
FINITE ELEMENT EXTERIOR CALCULUS,

HOMOLOGICAL TECHNIQUES, AND APPLICATIONS

By

Douglas N. Arnold

Richard S. Falk

and

Ragnar Winther

IMA Preprint Series # 2094

( February 2006 )

INSTITUTE FOR MATHEMATICS AND ITS APPLICATIONS

UNIVERSITY OF MINNESOTA

400 Lind Hall
207 Church Street S.E.

Minneapolis, Minnesota 55455–0436
Phone: 612/624-6066 Fax: 612/626-7370

URL: http://www.ima.umn.edu



Finite element exterior calculus 131

for all i, j, or, equivalently, ΞF = tr(F )I − F T for F ∈ M. We then have
Ξ−1F = (1/2) tr(F )I − F T , and

JF = curl(Ξ curlF ), F ∈ C∞(Ω; M).

It is worth remarking that if F = F T , then JF = curl(curlF )T , and if
F = −F T then JF = 0.

There are also elasticity complexes corresponding to the case of strongly
imposed symmetry. In two dimensions, this complex takes the form

0→ C∞ J−→ C∞(Ω; S) div−−→ C∞(Ω; V)→ 0, (11.13)

where S ⊂ M is the space of symmetric tensors. The complex (11.13) can
be obtained from the complex (11.13) by performing a projection step. To
see this, consider the diagram

0→C∞(Ω) J−−→ C∞(Ω; M)
(skw,div)T

−−−−−−−→ C∞(Ω; K)× C∞(Ω; V)→ 0⏐⏐�id

⏐⏐�sym

⏐⏐�π

0→C∞(Ω) J−−→ C∞(Ω; S) div−−→ C∞(Ω; V) → 0,

π(q, u) = u − div q. The vertical maps are projections onto subspaces and
the diagram commutes, so define a cochain projection, and therefore induce
a surjection on cohomology. The connection between the two versions of
the elasticity complex is explored in more detail in Arnold et al. (2006c),
but will not be pursued here.

The corresponding elasticity complex in three dimensions with strongly
imposed symmetry of the stress tensor is given by

0→ C∞(Ω; V) ε−→ C∞(Ω; S) J−→ C∞(Ω; S) div−−→ C∞(Ω; V)→ 0, (11.14)

where ε u is the symmetric part of grad u for a vector field u. If we were to
follow the program outlined previously for mixed methods for the Poisson
equation, the construction of stable mixed finite elements for elasticity for
strong symmetry would be based on extending the sequence (11.13) to a
complete commuting diagram of the form

0→C∞(Ω) J−−→ C∞(Ω; S) div−−→ C∞(Ω; V)→ 0⏐⏐�πh

⏐⏐�πh

⏐⏐�πh

0→ Wh
J−−→ Σh

div−−→ Vh → 0,

(11.15)

where Wh ⊂ H2(Ω), Σh ⊂ H(div,Ω; S) and Vh ⊂ L2(Ω; V) are suitable
finite element spaces and the π0

h are corresponding projection operators
defining a cochain projection. This is exactly the construction performed in
Arnold and Winther (2002) in two dimensions. In particular, since the finite
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element space Wh is required to be a subspace ofH2(Ω) (the natural domain
of J), we can conclude that the finite element space Wh must contain quintic
polynomials, and therefore the lowest-order space Σh will at least involve
piecewise cubics. In fact, for the lowest-order elements discussed in Arnold
and Winther (2002), Wh is the classical Argyris space, while Σh consists of
piecewise cubic symmetric tensor fields with a linear divergence.

The analogous approach in three dimensions would be based on develop-
ing finite element spaces approximating the spaces in the complex (11.14)
and embedding (11.14) as the top row of a commuting diagram analogous
to (11.15), with a corresponding finite element complex as the bottom row.
However, as mentioned previously, when the symmetry constraint is en-
forced pointwise on the discrete stress space, this construction leads to in-
tricate finite elements of high-order. In this paper, we instead pursue an
approach based on the weak symmetry formulation.

11.4. Well-posedness of the continuous problem

As discussed in Section 11.1, to establish well-posedness of the elasticity
problem with weakly imposed symmetry (11.4), it suffices to verify condition
(W2) of that subsection. This follows from the following theorem, which
says that the map

HΛn−1(Ω; V)
(−S, d)T

−−−−−→ HΛn(Ω; K)×HΛn(Ω; V)

is surjective, i.e., that the highest-order cohomology of the L2 elasticity
sequence vanishes. We spell out the proof in detail, since it will give us
guidance as we construct stable discretizations.

Theorem 11.1. Given (ω, μ) ∈ L2Λn(Ω; K) × L2Λn(Ω; V), there exists
σ ∈ HΛn−1(Ω; V) such that dσ = μ, −Sn−1σ = ω. Moreover, we may
choose σ so that

‖σ‖HΛ ≤ c(‖ω‖+ ‖μ‖),
for a fixed constant c.

Proof. The second sentence follows from the first by Banach’s theorem, so
we need only prove the first.

(1) By Theorem 2.4, we can find η ∈ H1Λn−1(Ω; V) with dη = μ.
(2) Since ω + Sn−1η ∈ HΛn(Ω;K), we can apply Theorem 2.4 a second

time to find τ ∈ H1Λn−1(Ω; K) with dτ = ω + Sn−1η.
(3) Since Sn−2 is an isomorphism from Altn−2(V; V) to Altn−1(V; K), when

applied pointwise, it gives an isomorphism of the space H1Λn−2(Ω; V)
onto H1Λn−1(Ω; K), and so we have ρ ∈ H1Λn−2(Ω; V) with Sn−2ρ =
τ .

(4) Define σ = dρ+ η ∈ HΛn−1(Ω; V).
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(5) From steps (1) and (4), it is immediate that dσ = μ.
(6) From (4), −Sn−1σ = −Sn−1 dρ− Sn−1η. But, since dS = −S d,

−Sn−1 dρ = dSn−2ρ = dτ = ω + Sn−1η,

so −Sn−1σ = ω.

