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Abstract

Let d > 2 be an integer, S¢ C R*! the unit sphere and do a fi-
nite signed measure on R4 whose positive and negative parts are sup-
ported on S¢. In this paper, we derive an error estimate for the quantity
USd fda|, for a class of harmonic functions f : R¥' — R. Our error
estimate involves 2 sided bounds for a Newtonian potential with respect
to do away from its support. In particular, our main result allows us to
study quadrature errors, for scatterings on the sphere with given mesh
norm.
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1 Introduction

Integration and discrepancy are important problems in applied mathematics
and approximation theory and in many applications, one needs to estimate the
quantity sup sz | [ fd¢| where B C R?*! is a bounded domain or manifold,
d > 2 is an integer, d¢ : R — R is a Borel measure with compact support
in B and F is a suitable class of real valued functions on B. Such problems
above, arise naturally in many interdisciplinary areas of growing interest such
as mathematical finance, imaging, geodesy, scattering and statistical learning
theory. We refer the reader to the references listed and those cited therein, for
a comprehensive account of this vast and interesting subject.

Our main objective in this paper is as follows. We derive an error estimate for
the quantity | [, fdo|, for a class of harmonic functions f : R4*! — R. Here
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and henceforth, S¢ will denote the d dimensional sphere realized as a subset
of R¥*1! and do will denote a finite signed measure on R?*!, whose positive
and negative parts are supported on S% Our error estimate involves 2 sided
bounds for a Newtonian potential with respect to do away from its support. In
particular, our main result allows us to study quadrature errors for scatterings
on the sphere with given mesh norm.

2 Spherical harmonics, multipole expansions, po-
tentials and pseudo-differential operators

In this section, we introduce needed notation and pertinent facts concerning
spherical harmonics, multipole expansions, potentials and pseudo-differential
operators which we use in the sequel. We also state our main results.

2.1 Spherical harmonics

In this subsection, we collect together some pertinent facts re spherical harmon-
ics which we will need throughout.

Let d > 2 be given and define
S .= {x = (X1, ..y Ta41) € R+ . xf + ... —&-mzﬂ = 1}

to be the surface of the d dimensional unit sphere realized as a subset of R%*!
Euclidean space. By rS?% we shall mean the surface of a sphere of radius 0 <
ro < r < 1 for some fixed positive ro. By B%(0,), we will always mean the

open ball of radius 0 < § < 1 in R%*! and by B4(0, ) its closure with boundary
§5%. Once and for all, let dog = %, denote normalized Lebesgue measure
in R4 restricted to S% where wy denotes the volume of S¢ given by

d+1
272

r(30)

where T' is the gamma function. Henceforth, M, will denote the class of all
finite signed measures do on R**! whose positive and negative parts are sup-
ported on S¢. Given f : R — R and any 0 < ro < r < 1, we have an
associated norm

1
L, rse) = (Jyga | f(@)[Pdpa()) P 1<p<oo
P esssup,,.ga|f ()], p = oo.

The class of all measurable functions f : 754 — R for which ||f||1, (rg2) < 00

will be denoted by Lp(rSd), with the usual understanding that functions that
are equal almost everywhere are considered equal elements of Lp(rSd).



The usual inner product of 2 vectors x,y € R4 will be denoted by z.y so
that
S .= {z e R4 ||z|| = 1}

where ||z|| = (z.2)'/? is the Euclidean norm of 2 € R, We will often use the
fact that for any z,y € S x.y € [~1,1]. The later fact follows easily from the
Cauchy-Swartz inequality.

For a fixed integer [ > 0, the restriction to S? of a homogeneous harmonic
polynomial of degree [, is called a spherical harmonic of degree [. The dimension
of the space of spherical harmonics of degree I, which we denote by Z(d,1), is
given by:

24d—1 (I+d—1
Z(d,l) := { 1l+d—1 ( l )7 lil (2.1)
Let
Mi:1=0,1,..5k=1,..,Z(d,1)}
be a real orthonormal basis for L?(S9).
We have for each z,y € S?, the well known
Addition formula:
Z(d,l)
Z d,l
Z }/lk Yik ‘(U’ )Pl(d+1,wy)al:07137 (22)
d

where Pj(d + 1,.) is the Legendre polynomial of degree [ in d + 1 dimensions
over [—1,1].

