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I. INTRODUCTION

In this paper we investigate the recovery of the potential of the one-dimensional
Schrédinger equation from the data consisting of the ratio of a reflection coefficient to
the transmission coefficient. We analyze the cases where the potential has no restriction
on its support, half-line support, and compact support. We assume no information about
the number of bound states, and in fact we try to recover that number as a part of our

inverse problem.

Our work is motivated by the work of Rundell and Sacks [1] where it was shown that
a bounded, compactly supported potential with a sufficiently small L2-norm is uniquely
determined by the corresponding ratio of a reflection coefficient to the transmission coef-

ficient. In our paper we show exactly when such a determination is possible.

Consider the Schrédinger equation
Wk, @) + B Pk, w) = V(z)p(k,z),  weR, (1.1)

where the potential V' belongs to the Faddeev class, i.e. it is real valued, measurable, and
in L1(R). Here, Ll (J) denotes the class of measurable functions on an interval J such
that [, dx (14 |z|™)|V(z)| is finite. The prime is used for the derivative with respect
to the spatial coordinate x. The scattering solutions to (1.1) behave like e?** or e~%* as
x — to00, and they occur for k € R\ {0}. A bound state of (1.1) is a solution that belongs
to L2(R) in the x variable, and it is known [2-7] that the bound states can occur only at
certain k-values on the positive imaginary axis I" in CT. We use C* for the upper-half
complex plane and I := i(0, +00); later we will let C* := Ct UR and I~ := i(—00,0).
We will use N to denote the number of bound states, which is known to be finite when

V is in the Faddeev class, and suppose that the bound states occur at k = ix; with the

ordering 0 < kK1 < - -+ < Kp.

Among the scattering solutions to (1.1) are f; and f,, the Jost solutions from the left

and right, respectively, satisfying the respective boundary conditions
e ke fi(k,x) =14 0(1), e *f/(k x) =ik + o(1), x — 400,
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e fi(k,x) =14 0(1), ™ fl(k,x) = —ik+ o(1), r — —00. (1.2)
From the spatial asymptotics

B eikm L(l{?) e—ikm
Ab0 =70 "1

e—ikx R(k?) eikm

A T

+o(1), T — 400,

we obtain the transmission coefficient 7', and the reflection coefficients L and R from the

left and right, respectively. It is known [2-7] that

|T(k)]? + |L(k)]? =1, k € R, (1.4)

where the asterisk denotes complex conjugation. In general, R and L are defined only for
real k values, but T has a meromorphic extension to C*. Each bound state corresponds
to a (simple) pole of T in C* and vice versa. Given |T'(k)| for k € R and the bound-state

poles k = ir;, one can construct 1" as [2-7]

N :
k+ik; 1 [ log |T(s)| —
T(k) = J — ds ————— ke Ct 1.
*) =ik eXP(m'/_oo “s—k—i0t )’ ccr. (19

A potential V' in the Faddeev class is said to be generic if 7(0) = 0 and exceptional if
T(0) # 0. Generically we have

i 26k L(k)

e TR (—1)NWo| +0(1), k—0inR, (1.6)

where the Wronskian Wy := f:(0,z) f/(0,x) — f/(0,z) fi(0,z) is a nonzero constant. On

the other hand, in the exceptional case we have

%12% ) = 7 +o(1), k — 0in R, (1.7)
S0, z) ~ [ N(0,2) ] .
where vy 1= = (-1 1s a nonzero constant.
’ f:(0, ) - f:(0, )




A potential in the Faddeev class is uniquely determined from the data {L, {x;}, {c:j}}
or {L,{k;},{7;}} by using any one of the available methods [2-7]. Here, ¢,;, for each
Jj=1,..., N, represents the bound-state norming constant and ~; the dependency constant
associated with k& = ix;, and they are related to the Jost solutions as

o0 ~1/2 .
Crj 1= [/ dz fr(i/ej,a:)Q] , Y= M (1.8)

— 00 fr(”{jvx)

Given V, we can remove [2-7] all the bound states from the scattering coefficient and
construct the resulting potential V1% corresponding to the transmission coefficient T'% and
the left reflection coefficient L), where

N N
T [O] H k + Z/‘T/J (k') _ NL[O] H k + Z/‘i] ‘ (19)

— ZK,J — Z/ij

The potential V1% belongs to the Faddeev class whenever V is in that class.