We note a few points from the proof. First, although the elasticity prob-
lem (11.4) only involves the three spaces HΛn−1(Ω; V), L2Λn(Ω; V), and
L2Λn(Ω; K), the proof brings in two additional spaces from the BGG con-
struction: HΛn−2(Ω; V) and HΛn−1(Ω; K). Also, although Sn−1 is the only
S operator arising in the formulation, Sn−2 plays a role in the proof. Note,
however, that we do not fully use the fact that Sn−2 is an isomorphism from
Altn−2(V; V) to Altn−1(V; K), only the fact that it is a surjection. This will
prove important in the next subsection, when we construct a discrete elas-
ticity complex.

11.5. A discrete elasticity complex

In this subsection, we derive a discrete version of the elasticity sequence by
adapting the construction of Section 11.2. To carry out the construction, we
will use two discretizations of the de Rham sequence, in general different, one
to discretize the K-valued de Rham sequence and one the V-valued de Rham
sequence. For k = 0, 1, . . . , n, let Λk

h define a finite-dimensional subcomplex
of the L2 de Rham complex with an associated cochain projection Πk

h :
Λk → Λk

h. Thus the following diagram commutes:

0→Λ0 d−−→ · · · d−−→ Λn−1 d−−→ Λn → 0⏐⏐�Πh

⏐⏐�Πh

⏐⏐�Πh

0→Λ0
h

d−−→ · · · d−−→ Λn−1
h

d−−→ Λn
h→ 0.

(11.16)

We do not make a specific choice of the discrete spaces yet, but, as shown in
Section 5, there exist many such complexes based on the spaces PrΛk(Th)
and P−

r Λk(Th) for a simplicial decomposition Th of Ω. In fact, for each poly-
nomial degree r ≥ 0 there exists 2n−1 such complexes with Λn

h = PrΛn(Th).
Let Λ̄k

h denote a second finite-dimensional subcomplex of the L2 de Rham
complex with a corresponding cochain projection Π̄h enjoying the same
properties. Supposing a compatibility condition between these two dis-
cretizations, which we describe below, we shall construct a discrete elastic-
ity complex based on them, in close analogy with the BGG construction in
Section 11.2.

Let Λk
h(K) = Λk

h ⊗K and Λ̄k
h(V) = Λ̄k

h ⊗ V. For brevity, we write Λk
h(W)
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for Λk
h(K)× Λ̄k

h(V). In analogy with (11.6), we start with the complex

0→ Λ0
h(W)

(
d 0
0 d

)
−−−−→ Λ1

h(W)

(
d 0
0 d

)
−−−−→ · · ·

(
d 0
0 d

)
−−−−→ Λn

h(W)→ 0. (11.17)

Since Λ̄k
h may not equal Λk

h, the operator K may not map Λk
h(K) into

Λ̄k
h(V). So we define Kh : Λ̄k

h(V) → Λk
h(K) by Kh = ΠhK where Πh is the

given projection operator onto Λk
h(K).

Next we define Sh = Sk,h : Λ̄k
h(V) → Λk+1

h (K) by Sh = dKh −Kh d, for
k = 0, 1, . . . , n− 1. Observe that the discrete version of (11.7),

dSh = −Sh d (11.18)

follows (exactly as in the continuous case) from d2 = 0. From the commu-
tative diagram (11.16), we see that

Sh = dΠhK −ΠhK d = Πh( dK −K d) = ΠhS.

Continuing to mimic the continuous case, we define the automorphism Φh

on Λk
h(W) by

Φh(ω, μ) = (ω +Khμ, μ),

and the operator Ah : Λk
h(W) → Λk+1

h (W) by Ah = Φh dΦ−1
h , which leads

to

Ah(ω, μ) = ( dω − Shμ, dμ).

Inserting the isomorphisms Φh into (11.17), we obtain the isomorphic com-
plex

0→ Λ0
h(W)

Ah−−→ Λ1
h(W)

Ah−−→ · · · Ah−−→ Λn
h(W)→ 0. (11.19)

As in the continuous case, the discrete elasticity complex will be realized
as a subcomplex of this complex. We define

Γn−2
h = { (ω, μ) ∈ Λn−2

h (W) | dω = Sn−2,hμ },
Γn−1

h = { (ω, μ) ∈ Λn−1
h (W) |ω = 0 }.

Again, Ah maps Λn−2
h (W) into Γn−2

h and Γn−2
h into Γn−1

h , so that

0→ Λ0
h(W)

Ah−−→ · · · Ah−−→ Λn−3
h (W)

Ah−−→ Γn−2
h

Ah−−→ Γn−1
h

Ah−−→ Λn
h(W)→ 0

is indeed a subcomplex of (11.19).
As in the continuous case, we could identify Γn−1

h with Λ̄n−1
h (V), but,

unlike in the continuous case, we cannot identify Γn−2
h with Λn−2

h (K), since
we do not require that Sn−2,h be invertible (and it is in fact not invertible in
the applications). However, we saw in the proof of Theorem 11.1, that the
decisive property of Sn−2 is that it be surjective, and surjectivity of Sn−2,h

is what we shall require in order to derive a cochain projection and obtain
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the analogue of the diagram (11.9). Thus we make the following
Surjectivity assumption:

The operator Sn−2,h maps Λ̄n−2
h (V) onto Λn−1

h (K). (11.20)

Under this assumption, the operator Sh = Sn−2,h has a right inverse S†
h

mapping Λn−1
h (K) into Λn−2

h (V). This allows us to define discrete counter-
parts of the projection operators πn−2 and πn−1 by

πn−2
h (ω, μ) = (ω, μ− S†

hShμ+ S†
h dω), πn−1

h (ω, μ) = (0, μ+ dS†
hω),

and obtain the discrete analogue of (11.9):

· · · Ah−−→Λn−3
h (W)

Ah−−→ Λn−2
h (W)

Ah−−→ Λn−1
h (W)

Ah−−→ Λn
h(W) → 0⏐⏐�id

⏐⏐�πn−2

⏐⏐�πn−1

⏐⏐�id

· · · Ah−−→Λn−3
h (W)

Ah−−→ Γn−2
h

Ah−−→ Γn−1
h

Ah−−→ Λn
h(W)→ 0.

