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Abstract

A framawork for solving variational problemsand partial differential equationsthat de ne maps
ontoa givengenericmanifoldis introducedn this paper We discusghe frameawork for arbitrarytarget
manifolds, while the domain manifold problemwas addressedn [3]. The key ideais to implicitly
representhe target manifold asthe level-setof a higherdimensionafunction,andthenimplementthe
equationsn the Cartesiarcoordinatesystemof this nev embeddingunction. In the caseof variational
problem,we restrictthe searchof the minimizing mapto the classof mapswhosetargetis the level-
setof interest. In the caseof partial differential equationswe implicitly represenll the equation
characteristicsWe thenobtaina setof equationghatwhile de ned onthe whole Euclideanspacethey
areintrinsic to the implicit targetmanifoldandmapinto it. This permitsthe useof classicalnumerical
techniquesn Cartesiargrids, regardlesof the geometryof the targetmanifold. The extensionto open
surfacesandsubmanifoldss addresseih this paperaswell. In thelattercasethesubmanifolds de ned
asthe intersectionof two higher dimensionalsurfaces,and all the computationsare restrictedto this
intersection.Examplesof the applicationsof the framavork heredescribednclude harmonicmapsin
liquid crystalswherethetargetmanifoldis anhypersphereprobabilitymaps wherethetargetmanifold
is anhyperplanechromaenhancementgxture mapping;andgeneralgeometriomappingbetweerhigh
dimensionakurfaces.
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1 Intr oduction

In a numberof applicationsin mathematicaphysics,imageprocessingcomputergraphics,and medical
imaging,we have to solve variationalproblemsandpartial differentialequationsle ned on ageneralman-
ifold (domainmanifold, mappingthe dataontoanothergeneraimanifold  (target manifold. Thatis,
we dealwith mapsfrom  to . Whenthesemanifoldsarefor examplethreedimensionakurfacesthe
implementatiorof the correspondingradientdescento w or the given PDE's is considerablyelaborated.
In [3] we have shavn how to addresshis problemfor generadomainmanifolds,while restrictingthetarget
manifolds to thetrivial casesf the Euclideanspaceor hyperspheres.The key ideawasto implicitly
representhe domainsuriaceasthe (zero)level-setof a higherdimensionafunction , andsolve the PDE
in the Cartesiarcoordinatesystenof this new embeddindunction. Thetechniquevasjusti ed anddemon-
stratedin [3]. It is the goal of this paperto shav how to work with generaltarget manifolds,andnot just
hyperplanesor hyperspheresaspreviously reportedin the literature. Inspiredby [3], we alsoembedthe
taget manifold  asthe (zero)level-setof a higherdimensionalfunction . Thatis, whensolving the
gradientdescento w (or in generalthe PDE), we guaranteg¢hatthe maprecevesits valueson the zero
level-setof . The mapis de ned on the whole space althoughit never receves valuesoutsideof this
level-set. Examplesof applicationsof this framewvork include harmonicmapsin liquid crystals( is an
hypersphereand3D surfacewarping[43]. In this lastcasethebasicideaisto nd asmoothmapbetween
two given threedimensionakurfaces. Dueto the lack of the new frameworks introducedhereandin [3],
this problemis generallyaddresseéh theliteratureafter anintermediatanappingof the surfacesontothe
planeis performed(seealso[25, 46]). With thesenovel framewnorks, direct threedimensionaimapscan
be computedwithout ary intermediatenapping therebyeliminatingtheir correspondinggeometricdistor
tions[31]. For this application,asin [43], boundaryconditionsare neededandhow to addthemto the
framevorksintroducechereandin [3] is addresseth [31].

To introducethe ideas,in this paperwe concentrateon at domainmanifolds. Whencombiningthis
framework with the resultson[3], we canof coursework with generaldomainsandthencompletelyavoid
other popularsurfacerepresentationdik e triangulatedsurfaces. We arethenable to work with intrinsic
equationsjn Euclideanspaceandwith classicalnumericson Cartesiargrids, regardlessof the geometry
of theinvolved domainandtamget manifolds. In additionto presentinghe generaltheory we alsoaddress
the problemof tamget submanifoldsand opensurfaces. A numberof theoreticalresultscomplementhe
algorithmicframenork heredescribed.

Theimplicit representationf suriaceshereintroducedfor solving variationalproblemsand PDE's is
inspiredin part by the level-setwork of Osherand Sethian[33]. This work, andthosethat followed it,
shavedtheimportanceof embeddingleformingsurfacesin higherdimensionafunctions,obtainingmore
robustandaccuratenumericalalgorithms(andtopologicalfreedom).Notethatin contrastwith thelevel-set
approactof OsherandSethianpurtargetmanifoldis x ed,whatis “deforming”is thedatasebeingmapped
ontoit.