The Legendre polynomials are normalized so that P;(d + 1,1) = 1 for each
[ and they satisfy the orthogonality relations:

1
0y
P(d+1,2)Ps(d+1,2)(1 — 22)%¥?>71q _ _ wdls
/_1 H il =) RN
We will need their relations to the Gegenbauer polynomials Pl(dfl)/ 2 given by
_ l+d—2
P2 () = < + l >Pl(d+ 1,2),1>0,z€[-1,1] (2.3)

and the useful fact that
(1 — 27t + r2)~(@=1/ Z PPV 0 <y < <1, [t <1 (24)
1=0

In particular, see [3], if # € 759 for some 1y < 7 < 1 and 1 € S, we may write
xz =r(, ¢ € S and obtain the formula:

1 a 1 N p(d-1)/2
R ey A DU SR




In the sequel, we will also make use of the following;:

Funk-Hecke Formula: Let f : [-1,1] — R be a continuous function.
Then

» F(:0))Y1e(Q)doa(C) = Ay k(n), n € S° (2.6)

where I =0,1,..; k=1,...,Z(d,l) and

A= 2 1/ FOP(d+1,6)(1 — t2)(d=2/2q,

Finally, once and for all, we adopt the following convention. Given f :
R - Rand 0 < rg < r <1, we let f,. : S — R be the restriction of f to
rS? defined by

fr(z) == f(ra),z € S,

Then we write

foll k) == / Fr(@)Yix(@)dpa(x), 1 > 0,1 < k < Z(d,1) (2.7)
Sd
where
oo Z(d,l)
~ Y Bl k)Yi(e), z € S (2.8)
=0 k=1

and the right hand side is the spherical expansion of f, on S¢.

2.2 Measure of Discrepancy

As our measure of discrepancy, we will use the Newtonian potential with respect
to do € My which is given by

1
U?(x ::/ —do(y),r € R, 2.9
D= Jou e =g 7 2
Henceforth, we will write

do :=dot —do~

where both measures do® are finite, non negative and supported on S¢. It is well
known that U7 exist, are locally integrable and finite almost everywhere with
respect to d dimensional Hausdorf measure. Moreover, U™ are superharmonic
in R4 and harmonic outside the support of oF, see [1]. We will need to
estimate U away from the support of do and to this end, we will need to take
the balayage of do* onto a suitably defined region in R?*t!. More precisely,
given 0 < rg <r <1, we set

G = RN\ B0, r) U {c0} (2.10)



with compact boundary G = rS% Observe that the supports of do®
contained in G. Let dag denote the balayage of dot onto OG and let dog
denote the balayage of do~ onto 0G. As G is regular with respect to the
Dirichlet problem on R*! see [1, Theorems 4.2, 4.5], d0§ exist, are unique
and have the following two additional properties:

Ut (z) = U’ (z), z € rS¢ (2.11)

» fdgi:/afdgi :/BG fda§:[5d fdot (2.12)

for all functions f : R¥*! — R, harmonic on G, continuous on G and satisfying
f(o0) =0.

Here and throughout, we will adopt the convention that C, Cy, ... will always
denote positive, finite constants independent of f, x, r and n but possibly
depending on other parameters such as d, €, s, ||o||, @ and ry. These constants
may also take on different values at different times. Throughout, lower case
summation indices such as [, k, m and j will run through a subset of nonnegative
integers unless stated otherwise.

and

2.3 Space of Functions
In this subsection, we define our approximation space.

Given s > g and 0 < rp < 7 < 1, we shall henceforth say that f. € L;(S9)
is an element of the space H,(S?) if

0o Z(d,l)
> > (fellk)*mi < o0 (2.13)
1=0 k=1
where
°(2l+d-1)
>
m; =m(l,d,s) = (dlwd’ bz1 (2.14)
1, =0
We may define a norm on the space H,(S%) by setting:
0o Z(d,1) 1/2
el sey o= | D] Y (£l K)) : (2.15)
1=0 k=1

D-Operator A fundamental tool in our analysis will be the following op-
erator which we now introduce. Given f, € L1(S%), 0 < ry < r < 1, we define
(formally) the operator



We begin with our first basic result concerning the class H,(S?) and the
operator D given by (2.16).

