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MULTISCALE ASYMPTOTICS OF PARTIAL HEDGING

GERARD AWANOU

ABSTRACT. We consider the problem of partial hedging of an European deriva-
tive under the assumption that the volatility is stochastic, driven by two diffusion
processes, one fast mean reverting and the other varying slowly. For options with
long maturities typically beyond 90 days, the singular perturbation analysis in [Par-
tial Hedging in a Stochastic Volatility Environment, M. Jonsson and K.R. Sircar,
Mathematical Finance, 12, pp. 375-409, 2002] ignores the slow factor. In this paper,
we investigate the full two factors model and show how an additional term can be
included in the approximate value functions and strategies.

1. INTRODUCTION

We consider the problem of shortfall risk minimization in stochastic volatility models
under the assumption that the volatility is driven by two diffusions, one slowly varying
and one fast mean reverting. Following the methodology of [3], the shortfall risk
minimization problem is transformed into a state dependent utility maximization
problem. The optimal strategies depend on the solution of a high dimensional HJB
equation satisfied by the value function of the utility problem. The PDE satisfied by
the Legendre transform of the value function is derived along with the one satisfied
by the smallest optimizer in the Legendre transform. That optimizer can be thought
as the inverse of marginal utility and is shown to be the price of a modified claim. We
perform the asymptotical analysis on the inverse of the marginal utility and derive
approximate strategies and value functions.

2. MULTISCALE STOCHASTIC VOLATILITY MODELS

Let (Q, F, P) denote a probability space which describes a financial market with time
horizon T and a risky asset whose price X; = X (¢) satisfies

dXt — MXt dt + UtXt th(0)7

where Wt(o) is a standard one-dimensional Brownian motion, x4 and o, are the mean
and volatility of the stock respectively. We consider in this paper a two-factor sto-
chastic volatility model

or = f(V4, Z4)
for a smooth, bounded and positive function f which is also bounded away from zero.

The process Y; is a fast mean reverting diffusion process. To fix ideas, we shall assume
that it is a Gaussian Ornstein-Uhlenbeck process with rate of mean reversion o and
invariant distribution a Gaussian with mean m and variance v = (3%/2q;

dY, = a(m = Y;) dt + BdW,,
1
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where Wt(l) is a standard one-dimensional Brownian motion with
dw 0wy = pydt

and p; is constant, |p;| < 1. Put o = L so that 8 = v2v/\/€, € > 0 being the time
scale of the process. Fast mean reversion occurs when ¢ is small and the variance v
is moderate.

The process Z; is a slowly varying diffusion process
dZ;, = 6¢(Z,) dt + VSh(Zy) AW,

where 6 > 0 is a small parameter, ¢ and g are smooth and at most linearly growing
at infinity. We assume that

AW WY = p,dt
d(Wt(l), Wt(2)> = P12 dt,

with constants py and p1o. More explicitly, the correlation between the three Brownian
motions can be described as

aw” = 4B}

dW = pydBl + /1 — p2dB?

AW = p1 dB} + pdB? + /1 — p% — pis2dB?

where p13 is a constant which satisfy p3 + pra° < 1 and (B}, B}, BY) is a standard
three dimensional Brownian motion. Notice that we have pja = p1p2 + pr2y/1 — p3.
In summary we have

dXt = [,LXt dt + JtXt th(O)
(1) dY, = a(m — ;) dt + BdwV
dZ, = 6¢(Zy) dt + VSh(Z) dW,?

3. SHORTFALL RISK MINIMIZATION

Let F;,0 <t < T be the o-field generated by {X,, Y., Z,,0 < u < t}. For simplicity,
we shall assume that Fy is trivial and Fp = F. Let also g be a continuous function
from R into R*. We consider an investor who has an initial capital v > 0 and is willing
to invest m; dollars in the stock. His goal is to hedge a contingent claim H = g(Xr),
and we shall assume that he is using self-financing strategies so that the value V; of
his portfolio is given by

t
v;:w/ T X, 0<t<T.
OXU

We require 7,0 < t < T predictable with m;/X; integrable. If the initial capital is
not high enough, there is a possibility of shortfall, Vi < H. For a given initial value
x of the risky asset, we are interested in strategies which minimize the shortfall risk

E{I(H — Vp)*}
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under the constraint V; > 0 for all ¢, where [ is a positive convex function with /(0) = 0
and 27 =max(z,0). To fix ideas we shall assume that {(u) = Ju®. Let us define the
state dependent utility function

U, v) = 3[h(@)? = () — 0) "))

It is easy to see that the problem is equivalent to maximize E{U (X, V7)} under the
constraint V; > 0 for all ¢.

