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Abstract

A framework for solving variationalproblemsand partial differential equationsthat de�ne maps
ontoa givengenericmanifoldis introducedin this paper. We discusstheframework for arbitrarytarget
manifolds,while the domainmanifold problemwas addressedin [3]. The key idea is to implicitly
representthetargetmanifoldasthe level-setof a higherdimensionalfunction,andthenimplementthe
equationsin theCartesiancoordinatesystemof this new embeddingfunction. In thecaseof variational
problem,we restrict the searchof the minimizing mapto the classof mapswhosetarget is the level-
set of interest. In the caseof partial differential equations,we implicitly representall the equation
characteristics.We thenobtaina setof equationsthatwhile de�ned on thewholeEuclideanspace,they
areintrinsic to the implicit targetmanifoldandmapinto it. This permitstheuseof classicalnumerical
techniquesin Cartesiangrids,regardlessof thegeometryof thetargetmanifold. Theextensionto open
surfacesandsubmanifoldsis addressedin thispaperaswell. In thelattercase,thesubmanifoldis de�ned
as the intersectionof two higherdimensionalsurfaces,andall the computationsarerestrictedto this
intersection.Examplesof theapplicationsof the framework heredescribedincludeharmonicmapsin
liquid crystals,wherethetargetmanifoldis anhypersphere;probabilitymaps,wherethetargetmanifold
is anhyperplane;chromaenhancement;texturemapping;andgeneralgeometricmappingbetweenhigh
dimensionalsurfaces.
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1 Intr oduction

In a numberof applicationsin mathematicalphysics,imageprocessing,computergraphics,andmedical
imaging,we have to solve variationalproblemsandpartialdifferentialequationsde�ned on a generalman-
ifold � (domainmanifold), mappingthedataontoanothergeneralmanifold � (target manifold). That is,
we dealwith mapsfrom � to � . Whenthesemanifoldsarefor examplethreedimensionalsurfaces,the
implementationof thecorrespondinggradientdescent�o w or thegivenPDE's is considerablyelaborated.
In [3] wehaveshown how to addressthisproblemfor generaldomainmanifolds,while restrictingthetarget
manifolds � to the trivial casesof the Euclideanspaceor hyper-spheres.The key ideawasto implicitly
representthedomainsurfaceasthe(zero)level-setof a higherdimensionalfunction � , andsolve thePDE
in theCartesiancoordinatesystemof thisnew embeddingfunction.Thetechniquewasjusti�ed anddemon-
stratedin [3]. It is thegoalof this paperto show how to work with generaltarget manifolds,andnot just
hyper-planesor hyper-spheresaspreviously reportedin the literature. Inspiredby [3], we alsoembedthe
target manifold � asthe (zero) level-setof a higherdimensionalfunction � . That is, whensolving the
gradientdescent�o w (or in general,the PDE),we guaranteethat the mapreceives its valueson the zero
level-setof � . The mapis de�ned on the whole space,althoughit never receives valuesoutsideof this
level-set. Examplesof applicationsof this framework includeharmonicmapsin liquid crystals(� is an
hypersphere)and3D surfacewarping[43]. In this lastcase,thebasicideais to �nd asmoothmapbetween
two given threedimensionalsurfaces.Due to the lack of the new frameworks introducedhereandin [3],
this problemis generallyaddressedin the literatureafteran intermediatemappingof thesurfacesonto the
planeis performed(seealso[25, 46]). With thesenovel frameworks, direct threedimensionalmapscan
becomputedwithout any intermediatemapping,therebyeliminatingtheir correspondinggeometricdistor-
tions [31]. For this application,as in [43], boundaryconditionsareneeded,andhow to addthemto the
frameworksintroducedhereandin [3] is addressedin [31].

To introducethe ideas,in this paperwe concentrateon �at domainmanifolds.� Whencombiningthis
framework with theresultson [3], we canof coursework with generaldomainsandthencompletelyavoid
otherpopularsurfacerepresentations,like triangulatedsurfaces. We arethenable to work with intrinsic
equations,in Euclideanspaceandwith classicalnumericson Cartesiangrids, regardlessof the geometry
of the involved domainandtargetmanifolds. In additionto presentingthegeneraltheory, we alsoaddress
the problemof target submanifoldsandopensurfaces. A numberof theoreticalresultscomplementthe
algorithmicframework heredescribed.

The implicit representationof surfaceshereintroducedfor solving variationalproblemsandPDE's is
inspiredin part by the level-setwork of OsherandSethian[33]. This work, and thosethat followed it,
showedthe importanceof embeddingdeformingsurfacesin higherdimensionalfunctions,obtainingmore
robustandaccuratenumericalalgorithms(andtopologicalfreedom).Notethatin contrastwith thelevel-set
approachof OsherandSethian,ourtargetmanifoldis �x ed,whatis “deforming” is thedatasetbeingmapped
ontoit.

Numericalschemesthatsolve gradientdescent�o ws andPDE's ontogenerictargetmanifolds� (and
spheresor surfacesin particular)will in generalmove thepointsoutsideof � dueto numericalerrors.The
pointswill thenneedto beprojectedback,� seefor example[1, 9] for thecaseof � beinga sphere(where
theprojectionis trivial, just a normalization).For generaltarget manifolds,this projectionmeansthat for
every point ���
	 �
� (� ��	 ��� ) we needto know the closestpoint to � in � . This meansknowing the

�

For completeness,we will presentthegeneralequationsfor bothgenericdomainandtargetmanifoldsat theendof thepaper.
Theseequationsareeasilyderivedfrom [3] andthework presentedin this paper.

�

For particular�at targetmanifoldsasthewholespace� ��� or asthosein [34], theprojectionis notneeded.Otherauthors,e.g.,
[6, 26], have avoidedtheprojectionstepfor particularcases,while in [48] theauthorsmodify thegivenvariationalformulationto
includetheprojectionstep.
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distancefrom every point � � 	 � � to � (or at leastall pointsin a bandof � ). This is nothingelsethanan
implicit representationof thetarget � , beingtheparticularembeddingadistancefunction.Thispresentsan
additionaljusti�cation for theframework hereintroduced.

