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Abstract

Our goal is to obtain a test systemfor the evaluation of time-stepping
methodsin molecular dynamics.We consider a family of deterministic sys-
temsconsisting of a �nite numberof particlesinteracting on a compact in-
terval. Theparticlesaregivenrandom initial conditionsandinteractthrough
instantaneousenergy- andmomentum-conserving collisions.As thenumber
of particles,the particle density, andthemeanparticle speed go to in�nity ,
thetrajectory of a tracer particle is shown to converge to a stationaryGaus-
sian process. We simulate the system with two numerical methods, one
symplectic, theother energy-conserving, andassessthemethods' ability to
recapturethesystem's limiting statistics.

1 Intr oduction

In the �eld of moleculardynamics,researchersusenumericalintegratorsto ap-
proximatethe motion of systems of particles. They integrateover long periods
of time andextract statistical informationfrom the computedtrajectories.This,
in turn, canbeusedto determinemacroscopicpropertiesof thesystem.For op-
timal ef�ciency, they integrateusingaslong a step-lengthaspossible while still
maintaining thestability of thecomputedsolution. In this regimetrajectoriesare
not computedaccurately. Nevertheless,it is observed that statistical featuresof
solutionsaremaintainedin somecircumstances.(See[1],[3].)

Onepossible explanation for this phenomenon is the existenceof an under-
lying stochasticprocess[11]. Supposethat the trajectoriesof the deterministic
processapproximatesomestochastic processin the senseof distribution. If we



usea numericalmethodwhosetrajectoriesalsoapproximate thesamestochastic
process,then the numericalsolution will have similar statistical featuresto the
originalsystem, eventhoughthereis nopath-wiseagreement.

The goal of this paperis to constructa testcasefor this situation. We seek
a deterministic systemhaving a componentof its trajectorythat approximatesa
well-understood stochastic process.Oncegiven sucha system,we canuseit to
testnumericalintegrators.We integratethesystemwith theintegratorusingstep-
lengthsthat do not resolve the trajectoriescorrectly. Then we can investigate
how accuratelythesecomputedsolutionsreproducethestatistical featuresof the
underlyingstochasticprocess.

Our constructionis inspiredby a 1968paperof Spitzer[12] thatprovidesan
exampleof a sequenceof deterministic systems whosetrajectoriesconvergeto a
stochastic process.HeshowsthatBrownianmotioncanbeobtainedasthelimit of
a sequenceof deterministic processeson thereal line with randominitial condi-
tions. His constructionconsistsof placingpoint particleson thereal line accord-
ing to a Poissondistribution. Theneachparticle is assigneda randomvelocity
independently of the otherparticles. The particlesareallowed to move, so that
they interactthroughenergy- andmomentum-conservingcollisions: i.e., when-
evertwo particlesmeet,thereis aninstantaneouscollision in whichthey exchange
velocities. A singleparticleis placedat the origin andits subsequenttrajectory
observed.Spitzerprovesthatwith anappropriatescalingof thevariables,thepath
of this tracerparticleconvergesweaklyto standardBrownianmotion.

Therearetwo dif�culties with usingthis systemfor our investigations. The
�rst is thatsinceit is in�nite in extent,it is impossibleto simulateit completelyon
acomputer. As awayof avoidingthisdif�culty , in Section2 we introducea �nite
counterpartto Spitzer'sresult.Wedescribeasequenceof systemseachconsisting
of a�nite numberof particlesinteractingonacompactsegmentof therealline. In
Section3 we prove thatasthenumberof particlesgoesto in�nity , thetrajectory
of a tracerparticlewill converge to a stationaryGaussianprocesswith a known
correlationfunction.

Theseconddif�culty is thatneitherSpitzer'ssystemnorthesystemwepresent
in Section2 aredescribedpurelyin termsof ordinarydifferentialequations,since
the inter-particlecollisions areinstantaneous. Thuswe cannotusethesesystems
astestproblemsfor numericalintegratorswithout dealingwith the issuesof col-
lision detection. However, we show in Section4 how we canapproximate the
non-differentiable �o w of thesesystems with the �o w of a differentialequation
by replacingthehard,instantaneouscollisionsof theparticleswith collisionsme-
diatedby asoftpotential.Thissystemapproximatesthenon-differentiablesystem
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in the limit asthe stiffnessof the inter-particleforcesgoesto in�nity . If we al-
low both the numberof particlesandthe inter-particlestiffnessto go to in�nity
with a particularscaling,weconjecturethethetracerstrajectoryconvergesto the
sameGaussianprocess.Weshow theresultsof somenumericalexperimentwhich
supportthisstatement.

