheseoperatorsare
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Herethesymbol
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 denotesthesumof all productsof � elementstakenfrom
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Effectively thesumin theseformulasis takenover �
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�

� asindicated.In orderto
obtainthebasicbuilding blocksweneedto illustratehow coordinatescorrespond-
ing to thediagram
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give riseto separablesolutionsandhow thewave functionscanbecomputed.A
convenientchoiceof coordinatesin this caseis
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� �

%(%'%

�

�

�

���

�

���

%(%(%'%

�

�

�

�

�

�

�'� �

�

�

� (29)

thenasolutionof theSchr̈odingerequationcanbeobtainedin theform

� �

�

�

�

�

� ���

���

�

�

�

�

�

���

�

�

�

�

�

�

�����

�

�

�

�




�

���

�

�

�

�

�

�

�

�

���

���

�

�

���

�� 


 (30)

where

!

�

�

�

� �

�

�

�

�

�

�

�

�

�

�




"

���

�

�

"

�

� �
�

�

�

�

�

�

�




�
���

!

�

�




�

�

�

�

�

�




�

� �

�
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and

�




�

�

�

�

��


�

�

�

�

�




"

���

�

�

�

�

�

�

"

�

�

"

�

�

�

�




�

�

�

� �

�

���

�

�

�

�

� ���

�

�

� �

�

�

!

�

�

�

�

�

�

� �

�

���

�

%

(31)

Theequationsatis�edby thezeros
�

�

is
�

�

�




�

���

!

�

�

�

� �

�

�

�

�




�

(�

�

�

� �

�

�

�

�%�

%

(32)

Theseparationequationsare

�

�

�

�

�

�

���

���

	

�

�

�

�

�

�

�

	 �

�

�

�

�

�

�




�

���

�

�

�

	

�

�

�

�

	 �

�

�

	

���

	

�

�

(33)

�

�

�

�




� ���

�

�

�

� �

�

�

���

�

�

!

�

�

�

�

�

(� �

���

	

�

�

�

�

���

	

�

�

�

�

�

�

�

�

�

�

�

	

�

�

�

�




�
���

�

�

���

���

�

�

�

�

�

	

�

�

	

���

	

�

���

%

Theeigenvalues
�

� aregivenby theformulasusedfor generalelliptic coordinates
correspondingto thediagram

�

�

���

%(%(%

�

���

�

�

� (34)

but with thereplacement
�

�

�

!

�

�

�

�

�

�

%'%

�




�

� . Thisenablesusto giveall the
separablecoordinatesof thetypefor thepotentialunderconsideration.

We give an exampleof how this works. Considerthe coordinatesystemde-
scribedby thediagram

�

�

� �

�

�

�

�




�

� �

���

� �

�

�

�

�




�

���

� �

�

�

�

(35)

Thisdiagramcorrespondsto thechoiceof coordinates

�

�

� �

�

�

�

�




�

�

�

�

���

�

���

�

�

�
	

�

�

� �

	

�

�

�

�

	

�

�




�

	

�

�

	




�

���

	




�

�

� (36)

where

	

�

	

�

�
�

�

���

� �

�

�

�

	

�

�

�

(�

	

�

�

	

�

�

�

�

�

�

�

�

�

�

��� (37)

�

�

	

�

�
�

�

���

���

�

�

�

	

�

�

�

(�

	

�

�

	

�

�

�

�

�

�

�

�

�

�

��� (38)
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�

�

	

� �

�

�

	

�

�

(�

	

�

�

	

�

�

�

�

�

�

�

�

�

�

%

(39)

Thesolutionsto thecorrespondingSchr̈odingerequationwith potential

��� �

�

�




�
���

���

� �

�

�

�

�

�

have theform
� � �

�

���

�&�

�

�

�

�

�

���

���

�

�

�

�




��� � where

�




��� �

�

�

���

�

���

�

�

�

���

�

���

�

�

�

�

�
���

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

� (40)

�

�

���

���

�

�

�

�

�

�
�

�

���

�

�

�

�

�

�

���

�

�

�

���

�

���

�




�

�

�

���

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�




�

�

�

�




�

� (41)

�

�

� �

� �

�

�

�

�

	

�

�

�

���

�

�

	

�

�

�

���

�

�

	

�

�




�
	

�

���

�

	

�

�

�

�

�

�

�

�

	

�

�

�

�

�

�

�

�

	

�




�

�

�

�




�

� (42)

with
!