Numericalschemeshat solve gradientdescento ws and PDE's onto generictamget manifolds  (and
sphereor surfacesin particular)will in generaimove the pointsoutsideof  dueto numericalerrors.The
pointswill thenneedto be projectedback, seefor example[l, 9] for thecaseof  beingasphergwhere
the projectionis trivial, just a normalization).For generaltarget manifolds,this projectionmeansthat for
every point ( ) we needto know the closestpointto in . This meansknowing the

For completenessye will presenthe generalequationsor both genericdomainandtargetmanifoldsat the endof the paper
Theseequationsareeasilyderivedfrom [3] andthework presentedh this paper

For particular at targetmanifoldsasthewholespace  or asthosein [34], the projectionis notneededOtherauthorse.g.,
[6, 26], have avoidedthe projectionstepfor particularcaseswhile in [48] the authorsmodify the givenvariationalformulationto
includethe projectionstep.



distancefrom every point to (oratleastall pointsin abandof ). Thisis nothingelsethanan
implicit representatioof thetamget , beingthe particularembedding distancdunction. This present&n
additionaljusti cation for theframework hereintroduced.

In a numberof applications the surfacesare alreadygiven in implicit form, e.g.,[5], therefore,the
frameawork introducedn this papelit is notonly simpleandrobust,butit is alsonaturalin thoseapplications.
Ontheotherhand,not all surfaces(manifolds)areoriginally representech implicit form. Whenthetarget
manifold is simple,like hyperspheresn the caseof liquid crystals,the implicitation processs trivial.
For genericsurfaces,we needto apply an algorithmthat transformsthe given explicit representatioimto
animplicit one. Althoughthisis still avery actve areaof researchmary very goodalgorithmshave been
developede.qg.,[14, 18, 27, 45].

2 The Framework

From now we assumehat the target manifold  is given asthe zerolevel setof a higherdimensional
embedding , whichwe considetto be a distancgunction(this mainly simpli es the notation).
For the casewhere is a surfacein three dimensionalspacefor example,then . We
alsoassuméhatthedomainmanifold is at andopen(asmentionedn theintroduction,generadomain
manifoldswereaddresseth [3]). We llustratethe basicideaswith afunctionalfrom thetheoryof harmonic
maps.This s just a particularexample(anda very importantone),andfrom it will be clearhow the same
argumentscan be appliedto ary given variationalproblemand PDE. In particular it canbe appliedto

commonNavier-Stokes o ws usedin brainwarping[31].

2.1 Variational Formulation

We searchfor necessargonditionsfor thefunctional , de ned by
1)
where
- (2)
to achieve a minimum. Here, is the norm of Frobeniusand is the Jacobiarof the
map . Note that herewe are alreadyrestrictingthe mapto be onto the zerolevel-set

of ,thatis, ontothe surfaceof interest (thetamgetmanifold). This is what permitsusto work with the
embeddindgunction andthe whole spacewhile guaranteeinghatthe mapwill alwaysbe onto the target
manifold,asdesired.We use to notethatfor the mostgeneralkase the functionis vectorial. Onceagain,
thisenegy will beusedthroughouthis paperto exemplify our framework. It will be clearafterdeveloping
this examplethatthe sameargumentswork for othervariationalformulations,aswell asfor genericPDE's
de ned ontogenericsurfaces.

Assumethat is amapminimizing . Given , We constructthevariation
where is acompactmap in . Foranarbitrary , we will in generalnot obtainthat
, thatis, . Thereforethis variationis notadmissible On the otherhand,we canfrom

it constructanadmissiblevariationvia



where is the projectionopemtor onto . Notethatsince is asigned
distanceunction,we cansimply write this projectionoperatoronto as

Let'snow de ne

Sincetheenegy achievesa minimumfor ,

Let's computethis rst variation.We have that

— 3)
Moreover(  standdor theHessiarof ),
— — — — — @
andwe obsenre that
since . We canfurthersimplify this observingthat e —. Therefore,
— — (5)

With a bit of further simple analysiswe can computethe additionalderiative, .
This changean the orderof derivativesis donein orderto immediatelyevaluatethe resultat , thereby
simplifying thefollowing derivative. Following in ansimilar form, we obtain

- (6)

and

— (7)



Combiningthe abore computationsll togethemwe obtain

(8)
Following from (3) we have that
— 9)
Now, applyingthe divergencetheoremwe concludethe computationWe rst write
andthenapplythefact , togethemwith the divergencetheoremto obtain
( standdor the outward unit normalto
_ — (20)

To concludewe put togetherthis last expressionwith (8), andafter somealgebrawe obtainthat is
equalto

— — (11)

Theboundaryconditionis eliminatedsincethe supportof is compactlyincludedin . To eliminate
theadditionaltermfor anarbitrary we mustimpose

— — 12)

This givesthe correspondindeulerLagrangefor the given variationalproblem. Note onceagainfrom
ourcomputationghatin spitethatall theterms®li ve” in the Euclidearspaceembeddinghetargetmanifold,
will alwaysmapontothe level-setof interest, , andthereforeontothe surfaceof interest. This
is guaranteedby this equationno additionalcomputationsreneeded.This is the beautyof the approach,
while working freely onthe Euclideanspacgandthereforewith Cartesiamumerics)we canguarante¢hat
the equationsareintrinsic to the given surfacesof interest. We will furtherverify thisin 2.4 to helpthe
reademwith theintuition behindthis framework.