In a numberof applications,the surfacesarealreadygiven in implicit form, e.g., [5], therefore,the
framework introducedin thispaperit is notonly simpleandrobust,but it is alsonaturalin thoseapplications.
On theotherhand,not all surfaces(manifolds)areoriginally representedin implicit form. Whenthetarget
manifold � is simple,like hyper-spheresin thecaseof liquid crystals,the implicitation processis trivial.
For genericsurfaces,we needto apply an algorithmthat transformsthe given explicit representationinto
animplicit one. Althoughthis is still a very active areaof research,many very goodalgorithmshave been
developed,e.g.,[14, 18, 27, 45].

2 The Framework

From now we assumethat the target manifold � is given as the zero level set of a higher dimensional
embedding�

�

	 � ��� 	 � , whichweconsiderto beadistancefunction(thismainlysimpli�es thenotation).
For the casewhere � is a surface in threedimensionalspacefor example, then �

�

	 �

�

�
	 � . We

alsoassumethatthedomainmanifold � is �at andopen(asmentionedin theintroduction,generaldomain
manifoldswereaddressedin [3]). Weillustratethebasicideaswith afunctionalfrom thetheoryof harmonic
maps.This is just a particularexample(anda very importantone),andfrom it will beclearhow thesame
argumentscan be appliedto any given variationalproblemand PDE. In particular, it can be appliedto
commonNavier-Stokes�o ws usedin brainwarping[31].

2.1 Variational Formulation

Wesearchfor necessaryconditionsfor thefunctional
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�5476 . Note that herewe arealreadyrestrictingthemapto be onto the zerolevel-set
of � , that is, ontothesurfaceof interest� (thetargetmanifold). This is whatpermitsusto work with the
embeddingfunction andthe whole space,while guaranteeingthat the mapwill alwaysbe onto the target
manifold,asdesired.We use

�

' to notethatfor themostgeneralcase,thefunctionis vectorial.Onceagain,
thisenergy will beusedthroughoutthispaperto exemplify our framework. It will beclearafterdeveloping
this examplethatthesameargumentswork for othervariationalformulations,aswell asfor genericPDE's
de�ned ontogenericsurfaces.
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With a bit of further simpleanalysiswe cancomputethe additionalderivative,
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Combiningtheabove computationsall togetherweobtain
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To concludewe put togetherthis lastexpressionwith (8), andaftersomealgebrawe obtainthat
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Theboundaryconditionis eliminatedsincethesupportof
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> is compactlyincludedin � . To eliminate
theadditionaltermfor anarbitrary

�

> we mustimpose

�

�


=<
�

���

0

�
�

�

�




�

B

�

�

�

�




�

B

�

�

�

�
�

0

�




1

�C4

� (12)

This givesthecorrespondingEuler-Lagrangefor thegivenvariationalproblem.Noteonceagainfrom
ourcomputationsthatin spitethatall theterms“li ve” in theEuclideanspaceembeddingthetargetmanifold,
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 will alwaysmapontothe level-setof interest,3
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� 476 , andtherefore,ontothesurfaceof interest.This
is guaranteedby this equation,no additionalcomputationsareneeded.This is thebeautyof theapproach,
while workingfreelyontheEuclideanspace(andthereforewith Cartesiannumerics),wecanguaranteethat
the equationsareintrinsic to the given surfacesof interest. We will further verify this in � 2.4 to help the
readerwith theintuition behindthis framework.
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2.2 Harmonic Maps

The expressionsderived in the previous sectionscomefrom the theoryof harmonicmaps,e.g.,[4, 7, 11,
13, 15, 16, 20,23, 35, 38, 39, 40]. In general,harmonicmapsarede�ned asmapsbetweentwo manifolds
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We have usedEinstein's summationhere,whererepeatedindicesindicatesummationwith respectto
this index, togetherwith the usualnotationfor tensors.
 Whenboth the domainandtarget manifoldsare
representedexplicitly, theclassicalcase,theEuler-Lagrangeequationcorrespondingto this energy is given
by (see[38])
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is theLaplace-Beltramioperator(reducedto the regularLaplacianfor thecaseof �at domain
manifolds)and 
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 . Notethatthe
�rst component,theLaplace-Beltrami,addressesthedomainmanifold,while thesecondtermaddressesthe
target manifold. By embeddingthe target manifold,we arechangingthe Christoffel symbols(expressing
themin implicit form, seebelow), � while thework in [3] changedtheotherterms,sincetheembeddingwas
doneto thedomainmanifold,see� 5.

As anexample,let's seewhathappenswith theaboveenergy for theEuclideancase.Sincebothmetrics
areproportionalto theidentity,
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& . Therefore,the energy de�ned in the previous caseis just a
particularcaseof harmonicmaps. In general,this energy canbe usedin problemssuchas color image
denoisingand directionsdenoising[40, 41], as a regularizationterm for ill-possedproblemsde�ned on
generalsurfaces[17], for generaldenoising[37, 44], for modelsof liquid crystals,andasa componentof a
systemfor surfacemappingandmatching[13, 31, 46].

2.2.1 An(other) Inf ormal Calculation

Wenow presentanadditionalcomputationthatconnectsin adeepwaytheimplicit frameworkwith harmonic
maps.We considertheharmonicenergy densitygiven in (14) for theplanardomainmanifoldcase( �
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Or alternatively, thesecondfundamentalform of thetargetmanifold.
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We know that ���
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2.3 The Mapping Flow

The PDE usedfor solving the harmonicenergy is given by its correspondinggradientdescent�o w. This
gradientdescentis givenby
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Theuseof Neumannboundaryconditionsneedsto bejusti�ed. In thescalarcase,onehastheevolution
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Since "$#&% all theeigenvaluesarepositive.
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TheNeumannboundaryconditionsfor thiscasearewrittenas
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�	�

1 one�nds thattheevolution equations(for smoothinitial data,
andat leastfor sometime)are(seealso[35])

�

�

:

�

�

�

�

:

�C4

(20)

with boundaryconditions

�

�

'
�

�C4 in
�

�

Againone�nds that �

�

�

0

B

�

8
1

�

���

is constant.
In the most generalcase,when the target manifold is arbitrary, one might guessthat the intrinsic

barycenter
 of themapis preservedthroughtime,sincethat's exactlywhattheparticularcasesgivenabove
show us.However, to thebestof ourknowledge,thereis notsucharesultin theliteratureof harmonicmaps,
andtheconservationof thebarycenteris only obtainedwhenconstraintsareadded.Theexamplesdiscussed
above still motivatetheuseof Neumannboundaryconditions.

