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for all i, j, or, equivalently, ZF = tr(F)I — FT for F € M. We then have
ELF = (1/2) tr(F)I — FT, and

JF =curl(Ecurl F), F e C®(Q;M).

It is worth remarking that if £/ = FT, then JF = curl(curl F)7, and if
F = —F7T then JF = 0.

There are also elasticity complexes corresponding to the case of strongly
imposed symmetry. In two dimensions, this complex takes the form

0— =L co@;s) I 0=, V) - 0, (11.13)

where S C M is the space of symmetric tensors. The complex (11.13) can
be obtained from the complex (11.13) by performing a projection step. To
see this, consider the diagram

skw,div)T
0—C®(Q) L ooy M) SV Goo (0. K) x 0%(; V) — 0

b |

0—C=(Q) L ce;s) I (V) —0,
7(q,u) = u — divq. The vertical maps are projections onto subspaces and
the diagram commutes, so define a cochain projection, and therefore induce
a surjection on cohomology. The connection between the two versions of
the elasticity complex is explored in more detail in Arnold et al. (2006¢),
but will not be pursued here.

The corresponding elasticity complex in three dimensions with strongly

imposed symmetry of the stress tensor is given by

0— C®(V) S C2S) L 02 8) L% e V) — 0, (11.14)
where € u is the symmetric part of grad u for a vector field u. If we were to
follow the program outlined previously for mixed methods for the Poisson
equation, the construction of stable mixed finite elements for elasticity for
strong symmetry would be based on extending the sequence (11.13) to a
complete commuting diagram of the form

0—C®(Q) L c°(Q:S) L% (V) — 0

lﬂh lwh lwh (11.15)

O—) Wh L Eh ﬂ Vh — 0’
where W), € H?(Q), ¥, € H(div,;S) and Vj, € L%(Q;V) are suitable
finite element spaces and the 7r2 are corresponding projection operators
defining a cochain projection. This is exactly the construction performed in
Arnold and Winther (2002) in two dimensions. In particular, since the finite



132 D. N. ArNoOLD, R. S. FALK AND R. WINTHER

element space W}, is required to be a subspace of H2(£2) (the natural domain
of J), we can conclude that the finite element space W} must contain quintic
polynomials, and therefore the lowest-order space ¥ will at least involve
piecewise cubics. In fact, for the lowest-order elements discussed in Arnold
and Winther (2002), W}, is the classical Argyris space, while X, consists of
piecewise cubic symmetric tensor fields with a linear divergence.

The analogous approach in three dimensions would be based on develop-
ing finite element spaces approximating the spaces in the complex (11.14)
and embedding (11.14) as the top row of a commuting diagram analogous
to (11.15), with a corresponding finite element complex as the bottom row.
However, as mentioned previously, when the symmetry constraint is en-
forced pointwise on the discrete stress space, this construction leads to in-
tricate finite elements of high-order. In this paper, we instead pursue an
approach based on the weak symmetry formulation.

11.4. Well-posedness of the continuous problem

As discussed in Section 11.1, to establish well-posedness of the elasticity
problem with weakly imposed symmetry (11.4), it suffices to verify condition
(W2) of that subsection. This follows from the following theorem, which
says that the map

(_Sv d)T
_—

HA™HQ; V) HA™(;K) x HA™(£;V)

is surjective, i.e., that the highest-order cohomology of the L? elasticity
sequence vanishes. We spell out the proof in detail, since it will give us
guidance as we construct stable discretizations.

Theorem 11.1. Given (w,u) € L?A™(;K) x L2A™(2;V), there exists
o € HA"1(Q;V) such that do = p, —S,_10 = w. Moreover, we may
choose o so that

lollzra < e(llwll + [ull),

for a fixed constant c.

Proof. The second sentence follows from the first by Banach’s theorem, so
we need only prove the first.

(1) By Theorem 2.4, we can find n € H'A"~1(Q; V) with dn = p.

(2) Since w + Sp—1n € HA"(Q; K), we can apply Theorem 2.4 a second
time to find 7 € H'A" " }(; K) with d7 = w + S,_17.

(3) Since S, is an isomorphism from Alt"~2(V; V) to Alt"~!(V; K), when
applied pointwise, it gives an isomorphism of the space H*A"~2(£); V)
onto HIA"1(Q;K), and so we have p € H'A""2(Q; V) with S,,_op =
-

(4) Define o0 = dp+n € HA"1(Q; V).
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(5) From steps (1) and (4), it is immediate that do = p.
(6) From (4), —=S,—10 = =S,—1dp — Sp—1n. But, since dS = —S54d,

—Sp—1dp = dSp—2p = dT =w + Sh-17,
S0 —S,_10 = w.
U]

We note a few points from the proof. First, although the elasticity prob-
lem (11.4) only involves the three spaces HA"~1(Q;V), L?A"(Q;V), and
L?A™(Q; K), the proof brings in two additional spaces from the BGG con-
struction: HA""2(Q; V) and HA"1(£;K). Also, although S,,_; is the only
S operator arising in the formulation, S,,_o plays a role in the proof. Note,
however, that we do not fully use the fact that S,,_s is an isomorphism from
Alt"2(V; V) to Alt"1(V;K), only the fact that it is a surjection. This will
prove important in the next subsection, when we construct a discrete elas-
ticity complex.

