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ABSTRACT
The present paper carries ahead our previous studies [7,8] of the Lauricella-

Saran functions of matrix arguments. The Lauricella-Saran functions
FN , FP and lé have been defined for the matrix arguments case. Six results
have been proved here- one each for the funcFRPSZP and k. two for

the functionFG, and a transformation relation for the functk'w of
matrix arguments.

INTRODUCTION
We have already defined the Lauricella- Saran func@asFG ,FE If:
FM and l]:. of matrix arguments. Now, we are defining the Lauricella-

Saran functiondZN : FP and %With matrix arguments. Some properties of
these functions will be studied besides discussing some properties of the
functions FG and ||:< All the matrices appearing in this paper goe p)

real symmetric positive definite matrices and the meanings of all the other
symbols used are the same as in the works of Mathai [2,3].
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1. Preliminary Definitions
DEFINITION 1.1: The Lauricella-Saran functioﬁN of matrix arguments

NGB 3.8 .big.5 .57 X ¥ 2)

Is defined as that class of functions which has the following matrix

transform (M-transform):
_ —(p+t1)/2 - (pt1)/
M(F) = Jy 0l 50 fzs0XIPr P 2y P27 (PO

2P PII2R @3, 3 b g g 5 % % B
dxdydz
: Fp(al—pl)r IO(az—p oF p(ag—p J Io(bl—p 7P ;.;x
M@ p(@ ) p@g) (by)

Fp0o =Pl j(Ch Col o o J 3)

rp(bz)r p(Cl_pl)r p(c 2_p 2_p :.?
forRe (3= p=P; ~P3 3P, §=P1 6P 5P g )
>(p-1)/2, i=1,2,3. (1.1)

DEFINITION 1.2:
Bp=Fp@paya . biq .6 G0 % ¥ 2)

M(Fp) = [0 fy s0lzoPX P2~ 2y P2 Pr 0T

23 P 2R @) 3.0 00516 05 X ¥ B
dxdvdz (1.2)
_Tp@=py=pgl (@y=pof [bfp P z)x
M@ p@y) o (by)
M0y =PIl el el o o J 3
(bl (G =Pl ((Co=Po=P 3
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forRe (§-py=P3:&% P2 Q7P P 2 B5P 5GP ¢
C2_p2_p3’pi)> (p—-1/2,i=1,2,3.
DEFINITION 1.3:
Fg=Fslapay,8,.0,0,,05:G.G.G3 X ¥, 2)
M(Fg) = Iy 50 fy solzsoXPLP™0 2y P2 (P /2

ZPs P 2R 008, 0 g GG % K B
dXdYdZz

i} Fp@ =Pl p@y=p =P gf ((bip Qx
M@ p@, (o)
"p®a=Pr by Pal e P T )
M0 (B3)T (€1 =P =P =P J

forRe (§ =P .3=Py=P3.4-P1.07p 5.b5p 5.GP 4

~Py P3P > (P-1/2,i=1,2,3. (1.3)
2. Results
THEOREM 2.1:
AN@2 3R hig. .6m X% ¥ 2)
1 —tr(Rl+R2+ RS)X

T (@) (oyF p(bZ)IRfOI Rp>dRp &
‘Rl‘ag—(m 1)/2‘R2‘ e DlTR?Jbz_(pﬂ)/Z 1h@pe 2.
DRy R YRR R R R

deddeR3
for Re (ag,q,té)> (- /2.



PROOF: Taking the M-transform of the right side of eq.(2.1) with respect
to the variablesX, Y, Z and the paramete;sl, p2,p 3 respectively, we

obtain,
-(pt+l)/2 —(p+ 1)/ - 1)/
I soly solzsgX P12y po= (Pr D3z P4~ (B D/,

GICH RZZ XR/]z/Z P s(@gicor F(ZZ YF%Z ’ (2:2)

—R;é Rf/z ZRf/2 R)Z/Z)dXdeZ
Applying the transformations,

Xl :R%éXR;/Z,le Ré/ZYRé/Z,le R/'ZVZR/jl-/ZZR/fZR/iZ;

(p+1)/2 (p+1)/2
2 :

with, dxl:‘R

o 2 2z anaf | o x| ] g Y

‘Zl‘ = ‘RZHR]HZ‘ , to the above expression followed by writing the M-

dX, dY, = ‘ R dY, dz,=

transforms of th(iF:L andCD3 functions generates,

0. — _ 0. y@ =Pl (e X 04
R R R
rp(az)r p(CZ_ P 2 P 3)
Substituting this expression on the right side of eq.(2.1), subsequently,
integrating oulRl, R2 and F\i)) by using a Gamma integral yieIM(FN)

(2.3)

as given by eq.(1.1).

