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SHELL THEORIES ARISING AS LOW ENERGY TI-LIMIT
OF 3D NONLINEAR ELASTICITY

MARTA LEWICKA, MARIA GIOVANNA MORA AND MOHAMMAD REZA PAKZAD

ABSTRACT. We discuss the limiting behavior (using the notion of I'-limit)
of the 3d nonlinear elasticity for thin shells around an arbitrary smooth 2d
surface. In particular, under the assumption that the elastic energy of defor-
mations scales like h*, h being the thickness of a shell, we derive a limiting
theory which is a generalization of the von Karméan theory for plates.
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1. INTRODUCTION

The derivation of lower dimensional models for thin structures (such as mem-
branes, shells, or beams) from the three-dimensional theory, has been one of the
fundamental questions since the beginning of research in elasticity [19]. Recently,
a novel variational approach through I'-convergence has lead to the derivation of
a hierarchy of limiting theories. Among other features, it provides a rigorous jus-
tification of convergence of three-dimensional minimizers to minimizers of suitable
lower dimensional limit energies.

In this paper we discuss shell theories arising as I'-limits of higher scalings of the
nonlinear elastic energy. Given a 2-dimensional surface S, consider a shell S"* of
mid-surface S and thickness h, and associate to its deformation u the scaled per
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unit thickness three dimensional nonlinear elastic energy E¢@s'¢(y, S*). We are
interested in the identification of the I'-limit Iz of the energies:

h—ﬂEelastic(.7 Sh)7

as h — 0, for a given scaling § > 0. As mentioned above, this implies conver-
gence, in a suitable sense, of minimizers u" of E¢5'¢ (subject to applied forces)
to minimizers of two-dimensional energy I3, provided Ee€lestic(yh Sh)y < OhP.

In the case when S is a subset of R? (i.e. a plate), such I'-convergence was first
established by LeDret and Raoult [15] for 8 = 0, then by Friesecke, James and
Miiller [9, 10] for all 8 > 2 (see also [24] for results for 8 = 2 under additional
conditions). In the case of 0 < 8 < 5/3, the convergence was recently obtained
by Conti and Maggi [5], see also [2]. The regime 5/3 < < 2 remains open and
is conjectured to be relevant for the crumpling of elastic sheets. Other significant
results for plates concern derivation of limit theories for incompressible materials
[3, 4, 28], for heterogeneous materials [26] and through establishing convergence of
equilibria, rather than strict minimizers [20, 22].

Much less is known in the general case when S is an arbitrary surface. The first
result by LeDret and Raoult [16] relates to scaling 8 = 0 and models membrane
shells: the limit I, depends only on the stretching and shearing produced by the
deformation on the mid-surface S. Another study is due to Friesecke, James, Mora
and Miiller [8], who analyzed the case 3 = 2. This scaling corresponds to a flexural
shell model, where the only admissible deformations are those preserving the metric
on S. The energy I depends then on the change of curvature produced by the
deformation.

All the above mentioned theories (as well as the subsequent results in this pa-
per) should be put in contrast with a large body of literature, devoted to deriva-
tions starting from three-dimensional linear elasticity (see Ciarlet [1] and references
therein). Indeed, since thin structures may undergo large rotations even under the
action of very small forces, one cannot assume the small strain condition, on which
the linear elasticity is based.

The objective of this work is to discuss the limit energies for scalings 0 > 4,
for arbitrary surfaces S. We now give a heuristic overview of our results, whose
precise formulations will be presented in section 2. If Eel@stic(y, Sh) ~ ChP, for any
B > 2, one expects u to be close to a rigid motion R. This argument can be made
precise by means of the quantitative rigidity estimate due to Friesecke, James and
Miiller [9] (see also Lemma 8.1). We further demonstrate that the first term in the
expansion of u — R, in terms of h, equals an infinitesimal isometry V. That is, there
is no first order change in the Riemannian metric of S under the displacement V.
The corresponding bending energy, given in terms of the first order change in the
second fundamental form of S, is the I-limit I3 if 3 > 4 (Theorem 2.3). This limit
energy coincides with the so-called linearly elastic flexural shell model, derived in
[1] from the linear elasticity theory. Our result guarantees therefore that, without
any a priori smallness assumption on the strain, the use of the linearized flexural
shell model is justified whenever the order of magnitude of the per unit thickness
three-dimensional energy is h” with 3 > 4.

When 8 = 4, also the second order in h change in the metric on S (stretching)
contributes to the limiting energy. This change is induced by V', and additionally, by
an “approximate second order displacement” w. This last notion involves studying
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the finite strain space. For a similar situation where this space emerges see the
discussion by Sanchez-Palencia [25] and Geymonat and Sanchez-Palencia [11] under
the title of ill-inhibited surfaces, in the context of linear elasticity. In Theorems 2.1
and 2.2 we derive the energy functional I, which can be seen as a generalization of
the von Kdrmdn theory for plates [14], justified in terms of I'-convergence in [10].
Indeed, if S is a plate, then V and w are, respectively, the out-of-plane and the
in-plane displacements (modulo a possible in-plane infinitesimal rigid motion).

A particular class of surfaces when I, simplifies to the bending energy is the
hereby introduced class of approzimately robust surfaces. We say that S is (ap-
proximately) robust if any infinitesimal isometry V' can be completed by a second
order displacement to an (approximate) second order isometry. In other words, S
can always further adjust its deformation, to compensate for the change of metric
produced at second order. As a result, the total stretching of second order is in-
significant and the T-limit consists only of a bending term (Theorem 2.3). We show
three general examples of approximately robust surfaces: convex surfaces, surfaces
of revolution, and developable surfaces without flat parts. An example of a not
approximately robust surface is a plate.

We also address the issue of external forces, depending on the reference configu-
ration, namely the dead loads (Theorem 2.5). Under a vanishing average condition
and a suitable scaling of the forces f" applied to S, Theorem 2.1 provides an
information of the deformation of S assumed in response to the load. In addi-
tion, the appropriate limit force f identifies the set of possible rotations the body
will undergo. This phenomenon is easily observed: if f* is “compressive”, then
S" prefers to make a large rotation rather than undergoing a compression, and an
alignment of the infinitesimal isometry V' with the force is energetically preferable.

The identification of I'-limit for any scaling in the range 5 € (2,4) and non-flat S
is still open. In analogy with the analysis developed in [10] for plates, the construc-
tion of a recovery sequence requires finding an exact isometry of S, coinciding with
a given second order isometry. Another direction of study concerns shells, whose
mid-surface is inhibited (or infinitesimally rigid). Examples of such are closed or
partially clamped elliptic surfaces. In this case the limit functionals that our theory
yields are identically equal to zero. This suggests looking for higher order terms
in the development of the three-dimensional energy in the sense of I'-convergence.
These are subtle issues and we plan to address them in a forthcoming paper.

Acknowledgments. We thank Stefan Miiller for helpful discussions. A large
part of this work was carried out while the second author was visiting the Insti-
tute for Mathematics and its Applications in Minneapolis (USA), whose support
is gratefully acknowledged. M.L. was partially supported by the NSF grant DMS-
0707275. M.G.M. was partially supported by the Italian Ministry of University
and Research through the project “Variational problems with multiple scales” 2006
and by GNAMPA through the project “Problemi di riduzione di dimensione per
strutture elastiche sottili” 2008.

2. AN OVERVIEW OF THE MAIN RESULTS

Let S be a 2-dimensional surface embedded in R3. We assume that S is com-
pact, connected, oriented, and of class C*', and that its boundary 95 is the union
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of finitely many (possibly none) Lipschitz continuous curves. Consider a family
{S"}1,~0 of thin shells of thickness h around S:
Sh={z=ux+ti(zx); z €S, —h/2<t<h/2}.

We will use the following notation: 7i(x) for the unit normal, T,.S for the tangent
space, and II(x) = V7i(z) for the shape operator on S, at a given z € S. The
projection onto S along 7 will be denoted by 7, so that:
w(z) =x Vz =+ tii(z) € S".
We will assume that h < hg, with hg > 0 sufficiently small to have 7w well defined,
and so that: 1/2 < |Id + tII(z)| < 3/2 for all z as above.
For a W12 deformation of a thin shell u” : S* — R3, we assume that its elastic
energy (scaled per unit thickness) is given by the nonlinear functional:
. 1
Eelastzc(uh’ Sh) P
h Jgn

where the stored-energy density function W is nonnegative and C? in some open
neighborhood O of SO(3), in the space R3*3 of 3 x 3 real matrices. Moreover, W
is assumed to satisfy, for all F € R3*? and some C > 0:

W(RF)=W(F) VRe SO(3),
W(R)=0 VRe SO(3),
W(F) > Cdist?(F, SO(3)).

W(Vul),

Here SO(3) denotes the group of proper rotations. Recall that the tangent space
to SO(3) at Id is the space of skew-symmetric matrices:

50(3) = {F e R¥3; F=—FT}.

It is convenient to view u through their rescalings y"* € W12(Sho R3):
y"(x + ti(x)) = u" (x + th/hofi(z)) Vo e S Vte (—ho/2,ho/2).
The advantage is that all y* have the common domain S"°. We are concerned with
the limiting behavior of the energies:
"y =— | W(Vuh),
h Jgn
relative to low energy deformations. That is, we want to discuss the limit, as

h — 0, of the functionals I" /e”, for a given sequence of positive numbers e”, which
we assume to satisfy:

(2.1) }llin}) e"/ht = K? < .

With this in mind, define the related scaled average displacement:

i, h h ho/? h

(VD@ = = ot -t
Vel J ng 2

Since we will frequently deal with such vector fields V'€ W12(S,R?) on the surface,
we introduce the following notation. By sym VV(z) we mean a bilinear form on
T,S given by: (sym VV(z)r)n = 3[(8;V(2))n + (9,V (2))7], for all 7,n € T,S.
Also, given a matrix field A € L?(S,R3*3), by Asqn(2) we denote the tangential
minor of A at € S, that is [(A(2)7)n]ryer,s-
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Our first main result is the following:

Theorem 2.1. Assume (2.1) and let u" € W12(Sh R3) be a sequence of defor-
mations such that the sequence of scaled energies {1"(y")} is bounded. Then
there exist Tigid motions of R®, given through proper rotations Q" € SO(3) and
translations ¢ € R3 such that for the normalized deformations:

g (x4 t7) = (QM)Ty" (x + ti1) — "
the following holds.

