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Abstract

Our god is to obtan a testsystemfor the evaluaion of time-stgping
methodsin moleaular dynamics. We consder a family of determinstic sys-
temsconssting of a nite numberof particlesinteracting on a compat in-
terval. The particlesaregivenrandam initial condtions andinteractthrough
instartaneasenegy- andmomentum-onseving collisions. As thenumber
of particles,the partide densty, andthe meanpartide spe@l goto in nity ,
thetrajectory of atrace particle is shavn to corverge to a statinary Gaus-
sian process. We simulae the sygem with two numeri@l methals, one
sympledic, the other enegy-conserving, andassesshe method' ability to
recaptirethe sygem’s limitin g statistics.

1 Intr oduction

In the eld of moleculardynamics,researchersisenumericalintegratorsto ap-
proximatethe motion of systens of particles. They integrate over long periods
of time and extract statistcal informationfrom the computedrajectories. This,
in turn, canbe usedto determinemacroscopigropertiesof the system.For op-
timal ef ciency, they integrateusingaslong a step-lengtras possble while still

maintainng the stabilty of the computedsolution. In this regimetrajectoriesare
not computedaccurately Neverthelessit is obsened that statigical featuresof
solutonsaremaintainedn somecircumstanceqSee[1],[3].)

One possble explanaton for this phenomeno is the existenceof an under

lying stochastiqorocesg11]. Supposehat the trajectoriesof the deterministt
processapproximatesomestochasti processn the senseof distribution. If we



usea numericalmethodwhosetrajectoriesalsoapproximae the samestochasts
processthenthe numericalsolution will have similar statisical featuresto the
original systemeventhoughthereis no path-wiseagreement.

The goal of this paperis to constructa testcasefor this situaton. We seek
a determinisic systemhaving a componenbf its trajectorythat approximates
well-understod stochasti process.Oncegiven sucha system,we canuseit to
testnumericalintegrators.We integratethe systemwith theintegratorusingstep-
lengthsthat do not resol\e the trajectoriescorrectly Thenwe can investgate
how accuratelythesecompued solutionsreproducehe statigical featuresof the
underlyingstochastigrocess.

Our constructions inspiredby a 1968 paperof Spitzer[12] thatprovidesan
exampleof a sequencef determinisic systens whosetrajectoriesconvergeto a
stochasti processHe shavsthatBrownianmotioncanbeobtainedasthelimit of
a sequencef determinisic processesn thereal line with randominitial condi-
tions. His constructiorconsistsof placingpoint particleson therealline accord-
ing to a Poissondistribution. Theneachparticleis assigneda randomvelocity
independenyl of the otherparticles. The particlesare allowed to move, sothat
they interactthroughenegy- and momentum-conservingollisions: i.e., when-
evertwo particlesmeet thereis aninstantaneousollision in whichthey exchange
velocites. A singlepatrticleis placedat the origin andits subsequentrajectory
obsenred. Spitzerprovesthatwith anappropriatescalingof thevariablesthe path
of thistracerparticlecornvergesweaklyto standardBrownianmaotion.

Therearetwo dif culties with usingthis systemfor our investigations. The

rst isthatsinceit isin nite in extent,it isimpossibleto simulateit completelyon
acomputer As away of avoiding this dif culty , in Section2 we introdwcea nite
counterparto Spitzersresult. We describeasequencef systens eachconsising
of a nite numberof particlesinteractingonacompactsegmentof therealline. In
Section3 we prove thatasthe numberof particlesgoesto in nity , the trajectory
of atracerparticlewill corverge to a stationaryGaussiarprocesswith a known
correlationfunction.