11.5. A discrete elasticity complex

In this subsection, we derive a discrete version of the elasticity sequence by
adapting the construction of Section 11.2. To carry out the construction, we
will use two discretizations of the de Rham sequence, in general different, one
to discretize the K-valued de Rham sequence and one the V-valued de Rham
sequence. For £k =0,1,...,n, let Afl define a finite-dimensional subcomplex
of the L? de Rham complex with an associated cochain projection Hﬁ :
AF — Aﬁ. Thus the following diagram commutes:

O—>A0i>---—d>An_1i>An—>O
lnh lnh lnh (11.16)
O—>A2i>..._d>AZ_1—d>AZ—>O,

We do not make a specific choice of the discrete spaces yet, but, as shown in
Section 5, there exist many such complexes based on the spaces P,.A*(7},)
and P~ A¥(7},) for a simplicial decomposition 7, of Q. In fact, for each poly-
nomial degree r > 0 there exists 2”1 such complexes with A} = P,.A"(T3,).

Let /_\Ifl denote a second finite-dimensional subcomplex of the L? de Rham
complex with a corresponding cochain projection Il; enjoying the same
properties. Supposing a compatibility condition between these two dis-
cretizations, which we describe below, we shall construct a discrete elastic-
ity complex based on them, in close analogy with the BGG construction in
Section 11.2.

Let A¥(K) = A¥ ® K and A¥(V) = A¥ ® V. For brevity, we write AF(W)
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for A¥(K) x A (V). In analogy with (11.6), we start with the complex

0 — AR(W) GHR Ay (W) R G

AP(W) — 0. (11.17)

Since /_\ﬁ may not equal Afl, the operator K may not map AQ(K) into
AF(V). So we define Kj, : A¥(V) — A¥(K) by K}, = I1,K where IIj, is the
given projection operator onto AZ(K)

Next we define S, = Sk, : /_XfL(V) — AZH(K) by S, = dKj, — Ky d, for
k=0,1,...,n—1. Observe that the discrete version of (11.7),

ds, = -8, d (11.18)

follows (exactly as in the continuous case) from d? = 0. From the commu-
tative diagram (11.16), we see that

Sp = dII,K — I, Kd =,(dK — K d) = II,S.

Continuing to mimic the continuous case, we define the automorphism @,

on A¥(W) by
(I)h(wv M) = (w + Kpp, M)?

and the operator Ay, : AF(W) — AZH(W) by A = ®,d®; !, which leads
to

Ah(w,ﬂ) = (dw - Sh/% dM)

Inserting the isomorphisms @, into (11.17), we obtain the isomorphic com-
plex

Ap

0 — AQ(W) 2 AL (wy) A A Anewyy g, (11.19)

As in the continuous case, the discrete elasticity complex will be realized
as a subcomplex of this complex. We define

P72 = {(w, ) € A 2(W) | dw = Sz},
7 = {(w, 1) € A (W) w = 0).

Again, Aj, maps AZ‘Q(W) into FZ_Q and FZ_Q into FZ_l, so that
0 — AQ(W) 20 ... By An=3(yy) Ar, pam2 An paot A wneyyy

is indeed a subcomplex of (11.19).

As in the continuous case, we could identify Fz_l with Az_l(V), but,
unlike in the continuous case, we cannot identify I'l'"? with A7'~?(K), since
we do not require that S,,_2 j, be invertible (and it is in fact not invertible in
the applications). However, we saw in the proof of Theorem 11.1, that the
decisive property of S, is that it be surjective, and surjectivity of S,,_o,
is what we shall require in order to derive a cochain projection and obtain
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the analogue of the diagram (11.9). Thus we make the following
Surjectivity assumption:

The operator S,,_2 ), maps AZ‘Q(V) onto AZ_l(K). (11.20)

Under this assumption, the operator S, = S,_2 has a right inverse S,T1

mapping A}~ (K) into A77?(V). This allows us to define discrete counter-
parts of the projection operators 7”2 and 7"~ ! by

2w, 1) = (W, p— S S+ Sdw),  mp T (w, 1) = (0,4 + dSfw),
and obtain the discrete analogue of (11.9):

A AT (W) A AP2(W) 2 ALY R AR (W) — 0

lid lﬂnfz lﬂm lid (11.21)

CAnArew) A oppe2 A oppel o A ancy) o,

It is straightforward to check that this diagram commutes. For example, if
(w, p) € A} 73(W), then

W,T;_ZAh(w, p) = W}T;_Q( dw — Sk, du)
=(dw — Spp, dp — S;;Sh dp + S;rld( dw — Spp))
=(dw — Sup, dp — S} (Sp dp + dSpp))= An(w, ),

where the last equality follows from (11.18). Thus the vertical maps in
(11.21) indeed define a cochain projection.