Without loss of any generality, our main problem can be reduced to the recovery of a

potential V' in the Faddeev class from the data D(k) := L(k)/T (k) in the following cases:
(i) V has no restrictions on its support.

(ii) The support of V' is confined to a half line.

(iii) The support of V' is confined to the finite interval.

Our paper is organized as follows. In Section II we study case (i); we see that
our data cannot say anything about the value of N in the exceptional case and hence
N €{0,1,2,...}, and for each such N we have a 2N-parameter family of potentials cor-
responding to our data. On the other hand, in the generic case from our data we get
N €{0,2,4,...} or N € {1,3,5,...}, as indicated in (1.6); for each allowed N we again
have a 2N-parameter family of potentials corresponding to D. Case (ii) is analyzed in Sec-
tion III, and we show that our data puts a further restriction on the maximum allowable
values for N and that N — 1 cannot exceed the number of zeros of D on IT. In particu-
lar, in the generic case where D has no zeros on I and the limit in (1.6) is positive, we

conclude that N = 0 and hence there is a unique potential corresponding to D. We also
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show that our data restricts the (open) intervals in which the x; can occur, depending
on the sign of D on I™. Then, for each allowed N we obtain an N-parameter family of
potentials supported on the positive half line corresponding to our data. We illustrate the
nonuniqueness with some explicit examples. Finally, in Section IV, we analyze case (iii)
and show that our data further puts severe restrictions on the locations of the «;. In this
case we show that for each allowed N, there can exists only a finite number of potentials
corresponding to the same D. We provide the exact criteria for the uniqueness as well
as the nonuniqueness and the degree of nonuniqueness, and we illustrate the theory with

some explicit example

II. RECOVERY WITH NO RESTRICTION ON THE SUPPORT

We will analyze the construction of V' from the data D by analyzing the construction

of {L,{k;},{crj}} from D.

Given D(k) for k € R, we can construct 7%, This is because, as seen from (1.9) and

the second equation in (1.4), we have

1 1 )
ITONR) 2~ |T(k)]Z 1+ |D(R)I7, keR, (2.1)

and hence, (1.5) and (2.1) imply that

708 — exp (L /oo L log (1/[1+ |D(s)|2])>  hecw 22)

271 s—k—1i0t

— 00

Having found 7%, from (1.9) we get

N ]{f—l—’i/{j
lk—’i/{j

LO(k) = (=1)ND(k) TOUk),  L(k) = D(k) T (k) (2.3)

j=
Thus, to construct L from D, we must know both the number of bound states and the
bound-state energies. In the generic cases, as (1.6) implies, from D we are only able to
determine whether N is even or odd, but in the exceptional case even this is not possible,
as implied by (1.7). For N = 0, as seen from (2.3), D uniquely determines L and hence
also V.



In summary, given the data D, we get, for each value of N, a 2N-parameter family
of corresponding potentials, where {{r;},{c;;}} represents the parameter set. If D(k)
is bounded at £k = 0 then N can be any nonnegative integer; if D(k) is unbounded at
k = 0, then N is a nonnegative integer, which is odd or even depending on the sign of
limy_,0[2ik D(k)] as in (1.6).
Example 2.1 Let us demonstrate that we can tell from D whether N is even or odd in
the generic case, but not in the exceptional case. Consider