�

�

�

�

�

�

�

�

�

�

�

�

�

�




�

!

�

�
�

� and
!




�

�

�

�

�

�

�

�

�

�

� . The
equationssatis�edby thezerosare

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�




�

(�

�

�

�

�

�

�

�

���

� (43)

�

�

�

�

�
�

�

�

�

�

�

�

�

�

�
�

�

�

�

�

�




�

�

�
�

�

�




�




�

(�

�

�

�
�

�

�

�

���

� (44)

!

�

�

�

�

�

�

�

�

�

!

�

�

�

�

�

�

�

�

�

!




�

�

�

�

�

�




�




�

(�

�

�

�

�

�

�

�

���

%

(45)

Theseparationequationsfor thesesolutionsare

�

���

�

�

�

� ���

�

�

�

�

�

�

�




�

�

���

�

�

�

�

�

�

�

�

�

�

���

�




�

�




��� �

�

�

�

�

�

�

�

�

���

�

�

�

�
�

�

�

�

�

�

�

�

�

�

�
�

�

�

�

�

���

�

!

�




�

�




��� �

���

� (46)
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�

�

���

	

�

�

�

� ���

	

�

�

�

� ���

	

�

�




�

�

�

�

� �

�

�

�

�

�

�

	

�

�

�

�

�

�

	

�

�

�

�

�

�

	

�

�


��

�

� �

�

�

�

�

�

�

�

�

�

�

���

	

�

�

�

� ���

	

�

�




�

���

	

�

�

�

�

�

�

�

�

�

�

�

�

�

���

	

�

�

�

� ���

	

�

�




�

���

	

�

�

�

�

�

(47)

�

�

�

�

�

�




�

���

	

�

�

�

� ���

	

�

�

�

�

���

	

�

�




�

�

�

�

�

�

�

�

!

�

�

���

	

�

�

�

�

	

�

���

	

�

���

�

where
�

�

���

���

�

�

�

�

�

�

�

���

�

�

�

�

�

���

�

� ,
�

�

� �

	

�

�

�

� � �

	

�

�

�

� ���

	

�

�




�

�

�

�

	 �

�

�

�

� �

�

	

�

�

�

�

�

�

	

�

�

�

�

�

�

	

�

�



�

�

	 �

�

�

� �

�

!

�

�

�

� �

	

�

�

�

� � �

	

�

�




�

���

	

�

�

�

�

�

�

�

�

�

!

�

�

�

���

	

�

�

�

� � �

	

�

�




�

���

	

�

�

�

�

(48)

�

!

�




���

	

�

�

�

� ���

	

�

�

�

�

� �

	

�

�




�

�

�

�

�

	

���

�

�

	

�

���

	

�

�%�

�

where �

�

���

� �

�

�

�

�

�

�

�

���

�

�

�

�

�

� �

�

� and

���

�

�

�

�

�

�

��� �

�

�

�

�

�

�

�

�

�

�




�

�

�

�

�

�

�

�

�

�

�

�	�

�

%

Theoperatorsdescribingtheseparationconstants
! �




�

�

�

�

�

�

! �

�

�

�

and
�

�

are
!

�




� �

� �

�

�

�

�

�

�

�

�

�

�

� (49)
�

�

�

�

�

�

��


�

�

�

�

�




�

�




�

�

�

�

�

�

�

�

�

�

�

�

�

�




�

� (50)

�

�

�

!

�

�

� �

�

�

�

�

�




�

�

��


� (51)

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�




�

�

�

�

�

�

�

�

�

�

�




�

�

�

�




�

�

�

�

�

�

�

�

�

�




�

�

�

�

�

�

�

�

�

�

�

�

�




�

� (52)
�

� �




��


	




�




�

�

	 �

� (53)

respectively. Theeigenvalues
�

and
�

aregivenby
�

�

�

�

�

�

�

�

�




�

�

�

�

�




�

�

�

�

�

�

�

�




�

�

�

�

�




�

�

�




�

�

�

�

�

�

�

�

�

�

�

� (54)

�

�

�

�

�

�

�

�

�

�

�




�

�

�

�

�

�




�

�

�

�

���

�




�
���

�

�

�

�

�

�

�

�

�

�

�

�

�

�




�

� �

�




�
���

�

�

�

�

�




�

�

�




�

�

�

�

�

�

���

�




�
���

�

�

�

�

�

�

�
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�

�

�

�

�

�

�

�

!