Since Aj, maps Az_l(W) onto A} (W), the diagram implies that .4; maps
I_‘Z_l onto A(W), i.e., that (—Sp—_1 4, d)T maps HA}1(V) onto Ap(K) X
A?(V). This suggests that the choice of finite element spaces HA? (V)
for stress, A} (V) for displacements, and A} (K) for the multiplier will lead
to a stable discretization of (11.5). We now make specific choices for the
two sets of spaces Aﬁ and AZ for K =0,1,...,n and verify the surjectivity
assumption. Then in the next subsection we prove that they do, in fact,
lead to a stable discretization.

Let 73 denote a family of shape-regular simplicial meshes of {2 indexed
by h, the maximal diameter of the simplices in 7, and fix the degree r > 0.
Our choices are then:

o AP =P AT, AL = PANT), and
o Ny 2 =P (T, Ny = Pra AT, Ay = PrAR(Th).

For the remaining spaces, we choose A¥ and A} as either P_ HA’C (73,) or
PSAk(Yﬁ), for appropriate degrees s, so as to obtain the commuting diagram
(11.16). In all cases we use the canonical projection operator related to the
degrees of freedom in the space, as defined at the end of Section 5.1. Note
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that in the lowest-order case r = (0, we are approximating the stresses
by piecewise linear functions and the displacements and the multiplier by
piecewise constants.

We now verify the surjectivity assumption for this choice.

Theorem 11.2. Let ITP' : AP 1K) — Py A" (73 K) and 2.
A" V) — P ,A"2(T3; V) be the canonical projection operators de-
fined in terms of the degrees of freedom (5.2). Then

1S, o2 =17 1S, 5 on A" (V).

Consequently S,,_2 = Hz_lSn_g maps the space 73;+2A”_2(771;V) onto
P;+1An_1(7715K)~

Proof. We will show that the statement easily follows from the first, since
HZ_l and S,,_o are both surjective.
For the proof, we define the operator K’ : A¥(2; K) — A*(Q; V) by

(K'w)e(v1, ..., 0) = we(vi, ..., vp) X ()

where X (z) is the element of V corresponding to x and the last product
is the action of the skew-symmetric operator w,(vi,...,vx) on the vector
X (x). We then have

Kohp=wAK'pu weA*Q;V), pe N (Q;K).
We next show that
Swhp = ()" WA(K'd—dK \p, we A¥Q;V), pe N(QK). (11.22)
This follows from the Leibniz rule. We have
dKwAp= d(KwAp) — (DKo A dp = d(w A K'p) — (=1)*w A K'dp,
and
KdwAp=doAK'p=dwAK'p) - (—1)fw A dK'p.

Subtracting we get (11.22). Thus, if u € P.A (Q;K), there exists ¢ €
Pr_1AVTH(Q; V) such that

SwAp=14wA(, weAF(K)

(namely, just take ¢ = (K'd — dK')u).
Now, to prove the theorem, we must show that

(I} Sp—g — 718, oI} )0 = 0

for all ¢ € A""2(Q; V). Defining w = (I — I} ?)o, the required condition
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becomes Hz_lSn_gw = (. Since fIZ_%) = 0, we have

/TrfW/\C: 07 C € Pr—d+n—1Ad_n+2(f;V)7 f € Ad(%)? n—1<d< n,
!

(11.23)
(in fact (11.23) holds for d = n — 2 as well, but this is not used here). We
must show that (11.23) implies

/Trf(Sn_gw) Ap=0
f

for pt € Pr_qun—1 A" (£ K), f € Ay(Tp), n — 1 < d < n. This follows in
view of the result proved in the last paragraph (applied on the face f; note
that d, K, K’ and S commute with traces). (]

In the next subsection, we use this result to verify that this choice of spaces
results in a stable finite element discretization of the variational formulation
of elasticity with weak symmetry.

11.6. The main stability result for mized finite elements for elasticity

We show in this subsection that the choices
APTHV) = P A (T3 V),
AJ(V) = PLA™(T;; V), (11.24)
AR (K) = P A" (T; K),

give a stable finite element discretization of the system (11.5).
The first stability condition (S1) is obvious since, by construction,

AP, 1 A" (Th: V) C PLA™(Th V).

