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IN SUITABLE NORMED SPACES

CIPRIAN FOIAS!, LUAN HOANG?2, ERIC OLSON?3 & MOHAMMED ZIANE*

ABSTRACT. We consider solutions to the incompressible Navier—Stokes equa-
tions on the periodic domain Q = [0,27]® with potential body forces. Let
R C HY(Q)3 denote the set of all initial data that lead to regular solutions.
Our main result is to construct a suitable Banach space S% such that the nor-
malization map W : R — S is continuous, and such that the normal form of
the Navier—Stokes equations is a well-posed system in all of S%. We also show
that S7% may be seen as a subset of a larger Banach space V* and that the
extended Navier—Stokes equations, which are known to have global solutions,
are well-posed in V*.
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The Navier—Stokes equations describe the dynamics of incompressible, viscous

fluid flows.

These equations continue to pose great challenges in mathematics.

In particular, the problem of the long time existence of regular solutions is still
open. One of the main difficulties in studying the three dimensional Navier—Stokes
equations is the analysis of the role of the nonlinear terms in the equations. It is
therefore appropriate to consider the simplest case when that role is minimal. One
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such case occurs when the solutions are periodic in the space variables and the body
forces are potential.

The asymptotic behavior of the regular solution u(t) = S(t)u® of the Navier—
Stokes equations in the periodic domain with potential forces where u? is the initial
data was studied in a series of papers [6, 7, 8]. It was shown that the regular
solution u(t) possesses an asymptotic expansion, namely,

(1.1) u(t) ~ Z W, (t,u®)e ™, as t— oo,
n=1

where W, (t,u°) is a polynomial in t whose values are divergence-free trigonometric
polynomials. For more details, see (2.10) and the explanations afterward.

Associated to such an asymptotic expansion are the normalization map W (u°)
and the normal form for the Navier—Stokes equations, which is an infinite system
of finite dimensional ordinary differential equations. The polynomials W, (t,u°) in
(1.1) may be explicitly computed from W (u°) using a recursive formula deduced
from the nonlinear terms of the Navier—Stokes equations. The image of the nor-
malization map and the solutions Snormal(t)f of the normal form, where 5 is the
initial data, were originally studied in a Frechet space S4. Briefly, S4 = &2 R, H
where R, H is the eigenspace of the Stokes operator corresponding to the eigen-
value n or, if n is not an eigenvalue, the trivial linear space {0}. Since the topology
of component-wise convergence associated to the Frechet space S, is very weak,
more precise analysis may be obtained by studying the normalization map and
the normal form in a subspace S% of S4 endowed with a stronger norm-induced
topology.

In our previous paper [4], among other things, we constructed a suitable Banach
space S%, a subspace of S4, on which the normal form is a well-posed system near
the origin. The norm ||@|/, of @ = (un)52, € S% is of the form

o0
(1.2) [l =" pull Vtnll2(0),

n=1
where Q = (0, 27)? is the domain of periodicity and (p,,)S°; is a sequence of positive
weights. In that study, we also defined a system of the extended Navier—Stokes
equations which is appropriate to the study of the asymptotic expansion of S(t)u°
as well as the solution Snormal(t)f of the normal form. In addition, we proved that
the semigroup Sext(t) generated by the extended Navier—Stokes equations leaves
invariant a Banach space V*, which is defined similarly to S7%. A missing piece of
our study in [4] is an affirmative answer to the question whether W (u®) belongs to
S*%. Also the properties and relations of W, S(t), Snormal(t) and Sext () in the above
star spaces had only begun to be addressed and studied.