We have usedasbeforethe notation



2.2 Harmonic Maps

The expressionglerived in the previous sectionscomefrom the theory of harmonicmaps,e.g.,[4, 7, 11,
13, 15, 16, 20, 23, 35, 38, 39, 40]. In generalharmonicmapsarede ned asmapsbetweertwo manifolds
and minimizingtheenegy

(13)

wherein local coordinatesheenegy density s givenby

- — (14)

We have usedEinsteins summationhere,whererepeatedndicesindicatesummationwith respectto
this index, togetherwith the usualnotationfor tensors. Whenboththe domainandtarget manifoldsare
representedxplicitly, the classicalkcasethe EulerLagrangeequationcorrespondingo this enegy is given
by (see[38])

— (15)
where is the Laplace-Beltrambperator(reducedo the regular Laplacianfor the caseof at domain
manifolds)and standdor the Christofel symbolsof thetagetmanifoldevaluatedat . Notethatthe

rst componentthe Laplace-Beltramiaddressethe domainmanifold,while thesecondermaddressethe
taiget manifold. By embeddinghe taget manifold, we are changingthe Christofel symbols(expressing
themin implicit form, seebelav), while thework in [3] changedhe otherterms,sincetheembeddingvas
doneto thedomainmanifold,see 5.

As anexample let's seewhathappensvith theabore enegy for the Euclideancase.Sincebothmetrics
areproportionalto theidentity,

which is just a constantmultiplying . Therefore the enegy de ned in the previous caseis just a
particularcaseof harmonicmaps. In general,this enegy canbe usedin problemssuchas color image
denoisingand directionsdenoising[40, 41], asa regularizationterm for ill-possedproblemsde ned on
generakuriaceq17], for generaldenoising 37, 44], for modelsof liquid crystals,andasa componentf a
systenfor surfacemappingandmatching[13, 31, 46].

2.2.1 An(other) Informal Calculation

Wenow presentainadditionalcomputatiorthatconnectsn adeepwaytheimplicit framevork with harmonic
maps. We considerthe harmonicenegy densitygivenin (14) for the planardomainmanifold case(
). We cansimplify thingsto obtain

Or alternatiely, the secondundamentaform of thetargetmanifold.



We know that canbethoughtof asthe inverseof the tamget manifold's metric

tensor But since is a zeroeigemwalue eigervectorfor , it will bea eigemwalueeigervectorfor
. Then,we cant usethe identi cation in the above expressionfor the enegy
density However, we canproceedasfollows. Take andde ne themetric

onecanthencomputetheinverseas(it's anelementaryformula,seefor example[24])

Theenegy densitycanberewritten as(we will useasubinde )

After computingthevariationalderivative for thefunctional weobtainthat mustsatisfy

By multiplying all thetermsin theabove equatiorby andletting we nd thattheexpression
betweerbracletsmustvanish.As we will seein 2.4,what's betweerbracletsis nothingbut where
. So isaharmonicfunctionin . It is alsoevidentthat satis esDirichlet boundary

conditionsif does,andsincewe aretrying to mapthingsfrom  to , thoseboundaryconditionsfor
mustbe suchthat for , SO . Thenwe concludethat mustbe zero

everywheren

2.3 The Mapping Flow

The PDE usedfor solving the harmonicenegy is given by its correspondingyradientdescento w. This
gradientdescents givenby

_ —_— — (16)

wheretheinitial datum is givenby thevector eld wewantto processtogethewith Neumanrboundary
conditions:

17)

Theuseof Neumanrboundaryconditionsneeddo bejusti ed. In the scalarcase pnehastheevolution
problem

(18)

Since all the eigervaluesarepositive.



We obsere thatthe quantity remainsconstant,

therebyimposingtheboundaryconditions.

Onewonderswhich quantityis presered thru time by the o w in the generalcase whenimposingthe
boundarycondition(17). We illustratethis for the particularcaseof . In this case the evolution
equationsaregivenby (seealso 2.4below)

(19)
TheNeumanrboundaryconditionsfor this casearewrittenas
in
Transformingto polarcoordinates one nds thatthe evolution equationgfor smoothinitial data,
andatleastfor sometime) are(seealso[35])
(20)

with boundaryconditions

Againone nds that is constant

In the most generalcase,when the target manifold is arbitrary one might guessthat the intrinsic
barycenter of themapis preseredthroughtime, sincethat's exactly whatthe particularcasegjivenabore
shawv us. However, to the bestof our knowledge thereis notsucharesultin theliteratureof harmonicmaps,
andtheconserationof thebarycenters only obtainedvhenconstraintareadded.Theexamplesdiscussed
above still motivatethe useof Neumanrboundaryconditions.

