
NONLINEARITY AND COMPLEXITY IN GRAVEL BED DYNAMICS

By

Arvind Singh

Stefano Lanzoni

and

Efi Foufoula-Georgiou

IMA Preprint Series # 2238

( February 2009 )

INSTITUTE FOR MATHEMATICS AND ITS APPLICATIONS

UNIVERSITY OF MINNESOTA

400 Lind Hall
207 Church Street S.E.

Minneapolis, Minnesota 55455–0436
Phone: 612/624-6066 Fax: 612/626-7370

URL: http://www.ima.umn.edu



 

Nonlinearity and Complexity in Gravel Bed Dynamics 

 

 

Arvind Singh 1 , Stefano Lanzoni 2 , and Efi Foufoula-Georgiou1
 

 

1 St. Anthony Falls Laboratory and National Center for Earth-surface Dynamics, 
Dept. of Civil Engineering, 

University of Minnesota 
2 Third Ave. SE, Minneapolis MN, USA 

 
2 Dipartimento di Ingegneria Idraulica, Marittima, Ambientale e 

Geotecnica, and International Center for Hydrology ‘‘Dino Tonini,’’ 
Universita` di Padova, Padua, Italy. 

 
 

 
 
 
 
 
. 
 
 
 

 
 
 

Submitted to SERRA, Special Issue on  
“Modeling and Prediction of Complex Environmental Systems” 

 
 March, 2008 

 
Revised May, 2008 

 
 

 



Abstract 

The dynamics of river bed evolution are known to be notoriously complex affected by near 

bed turbulence, the collective motion of clusters of particles of different sizes, and the 

formation of bedforms and other large-scale features. In this paper, we present the results of a 

study aiming to quantify the inherent nonlinearity and complexity in gravel bed dynamics. The 

series analyzed are bed elevation fluctuations collected via submersible sonar transducers at 0.1 

Hz frequency in two different settings of low and high discharge in a controlled laboratory 

experiment. We employed surrogate series analysis and the transportation distance metric in 

the phase-space to test for nonlinearity and the Finite Size Lyapunov Exponent (FSLE) 

methodology to test for complexity. Our analysis documents linearity and underlying dynamics 

similar to that of deterministic diffusion for bed elevations at low discharge conditions. These 

dynamics transit to a pronounced nonlinearity and more complexity for high discharge, akin to 

that of a multiplicative cascading process used to characterize fully developed turbulence.  

Knowing the degree of nonlinearity and complexity in the temporal dynamics of bed elevation 

fluctuations can provide insight into model formulation and also into the feedbacks between 

near-bed turbulence, sediment transport and bedform development.   
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1. Introduction  

The evolution of alluvial river beds is the result of a number of often strongly nonlinear 

processes which give rise to the extraordinary large variety of patterns observed in nature. In 

gravel bed rivers, where the dominant form of sediment transport is bedload, both field 

observations (Drake et al. 1988) and laboratory experiments (Kirkbride 1993; Nelson et al. 

1995) suggest that most of the transport occurs by the collective motion of clusters of particles 

mobilized by turbulent sweep events and outward interactions, while a relatively smaller 

contribution is associated with bursts (see also review of Best 1993). Clearly, the bed evolution 

is likely to be strongly affected by the intermittent process whereby coherent turbulent 

structures are randomly generated, grow and decay in the near wall region.  

Coherent structure dynamics, in turn, depend on the range of scales characterizing a 

given bed topography, and the flow variability at a given point contains both locally derived 

flow structures and structures inherited from upstream (Hardy et al. 2007). The bed evolution 

is further complicated by the formation of either free bedforms (e.g., Gomez et al. 1989), 

arising as a result of the instability of a cohesionless bed subject to a turbulent flow, or 

bedforms forced by geometrical constraints (e.g., channel curvature) (Seminara 1998). Finally, 

the heterogeneous character of the sediment leads to patterns associated with a spatial and 

temporal rearrangement of the grain size distribution of the sediments (Parker 1991) which are 

strongly related to the different mobility of particles having different diameter (Wilcock and 

McArdell 1993; Wilcock and McArdell 1997).   

It then clearly appears that river bed evolution, even in the simplest case of a flat bed 

configuration, is an extremely complex phenomenon whose understanding needs the use of 

refined theoretical, experimental and data analysis techniques.  