The condition (S2) is more subtle. Our proof is inspired by the proof of
the well-posedness result, Theorem 11.1, but involves a variety of projec-
tions from the continuous to the finite element spaces, and keeping track
of norms. A technical difficulty arises because the canonical projection
1:[2_2 : A"2(Q; V) — P ,A"2(T,; V) is not bounded on H', since its
definition involves traces on subsimplices of codimension 2. On the other
hand, we cannot use the smoothed projection operators introduced in Sec-
tion 5.4, because these do not preserve the moments of traces on faces of
codimension 0 and 1, which were required in the previous theorem to prove
that Hz_lSn_gfIZ_Q = Hz_lSn_g. Hence we introduce a new operator,
Py« A"2(Q; V) — P ,A""2(T3; V). Namely, as for the canonical projec-
tion, Ppw is defined in terms of the degrees of freedom in (5.2), but it is
taken to be the element of P, ,A""2(7}; V) with the same moments as w on
the faces of codimension 0 and 1, but with the moments of a smoothed ap-
proximation of w on the faces of codimension 2. For more details see Arnold
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et al. (2006¢). The properties we will need of this operator as well as the
relevant canonical projections are summarized in the following lemma.

Lemma 11.3. Let

=t A" 1(Q,K)—>P+1A” Y7, K),
A" (4 K) — PrA™(Th; K),

Hn 1 1(QaV) T+1A _1(771;V)7
A" (V) — PrA™(Tp; V)

be the canonical projections, and let Py, : A" 2(Q; V) — P A" 2(T,; V)
be the operator described above. Then

iyt =1pd, dip! =17d, (11.25)
1S, o Py =TI 1S, o, (11.26)

[Mw| < cllwll, w € A" K), (11.27)
T~ wll < eflwlh, we A" V), (11.28)
I dPunll < cllnllx n € AT V). (11.29)

The constant ¢ is uniform in the mesh size h (although it may depend on
the shape regularity of the mesh).

Proof. The commutativity conditions in (11.25) are the standard ones. We
proved (11.26) with ﬁ2_2 in place of P, in Theorem 11.2. Since the proof
only depended on the fact that the projection preserved the appropriate
moments on faces of codimension 0 or 1, the same proof works for fIZ_2.
The L? bound (11.27) is obvious since II} is just the L?-projection. The
bound (11.28) is standard. Finally the bound in (11.29) can be proved using
standard techniques; see Arnold et al. (2006¢). 0

We can now state the main stability result, following the outline of The-
orem 11.1.

Theorem 11.4. Given (w,u) € PrA™(Th; K) x P.A"(73,; V), there exists
o € Pry1 A" H(T; V) such that do = p, —II}S,,—10 = w, and

lollza < e(lwll + [ul]), (11.30)

where the constant ¢ is independent of w, i and h.
Proof.
(1) By Theorem 2.4, we can find n € H'A""}(Q;V) with dn = p and
71l < ellll-
(2) Since w + HZSn_lfIZ_ln € HA™(Q; K), we can apply Theorem 2.4 a
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second time to find 7 € H'A"1(; K) with d7 = w + HZSn—lﬁZ_lT}
and [|7][1 < ¢(||w]| + ||HZSn_1fIZ_1n||),

(3) Since S,,_o is an isomorphism from H'A"72(Q;V) to H'A"1(Q; K),
we have p € H'A"2(Q; V) with S, _2p = 7, and ||p||1 < ¢||7]]1.

(4) Define o = dPyp + 117" 'n € Pryp1 A" H(T3; V).

rom step , .25), step , and the fact that II? is a projection,
(5) F (4), (11.25) (1) d the f hat 1T} j
we have

do = dﬁz_ln =10} dn = I} u = p.

(6) From step (4),
—1I;S, 10 = —1I}S;, 1 dP,p — HZSn_llz[Z_ln.
Applying, in order, (11.7), (11.25), (11.26), step (3), (11.25), step (2),
and the fact that I} is a projection, we obtain
S, _1dPyp = -1} dS, 2 Pyp = — dHZ_lSn_gphp

= —dI} 'S, 9p = —dII} " 'r = —II} dr

= —II}(w+ HZSn_ll:IZ_ln) = —w— HZSn_ll:I’,;‘_ln.
Combining, we have —1I}.S,, 10 = w.

(7) Finally, we prove the norm bound. From (11.27), the boundedness of
Sp—1 in L2, (11.28), and step (1),

15 St T | < el Spaa T~ )| < [T~ nl] < cllnlly < ellul]-

Combining with the bounds in step (3) and (2), this gives [|p|1 <
c([wll + llell)- From (11.29), we then have [|dPypl| < c([|w|| + ||ul])-
From (11.28) and the bound in step (1), HH’,;‘_lnH <c|nli < gl In
view of the definition of o, these two last bounds imply that ||o] <
c(lw|l + ||i]]), while ||do|| = |||, and thus we have the desired bound
(11.30).

O

We have thus verified the stability conditions (S1) and (S2), and so may
apply the standard theory of mixed methods (see Brezzi (1974), Brezzi and
Fortin (1991), Douglas and Roberts (1985), Falk and Osborn (1980)) and
standard results about approximation by finite element spaces to obtain
convergence and error estimates.