2.4 SimpleVeri�cations

We now illustratethat the Euler-Lagrange(12), andits correspondinggradientdescent�o w (16), arethe
extensionfor implicit targetsof commonequationsderivedin theliteraturefor explicitly representedmani-
folds. Wealsoexplicitly show thatthe�o w equationguarantees,asexpectedfrom thederivationabove, that
if the initial datumis on thetargetmanifold, it will remainon it. We alsoexpressthesecondfundamental
form of amanifoldthatis implicitly represented.All theseresultswill helpto furtherillustratetheapproach
andverify its correctness.

�

The intrinsic barycenter� of themap  


�������� is de�ned by �

'����

�������

� �"!

�

�$#	%'&

�

!

�)(

#

 




�

"

  

&

" . See[10] for more
detailson thebarycenter.
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GeodesicsasHarmonic Maps

It is well known, see[15, 16, 36], that arc-lengthparameterizedgeodesicson the manifold � satisfythe
harmonicmapsPDE.If we assumeisotropicandhomogeneousmetricover � , we endup having that(arc-
lengthparameterized)geodesicsmustsatisfy

�

� <

0

�

���

� �

�

���

� �

0

�

1

�C4

� (21)

Liquid Crystals

Oneof the mostpopularexamplesof harmonicmapsis given whenthe target manifold � is an hyper-
sphere.That is, the mapis onto �

�

�

� . In this case,the embedding(signeddistance)function is simply
�

0

�

�

1

�

�

�

�

�

�

�

,
�

�

�
	 ��� . From this, � �

0

�

�

1

�

#

�

�

#

�

� and 0

0

�

0

�

�

1E1

, .

� �

'

+

�

#

�

�

�

�

'

�

+

�

#

�

�

� . We alsohave that

0

�

0

�




0

B 1E1

�

#

#

%

#&)��

�

#

#

%

#*)��
	

�

�

,/.

#

%

'

#&)��

#

%

+

#&)��

�

#

%

'

#&)��

#

%

+

#&)��




,




. , since �

�




�

�

�

. In addition, 


,

#

%

'

#*)��

� 4 , fact sim-

ply obtainedtakingderivativeswith respectto B

�

. We thenobtainthat #

%

'

#&)
�

#

%

+

#&)
�




,




.

�

!

#

%

'

#&)
�




,

,

�

� 4 , and

*

�

�

�

�

0

�

0

�




0

B
1E1

�

#

#

%

#*)
�

�

#

#

%

#&)
��	

�
*-,

�

!

#

%

'

#&)
�

,

�

�

�"!

#

%

0

B
1��

�

& . Therefore,thecorrespondingdiffusionequation
from (16) is

�

�




�

8

�

�

�


=<

�"!$#

%

�

�

&

�




which is exactly thewell known gradientdescent�o w for thiscase.

Mapping Restriction onto the Zero Level-Set

Wenow explicitly show thatif theinitial datumbelongsto thetargetsurfacegivenby thezerolevel-setof � ,
thenthesolutionto thediffusion�o w (16) alsobelongsto this level-set.This furthershows thecorrectness
of ourapproach.

We basicallyneedto show that �

0

�




0

B

�

8
1E1

� 4

�
�

B � �

���

8 �

4 . If theinitial datumis on 3
�

�H476 ,
thenthispropertyis truefor 8

�C4 . Let'sde�ne
�

0

B

�

8
1

�

�

0

�




0

B

�

8
1E1 . Then�

�

�

�

8

�

�
�

0

�




1�'

�

�




�

8

�

�

�




' �
�

0

�




1

<

�

� �

�

�

0

�

0

�




1

�

�

�




�

B

�

�

�

�




�

B

�

�

since� is adistancefunction. In addition, #��

#&)

'

�

�
�

0

�




1 '

#

#

%

#&)

'

, andthen

�

�

�

�

B

�

,

�
1

0

�

0

�




1

�

�




�

B

,

3

'

�

�




�

B

,

<

�
�

0

�




1 '

�

�

�




�

B

�

,

�

Addingon �

�

�

�

�����

�"� , it followsthat #��

#

:

�

���

, meaningthat
�

veri�es theheat�o w. In additionto this,
#��

#��

�

#

�

�

�

)

0

�

0

�




0

B

�

8
1E1E1 '

�

�

!

�

#

%

�
�

0

�




1�'
�

� 0

�
�

0

�




1E1

�

!$#

%

�

� 0

�
�

0

�




1E1

�

� � 4 , dueto theboundary
conditionson theevolutionof

�


 .
We have thenobtainedthat

�

veri�es theheat�o w with Neumannboundaryconditionsandwith zero
initial data.Fromtheuniquenessof thesolution,it follows that

�

0

B

�

8
1

�C4

�

B � �

�
�

8 �

4 .
�

All the calculationsthat follow don't take into accountthat � might fail to be differentiableat somepoints. This could be
addressedby a regularizationargument.
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SecondFundamentalForm for Implicit Surfaces

If wecomparethegradientdescent�o w (andEuler-Lagrangeequation)wehave obtainedwith theclassical
one from harmonicmaps,we seethat the main differenceis that the Christoffel symbolsof the target
manifold term appearingin the classicalformulationhasbeenreplacedby a new term that includesthe
Hessianof the embeddingfunction. We obtainedthis by �rst embeddingthe target manifold and then
restrictingthesearchfor theminimizing mapto theclassof mapsontothezerolevel-setof theembedding
function.Thisapproachcanbefollowedto applythis framework to any variationalproblem.Wenow show
how thesameequationcanbeobtainedby simply substitutingthesecondfundamentalform of theexplicit
targetmanifoldby thecorrespondingexpressionfor animplicit targetmanifold. This will illustratehow to
applyourframework to generalPDE's,notnecessarilygradientdescent�o w. Thebasicideais justto replace
all thePDEcomponentsconcerningthetargetmanifoldby their counterpartsfor implicit representations.