We concludeis Section5 by showing the resultsof somenumericalexperi-
mentsconductedwith thesystemsdescribedin Section4. We applytwo numeri-
calmethodsto thesystem:thesymplecticEulermethodandthesymplecticEuler
methodprojectedafter eachstepto conserve energy. We simulate thesystemof
ODEswith thesemethods for increasingnumberof particlesand inter-particle
stiffness. We observe that theformermethod, which is symplectic,computesthe
limiting statistical propertiesof thetrajectoryof the tracerparticlequitewell for
large time step. The projectedmethoddoesnot have asgoodperformancefor
steplengths of comparablesize.

Otherresearchershave continuedwith Spitzer's ideasin [12] in otherdirec-
tions. Onepossibility is to allow the massof the tracerto differ from the mass
of theotherparticles.In [7] Holley provesthatwith sucha scalingthetrajectory
of thetracerparticleweaklyconvergesto theOrnstein-Uhlenbeckprocess.In [8]
Mürmanntakesthis resultfurtherby proving a similar resultwhenthecollisions
betweentheparticlesdonotoccurinstantly but aremediatedby asoft potential.

2 Part icle Systemson a Compact Inter val

In this sectionwe describea sequenceof particlesystemson theinterval
���������	�

.
For eachoddpositive integer 
 , thesystemwill consistof 
 interactingparticles.
We let thetracerparticlebe the“median” particlein the interval, that is, theone
with an equalnumberof particlesabove andbelow it. Whenwe scalethe sys-
tem by a factorof 
���
�� we will seethat the trajectoryof this tracerparticlewill
convergeto aGaussianrandomprocess.

Let ��� , ���

�����������


 be i.i.d. randomvariables,eachuniformly distributedon
���������	�

. Thesearetheinitial positionsof the 
 particles.Wegivetheparticlesi.i.d.
velocities ��� accordingto adistribution with aprobability density� . Wemakethe
following assumptionson � .

Assumptions2.1 Theprobability density� satis�es
(i) � is symmetric:���

�

�! "�#�$�%�! .
(ii) � is &

�

andnontrivial: '�( �!��(*),+ .
(iii) For some-.)/+ , 0"1

2

���%�3 54��768-�9;:
� for all 9<)=+ .
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Giventheseinitial conditions,weallow theparticlesto moveaccordingto the
following rules. Particlesmove at constantvelocity until they encountereither
anotherparticleor oneof thebarriersat

���

or
�

. If two particlescollide, thepar-
ticlesmerelyexchangevelocities. If a particlehits a wall, it reversesits velocity.
Theserulesare a naturalconsequenceof assuming that the total energy of the
systemis conservedandthatwhentwo particlescollide, their total momentumis
conserved. With theserulesfor motion we designatetheposition at time � of the
particlestartingat �	� by ��� ���5 . Notethattheorderof theparticlesis unchangedin
time. By this we meanthat if �����.��� then �3� ���5 6���� ���5 for all �
	 + . Choose

� sothat �
� is themedianof the � ����� . It follows that ��� ���5 is themedianof the
����� ���5 �� for all � . Wechoosethisparticleto beour tracerparticle.

If wemultiply thepositionsof all of theparticlesover timeby 

��
�� , weobtain

asystemof 
 particlesinteractingover theinterval
���



��
��

�



��
��

�

, with anaverage
particlespeedof 
���
�� '�( � ��( . Wewill denotetheposition of thetracerparticlewith
thisscalingby ��� , sothat �������5 "� 
���
������ ���5 for ��	8+ .

In order to get a moreconvenient representationof the motion of the tracer
particle,wenow describeadifferent,but related,setof rulesof motion. Therules
of motionarethesameasbeforeexceptthattheparticlesdonot interactwith each
other, but only thewalls. Thuswhenthetrajectoriesof two particlesintersect,the
particlesmerelypassthrougheachother. Under this setof rules,we designate
the position of the particlestartingat � � by � � ���5 , for ��	 + . Thereis a simple
expressionfor � � ���5 . If therewerenowalls, theparticle'spositionat time � would
be ������� � � . Theeffect of thewalls is to “fold” theparticle's trajectorybackinto
theinterval

�%�������	�

. This is accomplishedby a function � suchthat

� �����5 "� � � ���!�"� � �  

�

(2.1)

� is theperiodicfunctionwith period # suchthat

� ���  �

$

�

� ���

6%� 6

�

&

�

�

� �

6%� 6('

� (2.2)

Thereisarelationshipbetweenthetwosetsof trajectories,��� � ���5 )� and �*� � ���5 �� .
At any point in time the setof positions the particlestake is thesameunderthe
two differentrulesof motion. Sincetheposition of thetracerparticleat any time
is givenby themedianof all the � � ���5 , its position is alsogiven by themedianof
all the ��� ���5 . Sothetrajectoryof thetracerparticleis givenby

��� ���5 ,+ � 


��
��

��� ���5 "�8


��
��.-0/21

�43

�657575

�

��� � ���5  � 


��
��8-9/
1

�43

�657575

�

�:� � ���!�"� � �  5 

�

(2.3)
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Figure2.1: Thefunction � .