D(k) = a cp = \/10 + Va2 + 36,

(k+icy)(k+ic_)’

where a € [—8, 8] is a parameter. Note that o = £8 corresponds to the generic case and
a € (—8,8) corresponds to the exceptional case. In the generic case from (1.6) we get
2ik D(k) = a/v/5+0(k) as k — 0, and hence N must be even if « = 8 and odd if & = —8.
On the other hand, in the exceptional case, from (1.7) we get D(k) = a/v/64 — a2 + O(k)
as k — 0, and N can be any nonnegative integer. In fact, the corresponding scattering

coefficients for a € [—8, 8] are given by

L(E) = (—1)Na N ki () = (k+ic ) (k+ic_) [ Ly k+ ik,
(k4 20)(k + 4i) ki ’ (K +2i)(k + 44) ki ’
where L(0) = —1 and T'(0) = 0 are assured in the generic case by the choice N €

{0,2,4,...}ifa=8and N € {1,3,5,...} if « = —8.

III. RECOVERY WITH SUPPORT ON A HALF LINE

In this section we analyze the construction of V' from D when we further know that

the support of V is confined to a half line. Equivalently, we analyze the construction of

{L,{k;},{cr;}} from our data.

There is no loss of generality in assuming that the support of V is confined to R™T.
This can be argued as follows. If the support of the potential is known to be confined to

the interval (a, +00) for some real constant a, then the value of a can be extracted [8] from

D; the shift V(z) — V(x — a) results in L(k)/T(k) — L(k)e**/T(k) and hence there
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is no loss of generality in assuming that a = 0. On the other hand, if the support of the
potential is known to be confined to R™, then, because of the first equation in (1.4), our
problem can also be formulated as the recovery of V from R/T, which is equivalent to the

recovery of V from D.

When the support of V is confined to R, it is already known [9-14] that L uniquely
determines V. In fact, the meromorphic extension of L(k) from R to C* uniquely deter-
mines {{x;},{c;}} as indicated in Theorem 3.3 below. Thus, the number of arbitrary
parameters appearing in the reflection coefficient L constructed from our data is the same

as the number of parameters appearing in the constructed V.

In Section IT we have seen that D in the generic case reveals whether N is even or
odd. We will next show that knowledge that the support of V is confined to R leads to

an upper bound on N both in the generic and exceptional cases.

Proposition 3.1 Assume V19 is a potential in the Faddeev class, has support in R,
and has no bound states. Suppose V is the potential obtained by adding N successive
bound states to VIO at k = tkj with 0 < k1 < -+ < KN, and let LI denote the left
reflection coefficient for VI° as in (1.9). If the support of V is confined to RT, then
(=1)7LONik;) > 0 for j =1,..., N, or equivalently, (—1)N=ID(ix;) > 0.

PROOF: If V =0 for < 0, from (1.2) and (1.3) we see that

eikm L(l{?) e—ikm
k) Tk

felk,x) = etk filk,z) = x < 0. (3.1)

Hence, using 1/T(ik;) = 0, (3.1), and the second equation in (1.8), we conclude that
v; = (L/T)(ix;). Then, with the help of (1.9), we get LI%(ix;) = (—=1)Nr; T (ik;). It is
already known that T°1(k) > 0 on I* and (—1)N=95; > 0. Thus, (—1)7LI(ik;) > 0 for
j =1,...,N. With the help of D(k) = (=1)N LI (k)/T1%(k), we equivalently claim that
(=1)N=ID(ir;) > 0. I

For k € IT we know that LI%(k) is real valued and continuous and 1/T1°(k) > 0;

hence, from Proposition 3.1 we obtain the following result.

Corollary 3.2 Assume V belongs to the Faddeev class, has N bound states, and has support
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in RT. Let L9 denote the left reflection coefficient for VIO which is obtained from V by
removing all the bound states, as in (1.9). Then, L% must have at least N — 1 zeros on
I*, equivalently, D must have at least N — 1 zeros on IT.

Let us note that the zeros of L% on I, or equivalently those of D, need not be simple,
as indicated in Examples 3.8 and 3.9.