(11.21)

It is straightforward to check that this diagram commutes. For example, if
(ω, μ) ∈ Λn−3

h (W), then

πn−2
h Ah(ω, μ) = πn−2

h ( dω − Shμ, dμ)

=
(
dω − Shμ, dμ− S†

hSh dμ+ S†
hd( dω − Shμ)

)
=
(
dω − Shμ, dμ− S†

h(Sh dμ+ dShμ)
)
= Ah(ω, μ),

where the last equality follows from (11.18). Thus the vertical maps in
(11.21) indeed define a cochain projection.

Since Ah maps Λn−1
h (W) onto Λn

h(W), the diagram implies that Ah maps
Γn−1

h onto Λn
h(W), i.e., that (−Sn−1,h, d)T maps H̄Λn−1

h (V) onto Λn
h(K)×

Λ̄n
h(V). This suggests that the choice of finite element spaces H̄Λn−1

h (V)
for stress, Λ̄n

h(V) for displacements, and Λn
h(K) for the multiplier will lead

to a stable discretization of (11.5). We now make specific choices for the
two sets of spaces Λk

h and Λ̄k
h for k = 0, 1, . . . , n and verify the surjectivity

assumption. Then in the next subsection we prove that they do, in fact,
lead to a stable discretization.

Let Th denote a family of shape-regular simplicial meshes of Ω indexed
by h, the maximal diameter of the simplices in Th, and fix the degree r ≥ 0.
Our choices are then:

• Λn−1
h = P−

r+1Λ
n−1(Th), Λn

h = PrΛn(Th), and
• Λ̄n−2

h = P−
r+2Λ

n−2(Th), Λ̄n−1
h = Pr+1Λn−1(Th), Λ̄n

h = PrΛn
h(Th).

For the remaining spaces, we choose Λk
h and Λ̄k

h as either P−
s+1Λ

k(Th) or
PsΛk(Th), for appropriate degrees s, so as to obtain the commuting diagram
(11.16). In all cases we use the canonical projection operator related to the
degrees of freedom in the space, as defined at the end of Section 5.1. Note



136 D. N. Arnold, R. S. Falk and R. Winther

that in the lowest-order case r = 0, we are approximating the stresses
by piecewise linear functions and the displacements and the multiplier by
piecewise constants.

We now verify the surjectivity assumption for this choice.

Theorem 11.2. Let Πn−1
h : Λn−1

h (Ω; K) → P−
r+1Λ

n−1(Th; K) and Π̄n−2
h :

Λn−2(Ω; V) → P−
r+2Λ

n−2(Th; V) be the canonical projection operators de-
fined in terms of the degrees of freedom (5.2). Then

Πn−1
h Sn−2Π̄n−2

h = Πn−1
h Sn−2 on Λn−2(Ω; V).

Consequently Sn−2,h := Πn−1
h Sn−2 maps the space P−

r+2Λ
n−2(Th; V) onto

P−
r+1Λ

n−1(Th; K).

Proof. We will show that the statement easily follows from the first, since
Πn−1

h and Sn−2 are both surjective.
For the proof, we define the operator K ′ : Λk(Ω; K)→ Λk(Ω; V) by

(K ′ω)x(v1, . . . , vk) = ωx(v1, . . . , vk)X(x)

where X(x) is the element of V corresponding to x and the last product
is the action of the skew-symmetric operator ωx(v1, . . . , vk) on the vector
X(x). We then have

Kω ∧ μ = ω ∧K ′μ, ω ∈ Λk(Ω; V), μ ∈ Λj(Ω; K).

We next show that

Sω∧μ = (−1)k+1ω∧(K ′d−dK ′)μ, ω ∈ Λk(Ω; V), μ ∈ Λj(Ω; K). (11.22)

This follows from the Leibniz rule. We have

dKω ∧ μ = d(Kω ∧ μ)− (−1)kKω ∧ dμ = d(ω ∧K ′μ)− (−1)kω ∧K ′ dμ,

and

K dω ∧ μ = dω ∧K ′μ = d(ω ∧K ′μ)− (−1)kω ∧ dK ′μ.

Subtracting we get (11.22). Thus, if μ ∈ PrΛj(Ω; K), there exists ζ ∈
Pr−1Λj+1(Ω; V) such that

Sω ∧ μ = ±ω ∧ ζ, ω ∈ Λk(Ω; K)

(namely, just take ζ = (K ′d− dK ′)μ).
Now, to prove the theorem, we must show that

(Πn−1
h Sn−2 −Πn−1

h Sn−2Π̄n−2
h )σ = 0

for all σ ∈ Λn−2(Ω; V). Defining ω = (I − Πn−2
h )σ, the required condition
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becomes Πn−1
h Sn−2ω = 0. Since Π̄n−2

h ω = 0, we have∫
f

Trf ω ∧ ζ = 0, ζ ∈ Pr−d+n−1Λd−n+2(f ; V), f ∈ Δd(Th), n− 1 ≤ d ≤ n,

(11.23)
(in fact (11.23) holds for d = n− 2 as well, but this is not used here). We
must show that (11.23) implies∫

f
Trf (Sn−2ω) ∧ μ = 0

for μ ∈ Pr−d+n−1Λd−n+1(f ; K), f ∈ Δd(Th), n− 1 ≤ d ≤ n. This follows in
view of the result proved in the last paragraph (applied on the face f ; note
that d, K, K ′ and S commute with traces).

In the next subsection, we use this result to verify that this choice of spaces
results in a stable finite element discretization of the variational formulation
of elasticity with weak symmetry.

11.6. The main stability result for mixed finite elements for elasticity

We show in this subsection that the choices

Λn−1
h (V) = Pr+1Λn−1(Th; V),
Λn

h(V) = PrΛn(Th; V),
Λn

h(K) = PrΛn(Th; K),
(11.24)

give a stable finite element discretization of the system (11.5).
The first stability condition (S1) is obvious since, by construction,

dPr+1Λn−1(Th; V) ⊂ PrΛn(Th; V).