Several contributions have been so far devoted to the study of the spatial properties of 

water-worked gravel bed surfaces measured both in the laboratory and in the field (e.g., see 

Nikora and Walsh 2004, and references therein). In addition to conventional statistical 

parameters (i.e., standard deviation, skewness and kurtosis) of the bed elevation spatial 

distribution, second-order and higher-order structure functions have been proved particularly 

helpful for exploring the statistical properties and potential multiscaling behavior of bed 

elevations fields (Aberle and Nikora 2006). In a recent study, the multiscale statistical structure 

of the temporal evolution of bed elevation fluctuations at several locations on the evolving 

gravel bed under steady-state conditions has also been analyzed and the presence of a 

multiscaling behavior has been reported (Singh et al. 2008).   

In the present contribution, a different type of analysis of temporal elevation series is 

performed aiming at quantifying the nonlinearity and complexity in gravel bed dynamics. It is 

noted that these dynamics are internally generated by the system itself rather than by an 

external stochastic forcing, since the discharge is kept constant and the system is under steady 

state conditions. To the best of our knowledge, the only other study that attempted a similar 

analysis is that of Gomez and Phillips (1999) who analyzed sediment transport rates 

(interestingly collected from a controlled laboratory experiment conducted in the same flume 

almost 20 years ago; see Hubbell et al. 1987). The overall goal of that study was to identify 

deterministic sources of uncertainty, or unexplained variation, in the time series of bedload 

transport rates by computing how much of the observed variability (quantified in terms of 

Kolmogorov entropy) was not explained by bedform migration effects. The assumption was 

made that the variability (entropy) due to bed migration would be fully captured by a 

Hamamori probability distribution. It is noted that the Hamamori distribution is derived from 



sediment movement over a purely geometrical self-similar bed morphology (Hamamori, 1962) 

and does not account for the natural variability in bedform shapes and sizes. It is also restricted 

to sediment transport rates that are at most four times the mean rate – not the case in most 

observed series including the series analyzed in Gomez and Phillips (1999).   

The purpose of the present study is to revisit the problem of quantifying the 

deterministic complexity in gravel bed dynamics with an assumption-free methodology and 

using more powerful techniques recently developed in the study of nonlinear systems (e.g., 

Aurell et al. 1997). The adopted methodologies have been proven to give a deep insight in 

other complex geophysical processes such as fluid turbulence (Aurell et al. 1996a; Boffetta et 

al. 2002), atmospheric boundary layer dynamics (Basu et al. 2002b) and dispersive mixing in 

porous media (Kleinfelter et al. 2005), among others.   

The paper is organized as follows. In section 2 we briefly describe the bed elevation 

data collected in two laboratory experiments under low and high discharge conditions. Section 

3 introduces the mathematical methodology used first to identify the presence or absence of 

inherent nonlinearity in time series and second the Finite Size Lyapunov Exponent (FSLE) 

methodology to quantify the complexity and predictability of processes exhibiting many scales 

of motion. In section 4, results of the analysis of the temporal sequences of bed elevation data 

series are presented. Finally, section 5 presents concluding remarks and suggestions for future 

research.  

2. Experimental data 

The data examined in the present contribution were collected during a series of experiments 

conducted in the Main Channel facility at the St. Anthony Falls Laboratory, University of 

Minnesota. The channel is 2.74-m wide and has a maximum depth of 1.8 m. It is a partial-



recirculating flume in that it has the ability to recirculate the sediment while the water flows 

through the flume without recirculation. Water for the channel was drawn directly from the 

Mississippi River, with a maximum discharge capacity of 8000 l/s. The channel has a 55-m 

long test section and, in the experiments reported here, a poorly sorted gravel bed extended 

over the last 20 meters of this test section. The gravel used in these experiments had a broad 

particle size distribution characterized by d50 =11.3 mm, d16 = 4.27 mm and d84 = 23.07 mm. 

More details on this experimental setting can be found in Singh et al. (2008). 