HJB equation. Recall (1), the dynamics of (X3, Y;, Z;) and notice that the portfolio
value process satisfies
AV, = mpdt + m f (Y, Zy) dW .

We next define
H(t,z,y,2z,v) =supE .o {U(Xr, Vpr)}

where E; ,, ., is the expectation conditional to Xg = z,Yy =y, Zy = 2,Vp = v. We
also introduce the infinitesimal generator

1
Lyy-H=pxH, +a(m—y)H, + dc(2)H, + §x2f(y, 2)*H,,
1
(2) + 5/)11’][(% Z>Hmy + \/Sh('z)prf(ya Z>sz + 562Hyy

+ \/Eh(z)ﬁplgsz + %5h(z)2HZZ.
By the Bellman principle, H satisfies the following HJB equation
Hy+ Loy H +max {muH, + 72 f(y, 2)*Hp + Bprim f(y, 2) Hyy
V()0 (4, 2V o + 57 (0,2 Hu} =0

It is not difficult to find that the maximum occurs at
pHy 4 2 f(y, 2)* Haw + Bp1 f(y, 2) Hoy + VOR(2)pa f (y, 2) Hon

@ms F(, 2 Hyy
SO
Hyi+ Loy H — [WH, + f(y, 2)2xH, + p1Bf (y, 2)Hyy + VSh(2)pa f (y, 2)H.,)? Ly

2f(y, 2)*Hyy
in the domain x > 0, —00 < y < 00, —00 < 2z < 00,v > 0 and t < T" and terminal
condition
H(T,z,y,z,v) =U(z,v).
Legendre transform. We now use the Legendre transform to transform this non-

linear PDE to a PDE with sgveral linear terms. Let us assume that H is convex in v
and define the convex dual H of H with respect to v by

(4) f[(t;%y,zﬁ) = SUPu>0{H(ta$ay,2,U) _TU}-

We also define

(5) g(t,x,y,z,r) = inf{lo >0 | H(t,z,y,z,v) > rv+ I:I(t,x,y, z,r)}
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which is in some sense the smallest optimizer in (4). If H is sufficiently smooth,

g = H;' so that g is the inverse of the marginal utility. We have the following

v )

equations which relate H to H.

ﬁ(t7w7y7z7r) = _rg(t7x7y7z77n) + H(t’x7y’ Z7g<t7'z‘7y7zﬂ/r))
H(t7 I‘? y? Z? /U) = /Ug(t7‘r7 y? Z7 U) + ‘H<t7‘r7 y7 Z?Q(tv‘ra y? Z7 U))

H’U(t7 m) y? z?g(t’ x?y’ 27 7/‘)) =r H’U(t7$’ y) Z’ /U) = g(t7x7y7 Z) /U)

Hr(t7 '/’U7 y? Z? g(t7 x? y? Z’ v)) =0 ]f[T(t? $7 y? Z? r) = _g<t7 z? y? Z’ T)

H,=r H=H H,=H, H,=H, H =H,

1 H,, Hy, H.,

va = Tz H:cv = Hyv = - Ay sz = T =
Hrr rr HT’I‘ HT'T

R 2 . H? ) Jig
H, Hyp — — H,, = H,, — AyT H.. H..— —
» Yy vy . i,
Hacy = ny - ~ £ H:vz = Hacz - I:I Hyz = HZ/Z - ;A{

From the PDE of H and the above relationships between H and H, we get the
following equations for H,

] ; ; : Sh )
Hy+ Lyy . H— proH,, — prpf3 )i prv/s (Z)Pzﬂ

fly,z)" fly, ) 7

~ A

1 ur? 1 HZ 1 H?
6 _—Hrr__ 2 1 — 2 Ay?“ — Z5h 2 1— 2 Azr
(6) Tyt — = A~ = )

ﬁ TPA[Z’I"
—\/1- p%ﬁuﬁ\/gh(z) % =0,

r

with terminal condition

A~

H(Tamayazar) = Supv>0{H(T,I,y,Z,’U) _TU}
= Supv>0{U(xa U) - T'U}
= U(z,v).