The condition (S2) is more subtle. Our proof is inspired by the proof of
the well-posedness result, Theorem 11.1, but involves a variety of projec-
tions from the continuous to the finite element spaces, and keeping track
of norms. A technical difficulty arises because the canonical projection
Π̄n−2

h : Λn−2(Ω; V) → P−
r+2Λ

n−2(Th; V) is not bounded on H1, since its
definition involves traces on subsimplices of codimension 2. On the other
hand, we cannot use the smoothed projection operators introduced in Sec-
tion 5.4, because these do not preserve the moments of traces on faces of
codimension 0 and 1, which were required in the previous theorem to prove
that Πn−1

h Sn−2Π̄n−2
h = Πn−1

h Sn−2. Hence we introduce a new operator,
P̄h : Λn−2(Ω; V) → P−

r+2Λ
n−2(Th; V). Namely, as for the canonical projec-

tion, P̄hω is defined in terms of the degrees of freedom in (5.2), but it is
taken to be the element of P−

r+2Λ
n−2(Th; V) with the same moments as ω on

the faces of codimension 0 and 1, but with the moments of a smoothed ap-
proximation of ω on the faces of codimension 2. For more details see Arnold
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et al. (2006c). The properties we will need of this operator as well as the
relevant canonical projections are summarized in the following lemma.

Lemma 11.3. Let

Πn−1
h : Λn−1(Ω; K)→ P−

r+1Λ
n−1(Th; K),

Πn
h : Λn(Ω; K)→ PrΛn(Th; K),

Π̄n−1
h : Λn−1(Ω; V)→ Pr+1Λn−1(Th; V),

Π̄n
h : Λn(Ω; V)→ PrΛn(Th; V)

be the canonical projections, and let P̄h : Λn−2(Ω; V) → P−
r+2Λ

n−2(Th; V)
be the operator described above. Then

dΠn−1
h = Πn

h d, dΠ̄n−1
h = Π̄n

h d, (11.25)

Πn−1
h Sn−2P̄h = Πn−1

h Sn−2, (11.26)

‖Πn
hω‖ ≤ c‖ω‖, ω ∈ Λn(Ω; K), (11.27)

‖Π̄n−1
h ω‖ ≤ c‖ω‖1, ω ∈ Λn−1(Ω; V), (11.28)

‖ dP̄hη‖ ≤ c‖η‖1 η ∈ Λn−2(Ω; V). (11.29)

The constant c is uniform in the mesh size h (although it may depend on
the shape regularity of the mesh).

Proof. The commutativity conditions in (11.25) are the standard ones. We
proved (11.26) with Π̄n−2

h in place of P̄h in Theorem 11.2. Since the proof
only depended on the fact that the projection preserved the appropriate
moments on faces of codimension 0 or 1, the same proof works for Π̄n−2

h .
The L2 bound (11.27) is obvious since Πn

h is just the L2-projection. The
bound (11.28) is standard. Finally the bound in (11.29) can be proved using
standard techniques; see Arnold et al. (2006c).

We can now state the main stability result, following the outline of The-
orem 11.1.

Theorem 11.4. Given (ω, μ) ∈ PrΛn(Th; K) × PrΛn(Th; V), there exists
σ ∈ Pr+1Λn−1(Th; V) such that dσ = μ, −Πn

hSn−1σ = ω, and

‖σ‖HΛ ≤ c(‖ω‖+ ‖μ‖), (11.30)

where the constant c is independent of ω, μ and h.

Proof.

(1) By Theorem 2.4, we can find η ∈ H1Λn−1(Ω; V) with dη = μ and
‖η‖1 ≤ c‖μ‖.

(2) Since ω + Πn
hSn−1Π̄n−1

h η ∈ HΛn(Ω;K), we can apply Theorem 2.4 a
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second time to find τ ∈ H1Λn−1(Ω; K) with dτ = ω + Πn
hSn−1Π̄n−1

h η

and ‖τ‖1 ≤ c(‖ω‖+ ‖Πn
hSn−1Π̄n−1

h η‖).
(3) Since Sn−2 is an isomorphism from H1Λn−2(Ω; V) to H1Λn−1(Ω; K),

we have ρ ∈ H1Λn−2(Ω; V) with Sn−2ρ = τ , and ‖ρ‖1 ≤ c‖τ‖1.
(4) Define σ = dP̄hρ+ Π̄n−1

h η ∈ Pr+1Λn−1(Th; V).

(5) From step (4), (11.25), step (1), and the fact that Π̄n
h is a projection,

we have
dσ = dΠ̄n−1

h η = Π̄n
h dη = Πn

hμ = μ.

(6) From step (4),

−Πn
hSn−1σ = −Πn

hSn−1 dP̄hρ−Πn
hSn−1Π̄n−1

h η.

Applying, in order, (11.7), (11.25), (11.26), step (3), (11.25), step (2),
and the fact that Πn

h is a projection, we obtain

Πn
hSn−1 dP̄hρ = −Πn

h dSn−2P̄hρ = − dΠn−1
h Sn−2P̄hρ

= − dΠn−1
h Sn−2ρ = − dΠn−1

h τ = −Πn
h dτ

= −Πn
h(ω + Πn

hSn−1Π̄n−1
h η) = −ω −Πn

hSn−1Π̄n−1
h η.

Combining, we have −Πn
hSn−1σ = ω.

(7) Finally, we prove the norm bound. From (11.27), the boundedness of
Sn−1 in L2, (11.28), and step (1),

‖Πn
hSn−1Π̄n−1

h η‖ ≤ c‖Sn−1Π̄n−1
h η‖ ≤ c‖Π̄n−1

h η‖ ≤ c‖η‖1 ≤ c‖μ‖.

Combining with the bounds in step (3) and (2), this gives ‖ρ‖1 ≤
c(‖ω‖ + ‖μ‖). From (11.29), we then have ‖ dP̄hρ‖ ≤ c(‖ω‖ + ‖μ‖).
From (11.28) and the bound in step (1), ‖Π̄n−1

h η‖ ≤ c‖η‖1 ≤ c‖μ‖. In
view of the definition of σ, these two last bounds imply that ‖σ‖ ≤
c(‖ω‖+ ‖μ‖), while ‖ dσ‖ = ‖μ‖, and thus we have the desired bound
(11.30).

We have thus verified the stability conditions (S1) and (S2), and so may
apply the standard theory of mixed methods (see Brezzi (1974), Brezzi and
Fortin (1991), Douglas and Roberts (1985), Falk and Osborn (1980)) and
standard results about approximation by finite element spaces to obtain
convergence and error estimates.