Proposition 1 Let d > 2,0 < p<o00,0<rg<r<1lands> g. Then the
following hold true:

(i) Let f. € Hy(S%) and suppose f, can be recovered pointwise by its spherical
expansion on S¢. Then

I frllz,say < CHI| frllar. (sa) (2.17)
where 12
> d d—1 2ld—1—25 1
c* .= Z ewa ) 5 + —
Pt (2l4+d-1) wd
(ii) Uniformly for f,. € Hy(S%), we have
ID(f)llL,(say < C* (| frll b, (s9) (2.18)
where 12
0 edld—1—2s 1
Cc* = _— wq.
|Jz_; Wy wj d

(iii) Suppose that s > ?"{7_2 and let f, € H,(S?). Suppose f, can be recovered
pointwise by its spherical expansion on S¢. Then f, is Lipschitz of order
1 with Lipschitz constant

Cl frlla, (s (2.19)

for some explicit positive constant C' depending on d and s.

Henceforth, given fixed d > 2 and 0 < rg < r < 1, F,. will denote the class of
functions satisfying the following:

e f:R4! — R is harmonic on G, continuous on G and vanishes at infinity.

||D(f)||Loc(7'Sd) < Q.

2.4 Discrepancy Results
Our main discrepancy result is given in:

Theorem 2: Let d > 2, 0 < rg < r < 1 and choose f € F,.. Also let
1 <p,p < oo with % + ﬁ =1 and o0 € My. Suppose, moreover that

Fr) =Y ol k) Yik(n), n € %
L,k



Then we have:

< (2.20)

f(z)do(x)
Sd

1 g
< EHD(f)HLp(TSd)HU Iz, (rse)-

Remark

(a) Our estimate consists of 2 contributions. The second contribution is a
discrepancy estimate in terms of 2 sided bounds for a Newtonian potential
with respect to do on an inner sphere away from the support of do. As
we show below, this later quantity may be estimated for certain measures
defining point systems with given mesh norm. The first contribution,
involves an L, norm of D(f) on the sphere rS<.

If we now specialize the measures in Theorem 2, we obtain:

Corollary 3: Let d > 2,0 < g < r < 1 and choose f € F, satisfying
the condition of Theorem 2. Let E, be a scattering of n > 1 distinct points
tkn, 1 <k <mnon 5S¢ and akn, 1 <k <n,nreal weights. Define

vn(2) =Y arnby, ,(z), z € ¢ (2.21)
k=1

where &, (.) denotes Dirac mass and let y be a Borel measure on R+ with
support in S Let 1 < p,p’ < oo with % + }% = 1. Then

/ fp =" agnf(ten) (2.22)
54 k=1

1 -V,
< %HD(f)HLp(rSd)HU# "L, (rse)-

We now focus on estimating the discrepancy term ||UUHLP,(Tsd) in Theorem
2 for natural choices of . For simplicity we will consider the case p’ = co. Let
us recall quickly that given any finite scattering E, of distinct points on S9, the
mesh norm of F, is defined by

dp, = max,cgadist(z, E,). (2.23)

Moreover, if R denotes a finite partitioning of S?, then the partition norm for
R is defined by
[|R|| := maxper (diamR). (2.24)

We have:

Theorem 4



(a)

Let d > 2,0 <ryg <r <1and E, a scattering of n > 1 distinct points
thm, 1 <k<non S, Suppose there exists a finite disjoint partitioning
R of the sphere into n subsets Ry, 1 < k < n and with S =U}_ Ry,
with each Ry, containing exactly one tj ,,. Let p be a finite Borel measure
on R4*! with support in S¢ and suppose v, is given by (2.22) with ay, , =
Rk ), k=1,...,n. Then setting o = u — vy, gives