2.4 Simple Veri cations

We now illustratethat the EulerLagrange(12), andits correspondingyradientdescento w (16), arethe

extensionfor implicit targetsof commonequationglerivedin theliteraturefor explicitly representedhani-

folds. We alsoexplicitly shav thatthe o w equationguaranteegsexpectedrom thederivationabove, that

if theinitial datumis on thetarget manifold, it will remainonit. We alsoexpressthe secondundamental
form of amanifoldthatis implicitly representedAll theseresultswill helpto furtherillustratetheapproach
andverify its correctness.

Theintrinsic barycenter of themap is de ned by - . See[10] for more
detailsonthe barycenter



GeodesicasHarmonic Maps

It is well known, see[15, 16, 36], thatarc-lengthparameterizegieodesicon the manifold  satisfythe
harmonicmapsPDE. If we assumasotropicandhomogeneoumetricover , we endup having that(arc-
lengthparameterizedjeodesicenustsatisfy

(21)

Liquid Crystals

One of the mostpopularexamplesof harmonicmapsis given whenthe tamget manifold  is an hyper

sphere. Thatis, the mapis onto . In this casethe embedding(signeddistance)functionis simply
, . Fromthis, — and — ——. Wealsohave that

_— _— , since . In addition, — , fact sim-

ply obtainedtakingderivativeswith respecto . We thenobtainthat — — — , and

_ — . Thereforethecorrespondingliffusionequation
from (16)is

whichis exactly thewell known gradientdescento w for this case.

Mapping Restriction onto the Zero Level-Set

We now explicitly shaw thatif theinitial datumbelonggo thetargetsurfacegivenby thezerolevel-setof
thenthe solutionto thediffusion o w (16) alsobelongsto this level-set. This further shavs the correctness
of ourapproach.

We basicallyneedto shav that . If theinitial datumis on ,
thenthis propertyis truefor . Let'sde ne . Then
since is adistancefunction. In addition, — —, andthen

Addingon , it follows that — , meaninghat veri es theheat o w. In additionto this,
— , dueto theboundary

conditionson the evolution of

We have thenobtainedthat veri es the heat o w with Neumanrboundaryconditionsandwith zero
initial data.Fromthe uniguenessf the solution,it follows that

All the calculationsthat follow don't take into accountthat might fail to be differentiableat somepoints. This could be
addressedly aregularizationargument.



SecondFundamental Form for Implicit Surfaces

If we comparahegradientdescento w (andEulerLagrangesquation)we have obtainedwith the classical
one from harmonicmaps,we seethat the main differenceis that the Christofel symbolsof the tamget
manifold term appearingn the classicalformulation hasbeenreplacedby a newv term that includesthe
Hessianof the embeddingfunction. We obtainedthis by rst embeddingthe taget manifold and then
restrictingthe searchfor the minimizing mapto the classof mapsontothe zerolevel-setof theembedding
function. This approacttanbefollowedto applythis frameavork to ary variationalproblem.We nowv shav
how the sameequationcanbe obtainedoy simply substitutingthe secondundamentaform of the explicit
target manifold by the correspondingxpressiorfor animplicit tagetmanifold. Thiswill illustratehow to
applyourframenork to generaPDE's, notnecessarilgradiendescento w. Thebasicideais justto replace
all the PDE componentgoncerninghetargetmanifold by their counterpart$or implicit representations.
In [28] (pagel50)it is shavn thatthe scalarsecondundamentaform atapoint of anhypersurace
canbewrittenin theform

for , . Accordingto [28] (pagel39)thevectorialsecondundamentaformis givenby

From (15) andwhatwe have just seenit is obviousthattheimplicit versionof theharmonicmapEuler
Lagrangds (12).

As statedbefore, and following the formulasabaove, the implicit representatiorf the tamget surface
permitsthento computethe secondfundamentaform using differenceson Cartesiangrids, without the
needto develop nev numericaltechniqgue®n polygonalgrids.

From the resultjust presentedin orderto transforma given PDE into its counterparivhenthe target
manifoldis represented implicit form, all whatneeddo bedoneis to re-writeall the characteristicsf the
PDE concerninghis target manifoldin implicit form. For completenessn Appendix1 we presentasic
factson calculusonimplicitly representedurfaces.