The following theorem gives a characterization of the left reflection coefficient corre-

sponding to a potential in the Faddeev class with support confined to R™. Let

P(a) = % / Tk L(k) e, Ra) = —% _Z dk% giher (3.2)

Theorem 3.3 The left reflection coefficient L corresponds to a unique potential V' in the
Faddeev class with support in RY and with N bound states at k = ix; (j=1, ... ,N) if and
only if the following conditions hold:

(i) L is continuous on R, and L(—k) = L(k)* for k € R.

(i) |L(k)| <1—CKk?*/(1+k?) on R for some positive constant C.

(iii) L(0) € [-1,1).

(iv) L has a meromorphic extension to CT with N simple poles occurring at k = ik; and
residues Res[L(ik;)] = icfj for some positive constants c,;. Of course, if N =0 then
the extension of L to CT is analytic there.

(v) L(k) = o(1/k) as k — oo in C+.

(vi) The function k/T(k), where T(k) is given in (1.5) with |T(s)| = /1 —|L(s)[?, is
continuous in C+.

(vii) The functions L and R defined in (3.2) are absolutely continuous, L' € L}(—o0,0),
and R' € L}(a,+00) for any a < 0.

PROOF: The proof is obtained by modifying the characterization conditions on the scat-
tering data [5,7,15] corresponding to a potential in the Faddeev class in order to take into
account the vanishing property of the potential on R~. It is known [9-14] that (iv) is

equivalent to vanishing of V' on R™. The slight modification in (vii) is also related to the
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vanishing of the potential on R™. 1

In the following we illustrate the recovery of V| or equivalently of L, by presenting

some explicit examples.

Example 3.4 Let our data for a potential with support in R be given by

—V3(k — i) (k — 30)
(k4 4)2(k + V/5i)(k + 3i)

D(k) =

Notice that D(k) is bounded at k = 0 and hence this corresponds to an exceptional case.

Proceeding as in (2.2), or equivalently by solving the Riemann-Hilbert problem [cf. (2.1)]

7oy~ Ot DE)Z) TOK),  keR,

we obtain

(k4 1) (k + /51)
(k4 v2i)(k +2i)

710] (k) =

From (2.3) we get

—V/3 (k —i)(k — 3i)
(k + 1) (k 4+ v/2i)(k + 2i)(k + 3i)

LOk) = (-)NA(K), A(k) :=

Notice that D has two zeros on I'". Hence, the number of bound states of V' cannot exceed
3. Since this is the exceptional case, N is allowed to be any of 0, 1, 2, and 3. Recalling
the fact that L uniquely determines V' because of the support property of V, with the
help of the sign restriction indicated in Proposition 3.1, or equivalently, with the help of
Theorem 3.3(iv), we obtain all the following possibilities for L and also for V.

(a) For N =0, we have L(k) = A(k), and the potential V' is uniquely determined.

k"i‘i/{l
k‘—i/‘il

(b) For N = 1, we have L(k) = A(k) , where k1 € (0,1) U (3,400) is the only

arbitrary parameter in V.

2 k + i/ij
i k —ik;
the only two arbitrary parameters in V.

(¢) For N =2, we have L(k) = A(k)

, where 11 € (1,3) and Ky € (3,+00) are

3
(d) For N = 3, we have L(k) = A(k) -, where x1 € (0,1), k2 € (1,3), and
K2 € (3,400) are the only three arbitrary parameters in V.
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Example 3.5 Let D(k) = ———————. This is the generic case because D(k) is sin-

k(k + iv/20)
v 2
gular at k = 0. Using (2.1) we get TIN(k) = k(k +iv/20)

. From (1.6) we see that

(k + 21)(k + 44)
limg_[2ik D(k)] = 8/+/5, which is positive, and hence N € {0,2,4,...}. Then, from the
first equation in (2.3) we get LI%(k) = T 2i)8(k ) Since D has no zeros on I, Corol-

lary 3.2 implies that the only possibility is N = 0. Thus, L(k) = LI(k), and our data

uniquely determines L and V.