(d=Dllull

- (
UL (rsy <

< Gy IR (2.25)

Let € > 0, d > 2, F, a finite scattering of n > 1 distinct points on S% and
let 1 be a finite Borel measure on R**! with support in S¢. Suppose E,
is chosen so that dg, is small enough to ensure that

<(d_ 1)gd@|u|an> . (2.26)

Then there exists a reduction F of E, and an explicit finite disjoint par-
titioning R of S with each R € R containing one point of E and at least

one point of E, so that
= D||p||||R

€

Moreover, if picarar is defined as in (2.21) with respect to E and with
positive weights
Ak cardE 1 < k < cardF

and in addition, we define the signed measure ¢ = p — ficardg, then the
1

following holds: For 0 < rp <r <1 — (%) m, we have

€

UL (rsay < € (2.28)

Remark:

(a)

Notice that if the mesh norm of E, is small, (ie if for example the scattering
E, is not concentrated at one place on the sphere such as one of the poles),
then we are able to control the estimate for the potential in Theorem 2
with the help of Theorem 4.

We mention that it is possible to show that, there exists a disjoint (equal
area) partitioning R of the sphere S¢ into n parts such that each Ry, €
R, 1 < k < n satisfies

C

ta(Rin) ~ =1/n, ||R.n|| < T (2.29)

1
|Rk,n|
for some C' > 0 independent of n but depending on d. Thus provided
we have n points with exactly one point in each partition, we may apply
Theorem 4 to equal weighted quadrature rules as well.



(c) Requiring information on mesh norm is natural since there are many in-
teresting examples of point systems on the sphere where good estimates
on mesh norm are available, for example extremal fundamental systems.

The remainder of this paper is devoted to the proofs of Theorems 2-4.

3 Proofs

In this section, we prove our results. We begin with the proof of Theorem 2.
We find it instructive to briefly summarize the ideas of the proof. Let G be the

region defined by (2.10). As 0 € My, oF are supported on S% C G. Moreover,

the balayage of o, oﬁ exist, are supported on 75? = G and satisfy

fdaizﬂfdai:/ fdajBt: fdaﬁ.
gd G oG rgd

Note that for the above string of equations to hold, it is enough that f be
continuous on G, harmonic on G and take the value 0 at infinity. Next, recalling
the operator D defined by (2.16), we prove that

1
[ tars = [ D(puhdu,
rSd T Jrsd
so that using the property of balayage again, we have
1
fdo* =~ | DU dpa
Sd T Jrsd
Adding, we obtain
1
/d fdo = - D(f)Udpq.
s

T Jrsd
Theorem 2 will follow from the following lemma which is of independent
interest.

Lemma 1 Let d > 2, 0 € My, 0 < rg <r <1 and assume f satisfies the
assumptions of Theorem 2. Then the following holds.

/rl‘dfdai:/ rD(FU5 dpg (3.1)
Sd rSd

+
:/ r= DU dug.
rSd

Proof For notational convenience, we shall henceforth write

=0 k=1 1k



The first thing to do, is to calculate the coefficients of the expansion of aﬁ.
Thus to see this, lets recall, see (2.11), that we have

dos do®
/ UB(yd)_l :/ o (77(1)_1’ rersd
rsa |z =yl sa |l =l

For z € rS¢, write x = r(, ¢ € S and let n € S¢. Then by (2.3) and (2.5)
1 1

& —nl[¢T ~ (T+72 — 2r(Cp)) @172 (3.2)
DI A ((S))
l
= () i 1)
l
I+d
- Z lzziidl) < " l 2>Yl,k(<)Yl k(77)
I+d
=S (T aia)
L,k ’
Now by (2.1)
l+d—2\1+d—1 Id-1)!  d-1
( l >2l+d—1(l+d—1)! S 204d-1"
Thus we learn that
1 :ZM Y11 (0)Yik(Q)- (3.3)

[|z — n||d-t 20 +d

For a given [ and k, let us set for convenience
0= [ Yialndr o),
s

o5 (rn) =05, (n), n € 5
and

7 (1K) = [ Yistnda(rm)

Then we have

[ Wdai(n)—zm LY. ()

Also, we claim that

dog(y) dog; (rn) a5
Lot e = [ e i (3:5)
—1) R
_de—wdl 65, (L k)Y1k(C).