Measurements of bed elevation and sediment transport were taken at a range of discharges 

corresponding to different bed shear stresses. Here we focus our attention on the series of bed 

elevations collected under two different discharges: a low discharge case, with a discharge of 

4300 l/s, corresponding to a dimensionless bed stress of about twice the critical value (Shields 

stress = 0.085 using median diameter) and a high discharge, 5500 l/s, corresponding to a 

Shields stress about five times the critical value (Shields stress = 0.196). For both bed stress 

conditions, the flume was allowed to run long enough prior to data collection such that a 

dynamic equilibrium was achieved in transport and slope adjustment of the water surface and 

bed. Determination of the dynamic equilibrium state was made by checking that the 60 min 

average sediment flux was stabilized to an almost constant value during the flume run. The bed 

elevation was then recorded over a span of approximately 20 hrs for each experiment, by using 

submersible sonar transducers, with a frequency of 0.1 Hz and a vertical precision of ~1mm. 

Figure 1 displays the time series of bed elevations measured at a location aligned with the main 

channel axis for both the low (Figure 1a) and the high (Figure 1c) discharge conditions over a 

period of 10 hrs during which the bed-elevation and sediment flux series were stationary. The 

low bed stress run (Figure 1a) produced a nearly plane channel bed, with only limited 



topographic variations, i.e. without obvious large scale structures in the bed elevation (the 

standard deviation in the bed is 10.06 mm, compared to the initial d50 grain size of 11.3mm). 

On the contrary, the higher stress run (Figure 1c) generated substantial bed variability at large 

scale in the form of dunes, with intermediate to particle-scale fluctuations superimposed on 

these larger-scale features. In this study we focus on comparing these two runs in terms of the 

complexity of the underlying forming processes imprinted in the time series of bed elevation 

fluctuations.  The analysis methodologies we employed are briefly described below. 

3. Analysis methodologies 

3.1 Test for linearity 

Nonlinearity is a necessary condition for deterministic chaos and thus methodologies for 

testing whether a time series has been generated by a linear or inherently nonlinear process 

have gained considerable attention in the literature. By inherent nonlinear process it is meant a 

process whose nonlinearity is not external, i.e., the result of a static nonlinear transformation 

applied on an otherwise linear underlying process, but it is weaved into its dynamics such as 

for example in a series arising as a result of a multiplicative cascade generator, a popular 

phenomenological model for turbulence (e.g., Frisch 1995). Detection of nonlinearity is not a 

trivial task and several methods are available, as for example based on “reversibility”, 

information-theoretic approaches, singular value decomposition, and the use of “surrogates” 

(e.g., see a review in Basu and Foufoula-Georgiou, 2002a and references therein). Here we 

adopt a surrogate-based methodology. Surrogate series maintain the pdf and correlation 

structure (and thus spectrum) of the original series but destroy any inherent nonlinearity since 

the process of generating the surrogates randomizes the phases in the Fourier space.   



The method we used for surrogate series generation is the Iterative Amplitude Adjusted 

Fourier Transform (IAAFT) method of Schreiber and Schmitz (1996). This method is an 

improvement of the earlier Amplitude Adjusted Fourier Transform (AAFT) method of Theiler 

et al. (1992), and iteratively adjusts both the pdf and linear correlation structure to minimize 

their deviation from the original series. The reader is referred to the original publications for 

details to supplement the brief exposition presented below.   

The surrogate series { ns } is assumed to be generated by a process of the form  

                                  ( )n ns S y ,  1 1
1 1

M N

n i n i n
i i

y a y b 
 

   , 

where S could be any invertible nonlinear function, { ny } is the underlying linear process, 

{ na } and { nb } are constants, and { n } is Gaussian white noise. The steps involved in 

generation of surrogate series are as follows: 

1. Randomly shuffle the data points of the original series { 0
nx } to destroy any correlation 

or nonlinear relationship, while keeping the pdf unchanged. The reshuffled series is the 

starting point for the iteration { (0)
ns }    

2. Construct the discrete Fourier transform of the current series { ( )i
ns }, and adjust the 

amplitudes to recreate the power spectrum of the original data. Keep the phases 

unchanged. Perform inverse Fourier transform. 

3. The pdf will no longer be correct. Transform the data to the correct pdf by rank 

ordering and replacing each value with the value in the original series { 0
nx } with the 

same rank. This will result in updated series { ( 1)i
ns  }. 