Thesecondlif culty isthatneitherSpitzers systermorthesystemwe present
in Section2 aredescribegurelyin termsof ordinarydifferentialequationssince
theinter-particlecollisions areinstantanecst Thuswe cannotusethesesystems
astestproblemsfor numericalintegratorswithout dealingwith theissuesof col-
lision detection. However, we shav in Section4 how we can approxinate the
non-differentiabé o w of thesesystens with the o w of a differentialequation
by replacingthe hard,instananeousollisions of the particleswith collisionsme-
diatedby a soft potential. This systemapproxinmatesthe non-differentiabé system
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in the limit asthe stiffnessof the inter-particleforcesgoesto in nity . If we al-
low both the numberof particlesandthe inter-particle stiffnessto go to in nity
with a particularscaling,we conjectureghethetracerstrajectorycorvergesto the
sameGaussiamprocessWe shav theresultsof somenumericalexperimentwhich
supportthis statement.

We concludeis Section5 by shawving the resultsof somenumericalexperi-
mentsconductedwvith the systemsescribedn Section4. We applytwo numeri-
cal methoddo the system:the sympkctic Eulermethodandthe sympkctic Euler
methodprojectedafter eachstepto consere enegy. We simuate the systemof
ODEswith thesemethod for increasingnumberof particlesand inter-particle
stiffness We obsene thatthe former method which is sympkctic,computeghe
limiting statistcal propertiesof the trajectoryof the tracerparticlequite well for
large time step. The projectedmethoddoesnot have as good performancefor
steplengthk of comparablesize.

Otherresearcherbave continuedwith Spitzers ideasin [12] in otherdirec-
tions. Onepossibilty is to allow the massof the tracerto differ from the mass
of the otherparticles.In [7] Holley provesthatwith sucha scalingthe trajectory
of thetracerparticleweakly corvergesto the Ornstein-Uhlenbeckrocessin [8]
Murmanntakesthis resultfurther by proving a similar resultwhenthe collisions
betweerthe particlesdo notoccurinstanty but aremediatedby a soft potental.

2 Particle Systemson a Compad Inter val

In this sectionwe describea sequencef particlesystemon the interval

For eachodd positve integer , thesystemwill consistof interactingparticles.
We let the tracerparticlebe the “median” particlein theinterval, thatis, the one
with an equalnumberof particlesabove andbelow it. Whenwe scalethe sys-

tem by a factor of we will seethatthe trajectoryof this tracerparticle will
convergeto a Gaussiamandomprocess.
Let , bei.i.d. randomvariableseachuniformly distributedon

. Theseaaretheinitial posiionsofthe particles.We givethepatrticles.i.d.
velocites accordingo adistribution with a probability density . We make the
following assumpbnson

Assumptions2.1 Theprobablity density satis es
(i) issymmetric:

(i) is andnontrivial: .

(iif) For some , for all



Giventhesenitial conditiors, we allow the particlesto move accordingo the
following rules. Particlesmove at constantvelocity until they encountereither
anotherparticleor oneof thebarriersat  or . If two particlescollide, the par
ticlesmerelyexchangevelocites. If a particlehitsawall, it reversests velocity.
Theserules are a naturalconsequencef assunmg that the total enegy of the
systemis consered andthatwhentwo particlescollide, their total momentumis
consered. With theserulesfor motion we designatehe posiion attime of the
particlestartingat by . Notethatthe orderof the particlesis unchangedn
time. By this we meanthatif then for all . Choose

sothat isthemedianof the . It follows that is the medianof the
for all . We choosehis particleto be ourtracerparticle.

If we multiply the positionsof all of the particlesovertime by , We obtain
asystemof particlesinteractingover theintenal , With anaverage
particlespeedf . We will denotethe posiion of thetracerparticlewith
thisscalingby , sothat for

In orderto geta more corvenient representatiomf the motion of the tracer
particle,we now describea different,but related setof rulesof motion. Therules
of motionarethesameasbeforeexceptthatthe particlesdo notinteractwith each
other but only thewalls. Thuswhenthetrajectoriesof two particlesintersectthe
particlesmerely passthrougheachother Underthis setof rules, we designate
the posiion of the particlestartingat by , for . Thereis a simple
expressiorfor . If therewerenowalls, the particle's positionattime would
be . Theeffect of thewallsis to “fold” the particle's trajectorybackinto
theinterval . Thisis accomplishedby afunction suchthat