(i) " converge in WH2(Sho) to 7.
(ii) V"[g"] converge (up to a subsequence) in W12(S) to some vector field V €
W22(S,R3) with skew-symmetric gradient, that is:

(2.2) 0. V(x) = A(x)T vreT,S, ae.x el
for some matrix field A € WH2(S,R3*3) such that:
(2.3) A(x) € so(3) Vo e S.

(iii) +sym VV"[§"] converge (up to a subsequence) weakly in L*(S) to some
symmetric matriz field Byg, on S.
(iv) There holds:

P B
il > I(V
h}lnlglf ehI (y") > I(V, Bian),

where:
(2.4)

1 1
IV, Bun) = 5 [ @2 (2B = §5(400) + 57 [ Qe (V(a7) — ATD,) .

The following quadratic, nondegenerate forms are of relevance here:
(2.5) Q3(F) =D*W(IA)(F,F),  Qa(x, Fian) = min{Q3(F); (F — F)tan = 0}.

The form Q3 is defined for F' € R**3, while Qy(x,-), for a given z € S is defined
on tangential minors Fi,, of such matrices. Both forms Qs and all Qa(x,-) are
positive definite and depend only on the symmetric parts of their arguments (see
9)).

Theorem 2.1 will be proved in sections 3 and 4. One of the crucial ingredients
is a result on approximating large deformations [9]. For completeness, we sketch
its proof, in the setting of shells, in Appendix A. We also note that because of
the non trivial geometry of the shell, the limiting energy I, in general, exhibits a
dependence on the point x € S, although the three-dimensional configuration is
homogeneous.

Our second main result concerns the possibility of recovering the functional
I(V, Bian) in (2.4) (or its components), as the limit of scaled energies 1" (y"),
for some sequence of deformations. For this, define the finite strain displacement
space:

_ I h. , h 1,2 3
Bf{}llli%syme,w ew (S,]R)},

where limits are taken in L2(S) (clearly, both the weak and the strong convergences
yield the same B). We then have:
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Theorem 2.2. Assume (2.1). For every V. € W22(S,R3) satisfying (2.2) and
(2.8), and every Bia, € B, there exists a sequence of deformations u® € W1-2(Sh R3)
such that:
(i) y" converge in W12(Sho) to .
i) VP[y"] converge in W12(S) to V.
ii) +sym VV"[y"] converge in L*(S) to Bian.
) Recalling the definition (2.4) one has:
Jim (") = I(V, Buan).

The form of the limiting energy functional I simplifies, when the space B is large
enough to choose By, so that the first term in (2.4) vanishes. That is, we call S
“approximately robust” if for every V € W?22(S,R?) satisfying (2.2) (2.3), one has
(A%)44n € B. Then we have:

Theorem 2.3. Assume (2.1). Let K =0 or let S be approximately robust. Then
for every V.€ W2%2(S,R3) satisfying (2.2) and (2.3), there exists a sequence of
deformations u € WH2(S" R?) such that (i) and (ii) of Theorem 2.2 hold. More-

over:

lim —1"(y") = F(V),

h—0 eh
where
(2.6) i) = i /S 0, (x (V(AR) — An)tan).

Theorems 2.2 and 2.3 will be proved in section 6. In section 5 we discuss the
space B and approximately robust surfaces. In particular, we shall see that convex
surfaces, surfaces of revolution, and non-flat developable surfaces are approximately
robust.

Theorems 2.1 and 2.2 (or 2.3) can be summarized (although they provide more
information than the below statement), using the language of T'-convergence. For
completeness, the following result will be presented in Appendix B.

Corollary 2.4. Assume (2.1).

(i) Define a sequence of functionals:

]_-h : W1’2(5h0,R3) X Wl’Q(S, RS) % L2(S,R2X2) %R

Fryh v B, =

h tan
e .
+00 otherwise.

1
{ —I"(y") if VP =V"[y"] and B}, = +sym VV",
Then F" T'-converge, as h — 0, to the following functional:

I(V,Bian) if y=m, V€ W22 satisfies (2.2), (2.3),
]:(ya V7 Btan) - and Btan € 87
+00 otherwise.

(ii) Assume that k =0 or let S be approxzimately robust. Define the functionals:

Fhowb2(gh R3) x Wh2(S,R%) — R

- 1 oh o n . h _ Y kiR
j:h(yh’vh) _ eTLI (y") of Vi=Vry"]
400 otherwise.
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Then F" T-converge, as h — 0, to the functional:

I(V) if y=7 and V € W?? satisfies (2.2), (2.3),
+00  otherwise.

All statements above remain valid if the product spaces (the domains of functionals
Fh, F") are equipped with the weak (instead of strong) topology.

We further consider a sequence of forces f* € L2(S",R?), acting on thin shells
S". For simplicity, we assume that:

fM (@ + tii(x)) = hVeh det (Id + tI1(z)) ™" f(z),

where f € L?(S,R?) is normalized so that:

(2.7)

[1=0

Define m to be the maximized action of force f on S over all rotations of S, and
let M be the corresponding set of maximizers:

(2.8)

—{QGSO(3); /Sf(x)Qx dx—m—QéI}q%)%?))/sf-Qm}.

The total energy functional on S” is given through:

h/( hy _ th/( h h _ — hh
J'y") =1"(y") +m h/shf

where m” = hv/ehm.
Theorem 2.5. Assume (2.1) and (2.7). Then:

(i)

(i)
(2.9)

(iii)

For every small h > 0 one has:
1
0 > inf {th(yh); ul € Wl’z(Sh,]Rg)} > —C.
e
If u" € WH2(S,R3) is a minimizing sequence of 2= J", that is:

. .1
lim <eth( hy — mfeth) =0,

h—0

then there exists Q" € SO(3) and c" € R3 such that for the normalized
deformations §" = (Q")Ty" — c" the convergences of Theorem 2.1 (z) (u)
and (iii) hold. The convergence of (a subsequence of) +symVV"["] ¢
Bian in (iii) is strong in L(S).

Moreover, the set of accumulation points of {Q"} is contained within M.
Any limit (V, Byan, Q) minimizes the functional:

J(V, Bians Q) = I(V, Bran) — /S £-Qv,

over all V€ W22(S,R3) satisfying (2.2) (2.3), all Bian € B and Q € M.
If k =0 in (2.1), or if S is approzimately robust, then for any minimiz-
ing sequence as in (2.9), we obtain convergences of §", VP[] and Q" as
described in (i) above, and the limit (V,Q) minimizes the functional:

I =iw)- [ 1-Qv
over all V € W22(S,R3) satisfying (2.2) (2.3) and all Q € M.
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In section 7, we prove Theorem 2.5 and explain the significance of the set M in
the setting of dead loads.

The lower bound on the functionals J and J, as well as attainment of their
infima, can be proved independently, under conditions (2.7) and:

(2.10) /Sf(x) “QFrdz =0 VQ e M VF € s0(3).

Here M is any closed, nonempty subset of SO(3). When M has the form (2.8),
then (2.10) follows from (2.8) and can be seen as its linearization. This analysis
will be carried out in Appendix C.

3. CONVERGENCE OF LOW ENERGY DEFORMATIONS

In this section we derive some bounds on families of vector mappings {u"}5~0,
defined on S”, under the assumption of smallness on their energy. In what follows,
by C we denote an arbitrary positive constant, depending on the geometry of .S but
not on h or the vector mapping under consideration. In all proofs, the convergences
are understood up to a subsequence, unless stated otherwise.

We will work under the following hypothesis:

A sequence of vector mappings u" € WH2(S" R?) and a sequence of
positive numbers e” satisfy, for small h > 0:
1
(H) (i) f/ W (Vul) < Ceh,
h Jgn

(i) lim e /h? = 0.

As for the flat case in [10], the first crucial step is the following approximation
result:

Lemma 3.1. For each u" as in (H) there exist a matriz field R € W12(S, R3*3)
such that:

R"(z) € SO(3) VzeS,
and a matriz Q" € SO(3) such that:
() V" - Remlgagsn) < CRV2VER,
(ii) [IVR"|r2(s) < Ch=1Vel,
(iii) [(@MTR" —1d||s(s) < Ch="Weh, for allp € [1,0),

The proof follows from Lemma 8.1 given in Appendix A, in view of:
E(u", ") = / dist*(Vu",SO(3)) < C [ W(Vu") < Che"
Sh Sh
so that limy_o h~2E(u", S*) = 0 by hypothesis (H).
Lemma 3.2. Assume (H) and let R", Q" be given as in Lemma 8.1. There holds:
(i) Jim (QMTRM =1d, in W"2(S) and in LP(S).