This is a convenientrepresentation,since � � � �

�

�43

�

and � � � �

�

� 3

�

are independent
randomvariableswith known distributions.

We now presentour main result. It statesthat as the numberof particles,

 , goesto in�nity the scaledtrajectoryof the tracerparticlewill converge to a
Gaussianprocess.Thisresultis thebasisfor thenumericalexperimentsperformed
later in the paper. For the statementof the main theorem,we de�ne � to be a
periodicfunctionwith period # suchthat

� ���� �

$

� �

�

�

+ 6�� 6

&

�

�

�

'

�

&

6�� 6 #

(2.4)

asshown in Figure2.1.

Theorem 2.2 Let � � � � ���

�

, � � � � ���

�

, be mutually independenti.i.d. sequencesof
randomvariables,whereeach ��� is distributeduniformlyon

���������	�

andeach � � is
distributedwith density� satisfyingAssumptions2.1. Thenas 
�� � ,

� �����5 �+ � 


��
��8-9/
1

�43

�657575

�

� � � ���!�"� � �  5 
	 � ���5 

where � ���5 is thestationarycontinuousmean-zero Gaussianprocesswith covari-
ance

- ���5 ,+ �,'

�

� � +  )� ���5 

�

�

�

1

:

1

� �%� �5 5���%�! 4��

�

(2.5)

Theconvergenceis in theweaksenseon �

�

+

��
��

for any



),+ .

We notethatwewill havecompletelydeterminedthelimit ing processsincea
mean-zerocontinuous Gaussianprocessis completely speci�edby its covariance
function.Sinceourprocessis stationarywe have

- ���

�

�5 �+ �8' � ���  �$���5 ��8' �$��+� � ���

�

�  �#- ���

�

�  

�
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Method of Proof. Let us �rst recall theusualtechniquefor proving weak
convergencein �

�

+

��
��

, which Spitzerusesfor his problem. As explained in
Billingsley [2, Ch. 2], oneshows that the �nite dimensional distributionsof � �

weakly converge to the �nite dimensional distributions of � andthat the setof
probability measuresfor � � is tight. In provingthetightnesscondition Spitzerex-
tensively usesthePoissondistribution of theparticlepositions,which is invariant
throughall time in his case.Sincethedistribution of particlepositionsdoesnot
havethisPoissondistribution in ourcase,wecannotfollow thesamestrategy that
hedid. Indeed,directly proving tightnessfor theprocesses� �

�


 	

�

provesto
beverydif�cult. Hence,weapproachtheproblemin a differentway.

Ratherthanproveconvergenceof � � to � directly in �

�

+

��
��

, we will usethe
factthatthisconvergenceis equivalent to

�

� ��� 6�� � �

�

� � 6�� � (2.6)

for all in�nitely differentiablefunctions � on
�

+

��
��

. Then we show that this
convergencedoeshold for all such� . This is doneby constructing, for eachsuch

� , asequence� � of whatwecall dualprocessesin �

�

+

��
��

. ( �

�

+

��
��

is thespace
of all functionsthat,ateachpoint,arecontinuous on theright andhavea limit on
the left.) We show that (2.6) is equivalentto showing that thecorresponding� �

weakly converge to � in �

�

+

� 
 �

. This, in turn, canbe doneusingthe methods
of [2, Ch. 3]. It requiresthat we prove convergenceof the �nite-dimensional
distributionsof �
� (AppendixA), anda tightnesscondition(AppendixB). The
structureof thesedual processesmakesit far easierto prove tightnessfor them
thanfor theoriginal � � . To thebestof our knowledge,this methodis novel for
proving weakconvergencein -

�

+

� 
 �

.
Properties of the Covariance. Since � is a stationaryGaussianprocess,it

is completelyspeci�ed by its covariance. Equation2.5 givesthe covarianceas
it dependson thevelocity densityfunction � . In Figure2.2 we show plotsof -

vs � for two choicesof � . The �rst shows the casewhenvelocitiesarechosen
uniformly in

�������	�	�

; thesecondshows thecasewhenthey arechosenaccording
to thestandardGaussiandistribution.

Whenwe choosevelocitiesto be either
���

or
�

, eachwith probability
���

&

,
then - � � de�ned by (2.4). In this lattercasethereis no decayof correlation.
This occursbecauseall the particlesaremoving at speed1. Sincethe box has
length2, all particlesreturnto wherethey wereinitially afterevery 4 time units.
Thustheauto-covariancemustbe1 for every time thatis amultiple of 4.