4. Repeat steps 2 and 3 until discrepancy in the power spectrum is below a threshold, or 

the sequence stops changing (reaches a fixed point). In this manner a surrogate data 

series can be generated with an identical pdf and optimally similar power spectrum to 

the original series.  

 Figures 1b,d show two realizations of the surrogate series corresponding to the bed 

elevation series for low and high flow discharge. It is noted that in both cases it is difficult to 

distinguish visually any difference between the original series and their surrogates (compare 

Fig 1a to 1b and Fig 1c to 1d). (It is reminded that the original and surrogate series share the 

same pdf and correlation structure or spectrum, but the surrogate series contain only linear 

correlation). However, as it will be demonstrated later, our methodologies depict important 

differences in the case of high discharge, emphasizing the presence of inherent nonlinearity in 

the bed forming process.  

 Once an ensemble of surrogate series is generated, a probabilistic metric of the “distance” 

between each one of those series to the original series  o
nx  and between multiple realizations 

of the surrogate series     , 1,...,i
n n ss x i N  is formed. If the original series were linear, these 

two distance metrics would overlap as one would not be able to discriminate the original series 

from members of the ensemble of surrogates; however, if they do not overlap, nonlinearity in 

the original series can be inferred with confidence. 

Following Basu and Foufoula-Georgiou (2002a), we use the transportation distance 

functions ( , )o i
oi n nd d x x  and  ( , ), ( )i j

ij n nd d x x i j   to measure, respectively, the difference in 

the long term behavior between the original data set and the i-th surrogate data set and the 

mutual distances between surrogates. The idea is to transform two given scalar time series 

( , )x y  in vector time series ( , )X Y  by phase-space reconstruction using an embedding 



dimension (e) and an integer delay (τ), thus obtaining an e-dimensional embedding space eR  

which captures the dynamics of the x  and y  systems’ attractors (Moeckel and Murray 1997).  

The details of determining embedding dimension and delay can be found in (Kennel et al. 

1992; Hegger et al.1999). In practice, a box in the reconstructed phase space, eR , containing 

both the X  and Y  vector time series is divided into a finite number , 1,...,kB k b  of sub 

boxes, each characterized by the discretized probability measures kp  and kq  defined as 

1 1

, , 1,...,
b b

k kl k kl
l l

p q l b 
 

     

where 0kl  defines the amount of “material” (information) shipped from box kB  to box lB .  

These constraints ensure that the initial and final distributions are preserved and allow us to 

determine the set ( , )M p q  (with 1( ,..., )bp p p  and 1( ,..., )bq q q ) of all transportation plans. 

The transportation function is then obtained by minimizing (e.g., through the network simplex 

algorithm) the transportation cost 

( , )
, 1

( , ) inf
b

M p q kl kl
k l

d p q   


   

where kl  is the taxi cab metric (Moeckel and Murray, 1997) normalized to the embedding 

dimension between the centres of  kB  and lB .  If the pdf of the transportation distances oid  

between the original series and the surrogates is distinct from the pdf of the mutual distances 

ijd between the surrogates, nonlinearity is inferred. Details of the methodology and examples 

of its application to known linear and nonlinear series, e.g., autoregressive series, Lorenz 

series, stochastic Van der Pol oscillator series, and the Santa Fe Institute competition series, 

can be found in Basu and Foufoula-Georgiou (2002a).  



3.2 Quantification of complexity 

It is well known that many natural systems, although deterministic, are characterized by a 

limited degree of predictability owing to the presence of deterministic chaos which makes 

small errors in the initial conditions to grow exponentially fast with time (e.g., Lorenz 1969).  

In the traditional sense, predictability is assessed via computation of the maximum 

Lyapunov exponent which dictates that the predictability time is 

 
max

1
lnpT

 


   

where max  is the leading (or maximum) Lyapunov exponent, measuring the average 

exponential rate of separation of nearby trajectories,  is the size of the initial (strictly 

infinitesimal) perturbation, and   is the (still small) accepted error tolerance. The above 

formula holds only for infinitesimal perturbations, and, by construction, it cannot assess the 

predictability in systems with many scales of variability, such as turbulence which possesses a 

hierarchy of eddy turnover times. In those multiscale systems the predictability time pT  is 

determined by the nonlinear mechanism responsible for the error growth and it is not captured 

by max  which is governed by the linearized equations of motion, given the assumption of 

small perturbations. To address these issues, Aurell et al. (1996b) proposed a generalization of 

the maximum Lyapunov exponent method. Specifically, they introduced the quantity 

( , )pT   which is the time it takes for a finite perturbation to grow from an initial size  (in 

general not infinitesimal) to a tolerance level  . The so-called Finite Size Lyapunov Exponent 