(2.1)

is the periodicfunctionwith period suchthat
(2.2)

Thereis arelationshipbetweerthetwo setsof trajectories, and
At ary pointin time the setof positiors the particlestake is the sameunderthe
two differentrulesof motion Sincethe position of thetracerparticleat any time
is givenby the medianof all the , its position is alsogiven by the medianof
all the . Sothetrajectoryof thetracerparticleis givenby

(2.3)



Figure2.1: Thefunction

This is a corvenientrepresentationsince and are independent
randomvariableswith known distributions.
We now presentour main result. It statesthat asthe numberof particles,
, goesto in nity the scaledtrajectoryof the tracerparticle will corvergeto a
GaussiamrocessThisresultis thebasisfor thenumericalexperimentsperformed
laterin the paper For the statemenbf the maintheoremwe de ne  to bea
periodicfunctionwith period suchthat

(2.4)
asshavnin Figure2.1.
Theorem 2.2 Let , , be mutually independent.i.d. sequencesf
randomvariables,wheeead isdistributeduniformly on andeadh is
distributedwith density satisling Assumpbns2.1. Thenas ,
whele is the stationary continuaismean-zes Gaussiarprocesswith covari-
ance

(2.5)
Thecornvemenceis in theweaksenseon for any

We notethatwe will have completelydeterminedhelimiting processincea
mean-zera@ontinuows Gaussiarprocesss completey speci ed by its covariance
function. Sinceour processs statiorary we have



Method of Proof. Let us rst recallthe usualtechniquefor proving weak
corvergencein , Which Spitzerusesfor his problem. As explainedin
Billingsley [2, Ch. 2], oneshaows thatthe nite dimensonal distributions of
weakly corverge to the nite dimensioml distributionsof  andthatthe setof
probabiliy measurefor  istight. In provingthetightnesscondition Spitzerex-
tensvely useshe Poissordistribution of the particlepositions, whichis invariant
throughall time in his case. Sincethe distribution of particle positionsdoesnot
have this Poissordistribution in our casewe cannotfollow the samestratey that

hedid. Indeed,directly proving tightnessfor the processes provesto
beverydif cult. Hencewe approachheproblemin adifferentway.
Ratherthanprove corvergenceof  to  directlyin , we will usethe

factthatthis corvergences equvaentto

(2.6)
for all in nitely differentiablefunctions on . Thenwe shaw that this
convergencedoesholdfor all such . Thisis doneby constructing, for eachsuch

,asequence of whatwe call dual processe ( isthespace

of all functionsthat,at eachpoint, arecontinuows on theright andhave alimit on
theleft.) We shaw that(2.6) is equialentto shaving thatthe corresponding
weakly convergeto in . This, in turn, canbe doneusingthe methods
of [2, Ch. 3]. It requiresthat we prove cornvergenceof the nite-dimendonal
distributionsof (AppendixA), anda tightnesscondition (AppendixB). The
structureof thesedual processesnakesit far easierto prove tightnessfor them
thanfor theoriginal . To the bestof our knowledge,this methodis nove for
proving weakcorvergencen

Properties of the Covariance. Since is a stationaryGaussiarprocessijt
is completelyspeci ed by its covariance. Equation2.5 givesthe covarianceas
it dependson the velocity densityfunction . In Figure2.2 we show plots of
vs for two choicesof . The rst shows the casewhenvelocitiesare chosen
uniformly in ; the secondshaws the casewhenthey arechosemaccording
to the standardSaussiardistribution.

Whenwe choosevelocitiesto be either  or , eachwith probability
then de ned by (2.4). In this latter casethereis no decayof correlation.
This occursbecausall the particlesare moving at speedl. Sincethe box has
length2, all particlesreturnto wherethey wereinitially after every 4 time units.
Thusthe auto-caovariancemustbe 1 for every time thatis a multiple of 4.

Somecalculationshows thattheright-dervativesof —at satisfy(for densi-
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Figure2.2: Covariancefunctionsfor two choicesof the velocity distribution.

ties with boundedsecondnoment13])

2.7)

From this one can shaw that for any physicaly reasonable , cannotbe a
Markov process.This canalsobe usedto prove thattheredoesexist a Gaussian
randomprocess with covariance .