Somecalculationshows that theright-derivativesof - at + satisfy(for densi-
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Figure2.2: Covariancefunctionsfor two choicesof thevelocitydistribution.

ties � with boundedsecondmoment[13])

-�� ��+  "�

�

�

1

:

1

( ��( �$�%�! 4 � �

�

' ( ��(

�

-�� � � +  �#+

�

(2.7)

From this one can show that for any physically reasonable� , � cannotbe a
Markov process.This canalsobeusedto prove that theredoesexist a Gaussian
randomprocess� with covariance- .

3 Proof of Main Theorem

To establishthe convergenceof � � to � , we needto show thatanappropriately
scaledmedianof 
 i.i.d. randomprocessesconvergesto aGaussianprocess.Thus
we canview themainresultasa CentralLimit Theorem,exceptthat it is for me-
dians,ratherthanmeans,andfor processes,ratherthanrandomvariables.There
is an extensive literatureon asymptotic limits for mediansandothercentralor-
derstatistics. Thebook[10] providesa thoroughtreatmentof thesubject.Here,
we will extendsometechniquesin the �eld to prove the resultfor our particular
randomprocesses.First we needa suf�cient conditionfor weakconvergenceof
functionsin �

�

+

� 
 �

.
We use � 6 � for functionsin �

�

+

��
��

to denote� ���5 6 � ���5 for all �

�

�

+

��
��

. De�ne ���"� �  + � ���

�

�

�

+

��
��

+	� 6 � � . We saythat � is a continuity
pointof � if

�

� �

��


��� � �  �� �#+ . A standardresult[2] tellsusthatif � � 	 �

then, for all � that are continuity points of � ,
�

� � �#6 � � 	

�

� � 6 � �

�
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We usea strengthenedform of theconverseof this factto establishweakconver-
gence.Herewedenotethesetof all in�nitely differentiablefunctionson

�

+

��
��

by
�

1

�

+

��
��

.

Theorem 3.1 If
�

� � � 6 � � �

�

� � 6 � � for all �

�

�

1

�

+

��
��

that are
continuity pointsof � , then � � 	 � .

Proof This is Exercise1.2.6of Billingsley [2, p. 17]. See[13] for aproof. �

To establishtheconvergence(3.1)wede�ne whatwewill call thedualprocess
for each� . For each�x ed �

�

�

�

+

��
��

, wede�ne thedualprocessof � � to be

� � ���5 ,+ � 


:
��
��

�

�

� 3

�

�

��� � ���5 (3.8)

where
�

��� � ���5 ,+ �

�%�

� 


:
��
��

� ���5 

�

&��	��

�������

�����������

�����

�

(3.9)

for �

�

�

+

��
��

. Notethat this processis not, in general,continuous,nor is it even
in �

�

+

��
��

. However, we will henceforthdenoteby �

��� � , � � the versions of the
aboveprocessesthatarein �

�

+

��
��

.

Theorem 3.2 For all �

�

�

�

+

��
��

, theevent � ��� 6 � � is equivalentto theevent
� �.� 6 � � .

Proof Herewearefollowing verycloselytheideasin Reiss[10] in theproofof
theCLT for mediansof vectors.

Considertheeventof interest:

� ��� 6�� � � � 


��
����

� 6�� � � �

�

� 68


:
��
��

� �

�

Recallingthat �

� ���5 is the medianof ��� ���5 

���

�

���	�������


 , we have for each �

�

�

+

��
��

�

�

� ���5 6,


:
��
��

� ���5 �� �

 

�

�

� 3

�

�	��
!�������

���������"�

�����

	,


�

&$#

�

where
�&%

is theindicatorfunctionof theevent � . So

� � � ���5 6�� ���5 )� �

 

�

�

�

� 3

�

�
��
'�������

�
�������

�

�(���

6

�




�

&
#

�
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Let usmanipulate theeventon theright of theequation.Wesubtracttheexpecta-
tion of theleft-hand-sideof theinequalityfrom bothsides.Since

'��

�

� ��
!�(��� �

������� ���

�(�����

�

���

�

� 
 : ��
�� � ���5 

& �

�

weget

� � �����5 6�� ���5 )�

�

 

�

�

� 3

���

�

� 
 : ��
�� � ���5 

&

�

�
	 
!�������

� ������� �

�������

6

�

�

� 3

�


�: ��
�� � ���5 

&

#

�

 




:
��
��

�

�

� 3

��


�

� 


:
��
��

� ���5 

�

& �
	


'�(��� �

������� �"�

�������

6 � ���5 

#

�

Recallingthede�nition of � � and �

��� � ,

� � � 6�� � �

 




:
��
��

�

�

� 3

�

�

��� � 6��

#

� � �.� 6�� �

�

asrequired. �

Wewill alsoneedthefollowing theoremstatedin Billingsley [2].