2.5 Explicit Derivation of the Diffusion Flow

Herewe rst proceedn anave way to obtainan equivalentformulationof the gradientdescento w that
will helpin the numericalimplementationWe assumeve have afamily of mappingdrom to
. For each we de ne theharmonicenegy of amemberof thefamily as

Wethen nd avariationof thefamily suchthat decreasesTlo accomplistthis we formally differ-
entiatetheenegy with respecto . A simplecomputatioryields

Now, since and  of smoothexistence pnemusthave . An
appropriatechoicefor  wouldbe

(22)

10



sincethis males .
Theprojectionoperatolin (22),aswe alreadyknow (seeAppendixl), canbeexpressedn avery simple
formusing (thesigneddistancdunctionto ),

Now, it shouldhapperthat(22)is equivalento (16). We shaw thisin 7.

2.6 Remarkson the Solutionsof the Diffusion Flow

Thewell posednessf the diffusion problemwith Neumanrboundaryconditionsis addresseth [22, 32,
wherethefollowing resultsareobtained hereincludedfor completeness:

Theorem1 For a given mapping with — on and for every
there existsan (dependingon ) and a mapping of class
Moreover, is uniqueand exceptat thecorner

Theorem 2 Let and be compactRiemmanianvanifolds with corvex boundary Let
be a maximalsolutionof the diffusion problemwith initial valuea mapping
with . Let be sud that -, and sud that all sectional

curvatuesof arenotgreaterthan—. Then,
1. Inthecase

- — when

(@) if then — when

(b) if then

2. Inthecase ,

3 Maps onto Open Surfaces

Sofar, we have only addressethe casewhenthetametsurfaceis closed(zerolevel-set).In this sectionwe
brie y dealwith opensurfaces.We shav thatwhenthe functionis evolving accordingto the ow in 2.3,

theset remaingnsidetheinitial convex-hull of , .
This propertyis basicallya consequencef the maximumprinciple. Numerically this might of coursebe
violateddueto numericalerrors,andwe will laterdiscusshow to correctfor thisaswell.

is thespaceof functions suchthatfor every , , and—
areall in .
A solution of the diffusion problemis maximalif it cannotbe extendedto be a solution on
for ary orif .
standdor the Ricci curvaturetensorof

11



3.1 Motivation: The Planar Case

Assumethatthetamgetmanifold is at, for example  (we still assuméahatthedomainmanifold s
at). Let solve — for and , and — . Let beacornvex setof

with smoothboundary(this guaranteethatthe distanceunctionis alsosmoothalmosteverywhere see[36]
for aformal statement)and thesigneddistancefunctionto this set(positive outsideandnegative inside).

De ne . It thenimmediatelyfollows that — —_ Since
is convex, soit is . Then,theHessianof is positivesemi-de nite meaninghat — . Following
the scalarmaximumprinciple, L f ,
whichis equvalentto , We obtainthat , and , for all

y

3.2 The GeneralCase

Themainresultpresentedbelow is from [22]. We quoteit herefor completeness.

Theorem 3 Let bethesolutionof (16) attime . Letusassumehatfor this solutionremains
smooth.Let ,and bethecorvex hull of . Thenfor ,

4 Maps onto Implicit Submanifolds

Herewe presentamodi cation to thediffusion o w previously presenteduitedto diffusedatathatbelongs
to a certainsubmanifold of . We specifythe submanifoldby , Where
we select to be the signedintrinsic (to ) distancefunctionto , satisfying(see
Appendix1 for the notation)

(23)
In additionwe specifythe condition

for

where

with

is theconeintersecting at anddirectorraysnormalalsoto
Thereasorfor specifyingthe submanifoldhis way is thatwe cannotproceedasbefore ,simply specify-
ing the submanifoldasthe zerolevel setof it's Euclideandistancefunction. This is becausesuchfunction
would be singularpreciselyontothe submanifold.
As we shav in Appendix1, theHessiarof |, intrinsicto  evaluatedat the point , andrestrictedto
, canbewrittenin theform

(24)
where . Thisexpressiorwill beusedbelow.

Note onceagainthatwe areomitting detailsregardingthe correcthandlingof the distancefunction, sinceit is not everywhere
differentiable However, by aregularizationargumentthe sameconclusionholds.

The proof of thisresulthasalot of interestin itself sinceit canbe carriedout within theimplicit framevork introducedn this
paper

12



4.1 The Minimization of the Functional

We now derive the EulerLagrangecorrespondingo this additionalmappingrestriction. For this, we usea
techniqueslightly differentthattheonein 2.1.