�

�

�

�

!




�

�

�

�

�

!

�

!




�

!

�

�

!




� (55)

�

�




�

�

�

!

�

�

�

�

�

!

�

�

�

�

�

�

!

�

�

�

�

�

!




�

�

�

�

�

�




�

!

�

�

���

	




�
���

�

�

�

�

�

�

�

�

�

�

�

�

�

!




�

���

	




�
���

�

�

�

�

�




�

�

�




�

�

�

�

�

�

���

	




�
���

�

�

�

�

�

�

%

We have establishedthe following result: For the potential
�

� , solution of the

Schrödinger equation via the separationof variables ansatzis possiblein all
the coordinate systemsfor which the Helmholtz equation on the sphere is
separable. In terms of the graphical calculus, all separablesystemson the
sphere are constructed fr om tr eegraphs whosecomponentscomefr om the
branching rule

�

�

� �

�

�

�

�����

�

�

�

�

� �

�����

�

�

�

�

�

�����

�

�

(56)

where
�

� indicatescoordinateson the sphere of dimension �

�

�������

�

�

%

Now thatwe seehow theseparationof variablesworkson thespherefor the
potential

�

� , wecandescribehow separationof variablesworksin thecaseof the
potential

�

�

� �

�	�




� ���

�

�
�

���

�

�

�

�

� ���

�

�

�

�

�

%

(57)

ThecorrespondingSchr̈odingerequationcanbesolvedby separationof variables
in all the coordinatesfor which the correspondingHelmholtz equationcan be
solved. The coordinatesfor which this is possibleconsistof a disjoint sumof
graphsof theform

�

�

� �

�

�

�

�����

�

�

�

�

� �

�����

�

�

�

�

�

�

�

�����

�

�

�

(58)

wherethe symbol �

�

� �

%(%'%

�

�

�	�

denoteselliptic coordinatesin � dimensional
Euclideanspace[10], viz

�

�

	

�

�

�

�

���

��


�

�

�

	

�

�

�

(�

	

�

�

	

�

�

�

�

�

�

�

�

�����

�

%

(59)

Thestandardchoiceof coordinatesfor theabovediagramis

��

�

�

�

�

�

�

� �

%(%'%

�

�

�

�

�

�

� (60)
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whereeach �

�

� liesonaunit sphereof dimension



� . ThecorrespondingSchr̈odinger
equationcanbewritten in theform

�

���

�

�

���

�

�

�

�

�

�

�

�

�

�

�




�
��� �

�

� �




�

�

���

�

�

!

�

� �

�

�

�

� �

�

�

�

� ���

(61)

where




�

�

�

��


� �

�

�

�

�




�

�

���

�

�

!

�

� �

�

(62)

for �

�

�

�

%(%

�&� . If we write this out in elliptical coordinates


� the equality
assumestheform

�

�




	

���

�

�

�

�$( �

	

� 


	

�




�

�

�

�
�

���

� 


	

�

�

�

�

�

�

�

� �

�

�

�

�




� ���




�




	

�

�

�

�

� �

�

�

�

�

� �




	

�

���

�

�

!

�

	

�

�

�

(�

	

�

�

	

�

�

�

�

�

�

�

���

��


	

�

�

�

�

�

� �

�

�




�
���

��


�

�

�

�

�

�

�

�

�

� �%�

%

(63)

Theseparationequationsare

�
�

� �

���

��


	

�

�

�

�

�

�

�

� �

�

�

�

�




�
���




�




	

�

�

�

�

� �

�

�

	

���

	

�

�

�

�




�

���

�

�

�

�




�

�

���

�

�

!

