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Abstract

We consider a gel as an immiscible mixture of polymer and solvent, and derive govern-
ing equations of the dynamics. They include the balance of mass and linear momentum
of the individual components. The model allows to account for nonlinear elasticity, vis-
coelasticity, transport and diffusion. The total free energy of the system combines the
elastic contribution of the polymer with the Flory-Huggins energy of mixing. The sys-
tem is also formulated in terms of the center of mass velocity and the diffusive velocity,
involving the total and the relative stresses. This allows for the identification of special
regimes, such as the purely diffusive and the transport ones. We also obtain an equation
for the rate of change of the total energy yielding decay for special choices of boundary
conditions. The energy law motivates the Rayleghian variational approach discussed in
the last part of the article.

We consider the case of a gel in a one-dimensional strip domain in order to study
special features of the dynamics, in particular, the early dynamics. We find that the
monotonicity of the extensional stress is a necessary condition to guarantee the prop-
agation of the swelling interface between the gel and its solvent. Such monotonicity
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condition is satisfied for data corresponding to linear entangled polymers. However,
for polyssacharide gels the monotonicity of the stress fails at a critical volume fraction,
suggesting the onset of de-swelling. The weak elasticity is responsible for the loss of
monotonicity of the stress. The analysis also suggests that type II diffusion is a hyper-
bolic phenomenon rather than a diffusive one.

One goal is to compare the derivation method, assumptions and resulting equations
with other models available in the literature, and determine their regimes of validity.
The stress-diffusion coupling model by Yamaue and Doi [26] is one main benchmark.
We assume that the gel is non-ionic, and neglect thermal effects.

1 Introduction

In this article we derive a model of the dynamics of gels from the point of view of the
theory of mixtures. One goal is to compare the derivation method, assumptions and
resulting equations with other models available in the literature, and determine their
regimes of validity. The selection of constraints plays a main role in our development.
The free energy of the model consists of the Flory-Huggins mixing energy together
with an isotropic nonlinearly elastic contribution. The model accounts for viscoelastic
behavior of the polymer yielding a fully nonlinear reversible stress on time-independent
deformations. We also derive equations for distinctive regimes of gel behavior, namely,
a purely diffusive case, and the case when only transport is present with no diffusion
taking place. We list physically realistic boundary conditions that make the governing
system mathematically well posed, and describe the free boundary evolution for special
geometries. In particular, we find a condition for propagation of one-dimensional swelling
interfaces in terms of the monotonicity of the stress-strain relation, and interpret the
break-down of such a condition as the onset of de-swelling. We show that the Second
Law of Thermodynamics yields an energy dissipation inequality for the total energy of
the system. This inequality motives the definition of Rayleghian of the system that, in
turn, yields a variational principle to derive governing equations. This is, in fact, the
method employed by Yamaue and Doi in deriving the stress-diffusion coupling model
([25], [26], [27] and [10]). We assume that the gel is non-ionic, and neglect thermal
effects [28].

We postulate laws of balance of mass and linear momentum for a two-component
system, solvent and elastic solid. The free energy is of the Flory-Huggins type with
nonlinearly elastic and isotropic stored energy function ([11], [1], [18] and [19]). We
include action-reaction forces between polymer and solvent particles acting as friction
forces. We postulate the Second Law of Thermodynamics in the form of the Clausius-
Duhem inequality, accounting for the appropriate constraints. This yields information
on the form of the constitutive equations, in particular, the dependence of the reversible
components of the stress on derivatives of the free energy, the friction forces as depending
on the relative velocity, and the residual inequality to be satisfied by the dissipative part
of the stress.

The polymer and solvent in the gel form an immiscible mixture since the Flory-
Huggins free energy depends explicitly on volume fractions. We recall that a mixture is
miscible if the corresponding equations do not allow to distinguish between components,
that is, they are independent of volume fractions [24]. Another characterization of
mixture is in terms of the compressibility of its components, which is formulated in
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terms of its component densities. For this, it is relevant to distinguish between the
bulk density, p, and the true or intrinsic density, 7, of each component, the first one
representing the mass of the component per unit volume of mixture, and the second
one the mass per unit volume of the component, that is the density of the material
in its isolated state. The ratio between the two densities defines the volume fraction,
¢ =~p~'. A component is incompressible if its intrinsic density, v is constant.

The equations of balance of mass and linear momentum provide two scalar equations
for the densities, p; and ps and two vector equations for the velocity fields v; and vo,
respectively. A third scalar equation is given by the constraint that the sum of volume
fractions adds up to one (19), since no third material component or void are present.
Altogether, in the case of a compressible mixture, these equations are not sufficient
to determine the independent fields {p1, p2, ¢1, 2, V1, va} of the problem. A closure
condition is needed for the problem to be mathematically well-posed. The choice of such
an additional equation is a main challenge arising in the modeling of swelling systems
where compressibility of the components is a relevant property of the material, such as
in the case of clays ([17], [2] and [3]).

The situation in polymeric gels is somehow different since a natural candidate to
closure condition is the incompressibility of the solvent. Accordingly, we set ¢2 = 7o
in our study. The resulting system consists of equations (5), (10), (7), (8) and (19)
for the fields {p1, ¢1, P2, v1,va}. Moreover, in this article, we mainly focus in the case
that the polymer is also incompressible, and further set p; = ¢1. This is a reasonable
assumption for many types of linear entangled polymers, and it precludes the well-
known mathematical difficulties related to the formation of shocks ([7]). The fields of
the problem now include the pressure p instead of the density p;. We point out that the
assumption of polymer incompressibility might not be appropriate near the threshold of
a volume phase transition where the system may become highly compressible [20].

In section 2, we proceed to derive the governing equations of the incompressible
mixture. The constraint (19), in addition to bringing a Lagrange multiplier, p, into the
constitutive equations of the stress and of the diffusive forces, it establishes a relation
between the laws of balance of mass of the components, reducing them to one single
equation in the system. Such an equation can be presented in three different forms: the
Eulerian equation of balance of mass of the polymer (12), the one for the solvent (13), and
the Lagrangian form for the polymer (17). The latter can also be viewed as a constraint
on the variables F', the polymer gradient of deformation matrix, and ¢;, allowing for
the elimination of ¢; from the system, with the model becoming purely mechanical.
The choice between these forms depends on the initial and boundary conditions of the
problem at hand.