(FSLE) ( , )    is then the average of some function of this predictability time, such that if 

both   and   are infinitesimally small one would recover the usual Lyapunov exponent: 



 
1

( , ) ln
( , )pT

 
 

      
  

 Various methodologies are available for computing finite-size Lyapunov exponent  (see 

Aurell et al., 1997). In the present contribution we have adopted the method of Boffetta et al. 

(1998). 

4. Results and Discussion 

4.1 Nonlinearity 

The results of nonlinearity tests carried out on the two time series of bed elevations are 

reported in Figure 2.  For low discharge conditions (Figure 2a), the probability density function 

of the transportation distance between the original series and the surrogates overlaps the one 

obtained by considering multiple realizations of the surrogates. On the other hand, Figure 2b 

shows that for the high discharge case the probability density functions of the transportation 

distance between each surrogate series and the original time series and between multiple 

realizations of surrogates are completely different suggesting that strong nonlinearities are 

inherent in the processes which shaped the bed morphodynamics. These nonlinearities  are 

likely to be connected to the irregular and  unsteady large-scale bedforms, mainly dunes, 

observed in this high flow experiment, promoting the formation of patterns of sorting  and 

leading to a strong  reworking of the sediment bed (Klaassen 1990; Blom et al. 2003). 

 To shed light into the above findings, we proceed with the following analysis guided by 

some recent findings in Singh et al. (2008). We synthetically generated two series with known 

underlying dynamics: a fractional Brownian motion (fBm) series and a multiplicative cascade 

series. The fBm series (with the Hurst exponent 0.5H  ) is known to have linear underlying 

dynamics, arising from the integration of white noise. A multiplicative cascade series, on the 



other hand, arises from a nonlinear (multiplicative) mechanism of energy transfer from larger 

to smaller scales and thus possesses clearly nonlinear underlying dynamics. These latter 

dynamics cannot be rendered linear by any external transformation but rather are intrinsically 

embedded in all scales of variability of the process. In this work, we generated multiplicative 

cascade series using the random wavelet cascade (RWC) model (e.g., Arneodo et al. 1997) 

parameterized by two coefficients: 1c  and 2c . These two parameters dictate how the energy 

breaks down from larger to smaller scales, i.e., they characterize the probability distribution of 

the multiplicative weights of the cascade generator. Here we set 1 0.7c  and 2 0.1c   on the 

basis of the results recently obtained by Singh et al. (2008). This study employed a wavelet-

based multifractal formalism and reported that the spectrum of scaling exponents of the same 

bed elevation fluctuation series analyzed here is well described by a quadratic model with 1c  

and 2c ranging in the intervals 0.53-0.76 and 0.06-0.14, respectively.   

For visual comparison, Fig. 3 shows the fluctuations (computed as first order differences) 

of the original bed elevation series at low discharge (Fig 3a), the generated fBm series with 

H =0.5 and the same standard deviation as the original series (Fig. 3b), the original bed 

elevation series at high discharge (Fig. 3c) and the generated RWC series (Fig. 3d) with 

1 0.7c  and 2 0.1c  . It is noted that there is much more “clustering” in the bed elevation series 

at high discharge than at low discharge which mathematically is depicted by the larger 

parameter 2c (0.1 at high discharge versus 0 at low discharge). More details of this multifractal 

analysis and interpretation of the parameters 1c  and 2c  can be found in Singh et al. (2008).   

The nonlinearity test described in section 3 was applied to these two generated series. As 

was expected, the results of the test shown in Figure 4 correctly depict the inherent linearity of 



the fractional Brownian motion series and the strong nonlinearity of the random wavelet 

cascade series. Comparison of Figs 4 and 2 gives more confidence to conclude the presence of 

linear underlying dynamics in gravel bed formation at low discharge conditions which 

progressively evolve to strongly nonlinear dynamics at high flow conditions (i.e., when the bed 

shear stress is well above the critical value for incipient motion of sediments). The complexity 

analysis to follow will shed more light to those conclusions.   