10



To see (3.5), we proceed as follows. Consider the Newtonial kernel on S¢ defined
by way of the function

g(t) = 2(_d+1)/2(1 - t)(_d+1)/27 te [_17 1]

and define for each § > 0, a sequence of functions g(t — ¢), t € [—1,1]. This
sequence coverges monotonically downward to g(t) as § — 0 for each fixed t.
It is known, that the coefficients in the expansion of g(t — ¢) (with respect to
P,(t,d + 1)) converge to (l+cf_2) as 6 — 0T. Thus using the finiteness of the

integral
+
/ do (77) Py g Sd
S

a|lz =il
and the monontone convergence theorem together with the calculations of (3.3)
yield (3.5). Comparing coefficients in the two formulas (3.4) and (3.5) above,
we learn that

65, (Lk) ="  (Lk), k=1,..,Z(d,1), 1 > 0. (3.6)
Armed with (3.6), we now recall (see (2.16)), that
20+d—-1) . d
D(f, = — = (LR)Y, ) .

Then we have on the one hand, by (3.6) and the property of balayage,
fly)do*(y) = | fly)dog(y) (3.7)
Sd rSd

— [ temdrn = [ fodok ()

Sd Sd
=S5k [ Yiatmdob, )

Sd

1k
=Y f(,k)65, (k)

1,k
=3 rH (L R)EE (L E).

Lk

On the other hand, using orthogonality and the definition of D, we see that

+ [ POV ) = 5 [ DEEnU o)
1

» L, PUDDU () dpat)

(d—1wg 2m+d—1

r

= RS R).
L,k

m,j

11

B A N DI e T T R

dpa(n)



Comparing (3.7) and (3.8) gives Lemma 1. O

We remark that the proof of Lemma 1 shows that the expansion of f,. needed
in the proof is only needed daﬁyra.e.

The Proof of Theorem 2 Theorem 2 follows from Lemma 1 and Minkowski’s
inequality. O

We now proceed with the

Proof of Proposition 1 We first establish (2.17). We may assume with
loss of generality that p = co. Using the addition theorem, the Cauchy-Swartz
inequality, and the estimate,

Z(d,1) < el 1> 0

we see that we have for z € S¢,

|fr(x)‘2 = Z fr(la k)Yi,k(I)
I,k

< Y@ my | | Yo vhm?
1,k

1k

2
H:.(Sd)

IN

|1+

= Z(1,d)m;? 1
2 ]
=1 Wd Wd

i edwd(d— 1)2ld7172s N i
Pt (20+d—1)2 wy |

Note that the last sum is finite since s > 4. Thus (2.17) holds. To see (2.18),
we proceed much as in (2.17). As s > %, we readily have for z € S¢

<l sy

2

Z Mﬁ“(la k)}/l,k(x)

Ik (d — l)wd
. - Qu+d-1)2%_, _,
< | D (Fr k) *m Zmymmz
I,k Lk
s djd—1-2s
5 el 1
< |1 fell3r, (s2) [Z T on + 5]

1=1
It remains to show (2.19). In light of (2.17) and (2.18), it is easy to see that we
have for any ¢ and 7 on S¢ the estimate:

Ho(5%) X (3.9)
1/2

D m (Vi () = Vi€ + 3 (Your(m) = You(€))?
I,k k

12



Now it is a straightforward consequence of the addition formula, that for every
fixed [ > 0, we have

Z(d,l)

Z (Yi1(C) — Yir(n)?

k=1

_ QZSJ) (1—P(n.¢,d+1)).