�

���

�

�

(�

�

��


	

�

�

�

�

��


	

�

�

�

�

�

�

�

�

�

�

�

�

�

� �

�

�




�

���

�

�

� 


�

�

�

	

�

�

�

�




�
���

�

�

�

�

�




�

	

�

�

	

� �

	

�

�%�

%

(64)

To obtainthepolynomialsolutionsin theusualway we look for solutionsof the
form

� �������

�

�
�

�

�




�

���

�

�

�

�

�

�
	

�

���

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

� ���

�

�




�

���

�

�

�

�

�

�

�

�

�

�

�

%

(65)

With thisansatzthe
�

�

satisfy

�




�

���

!

�

�

�

�

�

�

�

�

�




�

(� �

�

�

�

�

�

�

�

�

���

%

(66)

Theenergy
�

is givenby

���

�

�

���

�




�

�




�

���

!

�

�

%

(67)
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Theoperatorswhoseeigenvaluesaretheseparationparameters
�

�

�

�

� are
�

�

�

�

�

�




	 �

(�

	

�

�

�

�

�

	 � � !#!#! � 	

�

$ �

�

�

	 � 	

�

�

�

�

	 �

�

�

�

	

�

�

�




	 �

�

�

	

�

!#!#! 	

�

$&�

�




	 �

�

�

�

�

� � �

�

�

�

!

�

	 �

�

� �

�

�

�

�

�

�

%

(68)

Theeigenvaluescanbereadilycalculatedas
�

�

�

�

�

�

�




	 �

(�

	

�

�

�

�

�

	 ��� !#!#! � 	

�

$ �

� �

�

�

	 �

�

�

	

�

�

�

�

(69)

�




	 �

�

�

	

�

!#!#!
	

�

$ �

�

�

�

�

	 �

�

��� �

� �

�

�




�
���

�

�

�

�

�

	
�

�

� �

�

�

� �

�

�

�

!

�

	 �

�

�
�

�

�

�

�

�

�

%

For the potential
�

� exactly the coordinatesystemsconstructedfr om disjoint
graphs,viz

�

�

� �

�����

�

�

�

�

�

�����

�

�

�

� �

�����

�

�

�

�

�

�����

�

�����

�

�����

�

�

�

�

�����

�

�

�

�����

�

�

�

�����

�

���

(70)

enablethe correspondingSchrödinger equation to be solved via separation
of variables.

We arenow in a positionto give a completesolutionto the problemof sep-
arationof variablesfor our original problem: theSchr̈odingerequationin �

�

�

dimensionswith potential

� � �

� �




� ���

�

�
�

� �

�

�

�

�

� ���

�

�

�

�

�

�

�

�

�

�

�

(71)

There are two possibletypes of separablecoordinatesystems. The �rst and
most obvious are the disjoint coordinatesystemsof the type alreadyusedfor
thepreviouspotential

�

� andexcluding thecoordinate� . For a coordinatesys-
tem of this type the � coordinateis not connectedto any othercoordinateand
can factoredout of the solution via the ansatz

� � �

�

�

� �

%'%

�

�

�

�

�

�

�

� where
�

�

�

�

�

�

���

	

�

�

�

�

�

�

�

�

� .
Theonly typeof separablecoordinatesystemthat is linkedto thecoordinate

� canbetakenas

�

�

���

%'%
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� �

�

�

�

�

�

�

�

�

�
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�
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�

�

�

�

�

%

(72)

Here �

�

�

�

�

�

� is avectoron the �

�

� dimensionalsphere.[Note: Wecouldalso
take coordinatesof theform �

�

���

%'%

�

�

�

���

�

�

���

�

�

�

�

� �

�

� �

%'%

�

�

�

���

� uponsuitable
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rearrangementof theCartesiancoordinates�

���

%(%

�

�

�

. If we separatedthedepen-
denceon � �

�

� �

%(%'%

�

�

�

out we would thenhave essentiallythe coordinatesystem
(72) but with �

�




.] Returningto (72), if we write theSchr̈odingerequationfor
thesecoordinatesanduseourpotentialwehave,with

� � �

�

�

�

�

� � �

�

�

�

� , thatthe
equationfor

�

�

�

�

�

� � � is
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�

� (73)

where
!