3 Proofof Main Theorem

To establishthe corvergenceof  to , we needto showv thatanappropriately
scaledmnedianof i.i.d. randomprocessesonvergesto a GaussiamprocessThus
we canview the mainresultasa CentralLimit Theoremgexceptthatit is for me-
dians,ratherthanmeansandfor processesatherthanrandomvariables.There
is an extensve literatureon asymptott limits for mediansand other centralor-
der statigics. Thebook[10] providesa thoroughtreatmenbf the subject.Here,
we will extendsometechniquesn the eld to prove the resultfor our particular
randomprocessesFirst we needa sufcient conditionfor weak convergenceof
functionsin

We use for functionsin to denote for all
. De ne . We saythat is acontinuty
pointof if . A standardesult[2] tellsusthatif

then,for all  thatare continuily points of



We usea strengthenefbrm of the converseof this factto establishveakcorver-
gence Herewe denotethesetof all in nitely differentiablefunctionson by

Theorem 3.1 If for all that are
continuty pointsof , then

Proof Thisis Exercisel.2.60f Billingsley [2, p. 17]. See[13] for a proof.
To establisithecorvergencg3.1)we de ne whatwewill call thedualprocess

foreach . Foreachxed , we de ne thedualprocesof tobe
(3.8)
where
(3.9)
for . Notethatthis processs not, in general,continuousnoris it even
in . However, we will henceforthdenoteby the versiors of the

above processethatarein

Theorem 3.2 For all , theevent Is equivalento theevent

Proof Herewe arefollowing very closelytheideasin Reiss[10] in the proof of
the CLT for medianf vectors.
Considertheeventof interest:

Recallingthat is the medianof , we have for each

where istheindicatorfunctionof theevent . So



Let usmanipulaé the eventon theright of the equation We subtracthe expecta-
tion of theleft-hand-sideof theinequalityfrom bothsides.Since

we get

Recallingthede nition of and

asrequired.
We will alsoneedthefollowing theoremstatedn Billingsley [2].

Theorem 3.3([2] Theorem 15.6.) Suppos that the nite dimensionaldistribu-
tionsof  converge to thoseof an almostsurely continuougprocess on ,
andthat

(3.10)
for and , Whee : . Then
We now establisithelimiting behaior of thedualprocess.

Theorem 3.4 For each , in

Proof The corvergenceof nite-dimensionaldistributionsis provedin Theo-
remA.1 of AppendixA. Theinequaliy (3.10)is provedin TheoremB.1 of Ap-
pendixB.

Now we canprove our maintheorem.
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Proof of Theorem2.2 From Theorem3.4 we know that in

for all . Let . Fromthe
propertieof weakcornvergencewe know thatthatfor all suchthat
, we have
Let . We have that
for some
Likewise
for some
So . Since ,
The abore considerationshowv us that if and
then andhence . So

by Theorem3.2we have that

whenever and , asrequiredby Theorens.1.

4 Approximation with Soft Collisions

We have now shawvn that a particularsequencef determinisc processesvith
randominitial conditionshasa component , de ned by (2.3),thatcornverges
to a stochastigorocess speci ed by (2.5). As mentimed earlier sincethese
determinisic processesire not describedpurely by ODEswe cannottest ODE
solverson them. Sowe shallnow describeanapproximatio of thesesystens by
system®f ODEs.We will thenprovide numericalevidencethatthetrajectorieof

thetracerparticlesof theseODE systemsalsoconvergesto the stochastigrocess

in aparticularlimit.