Mathematically, in the case that the polymer viscosity is Newtonian, the system is of
mixed hyperbolic and parabolic type. A special challenge comes from the fact that that
the system combines the Eulerian description of fluids with the Lagrangian one of solids.
This results into the chain rule equation relating the time derivative of the deformation
gradient with the spatial gradient of velocity (71). The analysis of the latter equation is
presented in the article by P.L. Lions and J.R. DiPerna [8]. Our model bears analogies
with that studied by Liu and Walkington, for a mixture of elastic particles in a viscous
fluid. However, the latter does not involve diffusion effects [16].

In section 3, we study the energy of the system and derive the equations of the
relaxation part of the stress tensor of the polymer. This consists of a nonlinear elastic
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Cauchy contribution together with osmotic pressure coming from the mixing energy.
The stress tensor of the fluid involves the corresponding osmotic pressure; in addition,
both stress tensor involve the hydrostatic pressure due to the saturation constraint. In
section 4, we study the energy decay of the system. The formulation of the viscoelastic
stress of the polymer is presented in section 5. We formulate the Kaye-BKZ model for
gels since it yields the (elastic-osmotic) relaxation stress at the equilibrium limit.

The balance laws for the components of the mixture yield a system of equations
for the gel, as presented in section 6. Specifically, they give equations of balance of
linear momentum of the center of mass velocity V, and the relative velocity U, together
with one of the equations of conservation of mass. Whereas reference to individual
components may be avoided in dealing with bulk phenomena, their separate roles re-
emerge on the boundary, with either the solvent component or the solid one becoming
relevant, according to the boundary conditions.

From the governing system, we obtain equations for special regimes. One of the
regimes is purely diffusive, with no net transport taking place, such as the case of
swelling of a gel in its own solvent. A system with only transport and no diffusion
also results from the equations. For instance, a gel subject to a shearing flow and with
non-permeable boundary. The mixture behaves as a single material with elastic and
viscous properties. The problem becomes mathematically analogous to viscoelastic flow
models analyzed in [15].

In the one-dimensional geometry corresponding to a strip domain, and neglecting
viscous stress (by a scaling argument, this corresponds to addressing the early dynamics,
rather than the better understood relaxation regimes), the system is of hyperbolic type
with a dissipative source term depending on the diffusive velocity. The extensional
stress is given by the function G(¢); the problem is mathematically well-posed provided
G is monotonically decreasing (increasing when regarded as a function of the elastic
deformation). In particular, this guarantees the propagation of the swelling interface
separating gel from pure solvent [6]. We find that the monotonicity property of the
stress holds for the polymer data, whereas loss of monotonicity occurs in polysaccharide.
Specifically, we found an interval of volume fraction in a high swelling regime, where the
stress changes monotonicity. This may suggest the onset of de-swelling or a volume phase
transition taking place. The weak elasticity is responsible for the lose of monotonicity
of the stress. From a related point of view, the study of the early dynamics of a dry
polymer slab as it comes into contact with its own solvent, shows that type II diffusion
is a hyperbolic phenomena, rather than a diffusion process as its name would otherwise
indicate ([6], [23]).

In the last part of section 6, we explain how the model that we derive relates to the
quasi-static Stress-diffusion coupling model presented by Yamaue and Doi, and analyzed
in some of their articles ([25], [26] and [27]). Omitting mass inertia terms and the Flory-
Huggins contribution to the energy yields the latter; in their applications, they further
take the linear version of the model with equations that include the elastic equilibrium
equation of the gel and Darcy’s law for the solvent. This generalizes earlier work by
Tanaka and Filmore [22] based on the elasticity equation. The stress-diffusion coupling
model, in turn, results from modeling work by Doi [9] based on a variational principle for
the Rayleghian. We conclude the section illustrating such a derivation in the case that
the functional includes the constraint of the model and the mixing energy. Although
both approaches lead to the same system of equations, one advantage of the method
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based on the Second Law of Thermodynamics is that it readily gives the constitutive
equations of the reversible regime.

2 Balance of mass, transport equations and con-
straints

We assume that the components of the gel occupy domains €, C R?, @ = 1,2 in the
reference (Lagrangian) configuration, with a representing the reference volume fraction
of polymer. Here the sub-indices I and 2 refer to polymer and solvent, respectively. The
Lagrangian domains §2,, a = 1,2 may be distinct, since the polymer and fluid occupy
different locations in space, previous to mixing. However, both components share a
common domain, €2, in the Eulerian representation of the gel. The variables X € €}, and
x € {2 represent Lagrangian and Eulerian coordinates, respectively. The deformation
maps of polymer and solvent are given by sufficiently smooth invertible functions

x=M(X,1), Xe, (1)
x=N(X,t), Xe (2)

with F' = Vx M (X, t) denoting the gradient of deformation of the polymer. The material
velocities of polymer and solvent, respectively,

{Il(X,t):aaij\:(X,t), XEQl,
vo(X,t) = %[(X,t) X € Q.
ot
The corresponding velocity fields are
vi(x,8) = (MU, 8),8),  va(x,8) = TN (x, 1), 8). (3)

We let 71(x,t) and 73(x,t) denote Cauchy stress tensors. Each one includes elastic and
dissipative contributions. We also take into account friction forces f, per unit volume
that the polymer exerts upon the fluid, and vice-verse.