In [28] (page150)it is shown thatthescalarsecondfundamentalform � atapoint � of anhypersurface
�

canbewritten in theform
�

0

� 1

0

� ���

1

�

0

�

0

� 1

�

� ���H�

��� � �

�

for � , �

���

�

�

. Accordingto [28] (page139)thevectorialsecondfundamentalform is givenby

	 	

0

�
1

0

� ���

1

�

�

0

�
1

0

� ���

1

�
�

���
�

�

From(15)andwhatwehave just seenit is obviousthattheimplicit versionof theharmonicmapEuler-
Lagrangeis (12).

As statedbefore,and following the formulasabove, the implicit representationof the target surface
permitsthen to computethe secondfundamentalform usingdifferenceson Cartesiangrids, without the
needto developnew numericaltechniqueson polygonalgrids.

From the result just presented,in orderto transforma given PDE into its counterpartwhenthe target
manifoldis representedin implicit form, all whatneedsto bedoneis to re-writeall thecharacteristicsof the
PDE concerningthis target manifold in implicit form. For completeness,in Appendix1 we presentbasic
factson calculuson implicitly representedsurfaces.

2.5 Explicit Derivation of the Diffusion Flow

Herewe �rst proceedin a nä�ve way to obtainanequivalentformulationof thegradientdescent�o w that
will helpin thenumericalimplementation.We assumewehave a family 3

�




0

�

B

�

8
1

6

:

of mappingsfrom � to
� . For each8 we de�ne theharmonicenergy of amemberof thefamily as

�

0

8
1

�

�

�

���

�"!

#

%

�

#

)	�

:

�

�

�


�

B

We then�nd a variationof thefamily suchthat
�

0

8
1

decreases.To accomplishthis we formally differ-
entiatetheenergy with respectto 8 . A simplecomputationyields

�

�

0

8
1

�

�

�
�

�




:

'

�

�


 �

B

Now, since
�




0

�

B

�

8
1

� �

�

�

B ��� and �

8 of smoothexistence,onemusthave
�




:

0

�

B

�

8
1

���

#

%

�

#

)	�

:

�

� . An
appropriatechoicefor

�




:

wouldbe

�




:

� �

��


���




;��

(����

0

�

�




1
(22)
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sincethismakes
�

�

0

8 1

�

�

�

�

�

�




:

� �

�

B��

4 .
Theprojectionoperatorin (22),aswealreadyknow (seeAppendix1), canbeexpressedin averysimple

form using � (thesigneddistancefunctionto � ),

�

� 


�

�

0

�

�

1

�

�

�

�

�

�

' � �

0

� 1-� �

0

� 1

Now, it shouldhappenthat(22) is equivalentto (16). Weshow this in � 7.

2.6 Remarkson the Solutionsof the Diffusion Flow

Thewell posednessof thediffusionproblemwith Neumannboundaryconditionsis addressedin [22, 32],
wherethefollowing resultsareobtained,hereincludedfor completeness:

Theorem 1 For a given ?A@ mapping
�


 	 �

� � � � 	 ����� � with #

#

%��

#��

� 4 on
�

� and for every
�

< � �	�

0

� 1�
 � 


<

� there existsan � 9

4 (dependingon
�


 	 ) and a mapping
�


 �

� � � of class
�

�

�

0

� 


�

4

�

�

� �

	 ����� �

1
. � Moreover,

�


 is uniqueand ? @ exceptat thecorner
�

� 
 3

476 .

Theorem 2 Let 0

�

���

1 and 0

�

���

1 be compactRiemmanianManifolds with convex boundary. Let
�



�

� 


�

4

���

1

�
� bea maximalsolutionof thediffusionproblemwith initial valuea ? @ mapping

�



	 , �

	

with �

	

�

�

�

�

�	�


 	 �

�����
9

4 . Let >

� 	 � be such that �

���

�

�

���

�

� , � � and � �

4 such that all sectional
curvaturesof � are notgreaterthan �




. Then,

1. In thecase> <

���

	

9

4

(a) if � 9

4 then �

�

�

�

�

�����

0

�

<
�

�! 

��1 when>

F

�C4

�

�

�

�" 

�
when>

�-4

(b) if �

�-4 then �

�

<

� .

2. In thecase> <

���

	

�

4 , �

�

<

� .

3 Maps onto OpenSurfaces

Sofar, wehave only addressedthecasewhenthetargetsurfaceis closed(zerolevel-set).In this sectionwe
brie�y dealwith opensurfaces.We show thatwhenthefunction is evolving accordingto the�o w in � 2.3,

theset #

0

8
1

�

�

3

�




0

B

�

8
1

�

B � �

6 remainsinsidetheinitial convex-hull of #

	

�

�

3

�



	

0

B
1

�

B � �

6 , �

8 �

4 .
This propertyis basicallya consequenceof themaximumprinciple. Numerically, this might of coursebe
violateddueto numericalerrors,andwe will laterdiscusshow to correctfor thisaswell.

$&%

�

�

��')(

� *

#

"

% #

� �,+.-

�
 

is thespaceof functions/

�

'

�

� �0+.-

�

suchthatfor every
�

'

%

#�1&1&1 #

��2

% , 354�/ ' , 6

4 7�8 and
9

7

8

9

(

areall in
%

�
��'9(

� *

#

"

%

 

.
�

�

A solution  


 �

'9(

� *

#;:

 

� � of the diffusion problem is maximal if it cannotbe extendedto be a solution on
'<(

� *

#;:

2

"

 

for any " #=* or if :�'

20>

.
� �

�

�@?

4 standsfor theRicci curvaturetensorof
'

.
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3.1 Moti vation: The Planar Case

Assumethatthetargetmanifold � is �at, for example �

�

(we still assumethatthedomainmanifold � is

�at). Let
�




0

B

�

8 1
solve #

#

%

#

:

�

�

�


 for B � � and 8 �

4 , and #

#

%

#��

�

�

�

#

�

�54 . Let � be a convex setof �

�

with smoothboundary(thisguaranteesthatthedistancefunctionis alsosmoothalmosteverywhere,see[36]
for a formalstatement),and � thesigneddistancefunctionto this set(positive outsideandnegative inside).