As before for eachoddpositiveinteger , we place particlesontheintenal

. Eachpatrticleis givenavelocity where is selectedrom the

distribution with density , asbefore. Fromnow on,we x  to bethe density
of the standardGaussiandistribution. We denotethe position and velocity of
particle attime by and respectrely. In contrasto the previouscase,
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we describethe motion of the particlesthrougha setof ODEs. The differential
equationglescribinghepositins andthemonenta are

and

where for . This systemcanbe viewedasa Hamiltonian
systemwith Hamiltonian

where

The o w of this systemof ODEsis very similar to that of the original pro-
cess.However, whentwo particlesmeeteachother ratherthaninstananeously
exchangingvelocites,they areallowedto overlap.While overlapping,they apply
arepellingforce to eachotherthatis proportionalto the amountthat they have
overlapped. Thuswhile the particlesarein contact,they go throughlinear har
monicmotion. After half a periodof this motion, they ceaseo overlapandhave
velocites pointing away from eachother Sincemomentim andenegy arecon-
sened,theneteffectis thattheir velociiesareexchangedasin the hardcollision
case.However, their positiors aredisplacedrelative to wherethey would be after
ahardcollision.

In the ODEsabove is a constantdenotingthe stiffnessof the repulsionbe-
tweenthe particles,andbetweerthe particlesandthe walls. For the par
ticles do not interactat all; as we expectthe trajectoriesof the system
to corverge to thoseof the original systemwith the sameinitial data. (See,for
example,[9].)

In orderto have a sequencef systemsof ODEsthat corverge to the same
stochasti processwe allow to gotoinnity as does. Here,we make the

11
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Figure4.1: for

choice . In this casethe durationof a collision betweernwo particlesis on
theorderof . Theaveragelengthof time betweenrcollisionsfor a singlepar
ticle is onthe orderof . So,aswe increase , thecollision durationshecome
shorterandshorterwith respecto the lengthof time betweencollisions andin
thelimit of we expectthe systemto be a closeapproximatiorto the sys-
temwith instantaneosicollisions. We conjecturethatthe ODE systemwith this
choiceof hasthe samelimiti ng propertiesaswe proved for the instantaneous
collision system:thetrajectoryof thetracerparticlesweakly corvergesto . We
now provide somenumericalevidenceto supportthis conjecture.

To describeour results,we introducesomenotatian. As before, is the co-
varianceof thelimiting process . De ne  to bethecovarianceof ouroriginal
hardparticleprocesswith  particlesdescribedn Section2. Our maintheorem
in Section3 shaws that convergesto for all . In Figure4.1we shawv
the convergenceof to by plotting the differenceof the two functionsfor
differentvaluesof . We denoteby the covariancefunctionfor the process
describedby the ODEswith  particlesand a stiffnessparameter . A conse-
guenceof the softenedsystemcorverging weaklyto  as with
would be the corvergenceof to . Figure4.2 shows thatthis is the case
when . (The gure wasobtainedby integrating the ODEswith time step

, letting , andthendecreasing until therewascorvergence.) Of
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course,convergenceof the covariancefunction doesnot guaranteeornvergence
of the processhut the evidencepartly con rms our hypotesis.

5 Numerical Approximation

In the previous sectionwe presentec sequencef particlesystens describedy
ODEsandparameterizethy , thenumberof particles,and the stiffnessof the
collisions. If we let , it appearghatthe trajectoryof the tracerparticle
weaklyconvergesto thatof thestochastiprocess as goesto in nity . We will
usethis scalingnumericallyintegratethe systemfor increasingvaluesof , and
seehow well limiti ng statisics arereproduced.

The rst methodwe will applyto our systemis the symgectic Eulermethod.
Considerthe systemof ODEs

where . The symplectc Euler methodwith steplength  generates
sequencef approximatbns
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For this methodto stably computeapproximatbnsto the systemof ODEs, it is
necessarthat . Thusanaturalplaceto begin ournumericalexperiments
is to examinehow well the symplecticEuler methodreproduceghe statistcs of
the large limit with , for differentvaluesof . We will denote
by the covariancefunction computedby the integratorwith time step
appliedto the systemof ODEswith parameters