Let usassumehat achiezesa minimum of theenegy functional(1). We mustbuild a variationof
thatbelongsto , theintersectionof the zerolevel-setsof two embeddingunctions(andnot justof as
before).lt is clearthatonesuchvariationwould be

We areinterestednly on thosetermsof thatdo notvanishafterthe — operation,
namelythoselinearin . Thereforewe only presere thosetermsin ~ which areconstanor linearin

We write

where isthegradientof intrinsicto
In thiswaywe nd that(upto a rst orderin ):

(25)

Since , differentiatingwith respecto  weobtainthat ,
andtherefore

Theexpression25) canbe simpli ed to obtain

Moreover, since

we have

13



With all thisin mindwe nd that(again,upto rst orderin )

Usingthis expressionafterimposingthat — for every , we nd thatthe Euler
Lagrangeas

_ _ (26)
anexpressiorutterly predictable.

4.1.1 Simple Veri cation

As for the caseof closedmanifolds,we now verify thatin factthe gradientdescentorrespondingo the
EulerLagrange(26) keeps in . We just needto shaw that and

arealwayszero.Theideais thesamewe usedin 2.4,it is enoughto shav thatboth
and satisfytheheatequationwith adiabatidooundaryconditions

1.

We have

since . Also

and

We have

From , theaborve equationcontinuesas

14



Also

andthen

Finally, it is easyto seethatboth and satisfyNeumanrboundaryconditions Sinceat both
functionsarezero,we musthave thatthey areidenticallyzero.

5 Implicit Domain Manifoldsand -Harmonic Maps

For completenessywe presentnow the formulas correspondingo the casewhere both the domainand
taiget manifoldsarerepresenteih implicit form (with the implicitizing functionsbeingthe corresponding
signeddistanceones).Deriving thesdormulasis straightforvard usingtheframewvork herepresentedyhen
combinedwith thework in [3]. We alsoshav the correspondingo wsfor -harmonicmaps.

5.1 -Harmonic Maps

Westill assume to beplanar Theenegy density(2) (but nothedependencef theenegy onits density)
is rede nedasfollows. For every let

A simpleapplicationof variationalcalculusleadsto concludethat

- - 27)
Notethatif dif culties areexpectedo arise,se€[40] andthereferencesherein.
5.2 Generic (Implicit) Domain Manifolds
Let , Where is the signeddistancefunctionto  , thenthediffusionis
givenby:
(28)
Thedivergenceoperatorcorvention(for amatrix ) we have usedis ,where  standdor

the -th columnof . Thatis, we applyacolumnwisedivergence.

15



Thewholedeductiorrestsupontherede nition of theenegy (1) andits density(2). Now we shouldde ne
theenepgy densityto be

wheretheintrinsic Jacobianof canbewritten as(seeAppendix1 for moredetails)
Thenew de nition for theenegy shouldbe:

(29)

Comparingthis with (15), we caninfer theimplicit form of the Christofel symbols:

5.3 Generic (Implicit) Domain Manifold and -Harmonic Maps

Usingbothgeneralizatiopresentedbove, we arrive atthefollowing formulawith abit morecomputational
effort

B B (30)
where
6 Diffusion of Tangentand Normal Dir ections
Throughouthis sectionwewill assume . Assumewe wantto diffuseintrinsicvectorial

dataconstrainedo be a direction (unit norm) andto be eithernormal or tangentto the domainmanifold.
We canthenminimize the functional (29) taking a variation of the form (assume minimizesthe enegy

functionalwhile satisfyingboth and )

where is smoothand is either or (projectiononto the tangentor normal
spaceaespectiely). Let , thenit follows easilythat

Imposing forall implies

We have alreadytakeninto accountthat
Of course . Theni,it is niceto obsere (althoughformally incorrect)thatsince , thenthe

metric haseigervalue in the directiongiven by thusprohibitinginterminglingof informationbetween
adjacentevel setsof .

16



Finally, thediffusion o w obtaineds

— (31)
Note thatif the PDE (31) admitsa smoothsolutionuntil time , andif (for instance)we aredealing
with tangentdirectionsdiffusion, the function satis es
Therefore
thusverifying that if then for . We alsowantto check
whether . Let
then . Sinceboth and (so since
doesnotdependon ) musthold, andin orderto make non-positve we choose
(32)
where —— forary
Note thatthe above evolution indeedforces to satisfybothimposedconditions. Let
besuchthat then , since
the projectionmatrix is symmetric,andjust usingthis we have -
trivially. Finally, using andcarryingout somecomputationsn away similarto 7 belov, one

canprove that(32) reducego (31).

7 Numerical Implementation

We now discusghenumericaimplementatiorof the o ws previously introduced.Sincethetargetmanifold
is now implicitly representedye canbasicallyuseclassicainumericaltechniquesn Cartesiargrids. Al-
thoughaswe have shavn, the o ws guarante¢hatthe mapremainsonthetarget(sub-)manifoldpumerical
errorscanmove it away from it, requiringa simpleprojectionstep.