Theorem 3.3([2] Theorem 15.6.) Suppose that the �nite dimensionaldistribu-
tionsof � � converge to thoseof an almostsurelycontinuousprocess� on

�

+

��
��

,
andthat

' ��( � � ���5 

�

� � ���

�

 ( ��( � � ���

�

 

�

�.�����5 ( � � 6 ���

�

�

�

�

 

��� (3.10)

for �

�

6%� 6 �

�

and 
 	

�

, where � 	 + , � )

� �

&

. Then � � 	 � . �

Wenow establishthelimiting behavior of thedualprocess.

Theorem 3.4 For each �

�

�

1

�

+

��
��

, � � 	 � in �

�

+

��
��

.

Proof The convergenceof �nite-dimensionaldistributions is proved in Theo-
remA.1 of AppendixA. The inequality (3.10)is provedin TheoremB.1 of Ap-
pendixB. �

Now wecanproveourmaintheorem.
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Proof of Theorem2.2 From Theorem3.4 we know that � � 	 � in �

�

+

� 
 �

for all �

�

�

1

�

+

��
��

. Let ��� � �  � ���

�

�

�

+

��
��

+ � 6 � � . From the
propertiesof weakconvergenceweknow thatthatfor all �

�

�

1

�

+

��
��

suchthat
�

� �

� 


����� �  )� �#+ , wehave
�

� � � 6�� � �

�

� � 6�� � .
Let � � � �  � ���

�

�

�

+

��
��

+ � 6�� � . Wehave that




� �"� �  "� ���

�

�

�

+

��
��

+ � 6��

�

� ���5 "� � ���5 for some�)�

�

Likewise




����� �  � ���

�

�

�

+

��
��

+ � 6��

�

� ���5 "� � ���5 for some�)�

�

So 


� �"� �  �




����� �  

�

�

�

+

��
��

. Since �

�

�

�

+

��
��

,

�

� �

��


��� � �  )� �

�

� �

� 


��� � �  )�

�

The above considerationsshow us that if
�

� �

� 


� �"� �  ��;� + and �

�

�

1

�

+

��
��

then
�

� �

� 


����� �  )��� + andhence
�

� � � 6 � � �

�

� � 6 � � . So
by Theorem3.2wehave that

�

� � � 6�� � �

�

� � � 6 � � �

�

� � 6�� �

�

whenever �

�

�

1

�

+

��
��

and
�

� �

� 


���"� �  )� , asrequiredby Theorem3.1. �

4 Approximation with Soft Collisions

We have now shown that a particularsequenceof deterministic processeswith
randominitial conditionshasacomponent� � �!� , de�ned by (2.3),thatconverges
to a stochasticprocess� speci�ed by (2.5). As mentionedearlier, sincethese
deterministic processesarenot describedpurely by ODEswe cannottestODE
solverson them.Sowe shallnow describeanapproximation of thesesystems by
systemsof ODEs.Wewill thenprovidenumericalevidencethatthetrajectoriesof
thetracerparticlesof theseODEsystemsalsoconvergesto thestochasticprocess

� in aparticularlimit.
As before,for eachoddpositive integer 
 , weplace
 particleson theinterval

���



��
��

�



��
��

�

. Eachparticleis givena velocity 

��
��

� where� is selectedfrom the
distribution with density � , asbefore. From now on, we �x � to be the density
of the standardGaussiandistribution. We denotethe position and velocity of
particle � at time � by �	� ���5 and� � ���5 respectively. In contrastto thepreviouscase,
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we describethe motion of the particlesthrougha setof ODEs. The differential
equationsdescribingthepositions � � andthemomenta�3� are

�

��� ���5 "� � � ���5 

�

�$�

�������	�	�




�

and

�

�

�

���5 �

���

�

� �

�

���5 

�

�

�

���5 5 ��9�

�

�

�

�




��
��

�

�

�

���5 5 ��

�

�

� � ���5 �

���

�

� ��� ���5 

�

�����

�

���5  ��9�
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where ���  �� �

-��
	

��+

�

�  for �

��� . Thissystemcanbeviewedasa Hamiltonian
systemwith Hamiltonian

� � �

�

�3 �� � � �� �

�

&

�
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�

�

�

The �o w of this systemof ODEsis very similar to that of the original pro-
cess.However, whentwo particlesmeeteachother, ratherthaninstantaneously
exchangingvelocities,they areallowedto overlap.While overlapping,they apply
a repellingforce to eachotherthat is proportionalto the amountthat they have
overlapped. Thuswhile the particlesare in contact,they go throughlinear har-
monicmotion. After half a periodof this motion, they ceaseto overlapandhave
velocitiespointing away from eachother. Sincemomentum andenergy arecon-
served,theneteffect is thattheir velocitiesareexchanged,asin thehardcollision
case.However, their positions aredisplacedrelative to wherethey wouldbeafter
ahardcollision.