The current paper is a continuation of [4]. Our main result is to obtain a choice
of weights p,, such that the norm given by (1.2) yields a Banach space S% C Sa
which contains the image of the normalization map. Moreover, we establish the
everywhere continuity properties of Spormal(t), Sext(t) and W with respect to this
norm. We summarize our results in the commutative diagram
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S(t)
R—R

o wol
)

w(0,") S% Snormal (t S% W (0,)

Q(Ov') Q(O:')
Sext (t)
V* V*

FI1GURE 1. Commutative diagram

where all mappings are continuous. The precise definitions of the maps and spaces
in the diagram are given in Section 2.
Our results imply that for each regular solution u(¢) the series

D one M Wit u(0))]| < oo,
n=1

However, the weights p,, decrease very rapidly and the main question of whether the
asymptotic expansion Y | e~ "W, (¢,u(0)) actually converges in V to the solution
u(t) is still open.

This paper is organized as follows. Section 2 recalls the definitions and properties
of the asymptotic expansions, the normalization map and the normal form. In
Section 3, we study the extended Navier—Stokes equations and show the conditions
on the weights p,, given in [4] restated here as Definition 2.1 ensure that Sexy(t) :
V* — V* is continuous. The estimates obtained in this section will be used later in
the study of the normalization map and the normal form. Section 4 contains our
study of the normal form. In particular, we show that Shormai(t) : S§ — S% and
Q(0,-) : S} — V* are also continuous with respect to any of the norms given by
Definition 2.1. In Section 5, we study the normalization map, construct a new norm
and prove our main results. Namely, we construct norms satisfying Definition 2.1 of
the type specified in Definition 5.2 for which the normalization map W: R — 5% is
continuous. The Appendix provides a number of lemmas on numeric series needed
for our norm estimates as well as a useful global estimate for the difference of two
regular solutions of the Navier—Stokes equations.

2. PRELIMINARIES

2.1. Mathematical setting. The initial value problem for the incompressible
Navier-Stokes equations in the three-dimensional space R? with a potential body
force is

%—ltl—l—(u-V)u—z/Au:—Vp—V¢,

(2.1) divu =0,
u(x,0) = u’(x),

where v > 0 is the kinematic viscosity, u = u(x,t) is the unknown velocity field,
p is the unknown pressure, (—V¢) is the body force specified by a given function
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¢ and u®(x) is the known initial velocity field. We consider only solutions u(x, t)
such that for any ¢t > 0, u(x) = u(x,t) satisfies

(2.2) u(x + Le;) =u(x) forall xeR? j=1,2,3,

and

(2.3) /Qu(x)dx =0

where L > 0 is fixed and Q = (—L/2,L/2)3. We call the functions satisfying (2.2)
L-periodic functions. Throughout this paper we take L = 27 and v = 1. The
general case is easily recovered by a change of scale.

Let V be the set of all L-periodic trigonometric polynomials on Q with values in
R? which are divergence-free as well as satisfy the condition (2.3). We define

H = closure of V in L?(Q2)3,
V = closure of V in H'(Q2)3,

where H!(Q) with [ = 0,1,2,... denotes the Sobolev space of functions ¢ € L?(£2)
such that for every multi-index o with || <1 the distributional derivative D%y €
L2(9).

For a = (a1,az,a3) and b = (by, by, b3) in R3, define a- b = a1by + asbs + azbs
and |a| = \/a-a. Let (-,-) and | - | denote the scalar product and norm in L?(Q)3
given by

(1, v) = /Qu(x) v)dx,  [u] = (w2, u=u(),v =v() € L2(Q)°.

Note that we use | - | for the length of vectors in R® as well as the L2-norm of
vector fields in L%(Q2)3. In each case the context clarifies the precise meaning of
this notation.

Let Pp, denote the orthogonal projection in L?#(Q2)® onto H. On V we consider
the inner product {(-,-) and the norm ||-|| defined by

3
(u,v) = ;1 Q%(:)ag—g)dx and  ul| = (u, u)'/?,

for u =u(-) = (u1,u2,us) and v = v(-) = (v1, v2,v3) in V.
Define the Stokes operator A with domain Ds = V N H?(Q)? by

(2.4) Au=—Au forall u e Dy.