2.1 Governing equations for a mixture of incompressible
solvent and compressible polymer
According to the theory of mixtures, polymer and solvent particles may occupy the same

location, with volume fractions ¢i(x,t), ¢2(x,t), respectively. We also assume that no
other material is present in the region, so

®1 (Xa t) + ¢2(X7 t) =1, (4)

holds. We let p; and p2 denote the mass densities of the components per unit volume

in space. These are related to the true or intrinsic densities (Vfﬁiffleoifc Zgnn?ggzgflt), 71 and
o as follows:

p1="¢1, p2 = Y202
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The volume fractions ¢1 and ¢o are independent fields of the constitutive equations
postulated later, and consequently, the mixture is immiscible [24]. The local forms of
the laws of balance of mass and linear momentum in Eulerian coordinates are given by

O V)t Y v =0 (5)
02 (o V)prt oV w2 =0 (6)
p1%+p1(v1-V)v1:V-Tl+f1 (7)
p2%+pQ(V-V)V2=V'TQ+fQ (8)

The independent fields of the problem are {p1, p2, ¢1, ¢2,v1,va} (71, T2, 1 and fo will
be given in terms of the former). We observe that the previous system together with (4)
is not sufficient to determine all the independent variables since one additional scalar
equation is needed. Therefore, one closure condition should be added to the system to
make it well-posed. There is no general physical law dictating such a condition and,
in some cases, the criterion is to recover well known phenomenological relations of the
theory. For instance, this is the case of Law’s equation in porous media [17], [2] and
[3]. Another choice found in the literature is to require that the total equilibrium stress
is zero which leads to a relation between the pressure part of the stress tensors. The
resulting equations which hold at equilibrium only justify the validity of the linear theory.

In our case, it is reasonable to assume that the solvent is incompressible, leading to
the relation 9 = 1. (For simplicity, we take the constant intrinsic density to be 1), and
consequently, the system (4)-(8) is well posed. Note that in such a case, the governing
system does not involve any Lagrange multipliers. This is indeed the case of compressible
elasticity, and it is consistent with the fact that +; is allowed to be free. On the other
hand, it does not correspond to the gel models by Doi and Yamaue in which the Lagrange
multiplier plays a prominent role. We argue that the additional constraint of polymer
incompressibility is at play. We distinguish two cases according to this observation.

The balance laws in the case of incompressible solvent and compressible polymer
consist of (4)-(8) but replacing pe with ¢ in (6) The constitutive equations for 7; and
{i, i+ = 1,2, depend on the fields {pi, o1, P2, v1,v2}. Moreover, using equation (4)
to eliminate ¢y, we are left with a governing system for the variables {p1, ¢1,v1,va}
consisting of (5)-(8) with equation (6) replaced with

— = V- (1= ¢1)v2)) = 0. (10)

The assumption of polymer compressibility may be justified in the following situations:

1. Experiments involving volume transitions in gels suggest a highly compressible
regime near the critical volume fraction ¢. where the first order transition takes
place. The transition from a swollen regime to a collapsed one (or viceversa) may
involve a significant expansion (or compression) of the polymer.

2. Incompressibility is itself an ideal property; indeed, it may be more realistic to
think of the polymer as being almost incompressible. The incompressible regime
arises then as a limit of almost incompressible ones. This is a condition that we
will formulate in terms of the free energy.
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Away from the phase transition, we may then consider the polymer as being incom-
pressible with compressibility manifesting itself at the transition volume fraction.

2.2 Governing equations for a mixture of incompressible
solvent and polymer

For simplicity, we take 73 = 2 = 1. In this case, the densities and volume fractions
coincide, and hereforth we will only refer to the latter,

pL=¢1, p2 = P2 (11)

We point out that incompressibility of mixture components allows for deformations with
Jacobian different than one. Indeed, changes in density of one component occur by
changes of volume fraction. In particular, an extension of the polymer network that
decreases the volume fraction ¢; may occur at the expense of increasing the volume
fraction ¢q.

The local forms of the laws of balance of mass and linear momentum in Eulerian
coordinates are

% + (Vi V)1 +$1V-vi =0 (12)
8;;2 + (Vo - V)p2 + $2V - va =0 (13)
¢1%‘;1+¢1(V1-V)V1—V-Tl+fl (14)
¢2%?+¢2(V-V)VFV-TQ+&. (15)

where V = Vy refers to gradient with respect to the Eulerian variables. The kinematic
compatibility condition between the time derivative of the deformation gradient and the
velocity gradient results from the chain rule:

F,+ (v1-V)F = (Vvy)F. (16)

The Lagrangian form of the equation of balance of mass of the polymer component is

/gi)ldxz / adX
Q Qo

= ¢1 det F dx,
Qo

where 0 < o < 1 denotes the volume fraction of polymer in the reference configuration.
We assume that it is satisfied for all parts of the body (g, yielding the local constraint

d)l det F' = a. (17)

The latter relation is equivalent to equation (12). Defining the center of mass velocity

V=>" ¢ava, (18)

a=1,2

2-7



it follows that addition of equations (12) and (13), taking (4) into account yield

V-V:ZV‘(QSaVa):Zva'v¢a+¢av'va:0~ (19)

This suggests formulating the governing system as consisting of equations (4), (14), (15)
and one of the following additional sets:

e equations (12) and (13),

e equations (12) and (19), or (13) and (19),

e equations (17) and (19).
Remark. A special case of mathematical interest arises by adding an additional con-
straint to the system, that is, requiring that the fluid component can only experience

isochoric deformations,

V- V9o = 0.. (20)

It is easy to see that in one-dimensional geometry, the only change in volume fraction
resulting from such dynamics is a purely hyperbolic, in the sense that the initial volume
fraction profile travels through the domain undisturbed. However, in two and three
dimensional geometries, it may still allow for non-trivial swelling dynamics. It is also an
appropriate model of how rheological properties of the polymer depend on the amount
of solvent held by the polymer.

The previous set of equations do not yet fully determine the system, since constitutive
equations and additional kinematic relations need to be prescribed.

We now formulate the balance of energy. Letting €,, a = 1,2 denote component
internal energy densities, we write the equation of balance of energy

Z(%% + ¢a(Va - V)ea) = Z(tT(VVa'Zl) +V Qa + @ara + €a)- (21)

Here £,(x,t) represent the internal energy rate production in each component, q,, a =
1,2 the heat flux vectors and r, radiation terms. The friction forces and the internal
production rate quantities are required to satisfy

f, = —f (22)
> talx,t) + (va— V) £, =0. (23)
a=1,2

The free energy density and the entropy densities of the mixture, respectively, can be
written in terms of their components as follows:

v = ¢1¢1(¢1a ¢2a F) + ¢2¢2(¢17 ¢2) (24)
n = ¢1m(d1, g2, F) + gana(é1, ¢2). (25)

Moreover, we will make use of the relations

wa =¢&a — Tanm (26)

defining the free energy density 1, of the components in terms of the corresponding
internal energy ¢, and entropy 7,; 1, denotes absolute temperature. The free energy ¥
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of the system accounts for the Flory-Huggins and elastic contributions given in the next
subsection.