Moreover, there exists a W12 skew-symmetric matriz fields A : S — s0(3) such
that:

(i) ((@")TR" —1d) = A, weakly in W'2(S) and (strongly) in LP(S).

i h
w0 ek



NONLINEAR SHELL THEORIES 9

O BT poh I

(iii) ilzli}%) —Rsym (QM"R" —1d) = §A , in LP(S).
In (i) and (iii) convergence is up to a subsequence (that we do not relabel). In (i),
(i1), and (iii) the appropriate convergence holds for all p € [1,00).
Proof. The convergences in (i) follow from Lemma 3.1 in view of (H). To prove
(ii), notice that the sequence:
N
Ve

is bounded in W12(S) and so it has a weakly converging subsequence. By compact
embedding of W12(S) into L?(S) the convergence is strong in L?(S). One has:

Vel
- (AMT . Al

Ah _ ((Qh)TRh o Id)

_
Ve

The latter converges to 0 in LP(S), and therefore the limit matrix field A is skew-
symmetric. The above equality proves as well that:

Ah + (Ah)T ((Q}L)TRh + (Rh)TQh _ 21d> — _

1
lim sym A" = Z A2

h—0 \/> 2

in LP(S), which implies (iii). |

Recall the rescaling:

y"(z + tii(z)) = u" (x + th/hofi(x)) Vee S Vte (—ho/2,ho/2),
so that y" € W12(Sho R3). Also, define:
Viy" (z + ti(x)) = Vu (& + th/hoii(x))

By a straightforward calculation we obtain:

Proposition 3.3. For each x € S, t € (—ho/2,ho/2) and T € TS there hold:
Ory"(x 4+ t7) = Viy" (x + ti7) (Id + th/holl(z)) (Id + tII(z)) 17

h
Ory™ (x +t7l) = h—Vhyh (x + ti) i(x).

Moreover, for I"(y") = 5 fsh one has:
1
I"(yh) = — W(Vpy"(z + tii)) - det [(Id + th/holl) (Id + ¢II) ']
Sho
h0/2
/ ][ W (Viy" (x4 tid)) - det [Id + th/holl(x)] dt d.
h0/2

Also, directly from Lemma 3.1 (i) and Lemma 3.2 (ii) there follows:
Proposition 3.4. Assume (H). Then:
(1) HVhyh - RhTF”Lz(Sh,O) S Cv eh.

h
(ii) Air% Jor (@")"'Vpy" —1d) = Ar, in L*(S") up to a subsequence.
—0+/e
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We will consider the corrected by rigid motions deformations 7" € Wh2(Sho R3)
and averaged displacements V" € W12(S R3):

h0/2
h—(@QMTyh — ", Vh =V ][ (x +ti) — x dt,
\/7 h0/2

where " = f, fZéiQ(Qh)Tyh — « dt dz, so that £ V" = 0.

Lemma 3.5. Assume (H). Then:
(i) Jim g =, in WhH2(Sho).
(i) hm V=V, in WY2(S) up to a subsequence.
The vectorﬁeld V in (ii) has reqularity W22(S,R3) and it satisfies 0,V (z) = A(x)T

for all 7 € T,S. The Wh2 skew-symmetric matriz field A : S — s0(3) is as in
Lemma 3.2.

Proof. 1. In view of Proposition 3.3 and Proposition 3.4 we have:

) [Viand" = (Q"TR"),,, - (d+ th/hoI)(1d + D) 7|, gy < cVel
HaﬁthLz(Sho) S Ch”vhthL?(Sho) S Ch
To prove convergence of V", consider:
h h0/2
VV ][ vany x—|—tﬁ Id‘i‘tH —1Id dt
(3.2) h°/2 h AT ph
. ~h _ -1
\F ][ - Vtany ((Q")TR"),. (Id+ ) )(Id+tH) dt

_h \T ph Id)
Ve (@) R ) -
We see that by (3.1) the first term in the right hand side above converges to 0 in
L?(S"0), as h — 0. The second term converges, up to a subsequence, to Aq, by
Lemma 3.2 (ii). Therefore VV" converges to Ay, in L?(S) and since fo V" =0,
we may use Poincaré inequality on S to deduce (ii).

2. To prove (i), notice that by (3.1) and Lemma 3.2 we obtain the following
convergences in L2(S"o):

Jim, Viand" = (Id + 1) ™' = Vg,

tan

lim 977" =
nmo 1Y

Therefore Vi converges to Vr in L2(S"0).
Since the sequence {V"} is bounded in L?(9), it also follows that:

h0/2
/ g - dt
—ho/2

Now, let g(x+tit) = |det (Id+tII(x))|~!. Consider the two terms in the right hand

side of:
- g
/ (7" —7)- :
Sho Ssho 9

(3.3) }llli%

= 0.
L3(5)

+
L2(Sho)

1Al < 0 =) - [ 0=
Sho

fshro 9
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The first term can be bounded by means of the weighted Poincaré inequality, by
V(" — )| L2(sroy and therefore it converges to 0 as h — 0. The second term
converges to 0 as well, in view of (3.3) and:

/ (g}h—ﬂ')-g‘:// g — 7 dt dx SC’/ gt — 7 dt
Sho S J—ho/2 —ho /2 L2(S)
This justifies convergence of 3" to m in L?(S"°) and ends the proof of (i). |

Towards the proof of Theorem 2.1, we need to consider the following sequence
of matrix fields on S"o:

1
N
In view of Proposition 3.4 (i), 2symG” is the V! order term in the expansion of

the nonlinear strain (Vu)?Vu", at Id. This expression will also play a major role
in the expansion of the energy density at Id: W(V,y") = W(Id + VehrGh).

Gh = ((Rh)TVhyh - Id).

Lemma 3.6. Assume (H). Then the sequence {G"} as above has a subsequence,
converging weakly in L%(S"°) to a matriz field G. The tangential minor of G is,
moreover, affine in the 1 direction. More precisely:
t
VrenS  Glo+ti)r = Golo)r+ o (V(Aﬁ)(x) - An(x))T,
0
ho /2
where Go(x) = ][ G(z + ti) dt.
7}7,()/2

Proof. 1. The sequence {G"} is bounded in L?(S"0) by Proposition 3.4 (i). There-
fore it has a subsequence (which we do not relabel) converging weakly to some
G.

For a fixed s > 0, consider now the sequence of vector fields 5" € W12(Sh R3):

1

svel

For(atti) = [(hogjh(z+(t+s)ﬁ)7h(a:+(t+s)ﬁ)) - (hogh(:chtﬁ)fh(ertﬁ))}

We claim that f*" converges in L?(S"0) (up to a subsequence) to (A7i)w as h — 0.
Indeed, using Proposition 3.3 one has:

1 t+s
i) = < ][ (hodait"(x + o7) — hii) do
e t

I S (0 TVhy" i) —1d )7 d
_\/j t ((Q ) Vay'(z+oit) — )n o,
and the convergence follows by Proposition 3.4 (ii).

2. We claim that this convergence is actually weak in W1'2(Sh0). First, notice
that the normal derivatives converge to 0 in L?(S"°) by Proposition 3.4 (ii):

B f (a + tit) = QM7 (Vhyh(m +(t+ 8)7) — Vayh(z + tﬁ))ﬁ(g;).

e
sVel
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We now find the weak limit of the tangential gradients of f*". By Proposition 3.3
there holds, for all 7 € T,.S:

0, F (2 + ) = (hovy (z + (t + s)7)(Id + (t + s)IT)(Id + ¢11)~*

3\/>
— hoVii"(w + tii) — hsTI(Id + tH)_1>T

- \F QM7 (vhyh(x ¥ (t+ 8)7) — Vay(z + tﬁ)) (1 + th/hoIT)(Id + ¢11) !

+ s\/@ih ((Qh)thyh(x + (t+9s)7) — Id) sTI(Id + 1)~}

By Proposition 3.4 (ii), the second term in the right hand side above:

N
Veh

converges in L2(S") to ATI(Id + tIT)~!
On the other hand, the first term equals to:

((Qh)thyh(aj + (t+ s)i) — Id)H(Id 4 II) !

ho (oryr g1 (Gh(x +(t+ 9)7) — Gh(z + m)) (1d + th/holl)(1d + #11) !
S
and by Lemma 3.2 (i) it converges weakly in L?(S"0) to
h
= (G(m +(t+ 8)R) — Gz + tﬁ)) (1d + ¢11)~*

This establishes the (weak) convergence of f*" in W12(Sho).

3. Equating the weak limits of tangential derivatives, we obtain, for every 7 €

T.S:
0y (Aff) (z) - (Id + ¢IT)~! = % (G(m +(t+9)A) — Gz + tﬁ)) (Id + ¢11)
+ ATI(TId + ¢11) ™
This proves the lemma. |

Finally, we have the following bound for convergence of the scaled energies I":

Lemma 3.7. Assume (H). Then:

lim inf —Ih / Qs (z, (sym Go)tan) 24 / Qs (x A7) — All)tan ) -

h—0 el

Proof. By the frame invariance property of W we have:
W (Viy") = W((RMTViy") = W(Id + VehGh).

Consider the sets Q, = {x € S"0; (e")V/4G"(z)| < 1}. Clearly the sequence of
characteristic functions yq, converges to 1 in L'(S"0), as {(e")'/*G"} converges
pointwise to 0. Since W is C? in a neighborhood of Id, then by the above calculation,
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in Qy, (for h sufficiently small) there holds:
1 11
e—hW(Vhyh) = e—hiDQW(Id)(@Gh, VerGh)
1
(3.4) + / 1-s) {DQW(Id + sVehGhy — DQW(Id)} ds (G*, GM)
0

= £05(G") +o(1)|C"

Above o(1) is the Landau symbol denoting any quantity uniformly converging to
0, as h — 0. In view of Proposition 3.3 we now obtain:

ho/2
hyhy >
hinj(r)lf o I (y™) llmiglf o / ][ xa, W(Vry™)det [Id + th/hoIl] dt dz

ho/2
h0/2
= liminf/ ][ XQ}L W(Viy") dt da
h—0 h0/2
h0/2
= liminf = /][ (sym (xa,G")) + (1)/ |Gh |2
h—0 h0/2 Sho

h0/2
> / ][ 3(sym G).
=3 h0/2
The last inequality follows from positive definiteness of Q3 on symmetric matrices,

and the fact that ygq, G" converges weakly to G, in L2(S"o).
By the definition of Q5 and by Lemma 3.6 we get:

h0/2 h0/2
o
h0/2 h0/2
[ / ][ ,(sym Go)ran) / ][ h2Q2 2, (V(A) — All)san)
h0/2 h0/2

which proves the result. |

4. A PROOF OF THEOREM 2.1 AND SOME EXPLANATIONS

To complete the proof of Theorem 2.1, in view of Lemma 3.5 and Lemma 3.7,
it remains to understand the structure of the admissible matrices GGy. This is the
content of the next lemma.