De�ne �

0

B

�

8 1

�

�

�

0

�




0

B

�

8 1E1
. It thenimmediatelyfollows that #��

#

:

�

�

�

�

�

*

�

,

�

�

0��

0

#

#

%

#&) �

�

#

#

%

#&) �

1��

� � Since�

is convex, soit is � . Then,theHessianof � is positivesemi-de�nite, meaningthat #��

#

:

�

�

�

�

4 . Following
the scalarmaximumprinciple, ���
	

�

)��

�

�

:�


	��

�

0

B

�

8 1

�

���
	

�

)��

�

�

�

0

B

�

4

1 . If 3

�


 	

0

B 1

�

B ���

6��

� ,
which is equivalentto 4

���

0

�


 	

0

B 1E1

�

�

0

B

�

4

1
, weobtainthat �

0

B

�

8 1 �

4 , and
�




0

B

�

8 1 ��� , for all B � �

y 8 �

4 .

3.2 The GeneralCase

Themainresultpresentedbelow is from [22]. Wequoteit herefor completeness.�

�

Theorem 3 Let
�




0

B

�

8
1 bethesolutionof (16) at time 8 . Letusassumethat for 8 � � this solutionremains

smooth.Let 	

	

�

�



	

0

�
1
, and �

	 betheconvex hull of 	

	 . Thenfor 0

B

�

8
1

� � 


�

4

�

�

� ,
�




0

B

�

8
1

���

	 .

4 Maps onto Implicit Submanifolds

Herewepresentamodi�cation to thediffusion�o w previouslypresentedsuitedto diffusedatathatbelongs
to a certainsubmanifold# of �

�

3
�

� 476 . We specifythesubmanifoldby 3
�

� 476��

3
�

� 476 , where
we select �

�

	 ���
�

� to be the signedintrinsic (to � ) distancefunction to 3
�

� 476 , satisfying(see
Appendix1 for thenotation)

�

�

���

�

�

�

���

���

�

�

�

�

�

�
�

' �

�

�

�

(23)

In additionwe specifythecondition

�

0

�
1

�C4 for � �����

where

���

�

3
B � 	 �

�

�

B

�

�

< 


�
�

0

�
1

� with � � #

�$


� 	 �

6

is theconeintersecting3
�

�C476 at # anddirectorraysnormalalsoto 3
�

�C476 .
Thereasonfor specifyingthesubmanifoldthisway is thatwecannotproceedasbefore,simplyspecify-

ing thesubmanifoldasthezerolevel setof it' s Euclideandistancefunction. This is becausesuchfunction
wouldbesingularpreciselyontothesubmanifold.

As we show in Appendix1, theHessianof � , intrinsic to � evaluatedat thepoint � , andrestrictedto
�

�

� , canbewritten in theform

0

�

�

0

�
1

�

0��

0

�
1

�! 

0

�
1

0

�

0

�
1 (24)

where 

0

�
1

�

�

�

0

�
1 ' �

�

0

�
1
. Thisexpressionwill beusedbelow.

� �

Noteonceagainthatwe areomitting detailsregardingthecorrecthandlingof thedistancefunction,sinceit is noteverywhere
differentiable.However, by a regularizationargument,thesameconclusionholds.

�!�

Theproofof this resulthasa lot of interestin itself sinceit canbecarriedoutwithin theimplicit framework introducedin this
paper.
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4.1 The Minimization of the Functional

We now derive theEuler-Lagrangecorrespondingto this additionalmappingrestriction.For this,we usea
techniqueslightly differentthattheonein � 2.1.

Let usassumethat
�


 achievesa minimumof theenergy functional(1). We mustbuild a variationof
�




that belongsto # , the intersectionof the zerolevel-setsof two embeddingfunctions(andnot just of � as
before).It is clearthatonesuchvariationwould be

�

���

�����(0

�


=<��

�

�

1

We areinterestedonly on thosetermsof �

� �

��� � thatdo not vanishafterthe *

�

,

�

�

#

#&)

'

0��

1

�

�

�

�

�
	

operation,

namelythoselinearin � . Thereforewe only preserve thosetermsin
�

�	� whichareconstantor linearin � :

�

����


�


 <��

�

� 


�

� 0

�

�

1

Wewrite

�

�



�

�
0

�

�

1

� �

�



�

���-�
	��

3

�

�

�

0

�

�

' �

�

�

0

�




1E15�

�

�

0

�




1

6

�

�

�

�

0

�

�

' �

�

�

0

�




1E1-�

�

�

0

�




1

�

0

�

�

' �
�

0

�




1E1-�
�

0

�




1

where
�

�

�

0

�




1

�

�

�

0

�




1

�  

0

�




1��
�

0

�




1
is thegradientof � intrinsic to 3

�

�C476 .
In this waywe �nd that(up to a �rst orderin � ):

�

�D�

��� �



�

�	�


 �7<��

�

�

,

�

�

�




)

'

'

� �

�

)

'

�

�

�

)

'

' �

�

�

0

�




1 �

�

�

0

�




1
(25)

�

�

�

'

�

�

�

�

0

�




1

�

B

,

�

�

�

0

�




1

�

�

�

' �

�

�

0

�




1

�

�

�

�

0

�




1

�

B

,

�

�

�

)

'

' �
�

0

�




1 �
�

0

�




1

�

�

�

'

�

�
�

0

�




1

�

B

,

�
�

0

�




1

�

�

�

' �
�

0

�




1

�

�
�

0

�




1

�

B

,

�

Since�

0

�




1

�

�

0

�




1

�C4 , differentiatingwith respectto B

, weobtainthat �

�

0

�




1 '

�




)

'

�

�
�

0

�




1 '

�




)

'

�C4 ,
andtherefore

�

�

�

0

�




1 '

�




)

'