�

�

� �

�

�

�

�

�

�

���

�

�

. This equationassumesa moretransparentform if
wewrite

�

�

�

�

�

� � �

�

�

�

� �

�

�

�

�

� �

�

�

�

� � � . Thenis

�

�

�

�
�

�

�
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���

%

(74)

This is exactly theequationwe obtainin thecaseof two dimensionalspace,with
theexceptionof theoccurenceof

!

�

[1]. If we use �

� and � � asseparablecoordi-
natesthenthecorrespondingsolutionsare
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�

�

�

�

%

(75)

(However, this is equivalentto theearliertype in which �

�

� � is isolatedfrom
theothercoordinates.)Alternatively if wechooseparaboliccoordinates

�

�

�

�

�

�

�

�

� �

�

���

�

�

�

�

�

then �
� is linkedandtheequationassumestheform
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(76)

Thisequationadmitsseparablesolutions�

�

��� �

�

�

�

�

� whichsatisfytheseparation
equations
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�%�

� (77)

where �

�

�

�

�

accordingas �

�

�

�

�

, respectively. To obtain the boundstate
solutionsfor thisproblemwemakeuseof theidentity [1]

�

�

�

�

�

�

�

�

�

�

�

�

� ���
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(78)
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If we look for solutionsof theform

�

� �

�

�

���

�

�

�

�

�

�

�

�

� �

�

�

�

�

�

�

�

�

� (79)

weseethatthe
�

� satisfy
�

�

!
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�

���
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�

�
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�#( �
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� �
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�

�%�

(80)

andtheeigenvalue
�

is givenby theexpression

�

�
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�
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�
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���
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���
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�
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�

�




�

���

�

�

�

�

� (81)

which is theeigenvalueof theoperator
�

�

�

� ���




� . givenby (12).
We have establishedthat the coordinatesystemsfor which the Schr̈odinger

equationwith potential
�

is separableareof two types:
[1]. Coordinate systemsfor which the � coordinate remains isolated.

This correspondsto the systemswhich separatefor
�

� .
�

�

� �

�����

�

�
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�����

�
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�

� �

�����

�
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�

�����
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�����

�

�����

�

�

�

�
�����

�

�
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�

�

�
�����

�

�
�

(82)

[2]. Coordinate systemswhich areassociatedwith disjoint sumof graphs
of the form

�

�

� �
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�
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�
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� �
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� �

�

�
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�

�

�

�����

�

�

�

�����

�

���

�

�

(83)

Here, �

�

� is thebasicparaboliccoordinatesystem.
How do we know that this potentialdoesn't separatein coordinatesystems

otherthanthoselisted above? The characterizationof the separablesystemsby
� second-ordersymmetryoperatorsin involution is crucial here. In [10] these
operatorsarelisted in detail for the zero-potentialcasein Euclideanspacesand
on thesphere.We havecomputedthevectorspaceof symmetryoperatorsfor our
potential,andgivena basisin (9,10,11,12).In orderthatourequationseparatein
agivencoordinatesystem,wemustbeableto constructoperatorsfrom thisvector
spacethatagreein their differentialtermswith thecharacterizingoperatorslisted
in [10]. For example,the fact that thereis no operatoranalagousto

�

�

�

�

�

�

�

�

in (9,10,11,12)meansthat the coordinate�

�

�

� cannotbe part of any separable
ellipsoidalor hypersphericalcoordinatesystem.
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3 Nonisotropic � -dimensionalCoulomb problem

In additionto the potentialwe have consideredthusfar we canalsodiscussthe
potential(which is the � -dimensionalgeneralizationof the tree-dimensionalsu-
perintegrablepotential[7])

� �

�

�

���

� �

�#"

$
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�

� %(%'%(%)�
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� �
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�&%'%(% �
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�

� �

�

�

�

�

� �

�

(84)

ThecorrespondingSchr̈odingerequation

�

�
�

�

�

�

�

�&%'%(% �

�

�

�

�

���

�

�#"

$

�

�
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�&%'%(%(%)�

�
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�

�
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�

�

�

�

�
�
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�

�

�
�
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�

�

�

�
�

�

� �%�

(85)

admitssymmetries(here �
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�
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�	� )
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� (86)
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(88)