In addition to the hypothesis (H), we now also assume the existence of the finite
limit:

(4.1) H:}IZiII%)\/eTL/h? < 00.

When e ~ h?, this corresponds to the case 3 > 4, with x > 0 for S =4 and k =0
for g > 4.

Lemma 4.1. Assume (H) and (4.1). Let Gg be the matrix field on S, as in Lemma
3.6. Then we have the following convergence, up to a subsequence, weakly in L?(S):

1 ho_ K 42
(4.2) lim 78ym vV (Sym Go + §A ) ,

h—0 tan
where the subscript io, denotes, as usual, the tangential minor of a given matriz
field on S.
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Proof. We use the formula (3.2) to calculate %sym VV". The last term in the right
hand side gives:
1 h\T ph Vel h? h\T pt
@Sym ((Q ) R _Id)tan = h2 e—hsym <(Q ) R _Id)mn’
which converges in L?(S) to k/2(A?)san by Lemma 3.2 (iii).
To treat the first term in the right hand side of (3.2), notice that for every
T€T,S:

1 ho/2
Veh lfh /2 V' (@ + i) (Id + 411) — (Q")" R" () dt] '

_ 1
o n

ho/2

ho/2
][ V" (z + tid) — R"(z) dt + ][ th/hoVyy I dt

@""

T

ﬁ

1
s

(@"TR"(2)

h0/2
][ (RMTV,yh —1d dt] T

ﬂ

i) £ @t ) af o,

Veh —ho/2

where we used Proposition 3.3. Now, the second term in the right hand side above
converges in L?(S) to 0, by Proposition 3.4 (i). Further, the matrix in the first
term equals to:

h\T ph h0/2 h —
Q"R (x)][ G (x + t7) dt,

—ho/2
and by Lemma 3.2 (i) and Lemma 3.6, it converges weakly in L?(S) to Ggy. This
completes the proof. [ ]

We now comment on the regularity and role of various quantities containing V'
and A, intrinsically related to the geometry of the problem.

Remark 4.2. Notice first that if a vector field V € W22(S, R?) has skew-symmetric
gradient:
7.0, V(z)=0 V1 e 1,58,
then it uniquely determines a W12 matrix field A : S — so(3) by:
VreT,S AT =0,V
(4.3) _ .
At =T - Vign — Vian (V7).

Regarding the regularity, write V' as the sum of its tangential and normal com-
ponents, to obtain:

V =Vian + (VI)7, sym VV = sym VV,q, + (Vi)IL

Hence, assuming sufficient regularity of S (say, S is C>! up to its boundary) it
follows that sym VVi., = —(Vi)Il € W22(S,R?*2). Using the same calculations
as in [1] page 119, we may deduce that the tangential component V;,,, enjoys higher
regularity than the vector field V. Namely, Vio, € W32(S,R?) and:

[Vianllws.2(s) < C(HVtanHWM(S) + \|Vﬁ||w2«2(5)>-
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By Korn’s inequality, one can replace the W12 norm of Vj,, by a term of the order
Vianllz2 + ||sym VVign| 2, so that we finally obtain:

WVeanllwsz(s) < C(IVianllzacs) + IVillwaacs) )-

For an elementary derivation of Korn’s inequality on S from Korn’s inequality on
open sets, see e.g. [17].

In the same manner, one can prove the following useful bound, valid under C?*
regularity of S:

(4.4) [Vianllw22(s) < C<||Vtan||L2(S) + HVﬁHWm(S))-

Remark 4.3. 1. The (scaled) t - derivative of G, which is also the argument of
the second term in the definition of I (and I), may be written as:
(V(Afi) — AIl)7 = [(V(Aﬁ) - AH)T} — (8, A).
tan
This expression measures the difference of order h between the shape operator IT
on S and the shape operator II" of the deformed surface S, = (id + hV)(S) (see
Figure 4.1). To see this, let z € S and let 71,75 € T,,.S be such that 7i(z) = 71 X To.
The tangent map of the deformation ¢"(z) = = 4+ hV () equals Id 4+ hA, and we
obtain the following expansion of the (scaled) normal vector 7" to S} at the point

¢"(x):
i = (97,6" x 0,,6" ) (2) = 7i(@) + h(n X D,V + 0,V X 72) + O(R?)
= il + hATi + O(h2),

where we used the Jacobi identity for vector product and the fact that A € so(3).
Note that || = 1+ O(h?) and therefore

T_ih

" (Id + hA)T = 0, <ﬁh|> = 0,7" + O(h?).
Hence the amount of bending of S, in the direction of 7 € TS, can be estimated
by:
(Id + hA) I (1d + hA)T — TIT = (Id + hA) (9,7 + O(h?)) — TIT
= (Id 4 hA)~* ((Id + RA)IT + h(9, A)i + 0(h2)) ~TIr
= (Id — hA)h(, A)ii + O(h?) = h(d, A)it + O(h?).

A closely related heuristics is the following. By Proposition 3.4 (for simplicity, we
assume here that e? = h*) the tangent map Vu"(z), at x € S, is approximately a
rotation R"(x) € SO(3). Hence, ii" ~ Ri. Assuming that lim Q" = Id, we may
think that R"(x) ~ Id + hA(z). The difference of the shape operators on S;, and S
satisfies:

(RMTVah — 11 ~ (Id + hAT) (H + hvmn(Aﬁ)) I
~ hV yan (AR) + hATTIL = h(V(Aﬁ) - An)

tan

2. In turn, the role of the first term in the definition of I:
(Az)tana

K

1
(sym Go)tan = }llli% Esym vvh — 5
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FIGURE 4.1. The mid-surface S and its deformation.

is to measure the difference of order h? between the metric on S and the metric
of the deformed mid-surface. Notice that under the deformation id + AV, as in
Figure 4.1, there is no first order change in the length of curves on S because the
gradient field VV is skew-symmetric. In geometrical terms, vector fields V with
this property are known as infinitesimal isometries (see [27], Chapter 12).

Under the same condition (for simplicity we again assume that e" = h*), the
amount of stretching of S, in the direction 7 € TS and induced by the deformation
¢" = id + hV + h?w has indeed the following expansion:

|0:¢"|" — |7|> = B2 (270-w + |9,V [?) + O(h®)

= 2h? (TT(syme)T - %TTA2T> +O(h?).

5. THE SPACE OF FINITE STRAINS 3 AND THREE EXAMPLES OF APPROXIMATELY
ROBUST SURFACES

The space of limits as in the left hand side of (4.2) plays an important role in
defining the exact limiting energy functional on S. With this in mind, we introduce:

Definition 5.1. The space of finite strains is the following closed subspace of L*(S):
B= {}llin%) sym Vuw'; wh e Wh2(S, R?’)}
where limits are taken in L?(S).

Clearly, by Mazur’s theorem, B contains all weak L2(S) limits of symmetric
gradients of W2 vector fields on S.

As we shall see in Theorem 2.3, the form of the limiting energy functional sim-
plifies, for surfaces with large space B.

Definition 5.2. We say that S is approzimately robust, if for every V.e W22(S,R3)
satisfying (2.2) and (2.3), one has: (A?)an € B.

According to our terminology, S would be called “robust” if every admissible
(A?)an as above, equaled sym Vw for some w € WH2(S,R3). The notion of robust
surfaces will arise at lower scalings, that is when k = oo, which we do not consider
in this paper.
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Remark 5.3. An equivalent construction of B is the following. Define the linear
space of finite strain displacements:

W =WH3(S,R*) /{w € W'?; sym Vw = 0}.

It can be normed by [[w]|yy = |sym Vw|r2¢s). Then (B, || - ||12(g)) is linearly
isometric to the completion W of (W, || - |lyv), so that the elements of B can be seen
as generalized symmetric gradients of elements of W.

Such construction is used in [11] or in [1] in the context of derivation of membrane
theories from linear elasticity. Note the different regularity of the kernels considered
in [11] and the related explanations in [1], page 262.

Remark 5.4. In general, it is complicated to directly determine the exact form of
B or W. The crucial step in identifying W is finding the optimal norm || - ||, for
which a Korn-Poincaré type inequality

(5.1) inf {Hu —w|lo; we W2 sym Vw = O} < OllsymVul| g2 sy

holds with a uniform constant C, for all v € W12(S,R3). Unlike in the case of
tangent vector fields, this optimal norm is usually weaker than L2. The reason is
that the boundedness of the left hand side in:

sym Vuw" = sym Vi, + (w"@)II

does not, in general, imply L? boundedness of both terms in the right hand side.

This is the case, for example, when S is (a piece of) a cylinder S! x [—1/2,1/2].
Let 7y and 75 be the tangent unit vector fields, respectively orthogonal and parallel
to the axis w3 of the cylinder. One can show that there exists a sequence [w"] € W
converging in W, such that for any choice of representatives w" € W2(S R?),
the norms ||w" 7| 2¢s) and ||w"7i] -1 (s) blow up. However, this is the worst case
scenario, and one has:

W= {v € D/(S,R%); vy € H™Y(S), vry € L2(S), vl € H%(S),
sym Vv € L*(S),

1/2 1/2
/ x3(vil) = const, / il = const,
—1/2 —1/2

/Svﬁ:/SvTQ:/ng(vﬁ):O}.

In this particular case, however, as we will see below, W is isometric to the space
of all symmetric L? matrix fields Bign on S.

Remark 5.5. Flat surfaces S C R? are not approximately robust. Indeed:

B = {sym Vw; w € wh2(s, ]R‘S)}

tan

= {an S L2(S, RQXQ); BT = Bian, curllcurl By, = O}.

On the other hand, given V € W?22(S,R3) satisfying (2.2) and (2.3), one has
(A?)4an € B if and only if V3 = Vi solves the degenerate Monge-Ampere equation:
det V2(V3) = 0 (see [10]).
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A particular class of surfaces which are approximately robust are surfaces for
which:

(5.2) B= {Bm € L2(S,R¥¥?); BT = Bm}.