Remark. It may seem more reasonable to directly postulate ¥ rather than appealing
to components 14, a = 1,2 as in (24), and likewise for the entropy of the system. For a
justification of our approach, we refer to [12].

Expressions of the component free energies [12] that yield (47) are

K

vi=SE X+ NVT log 61 + W (F), 1)
K T

by =Gy xol + NV ~log . (28)

2.3 Thermodynamics and constitutive equations
We now postulate the second law of thermodynamics for the mixture,

> Gt = V- (F5) — duzt 2 0. (29)

a=1,2

Substituting (26) into (29) and the balance of energy [21], we get

1 : : 1
Z T{tr(’Z;TVva) - Ta¢ana - (baq/}a + ?Qa ’ VTa - fa : (Va - V)} > 0. (30)

a

From now on, we will neglect thermal effects and consider isothermal regimes only, so
that the previous inequality expresses mechanical dissipation,

> (T Vva) = Gatha — fa - va = 0. (31)

We now reformulate the entropy inequality when the fields satisfy the constraint (19).
The following relations, based on the chain-rule, will be used in simplifying the entropy
inequality:

Vv = FF1
V-vi =tr(Vvy) = tr(F1F). (32)
Let p denote the Lagrange multiplier associated with constraint (19) . We argue that

the dissipation inequality should hold for those processes such that the constraints are
approximately satisfied,

> (T VVa) = Gatha — fo - Va — PV - (¢aVa) > 0. (33)

Using (32), the latter can be written as follows

tr{(F_lTlT + ¢1(¢1(;:fl + o2 gqf

+tr{ (7 + ¢2(¢n 8;&51 + @2 8;62 p)I)Vva}

—(f1 =pV1) - vi — (f2 —pVy) - vo > 0. (34)

\F- as% +poi FY)E)
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Requiring the inequality to be satisfied for all choices F F, @1, P2, v1 — Vg, Vva yields
the forms of 7, of the reversible contributions to the stress tensor,

o

T =g B = (p+m)I (35)
Ty = —(¢ap + m2) 1, (36)
where
0 0
= ¢ (¢18ﬁ£ + ¢2&:§f)7 (37)
1o} 0
M= da(brg g (38)

denote the mixing components of the osmotic pressure. Substituting (35) and (36) into
(34), the residual inequality for f,, and the dissipative parts 7;% and 73 of the stress
tensors follows:

—tr(FTTIFT 4 (Vvo) "I+ (fa — pVa) - va < 0. (39)

Using once more the arbitrariness in the choice of F' and Vvy, (vi — v3), we get
(fl —pngl) . (V1 — V2) S 0.

In order for the previous inequality to hold, we take

fi =pVo1 — B(vi —va), fo=pVs+ [(vi—va), (40)

where 5 = [(¢1,¢2) > 0 is related to the diffusion coefficient in Darcy’s law as shown
later. Using (40), inequality (39) finally yields,

tr(FTTAFT)

>
tr((Vve) T5') >

0
0. (42)

Remark. In viscoelastic gels, the stress 7; depends on the past history of the de-
formation gradient. In such cases, the reversible stress component corresponds to the
relaxation limit of of 77, with the dissipative component, being the difference between
the total stress and its relaxation limit.

Remark. For the mixture with incompressible solvent and compressible polymer, the
equations for the equilibrium part of the stress tensor are given by

0 0
T= (G FT = g (13)
0 0 0 0
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3 Elastic and mixing energies.
The assumption that the free energy W (F') is isotropic implies that
W(F)=w(l, I, I3), with B=FFT (45)

where
Ii =trB, 2I,= (tr’B—trB?), I3=detB. (46)

Combining the elastic free energy of the polymer and Flory-Huggins energy of the mix-
ture gives the total free energy (24) of the mixture

KgT x 1 1
A — 11 — 51 F). 4
v (2¢1¢2+ N1<Z51 og 1 + N2<252 og ¢2) + p1 W (F) (47)
where SKT )
1
W(F) = 2NBV ((det B)S — 1~ <log(det B)) + pw (I, I, Is). (48)

We will consider neo-Heokean elasticity so that
w(ly, I2,I3) = tr B. (49)

The parameters of the previous equations correspond to the following:
e V,, is the volume occupied by one monomer;
e Kp is the Boltzmann constant, and T is the absolute temperature;

e Nj, N> denote the number of lattice sites occupied by the polymer and the solvent,
respectively.

e NN, is the number of monomers between entanglement points;
e Y is the Flory interaction parameter;

e (3 is the polymer drag coefficient;

e 1 is a scaling parameter related to the shear modulus.

Parameter values appropriate to semi-dry polymers [4] are given next.

N, 20

Ny 1000

Ny 1

Vin Anm?

X 5 (50)
poo 2x10% 2 x 10025

B 24 x1010E%

T 300degrees K

Parameter values for polysaccharides [5] are as in the previous table with the following

exceptions:
—5 pN

po 2x 10702

s

n

B 2.4 x1032

nm4

(51)
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We conclude this subsection by calculating the expressions of the stress tensor.

OW(F)  KgT

1
o = wy (et F)7E

— dj(F') + 2uF:
2detF)a‘]( )_I_/‘I”

where adjF' denotes the adjoint of F. Moreover,

OF VN,

((det F)3 — )1 + 2uFFT. (52)

N |

We point out that the terms multiplying the identity matrix are elastic contributions to
the osmotic pressure, which we denote

KgT 1
B (= = (det B)3), TIy = 7, (53)

I, =
1 7T1+vam 9

where m; denote the mixing contributions to the osmotic pressure (37) and (38). Using
the calculation (52) in equations (35) and (36), we obtain the equilibrium stresses when
the polymer is a neo-Heokean solid:

T = —(Ily + pé1)I + 2up1 B (54)
T3 = —(¢op + 1)1 (55)

We conclude this subsection with the expression of the stress tensors when the elastic
stored energy function of the polymer is as in (48). A calculation as in [19] gives

7= ¢H(B) — (IIi + ¢1p)I, with (56)
I ow ow 9 ow

H= 2——(z+B+ (1B — B") +det B—1I). 57

det B% 8[1 012( ! ) 813 ) ( )

Remark.