Figure5.1shows computedoy the symplecticEulermethodwith

, Where and . The covariancefunctionappeargo
converge to the limiting covariancefunction  with this scaling. This property
wasalsoobsened with for . This providesan exampk
of the phenomeni which we hopedto explore. Sincewith the scaling
we arenotresolving ne detailsof the collisions, we arenot computirg trajecto-
riesaccuratelyin this limit. Evenwith , Which is closeto the largeststep
sizeallowed by stability, the limiti ng statigical propertiesof the trajectoriesare
computedaccurately

Onepropertyof thesympkcticEulermethodwhichmaybeviewedasadraw-
backfor moleculardynamicssimulatonsis thatit doesnot consere the enegy
of the systemexactly. Oneway to remedythis is to usea projectionmethod;see
[6, IV.4]. A projectionmethodis a modi ed versionof a standardime-sepping
algorithmwhereinthesolutionis forcedto have thecorrectenepy aftereachstep.
This is doneby rst taking a stepwith a standardnethod—which will leadto
a valuewith possbly incorrectenegy— andthenprojectingthis value ontothe
manifoldof stateswith thecorrectenengy.

Typically, projectionmethod for Hamiltonian systemsare implementedas
follows. Supposeve arenumericallyintegrating a Hamiltonan systemof ODEs
on the spaceof points with x ed enegy . From
a state with the correctenepgy a standardime-steppeis usedto
obtainthe state . The gradientof the Hamiltonan is computedat this state:

. Thenan is computedsothat . Then
we set :
In our implementationthereare two aspectof this schemehat we modify.
Firstly, thewe usea differentprojectiondirection . Theusualchoice,

doesnot scalewell with increasing . Insteadwe use

14
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Seg[13] for furtherexplanation.Secondlyfor our systemit is notalwayspossibé
to nd an thatsolvesthe above nonlinearequation.In theserarecaseswve nd
an thatlocally minimizestheresidualof theequationandthenproceedvith the
projectionto asusualon subsequergteps.

We take the symplecticEuler methodandimplement the projectionscheme
describedabove in orderto make it enegy conserving. We will refer to this
methodasthe projectedsymplecticEuler method.We conductthe samenumeri-
calexperimensfor it aswe did for thesymplecticEulermethod.Figure5.2shavs

computedby this method. As before : , and
. Comparisorwith Figure5.1shavsthatfor , themethodcom-
putessimilar covarianceunctionsto thoseof thenon-projecteanethod.However,
for the covariancefunctionappeargo divergefrom thelimit

We repeatthe experimentwith the projectedmethodwith a slightly larger
timesep: . Theresultsshavn are signi cantly worsethanfor the
previoussteplengt. Thecomputedcovariancefunctionis cleardiverging from
as :

Thesestudiesare preliminary but they do suggestwo lessons:(1) symplec-
ticity is moreimportantthanenegy conserationfor thecomputatio of statistcal
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propertiesn moleculardynamicsand(2) projectiondoesnot safelyallow oneto
take longertime stepswithout grosslyaffectingthe quality of the simulation.
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A Finite-Dimensianal Distrib utions of the Dual Pro-
cess

TheoremA.1 Recallthe de nition of from (3.8). For any
therandomvector

convergesin distribution to a Gaussan randan vector with covariance matrix
. Here, isasde nedin (2.5).

Proof Recallthe de nition of the process from (2.1). For our later corve-
niencewe de ne

It is straightforvardto shaw thefor each , theprocess s statiorary [13]. This
implies
(A.11)

for any .

We applya CentralLimit Theoremof Dvoretzky ([4], Theoreml). Theresult
holdsfor certaindependentandomvectorarrays,but we will only needit for the
independentase.

TheoremA.2 (From [4]). For each , let : be independent
random columnvectos with . Let bea matrix. For a vector
, denotetsnormby  anditstransposddy . Foranevent |, let
Suppose
(i) :
(i) for all ,
Then as
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In our case, and are vectorsof length with and
, Where is de ned in (3.9). Recallthe de nition of
in (3.9). We proceedo checkthe hypahesesf the CLT.
We rst needto verify that , for each . We have

Furthermorewith somealgebraandthefactthat

we obtain

LemmaA.3 shavs that  is continwus at for all . Hencethe

above quantitycornvergesto as . LemmaA.4 shavsthat
for sothisis the appropriatecovarianceasstatedin

thetheorem.