Theorem 11.5. Suppose (σ, u, p) is the solution of the elasticity system
(11.4) and (σh, uh, ph) is the solution of discrete system (11.5), where the
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finite element spaces are given by (11.24) for some integer r ≥ 0. Then
there is a constant C, independent of h, such that

‖σ − σh‖HΛ + ‖u− uh‖+ ‖p− ph‖
≤ C inf(‖σ − τ‖HΛ + ‖u− v‖+ ‖p− q‖).

where the infimum is over all τ ∈ Λn−1
h (V), v ∈ Λn

h(V), and q ∈ Λn
h(K). If u

and σ are sufficiently smooth, then

‖σ − σh‖+ ‖u− uh‖+ ‖p− ph‖ ≤ Chr+1‖u‖r+2,

‖ d(σ − σh)‖ ≤ Chr+1‖ dσ‖r+1.

11.7. Traction boundary conditions

So far we have considered only the case of the Dirichlet boundary condition
u = 0 on ∂Ω. In this subsection, we consider the modifications that need to
be made to deal with the case of the traction boundary condition σn = 0
on ∂Ω. For this boundary value problem, in order for a solution to exist,
f must be orthogonal in L2(Ω; V) to the space T of rigid motions, defined
to be the restrictions to Ω of affine maps of the form x 	→ a + bx where
a ∈ V and b ∈ K. If f does satisfy this compatibility condition, then u is
only unique up to addition of a rigid motion. One method of defining a
well-posed weak formulations for this problem is to introduce a Lagrange
multiplier to enforce the constraint on f . We are then led to the following
weak formulation, analogous to (11.3).

Find (σ, u, p, s) ∈ H̊(div,Ω; M)× L2(Ω; V)× L2(Ω; K)× T satisfying∫
Ω
(Aσ : τ + div τ · u+ τ : p) dx = 0, τ ∈ H̊(div,Ω; M),∫

Ω
(div σ · v + s · v) dx =

∫
Ω
f · v dx, v ∈ L2(Ω; V),∫

Ω
σ : q dx = 0, q ∈ L2(Ω; K),∫

Ω
u · t dx = 0, t ∈ T,

where

H̊(div,Ω; M) = {σ ∈ H(div,Ω; M) : σn = 0 on ∂Ω}.

We shall show below that this problem is well-posed.
To restate this in the language of differential forms we introduce T� =

�T ⊂ P1Λn(Ω; V). The problem then takes the form: given f ∈ L2Λn(Ω; V),
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find (σ, u, p, s) ∈ H̊Λn−1(Ω; V)× L2Λn(Ω; V)× L2Λn(Ω; K)× T� such that

〈Aσ, τ〉+ 〈 dτ, u〉 − 〈Sn−1τ, p〉 = 0, τ ∈ H̊Λn−1(Ω; V),

〈 dσ, v〉+ 〈s, v〉 = 〈f, v〉, v ∈ L2Λn(Ω; V),

〈Sn−1σ, q〉 = 0, q ∈ L2Λn(Ω; K),

〈u, t〉 = 0, t ∈ T�.

(11.31)

We remark that taking v ∈ T� in the second equation and using the identity
given in Lemma 11.8 below together with the third equation, implies that
s is the L2-projection of f into T�.

We consider here the development of stable mixed finite elements for
the linear elasticity problem with traction boundary conditions based on
the variational formulation (11.31). To do so, we will follow the develop-
ment for the Dirichlet problem. In particular, we will again use the link
between stable mixed finite elements for elasticity and the existence of dis-
crete versions of a corresponding elasticity complex and also the connection
between the elasticity complex and the ordinary de Rham complex. Thus,
the choice of stable finite element spaces for elasticity with traction bound-
ary conditions will again have as its starting point discrete versions of an
appropriate de Rham complex. Since the derivation is quite analogous to
the case of Dirichlet boundary conditions, we will not provide all the details,
but concentrate on the modifications that are needed. We will make use of
finite element spaces of the form Λ̊k

h := Λk
h ∩ H̊Λk (where Λk

h = PrΛk(Th)
or P−

r Λk(Th)). The canonical projection operator Πk
h then maps H̊Λk(Ω)

into Λ̊k
h.

We begin with the BGG construction, parallel to Section 11.2. For the
case of traction boundary conditions, the appropriate de Rham sequence
is that with compact support, (2.13), and the corresponding L2 complex
(2.14). So our starting complex for the BGG construction is

0→ Λ̊0(W)

(
d 0
0 d

)
−−−−→ Λ̊1(W)

(
d 0
0 d

)
−−−−→ · · ·

(
d 0
0 d

)
−−−−→ Λ̊n(W)→ 0, (11.32)

where W = K × V and Λ̊k(W) := Λ̊(Ω; K) × Λ̊(Ω; V). With Φ and A as
before, Φ is a cochain isomorphism from (11.32) to

0→ Λ̊0(W) A−→ Λ̊1(W) A−→ · · · A−→ Λ̊n(W)→ 0. (11.33)

Introducing the spaces Γ̊i in analogy to the spaces Γi of Section 11.2, we
obtain the subcomplex

0→ Λ̊0(W) A−→ · · · A−→ Λ̊n−3(W) A−→ Γ̊n−2 A−→ Γ̊n−1 A−→ Λ̊n(W)→ 0,

and a corresponding cochain projection. Identifying elements (ω, μ) ∈ Γ̊n−2
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with ω ∈ Λ̊n−2(Ω; K) and elements (0, μ) ∈ Γ̊n−1 with μ ∈ Λ̊n−1(Ω; V), we
obtain the relevant elasticity complex

0→ Λ̊0(W) A−→ · · · A−→ Λ̊n−3(W)
( d,−Sn−3)−−−−−−−→ Λ̊n−2(Ω; K)

d◦S−1
n−2◦d

−−−−−−→ Λ̊n−1(Ω; V)
(−Sn−1, d)T

−−−−−−−−→ Λ̊n(W)→ 0. (11.34)

The complex (11.32), and so the isomorphic complex (11.33) have a co-
homology space of dimension dimV + dimK = n(n + 1)/2 at the highest
order. Thus the highest-order cohomology space for the elasticity complex
(11.34) has dimension at most n(n+1)/2. In other words, solvability of the
problem, given (ω, μ) ∈ Λ̊n(W), to find σ ∈ Λ̊n−1(Ω; V) such that

(−Sn−1σ, dσ) = (ω, μ),

implies at most n(n+1)/2 constraints on the data (ω, μ). In fact, it implies
exactly this many constraints, namely,∫

Ω
μ = 0,

∫
Ω
ω =

∫
Ω
Kμ.