We observe that substituting equations (4) and (17) into (54) and (55) allows us to
obtain a fully mechanical form of the stresses, with dependence on gradient of deforma-
tion and its invariants, and on the Lagrange multipliers.

Notation. The extra stresses o1 and o9 denote the constitutive contributions in the
total stress components, 77 and 75, respectively, that is

o1 =Ti+ ¢1pl, 02 =T+ ¢apl. (58)

4 Energy Dissipation

We now show that the rate of change of the total energy is bounded above by the work
per unit time done by the boundary forces (i.e., the power of the forces acting on the
boundary of the domain occupied by the gel).

Let ©(t) C R? denote the region occupied by the gel at time t. Let v represent the
unit outer normal to the boundary, 0€(t).

Suppose that vi(x,t), va(x,t), ¢1(x,t), ¢p2(x,t) and p(x,t) is a smooth solution of
the governing equations (12), (13), (14), (15), (35), (36), (24) and (4) for prescribed
initial and boundary conditions. Then the following inequality holds:
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d 1
— 7¢1V12+¢2V22+\I/ dx
i L s et )

< / t1 vy +tg:vo, (59)
00

where t; = 71v and to = Tov and v denotes normal to the boundary.

To derive the previous inequality, we carry out the dot product of equations (14) and
(15) by vy and va, respectively, add up the two equations and integrate the resulting
expression on {2:

d $1, 2, P2, 2
—_— —_— d pu—
pn Q(t)(2 vi|© + 5 va|©) dx

/ (vi-divT) + vy - divTy + vy - f1 + vy - o) dx.
Q@)

Application of the divergence theorem to the terms involving 7 gives

4 L2y P20012) g —

di Q(t)( B |V1| + 9 V2| )dX—

—/ tr(TlT(vVl)Jr?;T(vVQ))der/ (vi-f1 + vy - fr)dx
(1) (1)

+/ (tl-V1+t2'V2)dS.
a9(t)
Equivalently,

d
[ & v1|2+¢2vQ\2)dx—/ (t1-vi+ty-ve)dS =
dt Jou) 2 2 a9(t)

—/ tr(T1 (Vi) + T (Vva)) dx + / (vi-fi +va-fr)dx.
Q(t) Qt)

Applying inequality (33) to the previous equation yields

4
dt

/ (tl-V1+t2'V2)dS§0.
20(t)

L/<@wﬁ+@wﬁmXﬁ/<mm+@@mX
Q@) 2 2 Q)

By the transport theorem, the previous inequality becomes

d

dat Q(t)[(gi;1|V1|2 + %|V2|2) + (P11 + Poth2)] dx — / (t1-v1+to-va)dS <0,

a0(t)

giving (59) by taking into account (24).
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5 Viscoelasticity

We assume that the dissipation of the gel stems mostly from the viscosity of the polymer,
with the solvent contribution taken to be Newtonian. We now focus on modeling the
dissipative stress of the polymer.

In the case of steady flow and small strain rate, Newtonian behavior is recovered,
and the dissipative and total stress expressions are, then

T = noDy, (60)
Ty =T1{ + noDu, (61)

with Dy = (Vv + (Vvi)7), no > 0. Likewise, for a viscous solvent, we write

7' = mDa, (62)
To = —IoI + 7oDs. (63)

In general g >> 17 > 0 holds.
Increasing the strain rate to achieve a weak departure from Newtonian behavior
yields a higher order of approximation of the stress

Tp = 2nD1 — 2eno(D1 — (Vvi) Dy — D1(Vvi)) + 77, (64)

with D denoting material time derivative, and € > 0 small. If multiple relaxation times
are present, it is then appropriate to assume that the dissipative stress depends on the
past history of the deformation. There are many models in the literature appropriate
to specific regimes and materials, solids and fluids. Applications to viscoelastic solids in
comparison to fluids, involve the additional issue of how to accurately account for, both,
viscous and elastic properties. Two criteria that must be satisfied by the chosen model
are:

e the viscoelastic stress yields the correct instantaneous elastic response when the
deformation experiences a discontinuity in time,

e the elastic relaxation response is recovered, that is, when the deformation history
is set constant, the viscoelastic stress reduces to the reversible contribution.

For this, we propose a viscoelastic constitutive equation based on the Kaye-BKZ model
([13], page 75), ([18], page 158). Such a model is based on postulating a functional of
the form

w(x,t) = ’UA)(Il, Ig, Ig,t — t,), I, = I,L'(X, t), t> t,,

and define
t 1
Ti(x,t) = / (2det B(t,t') 2 (wrB(t, ') + dp, (11 B(t,t') — B(t,t')?) + I3i,I) dt’
- (mop)l), (65)

with 71 as in (37). Here

B(t,t") = F(t,t! ) FT(t,t), and F(t,t')= 0%
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with x = M(X,t) as in (1).
Remark. The Kaye-BKZ model is often formulated for incompressible materials and
involving the tensor C' = FTF instead of B.

The dependence on past history enters through the energy functional w. In applica-
tions, the assumption of factorability is often made, that is,

12)([1,]2,[3,8) :m(s)w(Il,IQ,Ig), (66)

where m(.) > 0 and m/(.) < 0 and w is the elastic stored energy function.
In the case that the elasticity is neo-Heokean (49), and (66) holds, the stress in (65)
reduces to

t 2 / / /
Ti(x,t) = /Oo(detBW(m(t—t)B(t,t)dt

- (m + op)I). (67)

The viscoelastic relation in (67) is known as the Lodge model.

6 Governing equations of gels

We derive equations for the mixture from those for the individual components. The
fields of the gel consist of
{V7 Uv T’ ¢2ap}a

where V denotes the previously defined center of mass velocity, and U = vi — vo
represents the diffusion velocity. The total stress

T=T+T—(1-$)ppURT,

where 7; include the reversible and dissipative contributions to the stress.