As we show below, three main examples of such surfaces are: convex surfaces,
surfaces of revolution, and developable surfaces without flat regions.

Lemma 5.6. Assume that S is a simply connected, compact surface of class C*!
with C* boundary, and that its shape operator 11 is strictly positive (or strictly
negative) definite up to the boundary:

_ 1
(5.3) veeS vrelsS sl < (H(:L‘)T) T <O
Then S is approzimately robust, and more precisely (5.2) holds.

Proof. 1. We will prove that every compactly supported, smooth symmetric bilin-
ear form Bi,, on S, must be of the form:

(5.4) Bign = sym Vw,

for some w € W12(S,R3). This will clearly imply the Lemma. In [23], this result
is proved under an additional assumption that S is closed. The same method, with
a slight modification, can be applied in our case. For convenience of the reader, we
present an overview of the argument and for details of calculations we refer to [23]
and [12], section 9.2.

Since S is simply connected, it can be parametrized by a single chart r €
C>1(Q,R?), where Q C R? is a simply connected domain with C! boundary. The
definite form [g;;]; ;1.2 with g;; = 0;r- 9;r is the pull-back metric on  and /|g| =
\/det[g;;] is the associated volume form. Also, the shape operator II expressed in
the coordinates (x1,x2) € Q is given by [hi;]; j:1..2, where h;j = 0;(iior) - O;r. The
inverse of II is denoted II™! = [h%]; ;.1 2. The mean curvature H of S equals to
Lir (g;;)110).

With the above notation, (5.4) becomes the following system of partial differen-
tial equations in €:

317" . 8171} = B11
(55) 817" . 8211} + 827’ . 81w = 2312
327' . 82w = B22,

where we set B;; = 0;r - Bian0j7. Since sym Vw is determined, one concentrates
on the skew part of Vw. Following [23], we let:

1
w=—= (01w - Oar — Dow - O17),

Vdl

and we observe that w must satisfy the equation:

1 g
—ﬁ& (\/|g|h”6jw) — 2Hw = D(By)).

g
The operator D : W22(Q,R?*2?) — L2(Q,R) is a bounded differential operator
which depends on the geometry of S. The exact expression of D is given in the
references mentioned before, but for our purposes it is enough to know its stated
regularity.

(5.6)
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Now, the following crucial relation between problems (5.6) and (5.5) is a direct
consequence of calculations in [23].

Proposition 5.7. Assume that [B;jl; j1.2 € W*2(Q,R?**?). If (5.6) has a (weak)
solution w € W12(Q,R), then the system (5.5) has a solution w € W12(Q, R3).

2. We now show that the hypothesis of Proposition 5.7 is satisfied. Note that
we have not imposed any boundary conditions on w, which makes the argument
easier. Extend first the coefficients A% and |g| to h¥ and |g|, respectively, defined
on Q. = {z € R?; dist (x,Q) < €} for a small e > 0. This extension can be made
so that [h¥]; ;.1 o satisfies the ellipticity condition (5.3) and that h%/, |g| and 1/|g]
stay bounded in Q..

In order to prove existence of a solution to (5.6), we want to find fy € C°(Q\ )
such that the Dirichlet problem

has a solution w € W&’Z(QE,R). The restriction of w to Q will, clearly, serve our

purpose. Here the operator L is given:
1 o~ ~
Lw=——=0; (\/ |§|h”6jw) —2Hw

VIal

is elliptic and self-adjoint with respect to the scalar product:

(,C) = /Q w¢/Il

Therefore, by the classical theory of elliptic operators (see e.g. [7], section 6.2,
Theorem 4), (5.7) has a solution if and only if its right hand side satisfies the
orthogonality condition:

(D(Bij) + fo.¢) =0,
for all solutions ( € W&’Q(QS,R) of the homogeneous problem: L£{ = 0 in Q..
The solution space of this problem is finite dimensional, say spanned by a basis
{C1y.--, e} For fo € C(Q\ Q) consider the functional:

k
L(fo) = Z<fm§i>€i € R
i=1
In view of the above, it suffices to prove that L is surjective.
We now argue by contradiction. Assume that there exists a nonzero a =
(a1,...,a3) € RF orthogonal to the range of L. In other words:

k
/ (Z az-cz) foV131 =0 Vfo € CZ(Q\ Q),
Q\Q \;,

which clearly implies that Z?Zl ;¢ = 0 in Q. \ Q. By the Hérmander unique-
ness theorem for second order elliptic equations (see [13], Theorem 2.4), we obtain
Zle ;¢ = 0 in ., contradicting the linear independence of {(3,...,(k}-

In view of Proposition 5.7, this ends the proof. |

Lemma 5.8. Assume that S is rotationally invariant, C? up to the boundary, and
let S have no intersection with its axis of rotation. Then (5.2) holds.
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Proof. 1. After a suitable rigid motion, the surface S can be parametrized by:
r: (s0,51) % [0,27] — R3, r(s,0) := g(s)v(0) + ses,

for a positive function g € C?([so, s1],R), e3 = (0,0,1), and v(8) = (cos @, sin6,0).

As in the proof of Lemma 5.6, we will show that (5.4) has a solution for Biay,
in an appropriate dense subset of the space in the right hand side of (5.2). Given
w € WH2(S,R3), write:

w(s,0) := a(s,0)7(0) + b(s,0)7'(0) + c(s,0)es
and also let:
Bij = (9”’ . Btanaj’l”.

The equation (5.4) can now be expressed as the following periodic system of
partial differential equations in (sg,s1) x [0, 27] (see [27] chapter 12):

g'0,a + 0;,¢ = Biq
(58) 891) +a= BQQ
9’ (Oga — b) + gOsb + Jgc = 2By5.

We will prove that (5.8) has a solution W2, periodic in 6§ € [0,27], for B;; being
finite linear combinations of the Schauder basis for L?([so, 1] x [0, 27]) consisting of
eigenfunctions of Laplacian under the periodic boundary conditions at 6 € {0, 27}
and Neumann boundary conditions in s € {sg,s1}. By density, this will establish
the lemma.

2. Differentiating the third equation in s and using the first two equations in
(5.8) we obtain:

(5.9) g0%b — g (b4 03b) = 20,B12 — 09 B11 — g 09 Bas =: 1)(s,0).

Note that ¢ € C° and for all s, 1(s,) is a finite linear combination of {e*%},<y,
for some integer N independent of s. Hence:

—+oo —+oo
b(s,0) = Zbk(s)eike and  (s,0) = Zwk(s)eikg,

with ¥ = ¥_j and ¢, = 0 for k > N. Expressing (5.9) in terms of the Fourier
coeflicients by and v we have:

g/l

by — ;(1 — k)b, = Y

g

Since the coefficients of the above linear equation are continuous in [sg, $1], we
deduce that there exist unique solutions by € C?([so,s1],R) satisfying by (so) =
bi.(so) = 0. Also, by, = b_j, and by = 0 for k£ > N. Concluding, the finite linear
combination b = 3 by.(s)e?*? is a W22 solution to (5.9), periodic in #. One can

now solve the first two equations in (5.8) for a and then for ¢, obtaining a W12
solution to (5.8) and hence also to (5.4). |

Finally, the following result has been proved in [26], Lemma 3.3:

Lemma 5.9. Let S be a C? developable surface without flat regions. That is, assume
that for each x € S the Gauss curvature k(x) = 0 while II(xz) # 0. Then S satisfies

(5.2).
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6. THE RECOVERY SEQUENCE: PROOFS OF THEOREMS 2.2 AND 2.3

In this section, we want to prove Theorems 2.2 and 2.3, that is to define a suitable
recovery sequence y". Recall the definition (2.5). With a slight abuse of notation,
one can write:

(6.1) Qo (x, Fyan) = min{ Q3(Fian + c @ fi(x) + i(x) @ ¢); ¢ € R3}.

The unique vector ¢, for which the above minimum is attained will be called
¢(x, Fran)- By uniqueness, the map c is linear in its second argument.

Given By, € B, there exists a sequence of vector fields w” € Wh2(S,R3) such
that sym Vw" converge in L2(S) to Bia,. Without loss of generality, we may
assume that w”" are smooth, and (by possibly reparametrizing the sequence) that:

(6.2) lim Vh||w"||w2.e(sy = 0.

Let V € W22(S,R3) be such that 0,V (x) = A(z)7, for all 7 € T,.S, where A €
W12(S R3%3) is a skew-symmetric matrix field. We approximate V by a sequence
vh € W2°°(S,R?) such that, for a sufficiently small, fixed € > 0:

: Veh
}Llﬂ% [o" — Vllwzz2(s) =0, T||Uh||w2=oo(5) < eo,

(6.3) ,

%LH}JZ—h p{z e S; v"(x) £ V(x)} =0.

The existence of such v" follows by partition of unity and a truncation argument,
as a special case of the Lusin-type result for Sobolev functions in [18] (see also
Proposition 2 in [10]).

Define a sequence of rescaled deformations y" € W12(Sho R3):

Yz i) =z + \/]f?vh(:l:) + Vel (z)

(6.4) + th/hoii(x) + t/hoVeP (T, — V(") ) (2)
2
 th/ho VRV W+ th/hoVehd (z) + Qt—f%h\/e?dlvh(x).