Whendealingwith submanifoldsalthoughthe evolution equationsalsoguaranteg¢hatthe solutionwill
remaininsidetheconvex hull, onceagaindueto numericaldiscretization couldbetakenoutsideof it during
theevolution. In orderto numericallyprojectit back,we needto have adistancdunctionto this convex hull
de ned ontheimplicitly de ned target manifold. In [30] we have shawvn how to computationallyoptimal
computesucha distancefunction on implicitly de ned manifolds,andthis is the techniqueusedfor this
projectioninto the corvex hull.

An explicit schemecanbe devisedto implement(28). However it turnsout thatit is more corvenient
to implementa mathematicallyequivalentevolution, asshawvn in [12]. More speci cally, the equivalent
evolutionis

— (33)

Thatbothevolutionsareequivalentis easyto see,andwe shaw this next.

The maindifferenceis thatnow onemusttake into accountthe Laplace-Beltramiexpressedimplicitly ,” seeAppendix1 for
moredetailsonintrinsic differentialoperatorsvithin theimplicit framework.

17



One hasthat for satisfying(16). Now,
differentiating with respecto  we obtain

Differentiatingagainwith respecto

Summingfor all ,

andusingthe previousexpressiorwe derive (33) from (16).

7.1 Numerical Scheme

All the codingwas doneusing Flujos asthe main core (see[19]) andVTK (see[49]) for visualization
purposes.All the examplesbelov were carriedbasedin equation(30). Its numericalimplementations
straightforvard (at leastwhen ). We usedforward time discretization(explicit scheme)andfor the
spatialdiscretizationywe usedthefollowing well known recipe.To spatiallydiscretize

(34)
( is asymmetricpositive semi-de nitematrix), we considetbadkward approximatiorof thedivergence
andaforward approximatiorof thegradient.Let's explain how this appliesin our situation,andfor thatwe

assume in (30). Thenthe equationwe have to implementis

If we dont take into accounthe outerprojectionmatrix, every coordinateof  evolvesaccordingo

having for eachcomponenthe samestructurethanthe modelevolution (34). We thenborrav the abore
discretizatiorfor our evolution. If we considerthecouplingamongdifferent 'simposedby the projection
matrix , we seethatwe still presere numericalstability sincethis matrix is positive semide niteand
hasspectrakadiusnotgreatethan . In moredetail,it canbeshavn aftersomecalculationgsee[21, 42])
thatfor theschemd now denotesapositionoverthegrid)

the stability conditionis of theform ( —)

or

Notethat forall . Wehaveusedthat isadistancefunction.
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where standsfor the spectralradiusof the matrix , ,

and . In our casewe may admit to be small comparedwith

(giventheidenti cation )when is small. This canbe easilyrelatedto the curvaturesof

giving aconditionon the samplingof the distanceunction( ) representinghe domainmanifold.

This conditionmainly meanghatwe requirea ne enoughsamplingasto guaranteghatthe changean the

normalsto thelevel surfacesof  is smallbetweeradjacengrid points. This conditionis obviatedwhenthe
domainmanifoldis planar Sothe stability conditionbecomes

Sinceby Cauchy-Schwartz's inequality(andthe aforementione@dssumptioron the changeof between
adjacengrid points)  (in practiseupperbounds , rememberinghefactthat , We arrive
at —. Notethatif a morecarefulimplementatioris desired,goodchoicesareADI or AOS schemes,
see[50].

All dervatives in and were approximatedby central differences. An interpolation
schemehadto be usedsincethe evaluationsof in the abore equationare at positionsgiven by

, positionsnot necessarilypn theunderlyinggrid. We usedlinearinterpolationfor this purpose.

Notethatasdonein [3], whenthedomainmanifoldis alsoimplicitly represented¢hevaluesof themap
on it areperiodicallyextendedto its surroundingoffset dueto stability considerationsAlso, asexplained
before,dueto numericaldiscretizationthe discretelycomputedsolutionmapcanbetaken out of thetarget
manifold during the evolution. In this paper we simply projectit backat every iteration. We have seen
that this projectionis a trivial stepdueto the fact that the embeddings a distancefunction. It is quite
straightforvardto shav thattheresultsreportedn [1] canbe extendedfor our equationsaswell, atleastfor
corvex hypersurfaces.

7.2 Numerical Examples

In all the examplesbelow, thedomainmanifold  is eitherthe Euclideanspace  or animplicit torus.
Thetamgetmanifold is animplicit surfacein , thatis, the zerolevel-setof , beinga
signeddistancefunction(thisis of coursealsothe casewhenthe surfaceis asphere, beingasin 2.4).

In orderto preseninterestingexampleswe constructexture maps,addnoiseto them,andthendiffuse
themusingourframewnork. Let bethesurfaceontowhich we wantto mapa given (planar)imagede ned

in asubset . Thenthetexture papis amap . Oncethe mapis known, we invertedit to
nd amap . Then,we built up thenoisymap de ned by
where is randommapwith smallprescribegpowver . Wethenfeedtheevolution (16)with as

initial condition,andNeumanrboundaryconditions.After a certainnumberof stepswe stopthe evolution,
inverttheresultingmap,anduseit asatexture mapto paintthe surfacewith a certaintexture.