Theorem 11.5. Suppose (o, u,p) is the solution of the elasticity system
(11.4) and (op,up,pp) is the solution of discrete system (11.5), where the
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finite element spaces are given by (11.24) for some integer r > 0. Then
there is a constant C, independent of A, such that

lo = onllza + [[u—unll + [[p — pal
< Cinf(||lo — 7 za + [Ju— || + [lp — ¢l))-

where the infimum is over all 7 € A} (V), v € A(V), and ¢ € AZ(K). If u
and o are sufficiently smooth, then

lo = onll + lluw = upll + llp = pll < O™ ullrs2,
ld(o = on)ll < CH™ | do]lr1.

11.7. Traction boundary conditions

So far we have considered only the case of the Dirichlet boundary condition
u = 0 on 02. In this subsection, we consider the modifications that need to
be made to deal with the case of the traction boundary condition on = 0
on 0f). For this boundary value problem, in order for a solution to exist,
f must be orthogonal in L?(;V) to the space T of rigid motions, defined
to be the restrictions to €2 of affine maps of the form x +— a + bx where
a € Vand b € K. If f does satisfy this compatibility condition, then u is
only unique up to addition of a rigid motion. One method of defining a
well-posed weak formulations for this problem is to introduce a Lagrange
multiplier to enforce the constraint on f. We are then led to the following
weak formulation, analogous to (11.3).

Find (o, u,p,s) € H(div, ;M) x L2(; V) x L2(Q; K) x T satisfying

/(AU:T+diVT-U+T:p) dx =0, TEﬁI(diV,Q;M),
Q
/(diva-v+s~v)dx:/f-vdx, ve LA(Q;V),
Q Q
/J:qdmzo, q € L*(O;K),
Q

/u-td:z::(), teT,
Q

where
H(div, ;M) = {o € H(div, ;M) : on = 0 on dQ}.
We shall show below that this problem is well-posed.

To restate this in the language of differential forms we introduce T* =
*T C P1A™(; V). The problem then takes the form: given f € L2A"(Q; V),
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find (o, u, p,s) € HA"1(Q; V) x L2A™(Q; V) x L2A™(Q); K) x T* such that

(Ao, ) + (d7,u) — (Sp—17,p) = 0, TE }O]An_l(Q;V),
(do,v) + (s,v) = (f,v), v€ LQA”(Q;V),
(11.31)
(Sp_10,q) =0, q € L*A™(Q; K),
(u, ty =0, teT.

We remark that taking v € T* in the second equation and using the identity
given in Lemma 11.8 below together with the third equation, implies that
s is the L2-projection of f into T*.

We consider here the development of stable mixed finite elements for
the linear elasticity problem with traction boundary conditions based on
the variational formulation (11.31). To do so, we will follow the develop-
ment for the Dirichlet problem. In particular, we will again use the link
between stable mixed finite elements for elasticity and the existence of dis-
crete versions of a corresponding elasticity complex and also the connection
between the elasticity complex and the ordinary de Rham complex. Thus,
the choice of stable finite element spaces for elasticity with traction bound-
ary conditions will again have as its starting point discrete versions of an
appropriate de Rham complex. Since the derivation is quite analogous to
the case of Dirichlet boundary conditions, we will not provide all the details,
but concentrate on the modifications that are needed. We will make use of
finite element spaces of the form AY := A¥ N HA* (where AF = P.A*(7},)
or P, A¥(T3)). The canonical projection operator IIf then maps HAR(Q)
into AZ

We begin with the BGG construction, parallel to Section 11.2. For the
case of traction boundary conditions, the appropriate de Rham sequence
is that with compact support, (2.13), and the corresponding L? complex
(2.14). So our starting complex for the BGG construction is

oy 0 @) s (608 (6 g,

0— A" (W) —= AH(W) . A" (W) — 0, (11.32)

where W = K x V and A¥(W) := A(Q;K) x A(Q; V). With & and A as
before, ® is a cochain isomorphism from (11.32) to

0— AO(w) A Atw) A A An(w) - o, (11.33)

Introducing the spaces I in analogy to the spaces I'* of Section 11.2, we
obtain the subcomplex

0—A%wW) & . & Ardew) A ez A el A fr(w) o,

and a corresponding cochain projection. Identifying elements (w, 1) € "2
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with w € A"2(0;K) and elements (0, ) € I with p € A" 1(Q; V), we
obtain the relevant elasticity complex

0 ROW) 2 .. A Ansew) L7582 )
doS~1tod _ T
20 jm1( vy S5t D Reewy S0, (11.34)

The complex (11.32), and so the isomorphic complex (11.33) have a co-
homology space of dimension dimV + dimK = n(n + 1)/2 at the highest
order. Thus the highest-order cohomology space for the elasticity complex
(11.34) has dimension at most n(n+1)/2. In other words, solvability of the
problem, given (w, 1) € A"(W), to find o € A"~ 1(Q; V) such that

(_Sn—lav dU) = (wmu)?

implies at most n(n+ 1)/2 constraints on the data (w, pt). In fact, it implies
exactly this many constraints, namely,

/u:O, /w:/K,u.
Q Q Q

Indeed, the first equation (n constraints) follows immediately from the equa-
tion do = p and Stokes’ theorem, while

/Qw:/Q(Kd—dK)a:/QKda:/Qp

Our next goal is to prove the well-posedness of (11.31). But first we prove
a useful lemma.