�C4

Theexpression(25)canbesimpli�ed to obtain

�

�D�

���D��


�

�	�


�� <��

�

�

,

�

�

�




)

'

'

�

�

�

)

'

�

�

�

' �

�

�

0

�




1

�

�

�

�

0

�




1

�

B

,

�

�

�

' �
�

0

�




1

�

�
�

0

�




1

�

B

,
�

Moreover, since

�

�

�

�

0

�




1

�

B

,

�

0��

�




)

'

�

�

 

�

B

,

0

�




1��
�

0

�




1

�  

0

�




1
0

�

�




)

'

wehave

�

�

�

�

0

�




1

�

B

,

'

�




)

'

�

0

�

�

�	�




)

'

�

�




)

'

�
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With all this in mindwe �nd that(again,up to �rst orderin � )

�

�D�

��� � 


�

�	�


�� <��

�

�

,

�

�

�




)

'

'

�

�

�

)

'

�

�

�

' �

�

�

0

�




1 0

�

�

�	�




)

'

�

�




)

'

�$�

�

�

' � �

0

�




1 0

�

0

�




1

�	�




)

'

�

�




)

'

���

Usingthis expression,after imposingthat #

#

�

�

�
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�D�

��� ���

�

� 4 for every
�

�

, we �nd thattheEuler-
Lagrangeis
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� �
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�C4

�
(26)

anexpressionutterlypredictable.

4.1.1 SimpleVeri�cation

As for the caseof closedmanifolds,we now verify that in fact the gradientdescentcorrespondingto the

Euler-Lagrange(26) keeps
�


 in 3
�

� 476 �

3
�

� 476 . We just needto show that
�

0

B

�

8
1

�

�

�

0
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8
1E1

and
�

0

B

�

8
1

�

�

�

0

�




0

B

�

8
1E1 arealwayszero.Theideais thesameweusedin � 2.4,it is enoughto show thatboth

�

and � satisfytheheatequationwith adiabaticboundaryconditions.

1. �

Wehave

�
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�
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�

since
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���
�

�
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�
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�
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and
�

:

�

���

2. �

Wehave
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� �
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�
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' �
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���

�

�

�

�

�

�

, theabove equationcontinuesas
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� �

�

�




�

B

�

�

�

�




�

B

�

� �
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�
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�
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� �
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�

�
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B

�

�

�
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�

B

�

� �

andthen
�

:

�

�

�

Finally, it is easyto seethatboth
�

and � satisfyNeumannboundaryconditions. Sinceat 8

� 4 both
functionsarezero,wemusthave thatthey areidenticallyzero.

5 Implicit Domain Manif oldsand � -Harmonic Maps

For completeness,we presentnow the formulascorrespondingto the casewhereboth the domainand
targetmanifoldsarerepresentedin implicit form (with the implicitizing functionsbeingthecorresponding
signeddistanceones).Deriving theseformulasis straightforwardusingtheframework herepresented,when
combinedwith thework in [3]. Wealsoshow thecorresponding�o ws for � -harmonicmaps.

5.1 � -Harmonic Maps

Westill assume� to beplanar. Theenergy density(2) (but nothedependenceof theenergy on its density)
is rede�nedasfollows. For every � �

�

�

� <

�
1

let

�

�

�	�


����

�

�

�

�"!
#

%

�

�

&

A simpleapplicationof variationalcalculusleadsto concludethat�



�




:

�

�

�

�

�

�

�

�

�

�

#

%

�

!

� '

!

0 �

�

�	�


��

1

�

�

�

�

!

�

#

%

, ,

(27)

Notethatif �



�

dif�culties areexpectedto arise,see[40] andthereferencestherein.

5.2 Generic (Implicit) Domain Manif olds

Let �

�

3
B � 	 ���

�

�

0

B
1

� 476 , where �

0

'21
is thesigneddistancefunction to � , thenthediffusion is

givenby:

�




:

�

� ' 


� ���

!

�

#

%

�

<

�
�

� �

�

�

0

�

�	�




)��

�

�




)��

�

0 � ���

1

�

�

.
/

�
� (28)

�
�

Thedivergenceoperatorconvention(for amatrix � ) wehaveusedis 3	� �

'�


3��

 

��


���

�

�

1&1 1

�

�

�

3��

 

��


���

, where  

��


'

standsfor

the
�

-th columnof � . Thatis, we applya columnwisedivergence.
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Thewholedeductionrestsupontherede�nition of theenergy (1) andits density(2). Now weshouldde�ne
theenergy densityto be

���

�	�


�� �

� �

� �"!

�

#

% �

�

&

wheretheintrinsic Jacobianof
�


 canbewrittenas(seeAppendix1 for moredetails)!

�

#

%

�

!$#

%

� ��� .
Thenew de�nition for theenergy shouldbe:� �

�
�	�


�� �

� ���

�

�

���

� �


��

�

0

�

0

B 1E1

�

B (29)

Comparingthiswith (15),we caninfer theimplicit form of theChristoffel symbols:� 



 �

, .

0

�




1

� �

� �

�




,

�




.

0

�




1

�

�

�




�

0

�




1

5.3 Generic (Implicit) Domain Manif old and � -Harmonic Maps

Usingbothgeneralizationpresentedabove,wearriveatthefollowing formulawith abit morecomputational
effort

�




:

�

�

�

�

�

�

�

�

�

�

#

%

�

!

� '

!

0 ���

�

�

�	�


 �

1

�

�

�

�

� ���

!

�

#

%

, ,

(30)

where

� �

�

�

�	�


����

�

�

�

�"!