-8
Example 3.6 Let D(k) = ——————. As in Example 3.5, this is the generic case and
P ) = T ivm) P &
k(k +iv2
T k) = (k-(I—Q—Zi—)zk‘ +Oiz')' From (1.6) we see that limy_[2ik D(k)] = —8/+/5, which

is negative, and hence N € {1,3,5,...}. Then, from the first equation in (2.3) we get

. 8
LR (k) = (k + 2i)(k + 44)

possibility is N = 1. Thus, we get L(k) = —LI(k)

. Since D has no zeros on I, Corollary 3.2 implies that the only
k + ilil

- ilil
arbitrary parameter. Because the constructed L contains one arbitrary parameter, there

, where k1 € (0,+00) is an

exists a one-parameter family of potentials corresponding to our data.

8k —3)(k—4i) Example 3.5, this is the

Example 3.7 Let D(k) = p

(k + iv/20) (k 4 3i)(k + 44)
generic case and TI(k) = (kkik2—zgzl;/??jlz) From (1.6) we see that limy_o[2ik D(k)] =

—8/+/5, which is negative, and hence N € {1,3,5,...}. Then, as in Example 3.5 we get
L0} (k) = 8(’? - 32)(’? — 4i) '
(k+29)(k + 37)(k + 47)2
we must have N = 1 or N = 3. In conjunction with Proposition 3.1 or Theorem 3.3(iv),
k + ilil

. Since D has two zeros on I, NV cannot exceed 3. Thus,

for N = 1 we get the one-parameter family L(k) = —Ll(k)

with k1 € (0,3) U

(4, +00); on the other hand, for N = 3 we get L(k) = —L (k) "I with k1 € (0,3),

Ko € (3,4), and k3 € (4,4+00). Thus, our data corresponds to a one-parameter family of
potentials when N = 1, and it corresponds to a three-parameter family of potentials when
N = 3.

8(k —i)?
(k 4+ iv20)(k + 7)?

Example 3.8 Let D(k) = k: . We see that D has a single double zero
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on I™. As in Example 3.5 we get

~ k(k+iv20) B 8(k — i)
Tk = (k + 2i) (k + 4i) Lk = (k + 2i) (k + 40) (k + 1) (3:3)

Note that limy,_.o[2ik D(k)] = 8/+/5, which is positive, and hence (1.6) implies that N €
{0,2,4,...}. On the other hand, Corollary 3.2 implies that N = 0 or N = 2; however, a
sign analysis of D on I indicates that D(i8) < 0 for 8 € (0,1) U (1,400) and D(i3) = 0
for # = 1. Thus, N = 2 is incompatible with Proposition 3.1. Hence, N = 0 is the only
possibility, and 7 and L are uniquely determined by our data as equal to T and LI,
respectively, given in (3.3). Therefore, there exists a unique potential corresponding to our

data.
—8(k —1i)?

(k 4 i1/20) (k 4 7)2
same as in (3.3). From (1.6) we see that limy_.q[2ik D(k)] = —8/+/5, which is negative,

Example 3.9 Let D(k) = k: . The corresponding T and L% are the

and hence N € {1,3,5,...}, as implied by (1.6). A sign analysis of D on I'* indicates
that D(i3) > 0 for § € (0,1) U (1,400) and D(if) = 0 for 8 = 1. Hence, with the help of
Corollary 3.2 we conclude that N =1 is the only possibility. We thus obtain

k(k +iv/20)(k + ik1) Lk = —8(k —1)%(k + ik1)
(k + 2i)(k + 44)(k — iky)’ (k4 20)(k + 4i)(k+0)2(k — i)’

with k1 € (0,1) U (1, 4+00). Therefore, our data corresponds to a one-parameter family of

T(k) =

potentials, where k1 acts as the parameter.