In orderto verify the nal conditionof theCLT theorempbserethat
for all , SO

which corvergesto zeroasrequired.

LemmaA.3 Thefunction is continuousat
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Proof Thiscanbeprovedby shaving that is Lipschitzin eacheachvariable
at . See[13].

LemmaA.4 We have

Proof Wecanraewrite as

(A.12)

So

wherewe have de ned

- (A.13)

In orderto obtainamoreexplicit expressiorfor , we rst obsenethatit will
beperiodicwith aperiodof 4. Thensomeengthybut straightforvardcalculations
will shav that

(A.14)

We cantake advantageof thefactthat is symmetricabout :
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Theexpressiam in thesquaredracletshappensgo equal of equation(2.4). So

asrequired.

B Tightness of the Dual Process
Remark. Herewe establishthe tightnesscriterion (3.10) of Theorem3.3. It is
clearthatwe only needto proveit for sufciently large.

We will usesomeof theideasof Hahn[5], wherea similar agumentis given
in orderto prove a CentralLimit Theoremin

TheoremB.1 For sufciently large

for , for someconstant .

Proof Recallthat . Usingtheindependencef the
for different andthefactthatincrementf have zeromean we obtain
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Usingthefactthatthethe areidentically distributed processesve obtain
thatthe expectatiorof interestis

Usingthe Cauchy-Schwartzinequalitywe obtain

The rst termis shown to be in LemmaB.3. Thesecondermis
shown to be smallerthan in LemmaB.2. Sothe
requiredboundfollows.

LemmaB.2 For , ,

for someposiive

Proof

Since is asmoothfunctiononacompacitntenal, we canuniformly boundthe

rst termby someconstantimes . Thesecondermis the probability that

therelative position of  and will switchfromtime totime . Wecan
boundthis by consideringhe magnitideof the derivatvesof thetwo functions

Therateof changeof isatmost , where is theinitial velocity of the

rst particle.Let bethe maximumof on . Thentherateof changeof

is certainlyno greaterthan . Sotherelative rate of changeof the two
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functionsis at most . For the two functionsto crosson the interval
oneor moretimeswe musthave

For thisto happen, mustfall in aninterval of length . Since
for all , is uniformly distibutedon , conditioning on the value of
gives usthatthe probability of the eventof interestis lessthan

where issomeconstantsince is  byassumptn.

LemmaB.3 For andfor large enough

for someposiive

Proof

If we expandthe productoutandrecallthat andusethe
resultof LemmaB.2, it only remaingto shav that

for someconstant . Thisexpectations equalto

For any this probability is strictly lessthanthe probability that the
relative positionsof  and will switch twice or more during the time
interval . We mustboundthe probability of this happening.
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We condition on two possble waysfor this eventto occut The rst way is
for tocross somenumberof times,thenbounceoff awall, thencross
again,all within the time period . Thisis wherewe make an as-
sumpton onthesizeof . Weassumehat islargeenoughhat
. Sincethewallsareat , theparticletrajectorymusttravel a distanceof at
least in thetime to be ableto meetthe function, meeta wall, andmeet
thefunctionagain.Sothe probability of this eventis lessthan

by theassumptinson . Sothis probabilty is boundedasrequired.
Theotherpossbility isthat,while maintainngits direction theparticlecrosses
thecurve twice or more. Because , the position andslope
of  mustbewithin avery narronv rangefor sucha doublecrossingo occur Let
usde ne theslopeof at tobe .BytheMeanValueTheoremwe musthave

for some . How closemustthe values and

befor thereto beacrossingatall?
Considerthe function on . We have that
andalsothat for some , a point wherethe two

functionscross.We have that

If we denotethe maximumof thesecondderivativeof by , thisgiveus

So mustlie within of . Since is uniformly
distributedon , theprobabilty of thehappenings asrequired.
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