Lemma 11.6. Given a € V and b € K, there exists a unique s € T* such
that st = a, fQKs =b.

Proof. Since dimT* = dimV + dimK, it is enough to show that if [ s
and [, Ks =0, then s = 0. Now s(z) = (g + cx)vol for some g € V and
¢ € K. From the vanishing of [ s we can write g in terms of ¢ and find that
s(x) = c(x — )vol where Z is the barycentre of {2. We have a simple linear
algebra identity

(v Abu, by =2|bw|?, veV,bek, (11.35)

where the inner product on the left is taken in M and the norm on the right
is the norm in V. Thus

s(@)]? = ez — D) = =

= 5((:1: —Z)Nc(x — ), c).s(x),c).

Integrating over Q and using the fact that [s =0, we get

[ o= 1 [onsond) =} [ Ry =0
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We now turn to the proof of well-posedness, i.e., the analogue of Theo-
rem 11.1 for traction boundary conditions. The problem (11.31) is of the
saddle point type to which Brezzi’s theorem applies, with

a(o,s;7,t) = (Ao, T),
b(a7 S; U, Q) = <d07 1)> o <Sn—1a7 Q> + <87 U>‘
The analogues of conditions (W1) and (W2) are:
(W) |73 4 + lIE]1? < e1(AT, 7) whenever T € HA™ (V) and t € T*

satisfy (dr,v) + (t,v) =0 Yo € L?A™(Q; V) and (S,_17,¢) =0
Vq € L>A"(Q;K),

(W2) for all nonzero (v,q) € A"(2; V) x A"(2; K), there exists nonzero
7€ A" 1(Q;V) and t € T* with
(d7,0) = (Sna7, @) + (tv) = o[l a + (D[] + gl

for some positive constants ¢; and c3. Again, the first condition is easy
(since for such 7 and t, the rigid motion ¢ is an L?-projection of dr). We
now prove (W2').

Theorem 11.7. Given (w,u) € L?A™(;K) x L2A™(2; V), there exists
o € HA""1(Q;V), s € T* such that do + s = u, —S,_10 = w. Moreover
we may choose o, s so that

lollma + sl < c(llwll + [lxl),
for a fixed constant c.

Proof. Again, the norm bound is automatic once the existence is estab-
lished.

(0) Define s € T* by

/Qs:/gu, /QKs:/Q(Ku—Fw).

By the lemma, this determines s.
(1) By Theorem 2.4, we can find n € ﬁIlA”_l(Q;V) with dn = p — s.
(2) Now w+ S,,—1n € HA™(2; K) and has vanishing integral, since

[evn= [ war= [ o= [

Thus we can apply Theorem 2.4 another time to find 7 € HIA! (Q; K)
with d7 = w + Sp_17.

(3) Take p € H'A"2(Q; V) with S,_op = 7.
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(4) Define 0 = dp+n € HA1(Q;V).
(5) From steps (1) and (4), it is immediate that do + s = p.
(6) From (4),
—Sp—10=—=S,_1dp—Sp_1m=dSp_2p — Sp—1n = d7 — Sp_1n = w.
O

We now turn to the discrete problem: find (o, up, pp, Sn) € /OXZ_l(V) X
AP (V) x AR(K) x T* such that

(Ao, 7) + (d7,up) — (Sp_17,pr) = T e AnTY(V),
<d0h? > < 7U> < U>? v GAZ(V)a
q) =

(Sn—10n,q q € AR(K),
(up, t) = o, teT*.

The stability conditions for this system are then:

(11.36)

(S1) |I7l1%4 + Isl* < e1(AT,7) whenever T € /()\Z_l(V) and s € T* satisfy
(dr,v) + (s,v) =0 Yv € AR(V) and (S,,—17,¢q) = 0 Vg € A}(K),
(S2) for all nonzero (v,q) € A} (V) x A}(K), there exists nonzero 7 €
AP=1(V) and s € T* with
(dr,0) = (Sna7, @) + (s,0) = co([[7lla + sl (o]l + llgl),

where ¢; and ¢ are positive constants independent of h.
We choose the same finite element spaces as before, except that the stress
space now incorporates the boundary conditions:

APTHV) = P AN (T V), AR(Y) = PoA™ (T35 V),
A}(K) = PoA™(Th; K).

We show that, for any r» > 0, this choice gives a stable finite element dis-
cretization of the system (11.36). The case when r = 0 requires a bit of
extra effort, because T* € A} (V) in this case. We begin by assuming that
r > 1 and remark on the case r = 0 at the end.