The inner product of u,v € D4 and the norm of w € Dy are defined by (Au, Av)
and |Aw|, respectively. Note for w € D4 that (2.3) implies the norm |Aw| is equiv-
alent to the usual Sobolev norm of H?(2)3. We also define the bilinear mapping
associated with the nonlinear term in the Navier—Stokes equations by

(2.5) B(u,v) = Pp(u-Vv) forall wu,ve€Da.

A classical result tracing back to Leray’s pioneering works on the Navier—Stokes
equations in the 1930’s (see, e.g., [12, 13, 14]) is that for any initial data u®(x) in H
there exists a weak solution u(x, t) defined for all x € R and ¢ > 0 which eventually
becomes analytic in space and time and |[u(:,%)|| g1 (q)s converges exponentially to
zero as t — oo (see also [1, 10, 5]). Thus there is top > 0 such that the solution
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u(t) = u(-,t) is continuous from [tg, 00) into V' and satisfies the following functional
form of the Navier—Stokes equations
du(t)
dt
where the equation holds in H. We say that u(t),¢ > o, is a regular solution to the
Navier—Stokes equations on [ty, o0). We denote R the set of all initial value u® € V'
such that there is a (unique) solution u(t),t > 0, satisfying

+ Au(t) + Blu(t),u(t)) =0, t > to,

du(t
(2.6) % + Au(t) + Bu(t),u(t)) =0, t>0,
with the initial data

(2.7) u(0) =u’ €V,

where the equation holds in H, and u(¢) is continuous from [0, c0) into V. In other
words, R is the set of all initial data u € V such that the solution u(¢) of the
Navier—Stokes equations (2.6) is regular (hence also unique) on [0, o).

We recall that the spectrum o(A) of the Stokes operator A consists of the eigen-
values \j < A2 < A3 < --- of the form \; = |k|? for some k € Z*\ {0} where
j=1,2,3,.... Note that A\; = 1 = |e1|? and hence the additive semigroup gener-
ated by o(A) coincides with the set N = {1,2,3,...} of all natural numbers. For
n € N we denote by R,, the orthogonal projection of H onto the eigenspace of A
associated to n. Thus,

R,H={ueH:Au=nu}.

If n is an eigenvalue of A, then R, H is generated by functions of the form

(ay, + iai)ei(k'x) + (a. — iai)e‘i(k'x), kecZ® |k*=n,
where

ay,ap €R® and af -k=ai -k =0.

Otherwise R,, = 0. For example, R7 =0, Ri5 =0, Ro3 = 0,.... Define
(2.8) P,=Ri+Ry+---+R, and Q.=1-P,.
2.2. The asymptotic behavior of solutions. Let us recall some known results
on the asymptotic expansions and the normal form of the regular solutions to the

Navier-Stokes equations (see [6, 7, 8, 11] for more details). First, for any u° € R
there is an eigenvalue ng of A such that

u@)l? : not _ 0
(2.9) lim ng and  lim u(t)e™’ = wy,(u”) € Ry, H \ {0}.

e fu(DF o

Furthermore, u(t) has the asymptotic expansion

(2.10) u(t) ~ qr(t)e ™t + qa(t)e 2 + g3(t)e 3+ |

where g;(t), also denoted by W (¢,u?), is a polynomial in ¢ of degree at most j — 1
with values trigonometric polynomials in H. This means that for any N € N the
correction term 41 (t) = u(t) — Zjvzl q;(t)e 7t satisfies

(2.11) |[int1(t)] = O(e*(N“)t) as t—oo forsome e=c¢cyn>0.

In fact, @n+1(t) belongs to C*([0,00),V) N C>((0,00),C>*(R?)), and for each
meN

(2.12) [lans1(O)||am@) = O(e_(N"’E)t) as t—oo forsome e=¢cn,,>0.
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Define the normalization map W by W (u%) = Wy (u®) ® Wa(u®) @ - - -, where
W;(u®) = R;g;(0) for j € N. Then W is an one-to-one analytic mapping from R
to the Frechet space Sy = R1H ® RoH @ --- endowed with the component-wise
topology.