THEOREM 2.2:

by 3.3 .0 .0.8iG.6 65 % ¥ 2)
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S et Y
rp(al)r p(bl) R1>O R2> 0

‘Rz‘bl_(pﬂ)/zoﬁ( €y R{z Rlyz XR/lyZ R72V2 ¥ (2.4)
Py(ap.by:C5- Rzyz YR? 3 'ilyz ZR/lyz JdR;dR,,

for Re (zi li > (p- 1)/2.
PROOF: Taking the M-transform of the right side of eq.(2.4) with respect
to the variablesX, Y, Z and the paramete;si,pz,p3 respectively, we get,

x50l 50 7agXPLTPHD 2y o~ (PHD/2Zp 5™ (172
R}ZQR%./ZXRi/ZR}Z/Z):D 2(a21b2;C2f %2 Y%Z , (2.5)

—Rl%ZRf/Z)dXdeZ

The application of the transformations,
bt oy - v v 22 v 2 2
Xl—R2 R1 XR1 R2 ,Yl—R2 YR2 ,Zl— R1 Z 15

to the above expression followed by writing of the M-transforms of the
OFl and® 5 functions yields,

—tr(R1+ Rz)‘ Rl‘al— (pt1)/ 2x

of(icpim

M@ @) T ey P
M€ =P T J@yr (b))
Mp(by =Pl (e 0 7 o 3

Fp(Cy=Py=P3)
Putting back this expression on the right side of eq.(2.4) consequently,
integrating oulRl and R2 by using a Gamma integral yieIM(FP) as

AaCNas

(2.6)

given by eq.(1.2).



THEOREM 2.3:
(B8, ,55G. .43 % ¥, 2)
1
M (8 @, (b (boF p(bSJRfO R5>0
e—tr(Rl+...+R5)‘ ‘al—(p+1)/2‘ Rz‘ a~ (p 1)/2)(
R ‘b (p+1)/2‘ ‘2 (p+1)/2‘ ‘té (pr 1)/2

R

oF(icR %R%XR}/ZR}/Z R)/ZF{YZYPZZRy2
—RSyZRé/ZZRé/ZRé/Z)dRI-- dR

for Re (zi 8 t_,a E e > (p 1)/2.

PROOF: Taking the M-transform of the right side of eq.(2.7) with respect
to the variablesX, Y, Z and the paramete;si, p2,p 3 respectively, we

2.7)

acquire,
IX >OIY>OIZ>0|X|p1_(p+1)/2|Y|p2_(pJr 1)/%Z|p3_ (i l)/%<
oh(iCpi™ Rs% R1y2 XR/lyZ R/:fz‘ R{Z Fé/z YF{;{Z F(jz (2.8)

—Rg/z R;/Z ZRé/2 Ré/z )dXdYdz
On using the transformations,

X, = RB%RlyZXR{VZRé/Z, 5 R{ZR/ZYZYR/;[
Z,= RééR;/ZZR}Z/ZRSZ;

in the last expression and then applying the theorem (3.3) page 55 of Mathai
[3], produces,



Ref "R L[R2 R] T2 YR 3
INCHNCR NI P (2.9)

Fo(C1=P1=P =P
Substitution of this expression on the right side of eq.(2.7) followed by the
use of a Gamma integral to integrate Rit, : R5 ultimately leads to

M(FS) as given in eq.(1.3).

THEOREM 2.4:
F@aah b g ig.g 57 % ¥ 2

1 _ _
(a)IU>Oe tr(U)|U|a (p+1)/21|:1(b1;c1;— U}é Xuyz s
(2.10)

r

P
d32(b2,b3;02;— U%YU}/2 ,—U}/ZZU}/Z)dU
forRe (a)> (p- 1)/2.