Indeed, the first equation (n constraints) follows immediately from the equa-
tion dσ = μ and Stokes’ theorem, while∫

Ω
ω =

∫
Ω
(Kd− dK)σ =

∫
Ω
K dσ =

∫
Ω
μ.

Our next goal is to prove the well-posedness of (11.31). But first we prove
a useful lemma.

Lemma 11.6. Given a ∈ V and b ∈ K, there exists a unique s ∈ T� such
that

∫
Ω s = a,

∫
ΩKs = b.

Proof. Since dimT� = dimV + dimK, it is enough to show that if
∫
Ω s

and
∫
ΩKs = 0, then s = 0. Now s(x) = (g + cx)vol for some g ∈ V and

c ∈ K. From the vanishing of
∫
s we can write g in terms of c and find that

s(x) = c(x− x̄)vol where x̄ is the barycentre of Ω. We have a simple linear
algebra identity

〈v ∧ bv, b〉 = 2|bv|2, v ∈ V, b ∈ K, (11.35)

where the inner product on the left is taken in M and the norm on the right
is the norm in V. Thus

|s(x)|2 = |c(x− x̄)|2 =
1
2
〈(x− x̄) ∧ c(x− x̄), c〉.s(x), c〉.

Integrating over Ω and using the fact that
∫
s = 0, we get∫

Ω
|s(x)|2vol =

1
2

〈∫
Ω
x ∧ s(x), c

〉
=

1
2

〈∫
Ω
Ks, c

〉
= 0.
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We now turn to the proof of well-posedness, i.e., the analogue of Theo-
rem 11.1 for traction boundary conditions. The problem (11.31) is of the
saddle point type to which Brezzi’s theorem applies, with

a(σ, s; τ, t) = 〈Aσ, τ〉,
b(σ, s; v, q) = 〈 dσ, v〉 − 〈Sn−1σ, q〉+ 〈s, v〉.

The analogues of conditions (W1) and (W2) are:

(W1′) ‖τ‖2HΛ + ‖t‖2 ≤ c1〈Aτ, τ〉 whenever τ ∈ H̊Λn−1(Ω; V) and t ∈ T�

satisfy 〈 dτ, v〉+ 〈t, v〉 = 0 ∀v ∈ L2Λn(Ω; V) and 〈Sn−1τ, q〉 = 0
∀q ∈ L2Λn(Ω; K),

(W2′) for all nonzero (v, q) ∈ Λn(Ω; V)× Λn(Ω; K), there exists nonzero
τ ∈ Λ̊n−1(Ω; V) and t ∈ T� with

〈 dτ, v〉 − 〈Sn−1τ, q〉+ 〈t, v〉 ≥ c2(‖τ‖HΛ + ‖t‖)(‖v‖+ ‖q‖),
for some positive constants c1 and c2. Again, the first condition is easy
(since for such τ and t, the rigid motion t is an L2-projection of dτ). We
now prove (W2′).

Theorem 11.7. Given (ω, μ) ∈ L2Λn(Ω; K) × L2Λn(Ω; V), there exists
σ ∈ HΛn−1(Ω; V), s ∈ T� such that dσ + s = μ, −Sn−1σ = ω. Moreover
we may choose σ, s so that

‖σ‖HΛ + ‖s‖ ≤ c(‖ω‖+ ‖μ‖),
for a fixed constant c.

Proof. Again, the norm bound is automatic once the existence is estab-
lished.

(0) Define s ∈ T∗ by∫
Ω
s =

∫
Ω
μ,

∫
Ω
Ks =

∫
Ω
(Kμ+ ω).

By the lemma, this determines s.

(1) By Theorem 2.4, we can find η ∈ H̊1Λn−1(Ω; V) with dη = μ− s.
(2) Now ω + Sn−1η ∈ HΛn(Ω;K) and has vanishing integral, since∫

Ω
Sn−1η =

∫
Ω
K dη =

∫
Ω
K(μ− s) = −

∫
Ω
ω.

Thus we can apply Theorem 2.4 another time to find τ ∈ H̊1Λn−1(Ω; K)
with dτ = ω + Sn−1η.

(3) Take ρ ∈ H̊1Λn−2(Ω; V) with Sn−2ρ = τ .
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(4) Define σ = dρ+ η ∈ H̊Λn−1(Ω; V).

(5) From steps (1) and (4), it is immediate that dσ + s = μ.

(6) From (4),

−Sn−1σ = −Sn−1 dρ− Sn−1η = dSn−2ρ− Sn−1η = dτ − Sn−1η = ω.

We now turn to the discrete problem: find (σh, uh, ph, sh) ∈ Λ̊n−1
h (V) ×

Λn
h(V)× Λn

h(K)× T� such that

〈Aσh, τ〉+ 〈 dτ, uh〉 − 〈Sn−1τ, ph〉 = 0, τ ∈ Λ̊n−1
h (V),

〈 dσh, v〉+ 〈sh, v〉 = 〈f, v〉, v ∈ Λn
h(V),

〈Sn−1σh, q〉 = 0, q ∈ Λn
h(K),

〈uh, t〉 = 0, t ∈ T�.

(11.36)

The stability conditions for this system are then:

(S1′) ‖τ‖2HΛ + ‖s‖2 ≤ c1〈Aτ, τ〉 whenever τ ∈ Λ̊n−1
h (V) and s ∈ T� satisfy

〈 dτ, v〉+ 〈s, v〉 = 0 ∀v ∈ Λn
h(V) and 〈Sn−1τ, q〉 = 0 ∀q ∈ Λn

h(K),
(S2′) for all nonzero (v, q) ∈ Λn

h(V) × Λn
h(K), there exists nonzero τ ∈

Λ̊n−1
h (V) and s ∈ T� with

〈 dτ, v〉 − 〈Sn−1τ, q〉+ 〈s, v〉 ≥ c2(‖τ‖HΛ + ‖s‖)(‖v‖+ ‖q‖),
where c1 and c2 are positive constants independent of h.