The PDE for g is obtained from the one of H, by differentiation and using

~

g<t7xayaz7r) = _Hr(tax7y7277ﬁ)'
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We have

prfp O i
fly, )™ fly2) 7 fly,2)2 7
P18

g
—HUIT Gy — rgyr ﬁQ(l - pl) yg?ﬂ’
[y, 2) 9r

2— z T'\/_h(Z) 2 z
1 —yJ1- plplmc‘m(z%gyr = %9 — 5h(z)*(1 - pyzrgzr

1= BB i 1 20y
- p1p12ﬁ h( ) gzr 2f( ) T Grr + 2(1 - p1)ﬂ 929rr

1 gz g gz
+50h(2)*(1 - pg)g29m« + /1= 251 BVh(z2) Z =0,

T

gt+£w,y,zg — HTGx —

with terminal condition
g(T, 2, y,z,1) = infyao{U(z,v) > rv+Ulz,r)}
= G(x,r).
Hedging strategies.
Using the expression of the optimal strategy (3), relations between the derivatives

of H and H , one can write 7*
Explicitly

in terms of g and then get the optimal strategies.

3

«_ M Bp1 \/gh(Z)pz
®) BT EA T L T e

Pricing a modified claim. It can be shown that (6) is the HJB equation for the
control problem

H(t,z,y,2,7) = infy  Eepy. AU(Xr, Y7, Zp, RF")},
where (Xy,Y;, Z;) satisfy (1) and R} is defined by

21/ eyl 1 t
dR]" = f(Yt,Zt)R dB} +~;dB? + n, dB..
Moreover it is possible to choose v and 7 so that the optimal strategy is the perfect
hedge of the claim G(Xr, R}"). To see this, let us assume that at time ¢, the price
of the claim is given by g(¢, Xy, Y}, Z;, R}"™) for a smooth function g to be determlned
with §(T,x,y,z,7) = G(x,r). We then consider the portfolio which consists of the
claim and —At units of the the stock at time ¢

Ht == g(t7 Xt7 Ka Zt7 Rz:n) - AtXt-

Using [t6’s Lemma, we get an expression for A;,7; and 7, for the portfolio to be
instanteneously riskless in terms of g and a PDE for ¢ which turns out to be the
same as the one of g. Since they have the same terminal condition, they are equal.
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Explicitly, we have

Bp1 4 \/gh(Zt>P2
X f (Ve 20" " X f (Y, 20

= —ﬁ ]. — QZy + \/_h(Zt)p12g—

~VEh(Z)\1 — p} — p—g—

At:gm+

T

4. MULTISCALE ASYMPTOTICS

Recall that a = % and 3 = v/2v/\/e. We first define the following linear and nonlinear
operators

0? 0
ﬁo—lfﬁ+( y)(‘)_y

- 82 Ju! 82 2 8
b= ﬁpl”<f W pety ~ F.e) Byer f<y,z>6_y>

0 02 2 ('32 0
L= +f<y,)“ + £ ( +r )

ot 0x?  f(y,2)? 2 o oy
82
B M$r6x8r
__ppah(2) O ppsh(z) O 0
M=) 02 flya) oz W50
d  h(z)?* 92
10 - -
(10) Mz = cfz )8z + 2 022
92
\/_Vp12h< )8 8y
(29090 9, N __9(%
N‘CyT<g) - ( gr gg Grr - 87" 9
2 zrYz 2 0 3
(11) NL..(g) = _( 9arg g2gw) _ __(g_)
gr 9; or \ g
[ 9yr9= + GarGy 949 o _ﬁ 9y9=
Nﬁyzr(g) - ( gr g? grr) - 8r( gr )

Using (2) and (7), ¢ is seen to satisfy the PDE

(%cﬁ\%ﬁl + EQ)Q + (\/SMl + oM,y + \@Mg)g
(12) n ”_2( PN L, (9) + (m( ! (1= p)NL.r(9)

+14/2 (1=p1) pu”f (2N Ly (9)




MULTISCALE ASYMPTOTICS OF PARTIAL HEDGING 7

Let us put

h(2)? a
=20 =) =" ), and g = 21 prn(a).

We next perform the asymptotics in the regime where € and 0 are small independent
parameters. The term g;; will be associated with the term of order €355,

Slow scale expansion.

We first make an expansion of ¢ = ¢ in powers of V8
(13) 9°° = g5 + Vo5 + dg5 + ...

We will use several times the expansion

0 | 0,95 0y 45
€0) — €y _ | ZyJ0 2 e Y90 €
NL,(g7°) = NLy(95) \/Sar [@gg( dy91 arggarglﬂ +
+ ..

*

0
= NL,(g5) — \/38— [é’ygé F(gé,gi)]

Oy ge 3
3y§2 &gi). The order § and 42 terms are sums of
90

where I'(g§, g7) = ﬁ(?@gi -
terms which have a factor d,¢§ and/or 0,95 and will not be needed in the terms we

are interested in.