The following simple identity will be useful in establishing stability.

Lemma 11.8. Let s = (a + bx)vol € T*, with a € V and b € K. Then
(dr,s) = —(Sp_17,bvol), e HA" (V).

First we verify the stability (S1'). We have 7 € Pry1A" 1(T5; V) and
s € T* with

(dr,v) + (s,v) =0, v € P A" (T1; V), (Sp_17,q9) =0, q € P.A"(7;;K).

Taking v = s in the first equation, applying the lemma, and then the second
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equation, we conclude that s = 0. Then we take v = d7 and conclude that
dr =0, so the bound in (S1’) holds.

The proof of the second stability condition is very much as in the case
of Dirichlet boundary conditions, with the minor extra complications which
we have already seen in the continuous case in Theorem 11.7, so we just
sketch the proof.

Theorem 11.9. Given (w, ) € PrA"(7;K) x P.A"(71,; V), there exists
0 € Pra A" 1(T;; V) and s € T* such that

do + s = p, —II7S,—10 = w,
and
lollza + [Isl] < e(llwll + [|xl),

where the constant ¢ is independent of w, i and h.

Proof. First define s and 7 as in steps (0) and (1) of Theorem 11.7. Note
that

[+, = [ = Kam) = [ (o= KT )
:/Q(w—K(u—s))zo.

Thus we can take 7 € fOIA”_l(Q; K) with d7 = w+ HZSn_ll:IZ_ln and then
p = 577_127, and 0 = dP, + 1:12_177. The remainder of the proof is just as

for Theorem 11.4. ]

Finally we remark on the modifications that have to be made in the case
7 = 0. In the proof of (S1’), we cannot take v = s, since T* & PoA"(Zs; V).
So we take v = II}'s, with II} simply the L?-projection into the piecewise
constant n-forms. Then

||fIZs||2 = (s,v) = —(d7,v) = —(dr,s) =0,

with the last step following from the lemma, as before. The fIZs = 0. But
for s € T* it is easy to see that this implies that s = 0, at least for h
sufficiently small.

A similar issue arises in the verification of (S2'). Now we want to find

o€ 751A”_1(771;V), s € T* with do + Hhs = p. This requires us to define

s by
/s—/u, /KHhs—/ (Kp+w).

The existence of such an s follows from a variant of Lemma 11.6 which
replaces Ks by K1Ijs. The variant lemma can be proved using the identity
(11.35), but taking v = II,(x — Z), the L?-projection of z — # into the



146 D. N. ArNoOLD, R. S. FALK AND R. WINTHER

piecewise constants, rather than v = x—ZI as before. It follows that ﬁﬁs =0,
which again implies that s vanishes for small h.

11.8. Simplified elements

The purpose of this subsection is to present a stable element for which the
finite element spaces are slightly smaller than the simplest element derived
so far, namely

APH V) = PN Y (T V), AR(V) = BN (T; V), AR(K) = PoA™(Ty; K).

(We return to the Dirichlet problem for this.) In the new element, the spaces
A7 (V) and A} (K) are unchanged, but Az_l(V) will be reduced from a full
space of piecewise linear elements to one where some of the components are
only a reduced space of linears. Since the full details for the cases n = 2
and n = 3 are provided in Arnold et al. (2006¢) and Arnold et al. (2005),
we only present the main ideas here.

By examining the proof of Theorem 11.4, we realize that we do not use the
complete sequence (11.17) for the given spaces. We only use the sequences

PrA N (T K) —% PoA™ (T K) — 0,
Py A2 (T V) —5 PIAY N (T3 V) =5 PoA™ (T V) — 0.

The purpose here is to show that it is possible to choose subspaces of some
of the spaces in (11.37) such that the desired properties still hold. More pre-
cisely, compared to (11.37), the spaces Py A"~2(7},; V) and P1A"1(T},; V)
are simplified, while the three others remain unchanged. If we denote
by Pi_A”_2(7?l;V) and Py _A""1(7,; V) the simplifications of the spaces
Py A"2(T; V) and PiA™1(T5,; V), respectively, then the properties we
need are that:

Py AT V) =% PLoA (T V) <5 PA(TisV) — 0 (11.38)

y—

(11.37)

is a complex and that the surjectivity assumption (11.20) holds, i.e., S, =
Sn—2.n Maps PZ_A”_Q(%;V) onto Py A"71(7,;K). We note that if the
space Py A" 1(T;,; V) € Py _A""Y(7;,; V), then d maps Py _A""1(T;V)
onto PoA™(7p; V).