We choose the same finite element spaces as before, except that the stress
space now incorporates the boundary conditions:

Λ̊n−1
h (V) = P̊r+1Λn−1(Th; V), Λn

h(V) = PrΛn(Th; V),
Λn

h(K) = PrΛn(Th; K).

We show that, for any r ≥ 0, this choice gives a stable finite element dis-
cretization of the system (11.36). The case when r = 0 requires a bit of
extra effort, because T� � Λn

h(V) in this case. We begin by assuming that
r ≥ 1 and remark on the case r = 0 at the end.

The following simple identity will be useful in establishing stability.

Lemma 11.8. Let s = (a+ bx)vol ∈ T�, with a ∈ V and b ∈ K. Then

〈 dτ, s〉 = −〈Sn−1τ, b vol〉, σ ∈ H̊Λn−1(Ω; V).

First we verify the stability (S1′). We have τ ∈ P̊r+1Λn−1(Th; V) and
s ∈ T� with

〈 dτ, v〉+ 〈s, v〉 = 0, v ∈ PrΛn(Th; V), 〈Sn−1τ, q〉 = 0, q ∈ PrΛn(Th; K).

Taking v = s in the first equation, applying the lemma, and then the second
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equation, we conclude that s = 0. Then we take v = dτ and conclude that
dτ = 0, so the bound in (S1′) holds.

The proof of the second stability condition is very much as in the case
of Dirichlet boundary conditions, with the minor extra complications which
we have already seen in the continuous case in Theorem 11.7, so we just
sketch the proof.

Theorem 11.9. Given (ω, μ) ∈ PrΛn(Th; K) × PrΛn(Th; V), there exists
σ ∈ P̊r+1Λn−1(Th; V) and s ∈ T� such that

dσ + s = μ, −Πn
hSn−1σ = ω,

and
‖σ‖HΛ + ‖s‖ ≤ c(‖ω‖+ ‖μ‖),

where the constant c is independent of ω, μ and h.

Proof. First define s and η as in steps (0) and (1) of Theorem 11.7. Note
that∫

Ω
(ω + Πn

hSn−1Π̄n−1
h η) =

∫
Ω
(ω −K dΠ̄n−1

h η) =
∫

Ω

(
ω −KΠ̄n

h(μ− s)
)

=
∫

Ω

(
ω −K(μ− s)

)
= 0.

Thus we can take τ ∈ H̊Λn−1(Ω; K) with dτ = ω+Πn
hSn−1Π̄n−1

h η and then
ρ = S−1

n−2τ , and σ = dP̄h + Π̄n−1
h η. The remainder of the proof is just as

for Theorem 11.4.

Finally we remark on the modifications that have to be made in the case
r = 0. In the proof of (S1′), we cannot take v = s, since T� � P0Λn(Th; V).
So we take v = Π̄n

hs, with Π̄n
h simply the L2-projection into the piecewise

constant n-forms. Then

‖Π̄n
hs‖2 = 〈s, v〉 = −〈 dτ, v〉 = −〈 dτ, s〉 = 0,

with the last step following from the lemma, as before. The Π̄n
hs = 0. But

for s ∈ T� it is easy to see that this implies that s = 0, at least for h
sufficiently small.

A similar issue arises in the verification of (S2′). Now we want to find
σ ∈ P̊1Λn−1(Th; V), s ∈ T� with dσ + Π̄n

hs = μ. This requires us to define
s by ∫

Ω
s =

∫
Ω
μ,

∫
Ω
KΠ̄n

hs =
∫

Ω
(Kμ+ ω).

The existence of such an s follows from a variant of Lemma 11.6 which
replaces Ks by KΠ̄n

hs. The variant lemma can be proved using the identity
(11.35), but taking v = Π̄h(x − x̄), the L2-projection of x − x̄ into the
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piecewise constants, rather than v = x−x̄ as before. It follows that Π̄n
hs = 0,

which again implies that s vanishes for small h.

11.8. Simplified elements

The purpose of this subsection is to present a stable element for which the
finite element spaces are slightly smaller than the simplest element derived
so far, namely

Λn−1
h (V) = P1Λn−1(Th; V), Λn

h(V) = P0Λn(Th; V), Λn
h(K) = P0Λn(Th; K).

(We return to the Dirichlet problem for this.) In the new element, the spaces
Λn

h(V) and Λn
h(K) are unchanged, but Λn−1

h (V) will be reduced from a full
space of piecewise linear elements to one where some of the components are
only a reduced space of linears. Since the full details for the cases n = 2
and n = 3 are provided in Arnold et al. (2006c) and Arnold et al. (2005),
we only present the main ideas here.

By examining the proof of Theorem 11.4, we realize that we do not use the
complete sequence (11.17) for the given spaces. We only use the sequences

P−
1 Λn−1(Th; K) d−−→ P0Λn(Th; K) −−→ 0,

P−
2 Λn−2(Th; V) d−−→ P1Λn−1(Th; V) d−−→ P0Λn(Th; V) −−→ 0.

(11.37)

The purpose here is to show that it is possible to choose subspaces of some
of the spaces in (11.37) such that the desired properties still hold. More pre-
cisely, compared to (11.37), the spaces P−

2 Λn−2(Th; V) and P1Λn−1(Th; V)
are simplified, while the three others remain unchanged. If we denote
by P−

2,−Λn−2(Th; V) and P1,−Λn−1(Th; V) the simplifications of the spaces
P−

2 Λn−2(Th; V) and P1Λn−1(Th; V), respectively, then the properties we
need are that:

P−
2,−Λn−2(Th; V) d−−→ P1,−Λn−1(Th; V) d−−→ P0Λn(Th; V) −−→ 0 (11.38)

is a complex and that the surjectivity assumption (11.20) holds, i.e., Sh =
Sn−2,h maps P−

2,−Λn−2(Th; V) onto P−
1 Λn−1(Th; K). We note that if the

space P−
1 Λn−1(Th; V) ⊂ P1,−Λn−1(Th; V), then d maps P1,−Λn−1(Th; V)

onto P0Λn(Th; V).
The key to this construction is to first show that a space P−

2,−Λn−2(Th; V)
can be constructed as a subspace of P−

2 Λn−2(Th; V), while still retaining the
surjectivity assumption (11.20). This can be done locally on each simplex.
We begin by recalling that the degrees of freedom on a face f ∈ Δn−1(T )
of P−

2 Λn−2(T ; V) have the form∫
f
ω ∧ μ, μ ∈ P0Λ1(f,V). (11.39)
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However, if we examine the proof of Theorem 11.2, we see that the only
degrees of freedom that are used for an element ω ∈ P−

2 Λn−2(T ; V) are the
subset of the Δn−1(T ) face degrees of freedom given by∫

f
ω ∧ ν, ν ∈ K,

where in the integral we view ν ∈ K ⊂ M ∼= Alt1(V; V) as a 1-form with
values in V.