In theODEsabove
�

is a constantdenotingthestiffnessof therepulsionbe-
tweentheparticles,andbetweentheparticlesandthewalls. For

�

� + thepar-
ticles do not interactat all; as

�

� � we expectthe trajectoriesof the system
to converge to thoseof the original systemwith the sameinitial data. (See,for
example,[9].)

In order to have a sequenceof systemsof ODEsthat converge to the same
stochastic process,we allow

�

to go to in�nity as 
 does. Here, we make the
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.

choice
�

� 
 � . In this casethedurationof a collisionbetweentwo particlesis on
theorderof 


:
� . Theaveragelengthof time betweencollisionsfor a singlepar-

ticle is on theorderof 
$:
�
. So,aswe increase
 , thecollision durationsbecome

shorterandshorterwith respectto the lengthof time betweencollisions, andin
thelimit of 
 � � we expectthesystemto bea closeapproximationto thesys-
temwith instantaneous collisions. We conjecturethat theODE systemwith this
choiceof

�

hasthe samelimiti ng propertiesaswe proved for the instantaneous
collision system:thetrajectoryof thetracerparticlesweaklyconvergesto � . We
now provide somenumericalevidenceto supportthisconjecture.

To describeour results,we introducesomenotation. As before, - is theco-
varianceof thelimiting process� . De�ne - � to bethecovarianceof ouroriginal
hardparticleprocesswith 
 particlesdescribedin Section2. Our main theorem
in Section3 shows that - � ���5 convergesto - ���5 for all � . In Figure4.1 we show
the convergenceof -�� to - by plotting the differenceof the two functionsfor
differentvaluesof 
 . We denoteby -,��� � thecovariancefunctionfor theprocess
describedby the ODEswith 
 particlesanda stiffnessparameter

�

. A conse-
quenceof thesoftenedsystemconverging weakly to � as 
 � � with

�

� 

�

would be the convergenceof -,��� � to - . Figure4.2 shows that this is the case
when

�

� 

�
. (The �gure wasobtainedby integrating theODEswith time step

�

� , letting
�

� � �

� �

, andthendecreasing� until therewasconvergence.) Of
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with
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� 

� . Thestandarddeviation of

theerroron thecurvesneverexceeds0.004.

course,convergenceof the covariancefunction doesnot guaranteeconvergence
of theprocess,but theevidencepartly con�rms ourhypothesis.

5 Numerical Approximation

In theprevious sectionwe presenteda sequenceof particlesystems describedby
ODEsandparameterizedby 
 , thenumberof particles,and

�

thestiffnessof the
collisions. If we let

�

� 

� , it appearsthat the trajectoryof the tracerparticle

weaklyconvergesto thatof thestochasticprocess� as 
 goesto in�nity . Wewill
usethis scalingnumericallyintegratethe systemfor increasingvaluesof 
 , and
seehow well limiti ngstatistics arereproduced.

The�rst methodwe will applyto our systemis thesymplectic Eulermethod.
Considerthesystemof ODEs

�

��� �

�

�

� � ��� �� 

�

where �

�

�

� �

� . Thesymplectic Eulermethodwith steplength
�

� generatesa
sequenceof approximations

� � �

�

� � ���

�

� � �

�

� � �

�

� � � �

�

�5��� �2� �

�

 

�
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For this methodto stablycomputeapproximationsto the systemof ODEs, it is
necessarythat

�

���

�

: � . Thusanaturalplaceto beginournumericalexperiments
is to examinehow well thesymplecticEulermethodreproducesthestatistics of
the large 
 limit with

�

� � �

�

: �
, for different valuesof � . We will denote

by -���� � �

�

�

thecovariancefunctioncomputedby the integratorwith time step
�

�

appliedto thesystemof ODEswith parameters


� �

.
Figure5.1shows -

�

-,��� � �

�

�

computedby thesymplecticEulermethodwith
�

� �

�

: � , where
�

�.
 � and 
 � '

�	��� �����

. Thecovariancefunctionappearsto
converge to the limit ing covariancefunction - with this scaling. This property
wasalsoobservedwith

�

� � �

�

: � for �;� +

��� �

+

�

&

�

. This providesanexample
of thephenomenon whichwehopedto explore.Sincewith the

�

���

�

:
� scaling

we arenot resolving�ne detailsof thecollisions,we arenot computing trajecto-
riesaccuratelyin this limit. Evenwith � �

�

, which is closeto the largeststep
sizeallowed by stability, the limiti ng statistical propertiesof the trajectoriesare
computedaccurately.