TheSchr̈odingerequationadmitsaseparationof variablesin coordinates

�

�

���

%(%'%(%

�

�

�

�

�

�

�

� �

� (89)

where �

�

�

�

�

� �

%(%'%

�

�

�

�

�

� is expressedin termsof any separablecoordinatesystem
on the � dimensionalsphere.If we look for solutionsof Schr̈odinger's equation
of theform

� � �

��� �	� � �

�

� , theequationsfor
�

��� � and � � �

�

� are
�

�

�

�

�

�

�

�

�

�

�#"
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� �
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�
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� � �

��� �
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(90)
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�

�

� (91)
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where
! �

�

�




�

�

�
, 


�

�

�

�

�

�

�

�

�

�

�

�

�

� %'%(% �

�

�

. Thisequationhas
solutions

�

��� �

� �����

�

�

�

�

�

�

� � �

�

�

�

$&�

�

�

�

�

���

�

�

�

�

�

�

� � (92)

where
���

�

��
 � is a Laguerrepolynomialand �

�

� �

�

�

�

�

%(%(%

is radialquantumnum-
ber. Thequantisationconditionon theenergy levelsis

���

�

"

�

�

� �

�

�

�

�




�

���

�

� (93)

The secondset of coordinatesin which separationof variablesis possibleis a
versionof paraboliccordinates,viz.
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In thesecoordinatestheSchr̈odingerequationhastheform
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With
� �
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� , the equationsfor
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form
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where 
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� �
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�

�

. Theequation(96) is essentiallythatwe
have alreadylookedat. Theseparablesolutionsfor thewave functions

�

�
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andtheenergy spectrumhave theform
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(99)
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Theequation(96) canbealsosolvedby a separationof variablesby regarding �

and
�

ascartesiancoordinates.We could alsochoosepolar or elliptical coordi-
natesandsolve our problemby separationof variables.In elliptical coordinates
wecanobtainasolutionfor

�

�

by writing
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wherethe
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andwehave thequantisationcondition
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We couldalsowrite thisexpressionin termsof Cartesiancoordinatesby using
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In conclusion,this potential separatesin threeclassesof coordinate sys-
tems:
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Here,
�

� is the sphere of dimension
�

.
Again,wecancheckthatthispotentialdoesn't separatein coordinatesystems

otherthanthoselisted above by makinguseof characterizationof theseparable
systemsby � second-ordersymmetryoperatorsin involutionasgivenin [10]. We
havecomputedthevectorspaceof symmetryoperatorsfor ourpotential,andgiven
a basisin (86,87,88). In order that our equationseparatein a given coordinate
system,we mustbeableto constructoperatorsfrom this vectorspacethatagree
in theirdifferentialtermswith thecharacterizingoperatorslistedin [10].

4 Operator characterizations

Associatedwith thevariousseparationsof variablesaretheoperatorcharacterisa-
tionsof theindividualsystems.Theoperatorsform aquadraticalgebrawhichde-
terminesthenatureof thedynamicalsymmetriesassociatedwith theSchr̈odinger
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equation.For the �rst potential,we give the de�ning relationsfor the quadratic
algebrageneratedby 
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�#�

�

�

and



	 . (We notethat the algebraof operators
for thelastpotentialcannotbeclosedpolynomiallyunderrepeatedcommutation.
However if we discard

�

closureis againpossible.)Returningto our �rst poten-
tial, the�rst commutatorsare
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� and �
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� can be expressedin terms
of quadraticsymmetricproductsof themselves. The algebrathereforecloses
quadratically. We shouldnotethat only someof thesecommutatorsexist in di-
mension5 or higher. Therearerelationsbetweenthesymmetricproductsof the
generatorsof thisalgebra.Thesearelistedin theappendix.
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Appendix

Herewelist identitiesbetweensymmetricproductsof thegeneratorsof thequadratic
algebrafor the �rst potential.Thelist is exhaustive,exceptthat identitieshaving
overall moreindicesthanthosewhich appearin eachof thetermsof the identity
havenotbeenlisted,e.g.,anidentitiesof theform
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HamiltoniansystemsSIAM J.Math.Anal.,17, 778-797,1986.

[17] E.Kalnins and W.Miller, Jr. Separablecoordinates,integrability and the
Nivenequations.J.Phys., A25, 5663-5675,1992.

26