The key to this construction is to first show that a space Py, _A2(T,; V)
can be constructed as a subspace of P, A""2(73,; V), while still retaining the
surjectivity assumption (11.20). This can be done locally on each simplex.
We begin by recalling that the degrees of freedom on a face f € A,_1(T)
of Py A" %(T; V) have the form

/w A e PoAY(S, V). (11.39)
f
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However, if we examine the proof of Theorem 11.2, we see that the only
degrees of freedom that are used for an element w € Py A" 2(T; V) are the
subset of the A,,_1(T) face degrees of freedom given by

/w/\l/, v ek,
f

where in the integral we view v € K ¢ M = Alt'(V;V) as a 1-form with
values in V.

To classify the degrees of freedom that we need to retain to establish The-
orem 11.2; we observe that the n(n — 1)-dimensional space of test functions
used in (11.39) can be decomposed into

PoA (f; V) = PoA (f; Ty) + PoA' (f; Ny),

i.e., into forms with values in the tangent space to f, T}, or its orthogonal
complement, Ny. This is an (n — 1)® + (n — 1)-dimensional decomposition.
Furthermore,

PoA (£5T5) = Poldym (f: Tr) + PoAdew (f3 T1),
where p € PoAM(f;Ty) is in PoAL, (f; ) if and only if p(s) - ¢ = p(t) - s

Ssym
for orthonormal tangent vectors s and t. Note that when n = 2, this space
is 1-dimensional, so there is only POA;ym( [:Ty¢). Finally, we obtain an

n(n —1)/2 4+ n(n — 1) /2-dimensional decomposition
PoA' (3 V) = PoAdym(f; Tf) + Poley (f5 V),
where
Poliiew (3 V) = Polgow (f3 Tf) + PoA  (f; Ny).
It can be shown that the degrees of freedom corresponding to PoAl (f;V)

skw
are the ones that need to be retained, while those in POA;ym( f;Ty) are not
needed.

The reduced space Py A2 (T'; V) that we now construct has two prop-
erties. The first is that it still contains the space PyA"?(T;V) and the
second is that the unused face degrees of freedom are eliminated (by setting
them equal to zero). We can achieve these conditions by first writing an
element w € Py A" 2(T;V) as w = lw + (I —II},)w, where IIj, denotes the
usual projection operator into P;A"~2(T; V) defined by the moments on the
faces f € A,_o(T). Then the elements in (I — II,)Py A" 2(T;V) will have
zero traces on these faces, so they are completely defined by their degrees
of freedom on the faces f € A,_1(T):

/fw N wEPANSY), f €A (T).

Thus, we henceforth denote (I — II,)P, A"~2(T;V) by PQ_fA”_Z(T; V).
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We then define our reduced space
Py A"2(T;V) = PIA"2(T; V) + Py, A" (T V),

where Py, _A""2(T;V) denotes the set of forms w € P;fA”_2(T; V) satis-
fying 1y )

/w/\u:(), HGPOA;ym(f7V)7
/

i.e., we have set the unused degrees of freedom to be zero. The space
Py, _A?(V) can then be defined from the local spaces in the usual way. The
degrees of freedom for this space are then given by

/fw A € PIAYFY),  f € Ano(T),

/w AN, pe POA:slkW(fvv)v f S An—l(T)
f

When n = 3, the space P, _AY(T; V) will have 48 degrees of freedom (36
edge degrees of freedom and 12 face degrees of freedom).
The motivation for this choice of the space Py _A}PT(V) is that it easily

leads to a definition of the space Ply_AZ_l(V) that satisfies the property
that (11.38) is a complex. We begin by defining

P A"NT;V) = P A (T3 V) 4 APy, A" (T V).

When n = 3, this space will have 24 face degrees of freedom. The space
P1,_ A7~ (V) is then defined from the local spaces in the usual way. It is
clear that P; A}~ 1(V) € Py, _A7"!(V) and easy to check that the complex
(11.38) is exact.

We define appropriate degrees of freedom for the space Py _ A"~ 1(T;V) by
using a subset of the degrees of freedom for P1A"1(T; V), i.e., of ff w A W,

p € PiAY(f; V), f € Ap_1(T). In particular, we take as degrees of freedom
for Py _A""1(T; V),

/w A B, pE Pl,skWAO(f;V)7 f € An—l(T)7
f

where Py gowA%(f; V) denotes the set of u € PiA%(f;V) that satisfy du €
POA;kW(f; V)

Using an argument parallel to that used previously, it is straightforward
to show that the simplified spaces also satisfy the surjectivity assumption
(11.20). We can then complete the proof of stability and show that the
convergence asserted in Theorem 11.5 for » = 0 holds also for the reduced
spaces.

When n = 3, P; gAY (f; V) is a 6-dimensional space on each face, so the
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above quantities specify 24 degrees of freedom for the space Py _A%(T; V). It
is not difficult to check that these are a unisolvent set of degrees of freedom,
and we can use the identification of an element w € A?(Q; V) with a matrix
F given by w(vy,v2) = F(v1 X v2) to describe the six degrees of freedom on

a face:
/Fndf, /(m~t)nTFndf,
f f
/(:1: -s)n Fn df, /[(:1: t)sT — (x - s)tT|Fn df.
f f
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