PROOF: Taking the M-transform of the right side of eq.(2.10) with respect
to the variablesX, Y, Z and the paramete;sl, p2,p 3 respectively, we

achieve,
—(p+1)/2 - 1)/ — 1)/
IX>OIY>OIZ>O|X|p1 (p+1) |Y|p2 (P 1) %Z|p3 (e 1) %‘

1F1(P1i6i™ V23w 250 o0y bgcy- J2vu'2, (2.11)

—U%ZU}/Z)dXdeZ
The application of the transformations,

xlzu%xu%,vlzu%ﬁ(u /VZ,zlzu/V&u/yZ

to the above expression, next employing the M-transforms qﬁpand

<D2 functions generates,



[ o(by =P (el [P b 5

Fp(b )L p(c
Mo(03=pa) (el 0 I o 3
rp(bz)r p(bg)r p(C 2_p 2_p :9

Replacing this expression on the right side of eq.(2.10), then integrating out
U by the help of a Gamma integral givieKF, ) as given by eq.(1.2) of

U P17 P2 P3P

17P9)
(2.12)

the authors’ paper [7].

THEOREM 2.5:
o(“mooFG(a a,da, ,b2,b:,;;t“1,02,(‘2?5 T% T% )
(i) —’tr(x) v 7 (2.13)
M o006 by 1G0Ty e )
e M lim Fslooa,by 0y by= byibig G0
(i) N (2.14)
XY @),
a’ o a
Y Y
lim F~(a,a,a,b ——————)
(iii) d-o © %2002 % a o (215
=Nwhww%%ww— )
X Y Z
im P (e,0,a,by, by, b330, 0 Gt T T )
_ —tr(2) I E 2.16
w0 =@ im g s b g e
X _(¥-29 2
a’ a o
=g r(X+HY) jim Fglona,a,q - b ,6- b= hy,big.6 .6
(V) a -0 (2.17)

XY _(@z-v)
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]



_ e—tr(X +Z)

im R0, by By G By ByiG,G G

. O - o0
(Vl)ﬁ (¥ -2) z (2.18)
a’ a a

PROOF: To prove this theorem we will use eq.(1.10) of our paper [7].
()  This result is obtained by the application of the transformation
| -U = Ul to the above equation.

(i)  We utilize the transformations

V=1 -V =W, W, =W; with, dV.dW, = dVdW; in eq.(1.10)

of our paper [7] to see this result.
(i)  This result is obtained by putting =Y in eq.(2.14), afterwards

employing the transformatio\z’n\/2 =(I —Vl) %Wl(l —Vi }/2
followed by integrating out OW2 by using a type-1 Beta integral

and interpreting the consequent expression in the light of theorem
2.3.4 page 42 of Mathai [3].
(iv) To deduce this result we apply the transformations,

V1 :V’Wl =l -V =W, to eq.(1.10) of our paper [7], and

suitably interpret the ensuing expression as per the same equation.
(v)  This result follows by employing the transformatiddf =l-U,

V1 =1-V -W, W1:W; to eq.(1.10) of our paper [7].
(vi)  We have this result in a similar fashion as eq.(2.17) is deduced.

THEOREM 2.6: A transformation theorem-
@23 5.5 hig.5 .57 % ¥ 2
= +X| PPy ley -ay,ap. 2. .0 1416 g @19
(I +X)_y2X(I +X) _yZ, Y, <1 +X) ‘Y Z(1 +X) _/V]Z

PROOF: In order to prove this theorem we first define the funcERn
through an integral representation:



k@238 hig g 575 % % D)

_ I'p(cl)l' p(CZ)r p(C 3 )
M@ @) by (e af (c5 b (c5 ay)

ololouP” "D 3v| & (7 Dl B P Dk

-ufme (P D2y G & (B /g

| +Y%TY% 2 | +X %Ux y2+
aov o 3 o K K v Py %g-/f{"lx

|| _T|Cz—b2—(p+l)/2

for Re (al,a2 l% £ .5 Eg— §>) b 1)/2.

The desired result simply follows by the application of the transformation

U1 =|—-U, to the above equation and interpreting the consequent

expression in accordance with eq.(2.20).
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