To classify the degrees of freedom that we need to retain to establish The-
orem 11.2, we observe that the n(n− 1)-dimensional space of test functions
used in (11.39) can be decomposed into

P0Λ1(f ; V) = P0Λ1(f ;Tf ) + P0Λ1(f ;Nf ),

i.e., into forms with values in the tangent space to f , Tf , or its orthogonal
complement, Nf . This is an (n− 1)2 + (n− 1)-dimensional decomposition.
Furthermore,

P0Λ1(f ;Tf ) = P0Λ1
sym(f ;Tf ) + P0Λ1

skw(f ;Tf ),

where μ ∈ P0Λ1(f ;Tf ) is in P0Λ1
sym(f ;Tf ) if and only if μ(s) · t = μ(t) · s

for orthonormal tangent vectors s and t. Note that when n = 2, this space
is 1-dimensional, so there is only P0Λ1

sym(f ;Tf ). Finally, we obtain an
n(n− 1)/2 + n(n− 1)/2-dimensional decomposition

P0Λ1(f ; V) = P0Λ1
sym(f ;Tf ) + P0Λ1

skw(f ; V),

where
P0Λ1

skw(f ; V) = P0Λ1
skw(f ;Tf ) + P0Λ1(f ;Nf ).

It can be shown that the degrees of freedom corresponding to P0Λ1
skw(f ; V)

are the ones that need to be retained, while those in P0Λ1
sym(f ;Tf ) are not

needed.
The reduced space P−

2,−Λn−2(T ; V) that we now construct has two prop-
erties. The first is that it still contains the space P1Λn−2(T ; V) and the
second is that the unused face degrees of freedom are eliminated (by setting
them equal to zero). We can achieve these conditions by first writing an
element ω ∈ P−

2 Λn−2(T ; V) as ω = Π̄hω+ (I − Π̄h)ω, where Π̄h denotes the
usual projection operator into P1Λn−2(T ; V) defined by the moments on the
faces f ∈ Δn−2(T ). Then the elements in (I − Π̄h)P−

2 Λn−2(T ; V) will have
zero traces on these faces, so they are completely defined by their degrees
of freedom on the faces f ∈ Δn−1(T ):∫

f
ω ∧ μ, μ ∈ P0Λ1(f ; V), f ∈ Δn−1(T ).

Thus, we henceforth denote (I − Π̄h)P−
2 Λn−2(T ; V) by P−

2,fΛn−2(T ; V).
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We then define our reduced space

P−
2,−Λn−2(T ; V) = P1Λn−2(T ; V) + P−

2,f,−Λn−2(T ; V),

where P−
2,f,−Λn−2(T ; V) denotes the set of forms ω ∈ P−

2,fΛn−2(T ; V) satis-
fying ∫

f
ω ∧ μ = 0, μ ∈ P0Λ1

sym(f ; V),

i.e., we have set the unused degrees of freedom to be zero. The space
P−

2,−Λ2
h(V) can then be defined from the local spaces in the usual way. The

degrees of freedom for this space are then given by∫
f
ω ∧ μ, μ ∈ P1Λ0(f ; V), f ∈ Δn−2(T ),∫

f
ω ∧ μ, μ ∈ P0Λ1

skw(f ; V), f ∈ Δn−1(T ).

When n = 3, the space P−
2,−Λ1(T ; V) will have 48 degrees of freedom (36

edge degrees of freedom and 12 face degrees of freedom).
The motivation for this choice of the space P−

2,−Λn−2
h (V) is that it easily

leads to a definition of the space P1,−Λn−1
h (V) that satisfies the property

that (11.38) is a complex. We begin by defining

P1,−Λn−1(T ; V) = P−
1 Λn−1(T ; V) + dP−

2,f,−Λn−2(T ; V).

When n = 3, this space will have 24 face degrees of freedom. The space
P1,−Λn−1

h (V) is then defined from the local spaces in the usual way. It is
clear that P−

1 Λn−1
h (V) ⊂ P1,−Λn−1

h (V) and easy to check that the complex
(11.38) is exact.

We define appropriate degrees of freedom for the space P1,−Λn−1(T ; V) by
using a subset of the degrees of freedom for P1Λn−1(T ; V), i.e., of

∫
f ω ∧ μ,

μ ∈ P1Λ0(f ; V), f ∈ Δn−1(T ). In particular, we take as degrees of freedom
for P1,−Λn−1(T ; V),∫

f
ω ∧ μ, μ ∈ P1,skwΛ0(f ; V), f ∈ Δn−1(T ),

where P1,skwΛ0(f ; V) denotes the set of μ ∈ P1Λ0(f ; V) that satisfy dμ ∈
P0Λ1

skw(f ; V).
Using an argument parallel to that used previously, it is straightforward

to show that the simplified spaces also satisfy the surjectivity assumption
(11.20). We can then complete the proof of stability and show that the
convergence asserted in Theorem 11.5 for r = 0 holds also for the reduced
spaces.

When n = 3, P1,skwΛ0(f ; V) is a 6-dimensional space on each face, so the
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above quantities specify 24 degrees of freedom for the space P1,−Λ2(T ; V). It
is not difficult to check that these are a unisolvent set of degrees of freedom,
and we can use the identification of an element ω ∈ Λ2(Ω; V) with a matrix
F given by ω(v1, v2) = F (v1 × v2) to describe the six degrees of freedom on
a face: ∫

f
Fn df,

∫
f
(x · t)nTFn df,∫

f
(x · s)nTFn df,

∫
f
[(x · t)sT − (x · s)tT ]Fn df.
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