Thus inserting the above estimate into (3.9) yields:

[fr(n) = (O] < Chllfr|

H,(s4) X (3.10)
oo 1/2

X [21‘25‘3” I1—P(n¢,d+1)|+Ca|1 — Py(n.¢,d+1)]

=1

We need to estimate the righthand side of (3.10). First, we recall, (see (2.3), [5,
pp 63] and [5, pp 170]), that if Pl(d/%l’d/%l) is the Jacobi polynomial of degree
1 >0, then we have for every [ > 0 and z € [—1, 1],

I+d/2—1\"" e
Pz(x,d+1)< /l >pl<d/2 Ld/2-1) (1)

and Led)s
(@/2-1,d/2=1)yr 11y < Cl , >0
(7 ro<{ g2

Thus we deduce that for every [ > 1,

Cl?, 1>0

e iz (3.11)

maX|t\g1Pl’(t7d+ 1)=P/(1,d+1) < {

We also have by the first mean value theorem and our normalization, that for
every | > 0,

L= BinGd+1) = S R(6,d+ 1201 —n.0) = LRt + Dl —cI? (3.12)

for some t € [—1,1]. Thus, we have

=1 =1

S PG d 1) < C {Zl‘%‘“d} Iy = ¢IPP.

(2.19) now follows. O

The Proof of Theorem 3 This follows in a straightforward way from
Theorem 2. O

13



4 Proof of Theorem 4

In this last section, we establish Theorem 4.

Proof of Theorem 4 Let us write do,, = do := du — dv,, and take z € S%.
First we observe that we have

o, 1
U™ (rz) = /sd Wdun(y) (4.1)
1 - Ak.n
_ 7§ : 6 § L S
/anrx-—y|d-1 @)= 2 Ty gy s
Rkn /
= —d .
ZHW—tk -1 Z o [T — ][4 n(y)

On the other hand,

Wm@w%mw ZLIWwW1 4.2)

Thus, using (4.1) and (4.2), we have

\U"m‘|<2/

Rkn

1
Im—y\ld Ll — ][4

dp(y)- (4.3)

Now let us estimate the integrand in (4.3). We first write for z,y € S
lrz —y||*t = (2 = 2r(2.y) + 1)/

A simple calculation also shows that

d (d—1)/2
1 -2
dG( + 12— 2rf)~(

= (d—1)r((1 4 r? —2rg)~(+D/2
< (d—1)(1 —r)"@+D

for any —1 < # < 1. Thus an application of the mean value theorem to (4.3)
easily yields

|U? (rz)| < (d = )|l [(1 =)~ Dy — ]
< (d=D)|ull(L =)~ VR

Theorem 4(a) is then proved. Next, it is known that, we can find a reduction
E of E, and an explicit finite disjoint partitioning R of S¢ with each R € R
containing one point of F and at least one point of E,. Moreover,

6Eo < g < HRH < 8d\/2d(d+ 1)6E0- (44)

Then (2.27) follows from (2.26). Moreover, (2.28) then follows from (2.25) and
(2.27). This completes the proof of Theorem 4. O

14



References

[1] N.S. Landkof, Foundations of Modern Potential Theory, Springer-Verlag,
New York 1972.

[2] J. Levesley and X. Sun, Approzimation in rough native spaces by shifts of
smooth kernels on spheres, J. Approximation Theory 133 (2005), 269-283.

[3] C. Miiller, Spherical harmonics, Lecture Notes in Mathematics, 17,
Springer, Berlin, New York, 1966.

[4] X. Sun, Strictly positive definite functions on the unit circle, Mathematics
of Computation 74 (2005), 709-721.

[5] G. Szeg”o, Orthogonal Polynomials, Amer. Math. Soc. Colloq. Publ., vol.
23, American Mathematical Society, Providence RI, 1939.

Institute for Mathematics and its Applications, University of Minnesota, 400
Lind Hall, 207 Church Hill, S.E, Minneapolis, MN 55455
Email address: damelin@ima.umn.edu
Homepage: http://www.ima.umn.edu/ damelin

15