The first two of the equations shown below follows by adding and subtracting, respec-
tively, the equations of balance of linear momentum of the components (in the latter
case, we first divide the individual equations by ¢; and ¢, respectively). The third
equation is a form of the chain rule. The last equation is a consequence of (19). In
addition, one of the three equations, (12), (13) or (17) has to be satisfied as well. We
summarize these equations as follows,

%‘;JF(V-V)V:V-T, (68)
O (6= o)(VU)U + (Ua U)Ver + (TVIU+ (YUY (69)
R R A S A

_¢1v T 1—4251v & ¢1(1—¢1)U 70
%—f +(V+(1-¢)U)-VF=V(V+(1-¢1)U)F (71)
V-V =0. (72)

We note that the first equation gives the balance of linear momentum for the mixture,
with 7 denoting the total stress. The second equation governing the evolution of the
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diffusive velocity U describes the microstructure of the system. These set of equations
should be supplemented with initial and boundary conditions.

We now give the expressions of the stress tensors for the Newtonian and viscoelastic
cases, respectively.

1. Newtonian stress tensors.
The equations for the stress tensors of the system in the case that, both, polymer
and solvent admit Newtonian dissipation are

Ti=  ¢H(B) — (I +pé1) +v1 (93 2(V @ Ve
+Vo1 @ V) + ¢, (VV + VVT) + (VU + Vul)), (73)
o= —(¢ap+12)l. (74)

The total stress now gives

T= ¢H(B)— (I +1 +p)I
+(v1 4+ 12) (652 (V@ Vo1 + V1 @ V) + ¢, (VV + VVT)
+11(VU + VUT)) — (1 — ¢2)$oU ®@ U). (75)

2. Viscoelastic stress tensors.
In the case that the polymer response is viscoelastic with stress tensor as in (65), the
total stress tensor, assuming Newtonian solvent with stress 75 as in (74), is given by

t
T- / (2det B(t, )2 (@rB(t,¢') + try(LB(t, 1) — B(t,¢')?) + Iy oy, T) d’

—00

+12(93 2(V @ Vi + V1 @ V) + ¢ H(VV + VVH)) — (1 — ¢0)$U @ U)
—(IIy + Iy + p)I) (76)

6.1 Special regimes

Two distinctive regimes emerge according to the following observations.

6.1.1 Purely diffusive regime

If V(x,t) = 0 at t=0, and also V(x,t) = 0 for x € Q, t > 0, then there is a solution to
the equations satisfying V = 0 for all time. In fact, setting V = 0 in equation (68), we
obtain a first order equation for p that can be solved by direct integration in terms of
the remaining fields of the problem. The resulting problem involving the independent

fields {U, ¢1, F'} is formulated as follows:

%Ij + (92 — 01)(VU)U + (U U)Vee
s Vg g B
_¢1v h 1—¢1v £ ¢1(1—¢1)U7 ™
(1= 9)U - VF = (1~ 6)U)F, (78)
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Figure 1:

and either one of the balance laws (12), (13) or (17).

Diffusion equation. A special case of the former results when the inertia terms in
(77) are neglected, giving

1 1
V- T —

P1 1—¢1
A simple calculation shows that in the case V = 0, then vi = (1—¢;)U which substituted
into equation (12) allows us to write it as

U =73""¢:1(1-¢1)( V-T). (79)

d
E;il + V- (¢1(1 = ¢1)U) =0.
Substitution of U from (79) into the latter yields
! ~1,2 g 1 1
__v. 1—¢1)2[—V T, — V- T]) =o0. 80
o=V (5710 - 6PV T =V ) (%0)

We point out that the right hand side of the previous equation contains a term of the
form V - (37 k(¢1, F,VU)V¢1) (here the dependence on VU holds for the special case
that the polymer dissipative stress is Newtonian). Moreover, if one could further assert
that the coefficient multiplying A¢; in such a term is positive, that is £ > 0 then it would
follow that (80) is a (nonlinear) diffusion equation for ¢;. This is a model widely used
in the studies of gels and known as the diffusion model. The quantity 3~! corresponds
to the diffusion constant D used in characterization of gels [4]. The inequality £ > 0

01 0z 03 04 05 08 07 0B 09 1 o 02 [E] 0.4 05 08 07 08

in general does not follow from thermodynamics. We appeal to the one-dimensional
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geometry to interpret such an inequality. The governing system (12) and (77) in the
interval (—1,1) in the one-dimensional geometry reduces to [6]

0¢1  O(¢1(1 — ¢1)U)

o * oz =0 (81)
U a1, - 3

Gt e GUt =200 - 6) =~ (82)

where U = (U(x,t),0,0), ¢1 = ¢1(z,t) and
KT , 1 -2 1 *
G(¢1) = VmBNI(—§a2/3¢1 P - (5 + Fl)bg 1)
KpT KpT
+pad? — ‘inx O+ g los(1 — 6n). (83)

The analog to (79) obtained from (82) and its substitution into (81) yield

991 _ 9(B'G"(9)¢/(2)))
ot Ox ' (84)

The function G(¢) represents the extensional stress in terms of the polymer volume
fraction. Equation (84) has a solution provided G’(¢1) < 0 holds. This monotonicity
condition holds for the polymer data shown in section 3. However, in the case of polysac-
charides, there is a critical value ¢. = ¢.(11), 0 < ¢ < 1 such that G'(¢.) = 0. More-
over, the value ¢, corresponds to a critical point of the volume phase transition between
swollen and collapsed states [14]. Such properties are illustrated by the graphs of G(¢1)
and G'(¢1). The graphs in figure 1 correspond to polymer data with u = 2 % 10° %,
whereas those in figure 2 are for polysaccharide data with @ = 2%107° %. We observe
the change of sign of G'(¢1) in the latter case. Later in this section, we will discuss the
monotonicity condition from the dynamics point of view.

-0z

-0.3

04t

-0sf

Figure 2: Graph of G(¢) and G'(¢) for polysaccharide data: a = .0001,b = 1,¢ = .2,y =
5% 107°.
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6.1.2 Transport regime

On the other hand, if U = 0 initially and on the boundary for all time, then the system
becomes that of an incompressible viscoelastic fluid for the fields {V,p, ¢1, F'}, with no
diffusion present,

ov

T V-VYV=V.T
5 (V- VIV=V-T,
OF

o TV VE=(VV)F
V-V =0.

together with equations (19) and (17).