�

#

%
�

�

&

6 Diffusion of Tangentand Normal Dir ections

Throughoutthissectionwewill assume�����

0

�
1

�

�����

0

�
1
. Assumewewantto diffuseintrinsicvectorial

dataconstrainedto be a direction(unit norm) andto be eithernormalor tangentto the domainmanifold.
We canthenminimize the functional(29) taking a variationof the form (assume

�


 minimizestheenergy
functionalwhile satisfyingboth �

�




�

�

�

and
�

0

�




1

�

�


 )

�


 �

0

B
1

�

�

�


 <��

�

0

�

�

1

�

�


 <��

�

0

�

�

1��

where
�

�

�

�
�

	 �
� is smoothand

�

is either �

�

;

�

or �

�

;

�

(projectiononto the tangentor normal
spacerespectively). Let

�

�

�

�

0

�

�

1 , thenit follows easilythat

�

���	�


 � �

�

8

�

�

�

�

�

�
	

�

�

�

�

�

�

3

�

�

�
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�

� �

�	�


��
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6

'

�

�

�

0

�

0

B
1E1

�

B

Imposing ���

�

#

%��
	

�

:

�

�

�

�

�
	

�C4 for all
�

implies

�

0

�

�

�


�<

�

� �

�	�


��

�




1

�

�

0

�

�

�




1

<

�

� �

�	�


��

�




�C4

� #

We have alreadytakeninto accountthat � 3
���

'

% .
� !

Of course
�

'

+ '

�������
 

'

+

�

'

���
�

'

+

 

. Then,it is niceto observe(althoughformally incorrect)thatsince
�����

3
�

'

* , thenthe

metric
�

�

� �
�

�

� �
��� �

haseigenvalue
20>

in thedirectiongivenby 3
� thusprohibitinginterminglingof informationbetween
adjacentlevel setsof � .
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Finally, thediffusion�o w obtainedis

�

�




�

8
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8 1

�

�

)

0

�

�
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0

B

�

8 1E1
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���

�	�


��

0

B

�

8 1

�




0

B

�

8 1
(31)

Note that if the PDE (31) admitsa smoothsolutionuntil time � , andif (for instance)we aredealing

with tangentdirectionsdiffusion,thefunction �

0

B

�

8 1

�

�

� �

0

B 1 '

�




0

B

�

8 1 satis�es �

:

0
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�

8 1

�

�

� �
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�

0
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�

8 1 .
Therefore
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�

�
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�
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:

�

�

:

thusverifying that if
� �
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� 4 then
� �
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8 1

� 4 for 8 � � . We alsowant to check
whether �
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8 1 . Let
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�
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�
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�

B . Sinceboth
�
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�
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� �


��

0

8
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non-positive wechoose
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4 .

Note that theabove evolution indeedforces
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8
1 to satisfyboth imposedconditions.Let
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	 � �
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'
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�C4 , since
theprojectionmatrix is symmetric,andjust usingthis we have
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#
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����� � 4

trivially. Finally, using
�

�




�

�

�

andcarryingout somecomputationsin a way similar to � 7 below, � 
 one
canprove that(32) reducesto (31).

7 Numerical Implementation

Wenow discussthenumericalimplementationof the�o wspreviously introduced.Sincethetargetmanifold
is now implicitly represented,we canbasicallyuseclassicalnumericaltechniqueson Cartesiangrids. Al-
thoughaswehaveshown, the�o wsguaranteethatthemapremainsonthetarget(sub-)manifold,numerical
errorscanmove it away from it, requiringasimpleprojectionstep.

Whendealingwith submanifolds,althoughtheevolution equationsalsoguaranteethatthesolutionwill
remaininsidetheconvex hull, onceagainduetonumericaldiscretization

�


 couldbetakenoutsideof it during
theevolution. In orderto numericallyprojectit back,weneedto haveadistancefunctionto thisconvex hull
de�ned on the implicitly de�ned targetmanifold. In [30] we have shown how to computationallyoptimal
computesucha distancefunction on implicitly de�ned manifolds,andthis is the techniqueusedfor this
projectioninto theconvex hull.

An explicit schemecanbedevisedto implement(28). However it turnsout that it is moreconvenient
to implementa mathematicallyequivalentevolution, asshown in [12]. More speci�cally, the equivalent
evolution is

�




�

8

�

�


 �

0

�




' �
�

1 �
� (33)

Thatbothevolutionsareequivalentis easyto see,andweshow thisnext.
�

�

Themaindifferenceis thatnow onemusttake into accounttheLaplace-Beltramiexpressed“implicitly ,” seeAppendix1 for
moredetailson intrinsic differentialoperatorswithin theimplicit framework.
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One hasthat �
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� 4
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 	 � ���
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476 for
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'21 satisfying(16). Now,
differentiating� with respectto B

, we obtain

� �
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Differentiatingagainwith respectto B
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Summingfor all � ,
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� �
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�$<
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�H4

andusingthepreviousexpressionwe derive (33) from (16).

7.1 Numerical Scheme

All the codingwasdoneusingFlujos as the main core(see[19]) andVTK (see[49]) for visualization
purposes.All the examplesbelow werecarriedbasedin equation(30). Its numericalimplementationis
straightforward (at leastwhen �

�

�

). We usedforward time discretization(explicit scheme),andfor the
spatialdiscretization,we usedthefollowing well known recipe.To spatiallydiscretize

�
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0�� 0

B
1 �
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0
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�

8
1E1 (34)

( � 0

B
1

is asymmetricpositivesemi-de�nitematrix),weconsiderbackward approximationof thedivergence
anda forward approximationof thegradient.Let'sexplainhow thisappliesin oursituation,andfor thatwe
assume�

�

�

in (30). Thentheequationwehave to implementis
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� �
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If wedon't take into accounttheouterprojectionmatrix,everycoordinateof
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 evolvesaccordingto
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�

having for eachcomponentthe samestructurethanthe modelevolution (34). We thenborrow the above
discretizationfor ourevolution. If weconsiderthecouplingamongdifferent 


,

's imposedby theprojection
matrix �

�

�

���

� , weseethatwestill preserve numericalstabilitysincethismatrix is positivesemide�niteand
hasspectralradiusnotgreaterthan

�

. � � In moredetail,it canbeshown aftersomecalculations(see[21, 42])
thatfor thescheme(� now denotesapositionover thegrid)
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thestability conditionis of theform ( �
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� �

Notethat �  
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�����

�  

��#

 

� % '
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�

�

�����

3 � �) 

�

� ���

* for all  

� . We have usedthat � is a distancefunction.
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where � 0

�

0

� 1E1
standsfor the spectralradiusof the matrix �
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, �
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1E1 . In our casewe may admit �

0

'21 to be small comparedwith
�

0

'21
(giventheidenti�cation

� 


����� ) when
�

B is small. This canbeeasilyrelatedto thecurvaturesof
3 �

��476 giving aconditionon thesamplingof thedistancefunction( � ) representingthedomainmanifold.
This conditionmainly meansthatwe requirea �ne enoughsamplingasto guaranteethatthechangein the
normalsto thelevel surfacesof � is smallbetweenadjacentgrid points.Thisconditionis obviatedwhenthe
domainmanifoldis planar. Sothestability conditionbecomes

�

�

�

���
	

%

� 0

�

0




1E1 � �
	

�

�

0

� 1

Sinceby Cauchy-Schwartz's inequality(andtheaforementionedassumptionon thechangeof � � between
adjacentgrid points)

�

� (in practise)upper-bounds�

0

� 1
, rememberingthefactthat � 0

�

0

� 1E1 �

�

, wearrive
at �

�

�

� �

. Note that if a morecarefulimplementationis desired,goodchoicesareADI or AOSschemes,
see[50].

All derivatives in �

�

�

� �

� and �

���

���

� were approximatedby central differences. An interpolation
schemehad to be usedsincethe evaluationsof �

�

�

� �

� in the above equationare at positionsgiven by
�




0

B

�

8
1
, positionsnotnecessarilyon theunderlyinggrid. Weusedlinearinterpolationfor thispurpose.

Notethatasdonein [3], whenthedomainmanifoldis alsoimplicitly represented,thevaluesof themap
on it areperiodicallyextendedto its surroundingoffsetdueto stability considerations.Also, asexplained
before,dueto numericaldiscretization,thediscretelycomputedsolutionmapcanbetakenout of thetarget
manifold during the evolution. In this paper, we simply project it backat every iteration. We have seen
that this projectionis a trivial stepdue to the fact that the embeddingis a distancefunction. It is quite
straightforwardto show thattheresultsreportedin [1] canbeextendedfor ourequationsaswell, at leastfor
convex hyper-surfaces.

7.2 Numerical Examples

In all theexamplesbelow, thedomainmanifold � is eithertheEuclideanspace	 �
� or an implicit torus.

Thetargetmanifold � is an implicit surfacein 	 �

�

, that is, thezerolevel-setof �

�

	 �

�

�
	 � , � beinga

signeddistancefunction(this is of coursealsothecasewhenthesurfaceis asphere,� beingasin � 2.4).
In orderto presentinterestingexampleswe constructtexturemaps,addnoiseto them,andthendiffuse

themusingour framework. Let
�

bethesurfaceontowhichwewantto mapagiven(planar)imagede�ned
in a subset�

� 	 �
� . Thenthetexture papis a map
�

�

�

�

�

� . Oncethemapis known, we invertedit to
�nd amap

�



	 �
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. Then,we built up thenoisymap
�
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de�ned by
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where
�

�

�
�

�

�

is randommapwith smallprescribedpower � . We thenfeedtheevolution (16)with
�


 as
initial condition,andNeumannboundaryconditions.After a certainnumberof stepswestoptheevolution,
invert theresultingmap,anduseit asa texturemapto paintthesurfacewith acertaintexture.�

�

As a meansof �nding a suitable
�

� we have extendedthe work in [47] (a multidimensionalscaling
approach),combinedwith the techniquedevelopedin [30] for computingdistanceson implicit surfaces.

� $

Notethatwe arenotproposingthisasa completetexturemappingalternative, it is just to provide anillustrativeexample.
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Figure1: Diffusionof a noisytexturemap(left) ontoanimplicit sphere(right). (Thisis a color �gur e.)

In all thestepsjust describedtherearesomeminor implementationdetails,mainly regardinginterpolation
tasks,thatwe omit for thesake of clarity.

In Figures1, 2 and3 we thendenoisevectorsfrom the plane 	 � � to a 3D surfacede�ned asthe zero
level-setof �

�

	 �

�

�
	 � andmapatextureimageto thesurfaceusingtheobtainedmap.Notethatthemap

is theonebeingprocessed,not theimageitself.
We alsoshow an exampleof diffusion of randommapsfrom an implicit torus to the implicit bunny

model,seeFigure4. As expectedfrom the theory, whenevolving this setwith theharmonic�o w, theset
convergesto auniquepoint.

8 Conclusions

In this paperwe have shown how to implementvariationalproblemsandpartialdifferentialequationsonto
generaltarget surfaces.We have alsoaddressedthe caseof opentarget surfacesandsub-manifolds.The
key conceptis to representthe target (sub-)manifoldsin implicit form, andthenimplementthe equations
in the correspondingembeddingspace.This framework completesthe work with generaldomainmani-
folds reportedin [3], therebyproviding a completesolutionto the computationof mapsbetweengeneric
manifolds.
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Figure2: Diffusionof a noisy texturemapontoan implicit teapot.We show two differentviews (noisyon the top
andregularizedon thebottom).(Thisis a color �gur e.)
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Figure3: Diffusionof a texturemapfor animplicit teapot(noisyon hetop andregularizedon thebottom).A chess
boardtextureis mapped.(Thisis a color �gur e.)
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Figure4: Diffusionof a randommapfrom an implicit torusto the implicit bunny. In bluearemarkedthosepoints
of thebunny'ssurfacepointedby themapat every instant.Different�gures correspondto increasinginstancesof the
evolution, from top to bottomandleft to tight. We show themapat ��� of ����� iterationsperformedto theinitial map
with a timestepof � ��� . We usedthe � -harmonicheat�o w with adiabaticconditions.(Thisis a color �gur e.)
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Appendix 1: Implicit Calculus

We now presentbasicfactsaboutdifferentialcalculuson implicitly representedsurfaces.For moreinfor-
mationseefor example[2, 8, 29].

Wehave a smoothscalarfunction �
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	 � �(� 	 �
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��476 ,
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'21
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Implicit Laplacian

Fromthepreviouscomputationit' s aneasyexerciseto computetheimplicit Laplacianor Laplace-Beltrami
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Vector Calculus
� Implicit Jacobian: With theideasdevelopedbefore,weeasily�nd (differentiating
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