4.2 Complexity and predictability 

As discussed before, bed elevation fluctuations are known to exhibit multiple scales of 

variability (e.g., see Nikora and Walsh 2004; Singh et al. 2008) and thus the Finite Size 

Lyapunov Exponent (FSLE) approach is a more appropriate methodology for quantifying 

complexity, than is the standard maximum Lyapunov exponent analysis.   

The delay time and embedding dimension adopted in the analysis of the bed elevation 

series for low and high discharge were chosen to be (d = 10 and e = 3) following the mutual 

information and false nearest neighbor approaches, respectively (see Kantz and Schreiber, 

1997), and these algorithms were implemented using the TISEAN package (Hegger et al. 

1999).  Figure 5a displays the Lyapunov exponent for the two series as a function of the initial 

perturbation size mm while Figure 5b shows the predictability time pT  (in seconds) for 

the same two series as a function of the prescribed tolerance level   ( r  , where r is the 

threshold factor and is assumed to be as √2 in this work. (for more details about the threshold 

factor see Aurell et al. 1997).  

The following observations are worthwhile. First, from Figure 5b it is observed that the 

high-discharge bed elevation series is less predictable (more complex) than the series at low-

discharge. This is not surprising given the previous results which inferred a pronounced 



inherent nonlinearity in the high-discharge bed elevation series and simpler linear dynamics for 

the case of low discharge. It is also interesting to observe that for an initial error of 1mm   

(measurement precision) the predictability time associated to a tolerance level of the order of 

the coarser sediment grain size ( 84 23.07d mm  ) is of the order of 22 10  and 34 10   

seconds for high and low flow condition here examined, an information which can be used to 

assess the performance of mechanistic models of sediment transport. Second, from Figure 5a it 

is interesting to observe that for larger , the FSLE has a slope of -2.0, i.e., 2( )    , a 

behavior consistent with that of deterministic diffusion (e.g., Aurell et al. 1997). To verify this 

assertion, we generated a series of equal length to the bed elevation series, using the 1-D 

Lagrangian map 

 1 sin(2 )n n nx x a x     

which is a well-known model for deterministic diffusion, and performed the FSLE on this 

series. Figure 6 shows the theoretically expected behavior of the size-dependent Lyapunov 

exponent for this series, that is, ( ) const    for small values of , while 2( )     for larger 

values of . The similarity of this behavior to that of Figure 5a for the low-discharge bed 

elevation series is worth noting and calls for further exploration. 

It is encouraging that for the low-discharge series the linearity inference (Figure 2a), the 

similarity to a fBm with 0.5H =  (compare Figs. 3a,b and Fig 4a to Fig 2a), and the inference 

that the complexity of this series is similar to that of deterministic diffusion (compare Figs. 5a, 

6), are all consistent with each other. It is also encouraging that for the high-discharge 

elevation series, the presence of strong nonlinearity (Figure 2b), similar to that of a 

multiplicative cascade series (Figure 4b) and the higher complexity (lower predictability) of 

this series (Figure 5b), are consistent to each other and also consistent with the multifractal 



analysis results of this series in Singh et al. (2008). An interesting result is that the 

predictability time seems to follow a power law relationship with the tolerance level of 

prediction in both low and high discharge conditions, that is  

 pT   (1) 

where  is approximately 2 for low discharge and 1.25 for high discharge (directly quantifying 

the lesser degree of predictability of bed elevation series at high discharge). This relationship 

can be of practical significance (sets the upper limit of prediction) and should also be 

reproducible by mechanistic models of sediment entrainment and transport.   

5. Concluding Remarks 

The goal of this paper was to gain insight into the complexity of the processes governing 

the temporal evolution of gravel bed elevation by objectively analyzing series from a 

controlled experimental setting. Specifically, we analyzed bed elevation series under low and 

high discharge conditions (i.e., with a bed shear stress slightly higher or significantly higher 

that the critical value for incipient sediment motion) to quantify the presence of inherent 

nonlinearity and the degree of complexity (the higher the complexity the lesser the degree of 

predictability of the series). We used the phase-space transportation distance metric to quantify 

the presence of nonlinearity in the series and the Finite Size Lyapunov Exponent methodology 

to quantify complexity.   