Onepropertyof thesymplecticEulermethodwhichmaybeviewedasadraw-
backfor moleculardynamicssimulationsis that it doesnot conserve theenergy
of thesystemexactly. Oneway to remedythis is to usea projectionmethod;see
[6, IV.4]. A projectionmethodis a modi�ed versionof a standardtime-stepping
algorithmwhereinthesolution is forcedto havethecorrectenergy aftereachstep.
This is doneby �rst taking a stepwith a standardmethod—which will leadto
a valuewith possibly incorrectenergy— andthenprojectingthis valueonto the
manifoldof stateswith thecorrectenergy.

Typically, projectionmethods for Hamiltonian systemsare implementedas
follows. Supposewe arenumericallyintegrating a Hamiltonian systemof ODEs
on the spaceof points �8�<� �

�

�! 

� �

�

� with �x ed energy � ���  � �
	 . From
a state ��� � � �2�

�

� �� with the correctenergy a standardtime-stepperis usedto
obtainthestate���

� �

�

. Thegradientof theHamiltonian is computedat this state:
� ��
 � ���

�

� �

�

 . Thenan �

� � is computedsothat � ���
�

� �

�

� � �  � �
	 . Then
weset ��� �

�

� �
�

� �

�

� � � .
In our implementationthereare two aspectsof this schemethat we modify.

Firstly, theweuseadifferentprojectiondirection � . Theusualchoice,

� ��
 � � �

�

�! �

�


 � � �� �

�����

doesnot scalewell with increasing
�

. Insteadweuse

� ����
 � � �� 

�

�

���

�

�

14



0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
-0.1

-0.05

0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

C
(t

)-
C

n,
k,

D
 t(t

)

t

n=3
n=15
n=75
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, with
�

� �

�

:
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� . Thestandarddeviationof theerroron thecurvesneverexceeds

0.002.
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with
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� 
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� �
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neverexceeds0.005.

See[13] for furtherexplanation.Secondly, for oursystemit is notalwayspossible
to �nd an � thatsolvestheabove nonlinearequation.In theserarecaseswe �nd
an � thatlocally minimizestheresidualof theequation,andthenproceedwith the
projectionto � ���  "��� 	 asusualonsubsequentsteps.

We take the symplecticEuler methodandimplement the projectionscheme
describedabove in order to make it energy conserving. We will refer to this
methodastheprojectedsymplecticEulermethod.We conductthesamenumeri-
calexperimentsfor it aswedid for thesymplecticEulermethod.Figure5.2shows

-

�

-���� � �

�

�

computedby this method.As before
�

� �

�

:
� ,

�

� 
 � , and 
,�

'

�	��� �����

. Comparisonwith Figure5.1shows thatfor 
 � '

�	���

, themethodcom-
putessimilarcovariancefunctionsto thoseof thenon-projectedmethod.However,
for 
 �

���

thecovariancefunctionappearsto divergefrom thelimit - .
We repeatthe experimentwith the projectedmethodwith a slightly larger

timestep:
�

� �

���

&

� �

:
�
. The resultsshown aresigni�cantly worsethanfor the

previoussteplength. Thecomputedcovariancefunctionis cleardiverging from -

as 
 � � .
Thesestudiesarepreliminary, but they do suggesttwo lessons:(1) symplec-

ticity is moreimportantthanenergy conservationfor thecomputation of statistical
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propertiesin moleculardynamics,and(2) projectiondoesnotsafelyallow oneto
take longertimestepswithoutgrosslyaffectingthequality of thesimulation.
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A Finite-Dimensional Distributionsof theDual Pro-
cess

Theorem A.1 Recall the de�nition of � � from (3.8). For any �

�

�

�

�

���������

�

�

�

�

+

��
��

therandomvector

�

�.�����

�

 

�

� � ���

�

 

�	�������

� � ���

�

 

�

converges in distribution to a Gaussian random vector with covariancematrix
�

� � �#- ��� �

�

�:�	 . Here, - ���5 is asde�nedin (2.5).

Proof Recall the de�nition of the process��� from (2.1). For our later conve-
niencewede�ne

�

�

���

�

�

�

�

 ,+ �

�

�*� � ��+  6%�

�

�

�
� ���5 6%�

�

�

�

It is straightforwardto show thefor each
�

, theprocess� � is stationary [13]. This
implies

�

�*� �����

�

 6%�

�

�

�
� ���

�

 6%�

�

� �

�

�

�

:

�

�

���

�

�

�

�

 (A.11)

for any �

�

�

�

�

�

�

+

� 
 �

.
WeapplyaCentralLimit Theoremof Dvoretzky ([4], Theorem1). Theresult

holdsfor certaindependentrandomvectorarrays,but wewill only needit for the
independentcase.