As a meansof nding a suitable we have extendedthe work in [47] (a multidimensionalscaling
approach)combinedwith the techniquedevelopedin [30] for computingdistanceson implicit surfaces.

Notethatwe arenot proposingthis asa completetexture mappingalternatve, it is justto provide anillustrative example.
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Figurel: Diffusionof anoisytexture map(left) ontoanimplicit spherg(right). (Thisis a color gure.)

In all the stepgust describedherearesomeminor implementatiordetails,mainly regardinginterpolation
tasksthatwe omit for the sale of clarity.

In Figuresl, 2 and 3 we thendenoisevectorsfrom the plane  to a 3D surfacede ned asthe zero
level-setof andmapatextureimageto the surfaceusingthe obtainedmap. Notethatthemap
is theonebeingprocessedhot theimageitself.

We also shav an exampleof diffusion of randommapsfrom an implicit torusto the implicit bunry
model,seeFigure4. As expectedfrom the theory whenevolving this setwith the harmonic o w, the set
corvergesto auniquepoint.

8 Conclusions

In this paperwe have shavn how to implementvariationalproblemsandpartial differentialequationsonto

generaltaget surfaces. We have alsoaddressedhe caseof opentamget surlacesand sub-manifolds.The

key conceptis to representhe target (sub-)manifoldsn implicit form, andthenimplementthe equations
in the correspondinggmbeddingspace. This framevork completesghe work with generaldomainmani-

folds reportedin [3], therebyproviding a completesolutionto the computationof mapsbetweengeneric
manifolds.
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Figure2: Diffusion of a noisy texture maponto animplicit teapot. We showv two differentviews (noisy on the top
andregularizedon the bottom).(Thisis a color gure.)

21



Figure3: Diffusionof atexturemapfor animplicit teapot(noisy on hetop andregularizedon the bottom). A chess
boardtextureis mapped(Thisis a color gure.)
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Figure4: Diffusion of arandommapfrom animplicit torusto theimplicit bunry. In blue are marked thosepoints
of thebunny's surfacepointedby the mapat every instant. Different gures correspondo increasingnstance®f the
evolution, from top to bottomandleft to tight. We shov themapat  of iterationsperformecto theinitial map
with atime stepof . We usedthe -harmonicheat o w with adiabaticconditions.(Thisis a color gure.)
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Appendix 1: Implicit Calculus

We now presentbasicfactsaboutdifferential calculuson implicitly representedurfaces.For moreinfor-
mationseefor example[2, 8, 29].

We have a smoothscalarfunction , anda smoothvector eld ( and are
not necessarilyqual). The manifold ontowhich the calculusis to be doneis representeds ,
for the signeddistancdunctionto

All theideasof differentiationcanbeobtainedrom simpleconsiderationselatedo therestrictionof the
functionto ageodesicure living in themanifold. We consideranarc-lengthparameterizedeodesicurve

suchthat isagivenpointof . Wedenote and

Implicit gradient

We differentiateonce to obtain . Since (thetangentplane),we nd
the implicit gradientof at to be , Where standsfor the
normalto themanifoldat . Sincewe canalsowrite , we obtain

We oftenusethealternatve notation sincethede nition canbeappliedto ary level setof . Note
thatwe canwrite where

Implicit Hessian

If we computethe secondderivative of we nd that . Now,
we know thatanarc-lengthparameterizedeodesicurve of mustsatisfythe harmonicmapsdifferential
equation

We then nd that . Again we have that , andwe
nd theimplicit Hessiarof at to be

where

We will frequentlyusethealternatve notation

Implicit Laplacian

Fromthe previous computationt's aneasyexerciseto computetheimplicit Laplacianor Laplace-Beltrami
of sinceby de nition .
For ary pair of symmetricmatrices and onehasthat and

. Now we have that
. Wethenobtain
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Recallingthat is adistancefunction sothatit satis es ,we nd

We concludethereasoningy taking

since . Since ,we nd that

It's interestingto obsere how the expressionjust found for coincideswith the one obtainedby
minimizing theintrinsic Dirichletintegral,

asis donein [3]. Theauthorsshawvedthata smoothfunction extremizing mustsatisfy

We shouldverify thatthis de nition coincideswith ours. Thisis accomplishe@sfollows:

(accordingto our de nition)

since

As oneexpectssincethisis thede nition of harmonicfunctions
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Vector Calculus

Implicit Jacobian: With theideasdevelopedbefore,we easily nd (differentiating ) that

Implicit Divergence:Usingthe expressiorfor theintrinsic Jacobiarwe write

and
It is usefulto obsere that when
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