The case (2.9) holds if and only if Wy (u®) = Wa(u®) = - -+ = W,,,_1(u®) = 0 and
Who (u®) # 0. In this case

q1 =42 = - = (no—-1 = 0 and Ang = Wny (UO) = Wno (UO)

If u® € R then the polynomials ¢;(t) are the unique polynomial solutions to the
following equations

(2.13) q;(t) + (A—J)g;(t) + B;(t) =0, teR,
with
(2.14) R;q;(0) = W;(u?),

where the terms (3;(t) are defined by

(2.15) Bi(t) =0 and B;(t)= > Bla(t),q(t)) for j>1.
ktl=j

Given arbitrary £ = (£,)%%, € Sa, the polynomial solutions g;(t,&) of (2.13)
satisfying the initial condition R;g¢;(0) = &;, are explicitly given by the recursive
formula
(2.16)

t
¢ n - —n— d"
0(t.8) =& — [ R+ S0 A=) = R 0 - Ry,
n>0
for j € N. Here [(A — j)( — R;)]7""! is defined by

AT Rl S Ok ke
[(A ])(I R])] |k|;£j (|k|2 —j)n+1

for u = Z\kP;ﬁj axe™* € V. Above I denotes the identity map on H.
Note that, with our notation, for u® € R, we have W;(t,u®) = ¢;(t, W (u?)) for
all j e Nand t € R.
Finally, the Sa-valued function £(t) = (&,(¢))5%, = (V[/n(u(t)))zoz1 = W(u(t))
satisfies the following system of differential equations
dé1(t)

— A =0,

d,(t)
dt

(2.17)

+A€n(t) + Z RnB(Qk(Oag(t))vQj(ovg(t))) =0, n>1

k+j=n

This system is the normal form of the Navier—Stokes equations (2.6) associated with
the asymptotic expansion (2.10). It is easy to check that the solution of (2.17) with
initial data £ = (£9)%2, € S, is precisely (ann(t,go)e’”t):il. Thus, formula
(2.16) yields the normal form and its solutions.
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2.3. Complexification of the Navier—Stokes equations. We introduce the
Navier—Stokes equations with complex times and their analytic solutions (see [1, 9]).
Let X be a real Hilbert space with scalar product (-,)x. Define the complexifica-
tion of X as
Xe={u+iv:uve X}
with the addition and scalar product defined by
(u1 +iug) + (v1 +ive) = (u1 +v1) +i(uz + va)
and
(C1 +1i¢2)(ur + duz) = Qur — Guz + i(Cur + Crus)
for uy, ug,v1,v2 € X and (1,(> € R. The complexified space X¢ is a Hilbert space
with respect to the inner product
(u+iv,u' +iv')x. = (u,u)x + (v,0")x +i[(v,u)x — (u,?")x],
where u,v,u’,v" € X. When X = H or X =V, we obtain the complexified spaces
Hc and V. We keep the same notation for their corresponding inner products and
norms.
The Stokes operator may be extended to D, = (Da)c as
A(u+iv) = Au+iAv, u,v € Dy.
Similarly, B(-,-) can be extended to a bounded bilinear map from V¢ x Dy, to Hc
by
B(u +iv,u’ +iv") = B(u,u') — B(v,v") +i[B(u,v") + B(v,u)]
for u,v € V, v/,v' € D4. Note that unlike the real case we have
(B(u,v),v) #0, for u,v € Dy,.
The Navier—Stokes equations with complex times is defined as

du(C) _
ac T B0 u(Q) +Au(() = 0.

(2.18)

with the initial condition
(2.19) u(p) = u*,

where {p € C and u* € V¢ are given. Here d/d( denotes the complex derivative of
He-valued functions.