IV. RECOVERY WITH COMPACT SUPPORT

In this section we analyze the recovery of V| or equivalently of L, from D when it
is further known that the support of V' is confined to a finite interval. In constructing
{L,{k;},{crj}} from D, all the results obtained in Sections II and III are certainly valid
in this section as well. We have the following:

(i) In the generic case, we are able to tell via (1.6) whether the nonnegative integer N

representing the number of bound states of V' is even or odd.

(ii) Using (2.2) and the second equation in (2.3), we are able to construct T% and deter-

mine L except perhaps for the values of k1,...,knN.
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(iii) Let us use Z to denote the number of zeros of D on I*. From Corollary 3.2 we
conclude that N < Z + 1. Moreover, Proposition 3.1 imposes a further restriction on

N depending on the sign of D on IT.

(iv) The quantity 79, which is uniquely determined by D, has a meromorphic extension
to the entire complex plane due to the fact that the support of V is confined to a

finite interval. We will show that the set {—ix;} has to be a subset of the set of zeros

of 1/T1% on 1.
The following result is already known [2], and hence its proof is omitted. By writing
N N
.. k 1 k 1 Lo :
the first equation in (1.9) as ) Jl;[l P in, = T Jl;[l P which is valid on

the entire complex plane, the reader can compare the zeros of 1/T1 (k) and of 1/T(k) on

the imaginary axis and verify the result stated in (iv) above as well as those in following

proposition.

Proposition 4.1 Assume V1 is real-valued, is integrable, has support confined to a finite
interval, and has no bound states. Suppose V is the potential obtained by adding N suc-
cessive bound states to VIO at k = tkj with 0 < Ky < -+ < KN, and let T and T denote
the transmission coefficients for VI and V, respectively. If the support of V is confined
to a finite interval, then k/TN(k) and k/T (k) are both entire, 1/T!) has a simple zero at
k = —ir; for j =1,...,N, and any other zero of l/T[O} on I~ must also be a zero 1/T

with the same multiplicity.

In the first example below, we show that not every zero of 1/7'% on I~ necessarily
corresponds to a bound state of V. In the second example we illustrate the recovery of L

and V from our data.

Example 4.2 Consider the square-well potential supported on the interval [0, 1] with
depth equal to ca? for some ¢, > 0. The corresponding transmission coefficient satisfies

1 ) k2 2
— = ¢ |cosy + 2,—;7 siny| with v := Vk2 + ca?. It can be easily checked that
Ry

T(k)
1/T(—ia) = 0 if we choose a = In8 = 2.07944 and ¢ = 8/9, where the overline on a digit

indicates a roundoff. With these values, V' has exactly one bound state occurring at k = ix
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with x = 1.30782. We have 1/T'(ia) # 0 and 1/T(ix) = 1/T1%(—ix) = 0. In other words,

k =i does not correspond to a bound state of V even though 1/7%(—ia) = 0.
—ee* sinVk2 + ¢
2ik VEk? + e

one corresponding potential is the square well of depth e supported on the interval [0, 1].

Example 4.3 Let D(k) =

, Where € is a nonnegative parameter. In fact,

For each value of ¢, let us obtain all the potentials corresponding to D(k) with support
confined to a finite interval. We have limy_,[2ik D(k)] = —+/€ sin /e, and hence the
exceptional case occurs when /e = pr for p = 0,1, ... and the generic case occurs when
V€ # pr. In the generic case we see that the sign of lim_q[2ik D(k)] is that of (—1)P*!
when pr < /e < (p+ 1)7, and hence we can tell from e whether p is even or odd. The
sign analysis of D on I shows that Z mentioned in (iii) in the beginning of this section

is equal to |\/e/m], i.e. the greatest integer less than or equal to \/¢/m; in other words,