Notice that if V' € W%°(S) then one may take v" = V in which case the term
t/hoVel(Iwl — V(v"i)) is exactly t/hoVeh Afi (see (4.3) in Remark 4.2).
The vector fields d%", d'" € W1:°°(S,R3) are defined so that:

(6.5) Lim Vi (|[d lwr.ee sy + 1A o (sy) =0

and:

Lo dh = 2¢ (:c Bian — g(AZ’)m) + kA% — %n(fiTAzﬁ)ﬁ in L2(9),
(60 lim d"" = 2¢ (z,sym (V(AR) — All)1q,) + (A7 AIL — 77 V(A7) in L*(S).

h—0

Lemma 6.1. Assume (4.1). For the sequence {y"} in (6.4) the convergences (i),
(i) and (iii) of Theorem 2.2 hold.
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Proof. (i) follows by the normalization (6.2), (6.3) and (6.5). For (ii) and (iii) notice
that:

1
Vi y" = o" + hw" + = h2d""
24
1 1 1
7sym vV [y = 7sym Vol + sym Vuh + ﬁhsym vdt",

The proof will be achieved once we establish that:
1
(6.7) ]113%) EHsym Vo[l 225y = 0.

Since the Lipschitz constant of each Vo is bounded by 60\/%, and sym Vo' = 0
on the set {z € S; v"*(z) = V ()}, we have:

[sym Vo' ()] < C\%dm <x {o" = v}).

Now we claim that the right hand side above converges to 0, in L>(S). For oth-

erwise there would be dist (2", {v" = V}) > C’\/}fih, for some sequence z" € S.

Consequently, denoting by B, (r) the ball in R? centered at z" and radius r, we
would obtain:

plz € S; v'(x) £ Vi(x)} > ‘S’ﬂ Byn (;dist (zh, {o" = V}))‘ > C’Z—Z,

contradicting (6.3). In the last inequality above we used that the surface S is of
class C!, with Lipschitz continuous boundary. We thus obtain:

h]ll §ylll C h [, — U.

1 1
sy Vol llags) < 2 pude € S5 07 @) £ V@) P2 sym Vol s)

el 5
< CFHsym Vo' || e ()-
The two statements above imply (6.7). |

Proof of Theorem 2.2.
We will prove that:

1
(6.8) lim sup 1" W") < IV, Buan) + 1,
—0

where 7 denotes an error quantity, with the property:
(6.9) n—0 ase — 0.

In view of Theorem 2.1, this will imply (iv) for a recovery sequence obtained through
a diagonal argument, when ¢y — 0. Clearly, the assertions (i) - (iii) will follow as
well, by Lemma 6.1.
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1. We first look closer at quantities V,y". By Proposition 3.3, it follows that:

Veh o, he
o (Hvtm - V(v n))

—Ver@dT V" + Vehd®" +t/hoVerd ",
(Vay™)(x + ti)T = Vy" (x + ti7) (Id + tI1)(Id + th/holl) " '7

h
(6.10) - (m + @wh + VehVuw" + th/holl

(Viy") (z + ti)ii(z) = 7 +

+t/hgVehV (Hu{;n - V(vhﬁ)) — th/hgVehV (AT V")

t2
+ th/hoVehVd" + thh\/thdI’h> (Id + th/hoIl) 17,
0

for all 7 € T,,S.

By (6.2), (6.3) and (6.5) one has: ||V, y" — Id|| oo (sm0y < Ceo. It now follows by
polar decomposition theorem (assuming eq to be sufficiently small), that V3" is
a product of a proper rotation and the well defined square root of (V,y")TVy".
By properties of the energy density function and Taylor expansion, we obtain:

W(Viy") =W ( (Vhyh)TVhyh> =W (Id + %K" + O(Kh|2)> :

where:

K" = (Vay") ' Viy" —1d.
Clearly:
(6.11) K™ e 510y < Ceo,

and so reasoning as in (3.4), the above expansion in W yields:

1 w1 1, 1
(6.12) S W(Vay") = 5Qs (2\/671( +@

0<|Kh|2>) + e O(K"P)

where 7 depends only on €y and satisfies (6.9).

2. Using (6.10) we now calculate K. By Error we will cumulatively denote all
the terms with the property:

(6.13) Jim |
‘ N

|Error||p2(ghey = 0.
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We start with the tangential minor of K"

h
Id + 2£sym Vo' + 2Vehsym V! + 2th/holl

Kth;L n h

(z + i) = (Id + th/hoIT) ™!

h
+ 2t /hoVehsym V(vam - V(vhﬁ)) + %(wh)TWh + £2h2/h21I2

+ 2tVel /hosym (HVvh) + Error| (Id 4 th/hoIl)~* — Id

h
= (Id + th/hoIl)"'Vel | 2sym Vuw" + g(vU”)Tvuh

+ 2t/hosym V (vaan — V(vhﬁ))

+ 2t/hosym (HVvh) (Id + th/hoIl) ™' + Error,

where we used the formulae:

(Id + F)T(Id + F)=1d + 2sym F + FTF,
FIFF7Y —1d = FyY(F - FR)FT

Notice that the quantity Error contains the term ?sym Vo™, resulting from the

relaxation of the constraint (2.2), (2.3) on the small set {v" # V'}, and other product
terms, eg: %(VU”)TV(HU{LM — V(v"i)). The convergence of #|[sym Vo™ |12 gno)
to 0 has been proved in (6.7). All other terms in Error can be dealt with by
repeated use of (6.3), (6.2), Holder and Sobolev inequalities, eg:

Vel . Vel
TH(VU}L)TV(HU?W = V(")) L2(s) < CT|\VUh||L4(S)HUhHWM(S)

” Waee (s 10" 1303

el h h
SCT”VU ||W1,2(S)HU ||W2~°°(S) W2:2(S)

Vel e

I W2,m(s)—>0 as h — 0.

< 0=
=0~

Now, the normal minor of K" is calculated as:

A/ ph 2
il K" (x + ti)ii = Vel <€(Huh — V(") +2d""7i + 2t/h0d1’hﬁ> + Error.
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The remaining coefficients of the symmetric matrix K" (x + i) are, for 7 € T,.S:

h
T KMz + tid)id = 77 l\/}f»wh +t/hoVehV (vam - V(vhﬁ)) (1d + th/holl)~17

Vel

T
+ | (vaw - V(vhﬁ)) + (Verd™ + t/hoVehd )T
e" h ) o h
) (Hvtm - V(v n)) Vv

T
+ t/ho\/eTL(vaan — V(vhﬁ)> IO | (Id + th/hoIl) " 7 + Error

h T
D [t/hoﬁTV<vam - V(vhﬁ)) + \g (Hv,’;an - V(vhﬁ)) Vol

+1/ho (1ol ~ V(vhﬁ))TH

+ (d®" + t/hod"")T | (Id + th/hoIT) "7 + Error.

We leave the estimation in Error to the reader. The convergence of the most
troublesome term:

1 .
lim, EHnTVvh + (v, — V(") || L2 (5m0y = 0.

can be proved as in (6.7), since the quantity in question vanishes on the set {v" =
V}. Therefore, |77 Vo 4 (v}, — V(")) || (s) converges to 0, as h — 0, and
the displayed convergence follows by the last assertion in (6.3).

3. In view of (6.13) we may now write (with a slight abuse of notation)

1 t
(6.14) i e ho

where the symmetric symmetric matrix fields (K;)ian € L*(S, R?*?) and the vector
field ¢ € L2(S"0,R3) are given by:

K" = K1 (2)tan + —Ko(2)tan + (C@ A+ 7 ®¢)  in L*(S™),

K
Kl (x)tan - Btan - §(A2)tana

(6.15)  K2(@)tan = sym (V(A7i) — AIl)

tan
7) — _ a2 t 7) —
C(z +tit) = C<xaBtan B) (A )tan) + h00<x,sym (V(AnR) AH)tan)'
Further, we observe:
(6.16) lim i/ |K"* = 0.
Sho

Indeed, (6.14) implies that \/%hKh converges pointwise a.e. in §™. Thus J|K"[*

converges a.c. to 0. By the boundedness of K" in (6.11): = |K"|* < CL|K"|?,
and the dominated convergence theorem achieves (6.16).

4. Finally, we prove now (6.8). By (6.16), it follows that the argument of
Q3 in (6.12) converges in L?(S"0) to the same limit as 2\/157Kh in (6.14). Using
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Proposition 3.3, (6.14) and (6.1), we obtain:

ho/2
lim sup —hlh( ) = limsup —- / ][ W (Viy") - det(Id + th/hoIl) dtdta
h—0 € h—0 € ho/2

ho/Q
<3 L lim sup / ][ ( (z+ tn)) - det(Id + th/holT) dtdz
h—0 ho/2
1
—l—Cnlimsup—h/ |K"|?
e Sho
ho/2 Kh Kh ?
= +Cn
/ ][h0/2 (hﬂo 2V/eh ) h—0 Q\F 2(5ho)
h0/2 .
/ ][ <$7K1(x)tan + KZ(x)tan> dtdz + 077
ho/2 ho
h0/2 t2
/ F el Kil@han) + 1302 (5, Kal@)ian) dtde +Cn,
h0/2 0
which implies (6.8) in view of (6.15). |

Remark 6.2. A more careful calculation reveals the exact convergence:

hy,
’llli% 67] (") = I(V, Bian),
for the recovery sequence (6.4). We have used another argument for the sake of a
more transparent presentation.

Proof of Theorem 2.3.

When x = 0, the recovery sequence (for a given V € W?22(S,R?) satisfying (2.2)
and (2.3)) is given again by (6.4), where we put w" = 0, Bya, = 0 and x = 0. That
is:

Y (x4 ti) =z + \/}fihvh(x) + th/hoi(x)
+t/h0x/<?h(nvfan - Vt,m(vhﬁ)>( ) + Wmﬁdl h(z),

where d'" € W1>°(S,R?) satisfies (6.5) and the second formula in (6.6).
Clearly, 3" and V"[y"] converge in W2(S") to 7 and V, respectively, as in
Lemma 6.1. The convergence of the scaled energy follows as in Theorem 2.2 (iv).

7. THE CONVERGENCE OF MINIMIZERS: PROOF OF THEOREM 2.5

Recall that the considered sequence of forces f* € L?(S" R3) with zero mean:
Jon [ =0, has the form:

(2 + tii(z)) = kel det(Id + tI(z)) "' f ().
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Lemma 7.1. Letu" € W12(S" R3) be a sequence of deformations such that V" [y"]
converges in L?(S) to some V : S — R? and let Q" € R3*3 converge to some Q.
Then:

h;oehh/ QM (uh —id) /f QV.