Overall, our results indicate that under higher discharge conditions, the presence of 

bedforms and substantial bed variability at all scales (from grain size to well-formed dunes) 

leads to bed elevation series whose nonlinearity and complexity is demonstrably more 

pronounced compared to the bed elevation series under low discharge. For low discharge 

conditions, in the substantial absence of bedforms, the bed elevation series was found 



statistically indistinguishable from a series with linear underlying dynamics and also exhibiting 

a behavior similar to that of deterministic diffusion. Conversely, for high discharge conditions, 

the temporal evolution of bed elevation was clearly nonlinear and, in fact, it showed a behavior 

similar to that of a multiplicative cascade process, which is extensively used to model turbulent 

velocity fluctuations. Given that bedforms are shaped by the near-bed turbulence which is 

expected to posses nonlinear and multi-scale structure for both low and high discharge, the 

above results are not obvious. Instead, they highlight the complex interconnections between 

turbulent flow, sediment transport and bedforms and the need to analyze each series separately 

and in conjunction under different flow regimes to understand the effects of coupling and two-

way interactions.   

We consider this study as a first step towards a more comprehensive study aimed to: (a) 

understand the complex multiscale dynamics of bed elevation and the resulting sediment 

transport series; (b) make inferences about the inherent predictability, or expected upper limit 

to prediction, by any mechanistic model of sediment transport; and (c) parameterize this 

complexity in terms of macroscopic flow and sediment properties (e.g., mean bed shear stress, 

grain size distribution) to provide useful information for physical model development. 
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Figure 1. Bed elevation time series for a) low discharge (4300 l/s with mean,  = 27.38mm and 

variance, σ = 10.06mm) and c) high discharge (5500 l/s with mean,  = 185.51mm and variance, σ = 

66.61mm).  Surrogate series for b) low and d) high discharge.  Notice that although it is difficult to 

distinguish any difference between the original and the surrogate series, the surrogate series in high 

discharge has linear underlying dynamics while the original series is shown to be highly nonlinear 

(see Fig. 2). 
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Figure 2. Probability density function (pdf) of the transportation distances between the original 

series and the surrogates (broken lines), and among the surrogates (solid lines) for a) low discharge, 

and b) high discharge runs.  Notice the linear underlying dynamics in the case of low discharge 

(overlapping pdfs) and the nonlinear dynamics in the case of high discharge (distinct pdfs).   
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Figure 3.  Fluctuations (first order differences) of a) measured bed elevation series for low discharge 

(4300 l/s), b) generated fBm series (H = 0.5), c) measured bed elevation series for high discharge 

(5500 l/s), and d) generated Random Wavelet Cascade (RWC) series with parameters c1 = 0.7 and c2 

= 0.1.  
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Figure 4. Probability density function (pdf) of the transportation distances between the synthetically 

generated fractional Brownian motion series (fBm) with 0.5H  and the surrogates (broken lines) 

and among the surrogates (solid lines); b) same but for synthetically generated random wavelet 

cascade (RWC) series with 1 0.7c = and 2 0.1c = . The comparison clearly depicts the expected 

linearity of the fBm series (overlapping pdfs) and the inherent nonlinearity of the RWC series 

(distinct pdfs). Notice the similarity with the results of Fig 2 which display the same analysis for the 

original bed elevation series at low and high discharge conditions, respectively.  
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Figure 5. (a) Finite size Lyapunov exponent (FSLE)  ( )   as a function of perturbation δ for 

bed elevation at low discharge (○) and high discharge (□). The line of slope -2 (deterministic 

diffusive behavior) is also shown; (b) Predictability time pT , based on FSLE,  as a function of 

prediction error tolerance Δ for bed elevation at low discharge (○) and high discharge (□).  The 

initial perturbation was specified to be 1mm  .  
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Figure 6. FSLE for deterministic diffusion generated by the 1-D Lagrangian 

map 1 sin(2 )n n nx x a x   , with a = 0.8, corresponding to a diffusion coefficient 0.18.D   

 

 

 

 