6.2 Initial and boundary conditions

On the boundary of the gel region, it is relevant to distinguish again between solid
and solvent components of the material. We will present different types of boundary
conditions motivated by applications. First of all, two main classes emerge according to
whether the boundary is free, fixed or a combination of both types. For the sake of this
presentation, we will assume that both, polymer has Newtonian stress and the solvent is
inviscid (that is, 7 = 0 in (63)). The governing system reduces then to equations (14),
(15), (19), (17) and (16), together with constitutive equations (56), (57), (55), (40), (61),
(37), (38), (53). The unknown fields of the problem are {vi,va, F,p}. The governing
system in the current domain €2 reduces to

det F’
vi=-Vp+ 25 {V-T(F,Vvy) + 1} (85)
0
. det
F
®o b0 _
Vo (Geer it 0 g ) =0 (%)

To recover the deformation map of the polymer x = x(X,?), it is necessary to further
solve the first order system

ox
g (Xo1) = F(x(X,1),1), (89)

in the reference domain €.

6.2.1 Gel confined to a given domain (.

This corresponds to the case that the polymer is chemically glued to the boundary 0f2.
This corresponds to requiring

vi(x,t) =0, x€09Q, t > 0. (90)
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Another boundary condition is needed to characterize the degree of permeability of the
membrane. Following Yamaue and Doi [25], [26], [27], (citeDOI04, we distinguish three
type of membrane boundaries:

vy -n = v -n, impermeable membrane (91)
p(x,t) + Ia(x,t) = P, fully permeable membrane (92)
P — (p(x,t) + Ia(x,t)) = k(v2 — v1) - n, semipermeable membrane,  (93)

where P denotes the pressure of the external solvent, k is a permeability constant, and n
is the unit normal vector to 0€2. This type of boundary condition occurs in applications
to body implantable biomedical devices where the polymer is glued to its support but
the surface allows for penetrability of solvent. Since the polymer boundary is maintained
fixed a build-up of stress occurs near the contact surface causing eventual failure of the
device. The amount of normal stress acting on the boundary is that measured in the
experiment by Suzuki and Hara [21] where the gel is confined between two circular disks
with the bottom one maintained fixed and the top one allowed to move in order to relax
the stress [25].
Initial data should be prescribed as well

vi(x,0) =0, va(x,0) = 0. (94)

In addition, we take the reference configuration to be €2 in which case F' = I at t = 0,
allowing for integration of (87).

6.2.2 Gel subject to prescribed boundary force.

Let us consider a gel with deformable boundary subject to a prescribed force. For
instance, this is the case of the gel immersed in its own solvent subject to a constant
pressure P. In addition to one of the three boundary conditions (92), (93) or (91) being
prescribed, the boundary condition (90) is now replaced with

—pn+ (01 + o2)n = —Pn, x € 0Q(t), (95)

where o1 and o2 are defined by (58). In the case that the membrane is permeable,
combining (92) with (95) to eliminate p gives the relation

H2n+(o’1 +O’2)1’1=0. (96)

This relation involves the volume fraction at the interface. In order to study the motion
of the free boundary with arbitrary geometry, it is necessary to employ the phase field
or the level surface methods. For two special domains, one can directly supplement the
previous boundary conditions with equations of evolution of the free boundary.

One-dimensional slab. We consider a gel initially confined in the strip |z] < 1. Let
x = S(t) denote the location of the point initially at x = 1 (by symmetry, x = —S(¢)
describes the evolution of the left boundary). We assume that at time ¢ = 0, the polymer
enters into contact with its own solvent, initially located at |x| > 1. The evolution of
the gel in the strip |z| < S(¢) is given by equations (81) and (82 for {¢1,U}, subject to
initial and boundary conditions described next. The evolution equation of the interface
between gel and pure solvent is given by

ds(t)

7 = UI(S(t)at)v S(O) =1 (97)



Assuming that boundary conditions (95) and (92) hold, then (96) gives an equation for
¢1 on the boundary = = S(t). The value of ¢* that solves the equation is known as
saturation volume fraction. We point out that such a value is only meaningful in one-
dimensional geometries since then F' and its determinant, det F' coincide. Moreover,
one can then use the balance of mass relation ¢ det F' = « to fully determine ¢, at the
boundary from (96). This problem is analyzed in ([6]).

In particular, we find that the system is hyperbolic provided that the inequality
G'(¢1) < 0 holds. This guarantees the propagation of the interface. As previously
stated, such a condition holds for the polymer data shown in section 3, and it can be
interpreted as follows. A (dry) polymer slab brought into contact with its own solvent at
the initial time, will keep swelling, with the speed of the interface decreasing with time.
However, in the case of polysaccharides, there is a critical value ¢. = ¢¢(1), 0 < ¢ < 1
such that G'(¢.) = 0; if ¢* > ¢, the interface will evolve, and the gel will continue
swelling until ¢; reaches the critical value. The analysis suggests that ¢. may indicate
the onset of de-swelling.

Spherical domain. In the case of a spherical domain (97) is represented by
dr(t)

dt
where R > 0 denotes the initial radius of the spherical gel region, and v; represents the

radial polymer velocity [6]. This case may be appropriate to the study of drug release
devices.

=wv(r(t),t), r(0) =R, (98)

6.3 The stress-diffusion coupling model

In this section, we present the quasi-static version of the previously developed model
under a special choice of the free energy. This leads to the stress-diffusion coupling
model proposed by Yamaue and Doi [26].