Proof. We have:

h/2
ehh/ QM u —id) /fh Qh][ ul(z + tit) — z dtdz

—h/2
-5 [ 1@ QY gy dr= [ 7@V

and the result follows. |

Proof of Theorem 2.5.
1. We first show that given any u" € W12(Sh R?) there exists Q" € SO(3) and
ch € R? such that w" = (Q")Tuh — ¢ — id satisfies:

(7.1) 0™ [§1.2(5m) < CRTH" (7).

Indeed, by Lemma 8.1 and properties of the energy density W, it follows that:

I"(y") >ch=t | dist*(Vu",50(3)) > Ch~t [ |Vu" — R'z|?
Sh Sh

(7.2) >Coh ™t [ |(QMTVu —1d)* — Ch™ / QMTRMr —1d?
Sh

>Cht [ |[Vw"? — ChT2 I (y").
Sh

Actually, the assumption of smallness of h=3E(u", S*) cannot be expected to hold
here. In this general case one exchanges the SO(3)-valued matrix field R" with
Rh e W12(8,R3*3) given in the proof of Lemma 8.1. Then Q" for which the above
estimates are true may be taken as a rotation in SO(3) with minimal distance from
o B

By (7.2) it follows that:

IV 2250y < CRI"(y") + CR™H ("),

which implies (7.1) in view of the Poincaré inequality, for an appropriately chosen
constant ¢”. A proof of the uniform Poincaré inequality on S" can be found, for
example, in [17].

2. Notice that by the definition of m” we have:

h/2

e thdz—hf/f ). Q" (4 1) < m

h/2
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Therefore, in view of (2.7) and (7.1) we obtain:
TN =) =t = [
Sh
= (Qh) frowh +mh - fh Q"z dz
(7.3) h
1
> - 7 (Qh) frowh > C'hl/Q\F”f”L2 () llw" L2 (sm)
> —c@zh(yh)l/Q.

We now prove the first claim of the theorem. Taking u"(z) = Qz for any Q € M,
we notice that J"(y") = 0. Hence inf J"* < 0. The lower bound of % J" follows
from (7.3):

1/2
(7.4 S0 = G ¢ ()

which proves (i).

3. To prove (ii), let u" be a minimizing sequence of e%Jh, as defined in (2.9).
Then {=:J"(y")} is bounded, and therefore by (7.4) {&I"(y")} is also bounded.

The convergences of 5", V"] and 1 Tsym VV"[3"] follow from Theorem 2.1. In
particular:
h
. — > an)-
(7.5) hinnglf ehI (y™) > I(V, Bian)

The strong convergence of Lsym VV"[g"] is deduced from the strong convergence
of the sequence symG? —in Lemma 3.6. This last result is in turn implied by
the convergence of [, s Q3( G") (valid because the sequence is minimizing), positive
definiteness of Q3 on symmetric matrices, and the weak convergence of G". Since
the details are exactly the same as in [10] section 7.2, we omit them.

We now prove that the limit Q of any converging subsequence of Q" belongs to
M. By (2.7) we have:

1

eih‘]h(yh)feih[h(yh) — eih <mh . l /h fhuh>
h/2
h~h
(7.6) ( /][h/2 ) - Q" dtdx)

heh/ Pt =i+ (me [ @t ar).

The first term above is bounded, as it in fact converges to — fs -QV, by Lemma 7.1.
The quantity is brackets in the second term converges to m — |, g [+ Qz. Therefore,
if @ ¢ M, this last quantity is uniformly positive, and the second term above
converges to +oo (as h/Vel — co0). We observe that, in this situation, Iy
must converge to +o0o, contradicting (i) and thus proving that Q € M.

In view of (7.5), (7.6) also implies:

hmlnf—Jh( )>hm1nf—lh /f QV > J(V, Bian, Q).

h—0 el h—0 el
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The fact that the limit (V, Bian, Q) minimizes the functional .J is now a standard
consequence of the above inequality. Indeed, if:

J(V, Btana Q) S J(V, Btan, Q) — €

for some V € W22(S,R3) satisfying (2.2) (2.3), some Byan € B, Q € M and € > 0,
then for a related recovery sequence ¢ there would be:
B s A A N
}l;li% €7hJ (Qy ) = J(VvBtaruQ) < '](Vva BtanaQ) —€< hhm_}(r)lf EJ (y ) -6

which contradicts (2.9).
Finally, (iii) follows exactly as (i) and (ii). |

Remark 7.2. 1. A dead load (versus a “live load”) is any external force which only
depends on the reference configuration point, and not on the deformation itself. An
important feature of dead loads, discussed first in [21], is the following. If the load
is in a certain average sense compressive, it is advantageous for the body to perform
a large rotation rather than undergo a compression. Our analysis identifies M as
the set of candidates for such rotations, which are expected to minimize the total
energy J" among all rigid motions of the body.
This phenomenon may happen even if the average torque of the force is zero:

(7.7) /Sf(x) x x dz = 0.

Note that vanishing of the average torque is necessary for Id € M, since (7.7) can
be written as: [ f - Fo = 0 for all F' € so(3). However, it is not sufficient, and
if Id € M then we observe that the minimizers of J” will not be close to Id. In
general, the body chooses an infinitesimal isometric displacement V' and a rotation
Q) € M which is energetically advantageous in response to the force f. That is,
those rotations which allow for a better alignment of infinitesimal isometries with
the direction of the dead load, are preferred.

2. The assumption on the sequence of forces f" can of course be weakened. For
example, consider f"(x + tii) = det(Id + tII(x)) "' f"(x) and let h\}:hfh converge
weakly in L2(S) to some f € L?(S,R3). In this situation, one needs to enforce extra
assumptions on the asymptotic behavior of the maximizers of the linear functions
SO0(3) 3 Q — [gf" Qu dz with respect to M, to exclude certain degenerate
cases. The analysis is as in the proof of Theorem 2.5 and we leave the details to a

courageous reader.

3. The lower bound on J and existence of its minimizers can be proved inde-
pendently, and under the following weaker assumptions:

/sz and /f(a:)-@desz VQ € M VF € s0(3),
5 s

which can be seen as the linearization of (2.8), although it makes perfect sense for
any closed nonempty subset M C SO(3). Indeed, the second equality above follows
by differentiating the expression [ f(z) - Qx dx at Q € M and using that so(3)
is the tangent space to SO(3) at Id. We present the proof of coercivity and the
attainment of the minimum by J and J under this condition, for arbitrary M, in
Appendix C.
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8. APPENDIX A - AN APPROXIMATION THEOREM ON SURFACES

For a given vector mapping u € W12(Q, R") defined on an open subset Q C R",
denote:

E(u,Q) = /Q dist?(Vu(z), SO(3)) dz.

Lemma 8.1. Let u € WH2(S" R™) and assume that h=3E(u, S") is sufficiently
small. Then there exists a matriz field R € W12(S,R3%3) such that:
R(z) € SO(3) Yz €S,
and a matriz Q € SO(3) with the following properties:
(i) [Vu— Rr||p2sny < CE(u, S")V/2,
(i) |VRll2(s) < Ch3/2E(u, S")1/2,
(ili) [|QTR —1d||Le(sy < Ch™3/2E(u, S")'/2, for all p € [1,00),
where C' is independent of u and h (but may depend on p).

The proof of Lemma 8.1 uses the following nonlinear quantitative rigidity esti-
mate by Friesecke, James and Miiller:

Theorem 8.2. [9] Let Q@ C R™ be an open, bounded domain with Lipschitz bound-
ary. Then, for every u € WH2(Q,R™) one has:

min / |Vu(z) — R|? de < CE(u,Q),
ReSO(n) Jo

where the constant C' depends only on Q. In particular, C is invariant under
dilations of ), and it is also uniform for the uniform bilipschitz images of a unit

ball in R™.

Proof of Lemma 8.1.
1. For z € S define "balls’ in S and the corresponding ’cylinders’ in S™:

Dyp=B(x,h)NS,  Byp=m "(Dyn)NS"
The main observation is that Theorem 8.2 may be applied on each set B, 5, yielding
matrices R, p € SO(3) such that:

(8.1) / |Vu(z) — Ry p|? dz < CE(u, By y),
By.n

with uniform constant C' (independent of x or h).

2. Let ¥ € C°([0,1)) be a nonnegative cut-off function, equal to a nonzero
constant in a neighborhood of 0. For each 2 € S define the function 7, : S — R:
I|rz —x|/h
(o) Oz =l
Jsn O(lmy — /) dy
Then n,(z) =0 for z € B, j, and:

€2 [ mEd=1 e <OES [ Vanlus <O
S,

The last inequalities follow from the lipschitzianity of 9S. In particular, the de-
nominator function in the definition of 7, has Lipschitz constant Ch?, and hence:

‘vz (/. #mu—eiimy av)

< Ch™4.

Lo
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Consider the matrix field R € W2(S, R3*3):

R(z) = /sh N (2)Vu(z) dz.

By the first two statements in (8.2) we obtain:

2

2 S Ch_3E(u,B$,h).

(8.3) |R(x) — Ra.p

/ 0o (2)(Vu(z) = Rop) dz
S}L

Similarly:

2 2

VER@E=|[ (Ve =| [ (T (VuRe)

(8.4)
<[ Vel [ 1Vu- Rl < OF B Bu),
Bz,h Bz,h
and likewise, for any =’ € D, :
(8.5) \VR(z")|> < Ch™®E(u,2B,.1)

with 2B, , = 7 1(Dy2,) N S". Therefore, in view of the lipschitzianity of 95 and
by the fundamental theorem of calculus:

(8.6) |R(z") — R(z)|> < Ch™2E(u,2B,;)  Va" € Dy
Combining (8.1) with (8.3) and (8.6) yields:

/ \Vu(z) — Rr(2)]? dz
Bah

CUNY < / V= Ropl? + / R(z) — Ropl? + / | R — R<x>|2>
Bx,h Bz,h Bz,h

S CE(U, QBw)h).