Substituing (13) into (12), and expanding in powers of § we get from the first two
terms,

1 1 e Y ¢
(14) (E£0+z£1 + LQ) 9o + ?INLW(QO) =0,
1 1 . . 1 . 1 .
Eﬁo-i‘%ﬁ + Ly ) g7 + Mg + %M:sgo + %’YsNﬁyzr(Qo)

(15) 5
~ 3 ((%98“9&95)) = 0.

We append to these equations, the boundary conditions
g(e)(T?':C? y? Z’ r) = g(T7 x’ y? Z? r) = G(l’, T)
gi<T7x7 y? Z? T) :O

Fast scale expansion.
We next expand g§ and ¢§ in powers of 4/e.

Expansion of g§.

3
(16) g5 = go + Vegio + €gao + €2g30 + . ..

As above

0
NEyr(QS) = Nﬁyr(go) - \/Ea— |:ay90 F(g(), 91,0)] +...
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Substituing into (14), we get

1 1 0
- (ﬁogo + ’VlNﬁyr(go)) + % (ﬁogl,o + L1go — ’Yla—T [aygo I'(go, 91,0)]>

+ (5092,0 +Ligio + L290) + \/2(5093,0 + Lig20 + 5291,0) +...=0

From the lowest order term, we get
Logo + N Ly (g0) = 0.

Notice that %Eg is the infinitesimal generator of the OU process Y;. Arguing as in [3]
p- 17, we conclude that gy does not depend on y. This implies that at the next order

Logio+ Ligo = 0.

Since gy does not depend on y and L£; takes derivatives in y, L1990 = 0. This gives
Log1,0 = 0 from which we conclude that g; ¢ also does not depend on y. To see this,
one can use the expression of " in [1] p. 93, where & is the solution of Lok = g.

With L1910 = 0, we get from the zeroth order term
Logan + Lago = 0.

We know from [1] p. 91, that a necessary condition for this Poisson equation to be
solvable in g, is that

<£2g0> = 07

where (,) denotes the average with respect to the invariant distribution of Y;. The
zeroth order approximation is then taken to be solution of

(La)go =0
90(T7$7y7277") = G(.I',T’),

L0 1, L, R (1,80 o2
(o) =g+ 57w gm + 87 5 T e ) T arar

as go does not depend on y and we have defined
1 1
(18) a(2)? = (f(..2))

26 P
Finally from the term of order /¢, we have
Logso + L1920 + L2910 = 0.
This is again a Poisson equation in g3y and we have the centering condition
(L1920 + L2910) = 0.

Using a standard multiscale argument, e.g. [2] p. 8 for different operators, g; o is seen
as the solution of the problem

(LaYygro = (L1L5" (La — (L2))) g0
91,0<T7 z,Y, %, T) = 0.

(17)

where

).

As in [3] p. 21-22, an explicit expression of g;o can be given in terms of gy and
certain market group parameters. In fact the problem is the same up to renaming
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the variables.

Expansion of gf.

(19) 9% = go1 + Vegia +€gan + E%513,1 +...
Since go does not depend on y, (15) becomes
1 1 1 1
20 —Lot+—=L1+ Ly ) g} 5+ — 5+ — L,.r(g5) = 0.
(20) (6 ot el 2)91 + Mgy + \/EM&% + \/E%N yr(90)

Again since gy and g; ¢ do not depend on y, we have
NL,..(g5) = O(€)
Therefore substituting (19) and (16) into (20) we obtain

1 1
25090,1 + (5091,1 + Ligoq + M390)

Ve
+ (5092,1 + Lig1,1 + L2gog + Migo + M391,0) +...=0

The first order term gives
Logoa =0

which implies as above that go; does not depend on y. Since £; and M3 takes
derivatives in y, we have at the next order

Logi1 =0

from which we conclude that g;; also does not depend on y. The same arguments
lead us to conclude that from the zeroth order term, the following equation holds

Loga1 + L2go1 + Migo = 0.

The solvability condition for this Poisson equation in go; leads us to conclude that
go.1 solves

(21) (L2)go1 = —(M1)go

with zero terminal condition. This equation does not admit an exact solution and
must be solved numerically. Notice that the term (M;) involves (f(y, z)) and (@)
and so would require model specification.

Having obtained the first three terms in the asymptotics, we can use (8) to get the
approximate hedging strategies.

5. CONCLUSION

The difference of this article with [3] is that we introduce an approximation term in
the asymptotics to take into account a slow factor which invariably one would observe
if one is interested in options with long maturities. To implement the method one
should proceed as in [3].
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