The assumption of no voids present in the material yields (72). Neglecting the Flory-
Huggins energy in (24), assuming the latter in the form of ¥ = ¢y utr (FT F), the stress
tensors in I (35) and (36), become

Ti= 6 S0 FT g (99)
T = —ap (100)

The corresponding system of balance laws of linear momentum is

(G V) =TGR~ B ) (10
¢2(% + (vi-V)va) = —¢2Vp + B(vi — v2) (102)

Now, let us consider the equations of the steady state obtained by neglecting acceleration
terms, that is, setting % + (v2-V)vy =0 and % + (v1-V)vy = 0. Then the equations
of balance of linear momentum reduce to

V- I1+£f=0

V-1, + 1, =0.
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Since f; = pV¢1 — B(v1 — va) (40), and f; + f> = 0, the former become

V'(cblmglgF)FT)ﬂLcﬁlV-p—ﬁ(Vl —va) =0

—$2Vp + B(v1 — v2) =0,

and upon adding them, we obtain

OW(F) s

V(o

-p)=0 (103)

where avgl(f) is the Piola-Kirchhoff stress tensor. Taking into account the balance of

mass equation ¢jdetF = 1, we can rewrite (103) into

F
V(detF‘lmgj(T)FT —p)=0. (104)

So, the corresponding stress tensor is given by the equation

o= detF—lmg]@FT (105)

Summarizing, the resulting governing system is

V(e —pIl)=0 (106)
—$2Vp+ B(vi —va) =0

V(1= ¢2)vi+ dava) =0 (107)
% + V- (¢2v2) = 0. (108)

We observe that this system governs quasi-static regimes, with (102) corresponding to
Darcy’s law.

6.3.1 Energy time rate and the Rayleghian

Let us consider the two-component formulation given at the beginning of the article.
Here we assume that only the laws of balance of mass hold and the constraint (4)
hold. The goal is to provide an alternate derivation of the equations. Let us define the
Rayleghian functional

R(t) = % o (%¢1V1 -v1+ %¢2V2 - Vo + \IJ) dx
+ / (pV - (¢1v1 + dava)) dx + W (1), (109)
Q(t)
W (t) = 1/ (B(¢1, p2)(v1 — v2)?) dx (110)
2 Jaw

+ / ( )((Wl + ¢1p)vy + (T2 + Pap)va) -n —on - vy.dS
o0t

The quantity W (t) represents the power dissipated by the friction forces plus the that
by the boundary forces. In addition, we have accounted for the fact that variations on
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R(t) have to be carried out under the constraint V- (¢1vi+¢ave) = 0, and consequently,
the power associated with maintaining the constraint is included. Let us compute the
time derivative of the total energy.

;ltg( t) = /Q(t) (¢v1 V1 + ova - Vo + ¢y + gotha)dx
Now,
. . o 0 0 0 ;
bt rba= (61 azl g D+ (g + S )

+ ¢1 81/}1
- —m(V V) =V Vo) O
= -V (7[‘1V1) -V (7T2V2)
+ VTrl-V1—|—V7T2'V2—|—¢1%~(VV1)F,

oF

where we have used (12) and (71). Using the definition of stress tensor,

¢31/11

we rewrite

b

Integrating and applying the divergence theorem, we get

( )FZV-(JVl)—<V-0)-V1. (111)

/ (1901 + othn)dx = / [Vr-vi+ Vg vy — (V-0) - vi]dx
Q@)

Q(t)

—/ [7T1V1 -n+7r2v2-n—an-v1] ds. (112)
oN
Also,
/ p(1V - vi+ 2V va) / Vp-(¢1v1 +¢>2V2)dx+/ p(¢1v1+¢ava) -ndS.
Q(t) a0(t)
Taking the previous calculations into account, we write
R(t) = /()((¢1V1—V-J+V7T1+¢1Vp)'v1
Q(t
+(p2ve + Vma + ¢p2Vp) - v + B(vi — V2)2) dx. (113)

We now apply that variational principle of minimizing the Rayleghian with respect to
v and vy giving

¢1V1 —V-o+ Vﬂ'l + <Z>1Vp = ﬂ(Vl — V2)
P2V + Vmy + ¢2Vp = —f(v1 — va).
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We point out that the terms of the left hand side of the previous equations involving
stress do not appear as perfect divergence. However adding the term ¢1Vp to both sides
of the first equation, and likewise, the term ¢2V to the second one give

$1v1 =V -0+ Vi + V(é1p) = f(vi —va) + &1 Vp
$aVva + Vo + V(gap) = —f(v1 — va) + $2Vp

These now agree with the equations of balance of linear momentum with the stress and
forcing terms obtained by imposing the Second Law of Thermodynamics.

7 Conclusions

We have derived a model of gel dynamics using the approach from mixture theory for a
two-component system, polymer and solvent. The model allows for nonlinear elasticity,
viscoelasticity, transport and diffusion. The governing equations consist of balance of
mass and linear momentum for the individual components; the system is also formulated
in terms of the center of mass velocity and the diffusive velocity, involving the total and
the relative stresses. This allows for the identification of special regimes, such as purely
the diffusive and purely transport ones. The total free energy of the system combines the
elastic contribution of the polymer with the Flory-Huggins energy of mixing. We also
obtain an equation for the rate of change of the total energy yielding decay for special
choices of boundary conditions.

We appeal to the one-dimensional strip geometry to study special features of the
dynamics. We focus on the early dynamics in contrast to the better understood relax-
ation studies; an scaling argument suggests that such a regime is well represented by
the polymer-solvent friction. We find that the condition of propagation of the swelling
interface, between the gel and the surrounding solvent, reduces to the monotonicity of
the extensional stress (that is, the derivative of the stress as a function of the polymer
volume fraction is negative, and it is positive with respect to the strain). Swelling in the
case of the monotonic stress behavior, once started and with no other external effects,
will continue up to the rest state. On the other hand, loss of monotonicity at some crit-
ical volume fraction hinders the swelling process. Indeed, we observed the monotonicity
behavior in a linear entangled polymer, whereas we found loss of monotonicity in a
polysaccharide. Specifically, we found an interval of volume fraction in a high swelling
regime, where the stress changes monotonicity. This may suggest the onset of de-swelling
or a volume phase transition taking place. The weak elasticity is responsible for the lose
of monotonicity of the stress.

In the last part of the article, we carried out a comparison with other methods of
derivation and models found in the literature, especially the stress-diffusion coupling
model by Yamaue and Doi[26]. The latter emerged from earlier work by Doi and co-
authors where the Rayleghian variational method was employed. We point out that
derivations based on the Second Law of Thermodynamics, perhaps more complicated
in development, have the advantage of determining the reversible contributions to the
constitutive equations.
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