Now cover S by {D., 5} so that the covering number of the family {2B,, »} "
is independent of h. Summing the inequalities in (8.7) over i = 1... N proves:

(8.8) / Vu — B2 < CE(u, SM).
Sh,
Also, integrating (8.5) over Dy, j, and summing over i =1... N gives:

(8.9) / VR < Ch—*E(u, S).
S

3. Notice that by (8.3), for every x € S:
dist?(R(z), SO(3)) < Ch=3E(u, S™).
Hence, if E(u, S")/h? is sufficiently small, we may define:
R(z) = Psos)(R(x))

where Pgos) is the orthogonal projection onto the compact manifold SO(3). Clearly
R:S — SO(3) is a W2 matrix field and since:

IR(z) — R(x) = dist (R(z), SO(3)),
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by (8.8) we conclude that:

/ Vu— Ral? < C (/ Vu — Brl? +/ dist2(w,50(3))) < CE(u, S"),
Sh Sh Sh
which proves (i) in Lemma 8.1. The bound (ii) is deduced directly from (8.9).

4. To deduce (iii), define first the intermediate matrix Q as the average of R on
S. Using the Sobolev and Poincaré inequalities, together with (ii) we obtain, for
every p > 2:

L\ 2/ N
(8.10) (/ IR — Q|P> < C|IR = Qffy12(5) < c/ |VR|? < Ch—3E(u, S™).
S S

Now, take @ € SO(3) such that [Q — Q| = dist (Q,S0(3)). As before, (8.10)
remains true if @ is replaced with Q. Clearly, the same bound must also hold for
p € [1,2), and so we conclude that:

Vp € [1,00) IR — QH%P(S) < Ch—3E(u, S").

The above easily implies (iii). |

9. APPENDIX B - THE I'-CONVERGENCE SETTING

We first recall the notion of I'-convergence of a sequence of functionals Fho.
X — R, defined on a metric space X. Namely, F h T-converge, as h — 0, to some
F : X — R provided that the following two conditions hold:

(i) For any converging sequence {z"} in X one has:
(9.1) F <lim xh> < liminf F(z").
h—0 h—0
(ii) For every x € X, there exists a sequence {z"} converging to z, such that:
(9.2) F(x) = ,llir% F(xh).

When X is only a topological space, the definition of I'-convergence involves, nat-
urally, systems of neighborhoods rather than sequences. However, when the func-
tionals F"* are equi-coercive and X is a reflexive Banach space equipped with weak
topology, one can still use (i) and (ii) above (for weakly converging sequences), as
an equivalent version of this definition. For details, we refer the reader to [6].

Proof of Corollary 2.4.
We only prove (i), in the case when the product space in the domain of F is equipped
with the strong topology. The other statements follow the same.

To obtain (9.1), we take a sequence of W1:2(8%0) vector mappings {y"} such that,
writing BJ,, = fsym VV"[y"], the sequence {F"(y", V"[y"], B},,)} is bounded,

and such that y", V*[y"] and B, converge to some y, V and By, (in W12(S"0),
Wh2(S) and L%(S) respectively). By Theorem 2.1 we obtain a sequence of nor-
malized deformations 7" = (Q")Ty" — ¢, converging to 7. Moreover, V"[§"] and

%sym VVh[G" converge to V and weakly to Biap, respectively. Notice now that:

Q" —1d| = Ch™'Ver [VV" "] = (@")'VV [y sy < CHT' Ve,
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In particular, Lemma 3.1 remains true if we put Q" = Id, for all h. Consequently,
all the assertions of Theorem 2.1 still hold for " = y" —c" (possibly after modifying
the constants c”).

Now, V*[y"] — VR[gh] = h/Vec" is bounded, so ¢ converge to 0, as h — 0.
On the other hand ¢* = y" — " converge to y — 7. Hence y = m. Moreover
VVH[§" = VVP[y], so VV = VV and Byn = Bian. By Theorem 2.1 (iv) we
conclude that:

F(y,V, Ban) < limn inf Fryh, vt B )

tan

which proves (9.1).
The second requirement for I'-convergence (9.2) follows directly from Theorem
2.2, in view of (9.1). |

We remark that in presence of external forces, the results of Theorem 2.5 can
also be formulated in the language of I'-convergence, similarly as above.
10. APPENDIX C - ON COERCIVITY OF THE GENERALIZED VON KARMAN

FUNCTIONALS J AND J

In this section, we consider the functionals:

J(‘/v Bta’ru@) :% /S Q2 (vatan - g(AQ)tan)
+ 37 [ @@ (V) — Ay — [ £-QV,
IV.Q) =57 [ Q. (V) — AW = [ 120V,

defined for infinitesimal isometries V', matrix fields By,, € B and rotations Q € M,
where M is an arbitrary closed and nonempty subset of SO(3). We prove that J and
J attain their finite lower bounds under the following assumptions on f € L?(S,R3):

(10.1) /sz and /f(x)QFx dz=0 VQeM VF € s0(3).
s s
As mentioned in Remark 7.2, the second condition above is a consequence and
linearization of (2.8), with M defined by that formula.
Lemma 10.1. Assume that S is of class C*1. Then for every V. € W22(S,R?)
satisfying (2.2) and (2.3) there exist D € so(3) and d € R3, so that:
IV = (Do +d)fyaqs) < C [ 1(V(AR) = AT

Proof. 1. We first prove that [ [(V(AR) — Al an)? = 0 implies for a W22 in-
finitesimal isometry V to have the form V(z) = Dz + d, with D € so0(3) and
deR3.

To see this, let ¢ € W2(S,R3) be such that:

Alx)T =c(z) x T Ve e S Vrel,S.

Since A represents a gradient, it follows that 0,c x n = 9,c x 7 for all 7,97 € T,S.
In particular, for any 7 and 5 such that 7 x n = 7, one has:

(&-C)-ﬁz—(3Tc><77)-7'=—(8n0><7')-7':().
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On the other hand:
0= (0-(Ai) — All7), = (8;(c x 7t) — AllT), = (0-c) X 7
Hence 9,¢ = 0 on S, which yields the claim.
2. We prove the result. Arguing by contradiction, we assume that for a sequence

of infinitesimal isometries V* € W22(S,R3) there holds:

disty=.2(s) (Vh, (D +d; D€ so(3), de R3}) —1

(10.2)
hm/ | VAh

h—0

Since the second condition above involves only higher derivatives of V", we may
without loss of generality replace the first condition by:

(10.3) |[V"|lwezy =1 and (V" Da:+d>W22 5 =0 VD € so(3), dcR3.

In particular, V" converges weakly in W22(S) (up to a subsequence, which we do
not relabel) to some vector field V, still satisfying (2.2) and (2.3). By (10.2) and
the weak lower semicontinuity of the L? norm, we deduce that [¢|(VA)@|* = 0.

Hence, in view of the first part of the proof and the second condition in (10.3), it
follows that V = 0 and so:

(10.4) Jim V™ lw.2(s) = 0.
By the estimate (4.4) and (10.4) we may deduce:
(10.5) lim ||VthHW2v2(S) =0,
where V! = V" — (V"i7)ii. Observe that:
/S (VAR / ‘v (v}, — V(i) — AhH‘Q

2
_ / [V2(7) + (AT = TTAY ), — (VIDV, + (V)T
5
Therefore:
192V )l z2qs) < C(I(TAN 25y + 1V wos) ).
and in view of (10.4) and the assumption (10.2) we also get:
. h -
Lim [[V*7ilw22(s) = 0.

The above together with (10.5) contradicts (10.3) and proves the lemma. |

Lemma 10.2. Assume (10.1) and let S be of class C*. Then the functionals J
and J, defined for V.€ W22(S,R?) satisfying (2.2), (2.3), and Bian € B, Q € M,
are bounded from below and attain their infima.

Proof. 1. Let V. € W?22(S,R3) be an infinitesimal isometry. By Lemma 10.1,
positive definiteness of Q2 (on symmetric matrices) and (10.1), we obtain:

ﬂwzﬂW%w@*LfQV:wWWum*LfQ?

> CIVI2as) — Ifll2es) - VL)

(10.6)
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for an appropriate modification V =V — (Dx + d). Hence the lower bound on J
(and J) follows.

2. Let now (V*, Bl ., Q") be a minimizing sequence of .J. Clearly, a subsequence
of Q" converges to some Q € M.

Using (10.6) and applying the positive definiteness of Qs to the first term in J,
there follows the (uniform in h) boundedness of the following expressions:

- - K 2
(10.7) (CITM sy = 1 llzags) - 17" z2s)) + € [ Bl = 5 (A"))1an

L2(s)

Again, we put VI = VI — (D"x 4 d") and apply Lemma 10.1. In particular, the
sequence V" is bounded in W?22(S) and so it converges (up to a subsequence),
weakly in W22(S), to an infinitesimal isometry V. Further, the matrix fields A" =
Al — D" converge weakly in W12(S) to the field A satisfying (2.2) and (2.3).
Notice that:
(Ah)2 — (Ah)Q + (Dh)2 + (DhAh + AhDh).

Hence the boundedness of the second term in (10.7) results in the L?(S) bounded-
ness of:

Bl =75 (D)4 (D"A" + A"DY), =B, 3

tan tan — 2

sym V ((D")?z + 2D"V"(x)).

‘We may now conclude that a subsequence of the above sequence of symmetric ma-
trix fields converges, weakly in L?(S), to some Byqy, € B. Thus, Bf,, — 5((A")?)ian
converges t0 Bian — 5(A%)tan.

By the weak lower semicontinuity of both quadratic terms in J we conclude that
J(V, BianQ) realizes the infimum of J. Likewise, J(V, Q) realizes the infimum of
J, had V" been a minimizing sequence of J. |
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