D has Z zeros on I'™ occurring at k = iz; with z; = /e — (j —1)272 for j =1,...,Z. In
this particular example, D happens to have Z zeros on I™ as well occurring at & = —iz;

symmetrically located with respect to the origin. With the help of (2.1) and (2.2) we

obtain -
1 " 2k +e€¢ . ] k410,
—  =e" |cosVk?+ e+ ———— sinVkZ+e€ 7 4.1
Tl (k) 2ikVk? + € o1 k=B W

where the {§;} is the ordered set with 0 < ;1 < --- < 741 consisting of those positive 3
_28e=p?
=2/

Using all these constraints, we can determine all the possibilities for N, the corresponding

values satisfying tan /e — (32 . According to (iii) we must have N < Z + 1.

bound states, reflection coefficient L, and potential V. For example, we have the following:
(a) When € = 5, the above analysis shows that Z = 0 and thus N < 1, we are in the
generic case and N must be odd, the quantity 1/7[% given in (4.1) has one simple

zero on I™ at k = —if3;, where 3; = 1.5857. Thus, we must have N = 1 with the

bound state occurring at k = i1, and

k+ip —e tan Vk? + ¢
k—iBr  2ikVEZ+ e+ (2k2 +¢) tanVEZ + ¢

(b) When e = 10, we find that Z = 1 with 2; = 0.361102, and thus N < 2, we are in the

L(k) = D(k) T (k)

generic case and N must be even, the quantity 1/7'% given in (4.1) has two simple
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zeros on I~ at k = —i3;, where 81 = 0.324422 and B, = 2.54759. Thus, we have either

of the two cases where N = 0 or N = 2. For N = 0, we get L(k) = D(k) TI°)(k). On
k + ’Lﬁl)(k? + ’Lﬁg)
the other hand, for N = 2 we get L(k) = D(k) T (k ( : =L
get L(k) = D(k) ()(k:—zﬁl)(k;—zﬁz)

(¢) When € = 50, we find that we are in the generic case, N must be odd, Z = 2 with

21 = 3.2437 and 2, = 6.33486, and thus N < 3; moreover, the quantity 1/7% given
in (4.1) has four simple zeros on I at k = —if3;, where $; = 1.8715, 8 = 5.19839,
B3 = 5.42649, and (3, = 6.6376. Thus, we have either of the two cases where N = 1

bt i
or N = 3. For N = 1 there is double nonuniqueness with L(k) = D(k) T% (k) k: + zgl
— 101
bt i
or L(k) = D(k) T (k) p +Zg4, which is a consequence of D(if1) > 0, D(if32) < 0,
— 104

D(ifs) < 0, and D(i4) > 0. For N = 3 we again have double nonuniqueness with the

three bound states occurring at k = ix; with the ordered set {x1, K2, k3} being equal
to either {81, B2, Ba} or {1, B3, Ba}-

(d) When € = 100, we find that we are in the generic case, N must be even, Z = 3 with
21 = 3.34269, 2o = 7.7787, and z3 = 9.49379, and thus N < 4; moreover, the quantity
1/T given in (4.1) has six simple zeros on I~ at k = —if3j, where (3; = 1.92693,
Bo = 5.71038, B3 = 6.41014, B, = 8.54607, B5 = 9.18476, and (B¢ = 9.65262. Thus,
we have either of the three cases where N = 0, N = 2, or N = 4. For N = 0
our data uniquely determines L and V, with L(k) = D(k) T°l(k). For N = 2, with
L(k) = D(k) TN (k) ﬁ : i Z:F”j , we have five-fold nonuniqueness where the two bound

— Zlij

j=1
states occurring at k = ix; with the ordered set {si,k2} being equal to either of

{81, B2}, {81, B3}, {61, 86}, {84, B6}, and {Bs, B6}. On the other hand, for N = 4 we

have four-fold nonuniqueness where the four bound states occurring at k& = ix; with
the ordered set {k1, K2, k3, k4 } being equal to either of {31, B2, B4, Bs}, {51, B2, B, Bs }
{81, B3, Bas Bo s {51, B3, Bs, Be }-
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