Theorem A.2 (From [4]). For each 
 , let �9��� � ,
�

6

�

6 
 be independent
randomcolumnvectors with ' � ��� � �.+ . Let

�

bea
��� �

matrix. For a vector
� , denoteits normby ( �/( andits transposeby �

�

. For anevent � , let

' � ��� �  8+ �,' � �

�&%

 

�

Suppose

� (i) �
	

-

���

1




�

��3

�

' � ��� � �

�

��� �

�

�

,

� (ii) for all ��)/+ , ��	

-

���

1




�

� 3

�

' � ( � ��� � ( ��� ( � ��� � (*)��  � + .

Then � ��� �9���

�

�������*� �9��� � 	�� � +

�

�

 as 
�� � . �
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In our case, � � and � ��� � are vectorsof length 4 with � ��� � � � � ��� �� and
� ��� � � � � 
 : ��
��

�

��� � ��� �  , where �

��� � is de�ned in (3.9). Recall the de�nition of
�

��� � ���5 in (3.9). Weproceedto checkthehypothesesof theCLT.
We �rst needto verify that ' 
 : ��
��

�

��� � ��� �  �#+ , for each
�

. Wehave

'�
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�

Furthermore,with somealgebraandthefactthat
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 �������

���������"�

�����

�

�.�

�

� 


: ��
��

� ��� �  5 

�

&

�

weobtain
�

�

� 3

�

'
�

� 


:
��
��

�

��� � ��� �� 5 	� 


:
��
��

�

��� � �����   
�

� 


:
�

�

�

� 3

�

���

�

�

� 


:
��
��

� ��� �  5 	�

�

� 


:
��
��

� �����   

� #

�

�*� ����� �� 6,


:
��
��

� ��� �	 

�

� � �����  6,


:
��
��

� �����  ��

�

� #

�

�

�

:

�

�

� 


:
��
��

� ��� �	 

�




:
��
��

� �����  5 

�

�

�

� 


:
��
��

� ��� �	  ��

�

� 


:
��
��

� �����   

LemmaA.3 shows that
�

�

is continuousat � +

�

+  for all �

�

�

+

��
��

. Hencethe
abovequantityconvergesto #

�

�

�

:

�

�

��+

�

+  

�,�

as 
 � � . LemmaA.4 shows that
#

�

�

��+

�

+  

� �

� - ���5 for � 	 + so this is theappropriatecovarianceasstatedin
thetheorem.

In ordertoverify the�nal conditionof theCLT theorem,observethat (
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��� � ��� �  ( 6

&

for all 
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whichconvergesto zeroasrequired. �

Lemma A.3 Thefunction
�

�

+

�

�
�

� is continuousat � +

�

+  .

20



Proof This canbeprovedby showing that
�

�

is Lipschitzin eacheachvariable
at ��+

�

+  . See[13]. �

Lemma A.4 Wehave
#

�

�

��+

�

+  

�/�

� - ���5 

�

Proof Wecanrewrite
�

�

as
�

�

� �

�

�

�

�

 � '
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�

	 ���
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���

� 	
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0 1
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So
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In orderto obtainamoreexplicit expressionfor
�

� , we�rst observethatit will
beperiodicwith aperiodof 4. Thensomelengthybut straightforwardcalculations
will show that

�

� ���  "�
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(A.14)

Wecantakeadvantageof thefactthat � is symmetricabout + :
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Theexpression in thesquarebracketshappensto equal� of equation(2.4).So

#

�

�

� +

�

+  

�/�

�

�

1

:

1

� ��� �5 �����! 4�� � - ���5 

asrequired. �

B Tightness of the Dual Process

Remark. Herewe establishthe tightnesscriterion (3.10)of Theorem3.3. It is
clearthatweonly needto prove it for 
 suf�ciently large.

We will usesomeof theideasof Hahn[5], wherea similar argumentis given
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Usingthefact that thethe �

��� � areidenticallydistributedprocesseswe obtain
thattheexpectationof interestis
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Since � is a smoothfunctionona compactinterval, we canuniformly boundthe
�rst termby someconstanttimes ���

�

�  
� . Thesecondtermis theprobability that

therelative position of �
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and 
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��
�� � will switchfrom time � to time � . We can
boundthisby consideringthemagnitudeof thederivativesof thetwo functions.

The rateof changeof �
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is at most ( ��( , where � is the initial velocity of the
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functionsis at most ( ��( � � . For the two functionsto crosson the interval
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We condition on two possible waysfor this event to occur. The �rst way is
for �
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to cross
 : ��
�� � somenumberof times,thenbounceoff a wall, thencross
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by theassumptionson � . Sothisprobability is boundedasrequired.
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