2.4. The extended Navier—Stokes equations. The u,(t) = W, (t,u?)e~" must
satisfy the following system of equations

(2.20) d“dL;t) + Aun(t) + Ba(t) =0, t>0,
(2.21) un(0) = up,
where
(2.22) Bi(t)=0 and B,(t)= Y  B(u;(t),us(t)) for n>1.
Jj+k=n
One can extend u,(t) for t > 0 to u,({) for ¢ € C with Re¢ > Re(p. Then
(2.23) M + Au,(¢) + Bn(¢) =0, (¢ €C, Re( > Rel,

d¢
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(2.24) un(Go) = uy,,
where (o € C, u; € V¢ and

Bi(()=0 and Bn(¢)= > B(u;(¢),u(¢)) for n>1.

Jjt+k=n

Above, Re( denotes the real part of the complex number (.

2.5. Prerequisites. The following spaces are introduced in the previous stud-
ies [4, 6, 7, 8] of the normalization map and the normal form of the Navier—Stokes
equations. Let V¢ and (R, H)c, for n € N, be the complexifications of V and R, H,
respectively as in Section 2.3. Define the complex linear Frechet space
VEe = {ﬂ = (up)oly s up € Vi },

its subspace

(Sa)c = {17, = (Un)o2q s un € (R, H)c } C VE&.
and recall that the real linear space V is VoV eV a---.

Let S(t,tp) : R — R be the semigroup generated by the Navier—Stokes equations
(2.6) with initial time to. We denote S(t) = S(¢,0).

Let Sext(¢, o) : Vi — VE° be the semigroup generated by the extended Navier—
Stokes equations (2.23) with initial complexified time (5. Also denote Sext(¢) =
Sext (Cv O) .

Let Snormal(t) : Sa — Sa be the semigroup generated by the normal form of
Navier—Stokes equations (2.17).

Recall W :u € R — W(u) € Sa. Define the following maps

W(t,) :u€ R (Wy(t,u)e ™22, € V™,

n=1
Qt,) 1 €€ Sar (qn(t, e ™)oL, € V.

The studies of W and Shormal(t) in the above Frechet spaces can be made more
precise by strengthening the topology. To this end we introduce the normed sub-
spaces V¥, V* and 57 as

Ve={aeVE&:|u|s <o}, V*=VCNVE Sy=854NnV*
where then norm ||@||, has already been defined in (1.2) depending on a sequence
of positive weights p,,.

Clearly V¥, V* and S% are Banach spaces.

Concerning the choice of p,, in defining the weighted norm in (1.2), we recall as
Definition 2.1 the particular sequence (p, )2 ; constructed in [4].

Let C; be the positive constant introduced in Appendix A and define

1
- 240y
Note that g and C; are essentially the same constant. We write g when we are
focusing on something being small and C; otherwise.

(2.25) €0

Definition 2.1. Let (a,,)32; be a sequence of numbers satisfying

(2.26) o1 >0, a,>0forn>1 and Zan§1/2.

n=1
Construct the sequence (p,)22 ; as follows: let p; =1 and for n > 1 define

(2.27) op =min{ pgpp; :k+j=nand k,j € N}.
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Then let

(8%
2.8 0 < pp = 0y mi {1, n } >1,
( ) p n 16e9 max{1, L3 ,,, C1n3/?} "
where
(2.29) L3 = 2C1€2%(Cy/2)"2n2(n — 2)![(n — 2)3/* + n/?),

and the positive numbers ag and Cs are defined in Lemma A.2.

We summarize some results from [4]. Let p,, be as in Definition 2.1 and the norm
[I]lx be defined by (1.2). We have

Fact 2.2. Scy(t) leaves V* invariant for all t > 0.

Fact 2.3. There is a neighborhood O of the origin in S such that Q(0,-): O — V*
and Snormal(t): O — S% for t > 0 are well-defined and Lipschitz continuous.

3. THE EXTENDED NAVIER-STOKES EQUATIONS
In the first part of this section (p,, )22 ; is a sequence of positive numbers satisfying
(3.1) pn = kpmin{prp; : k+j=n}, £k, €(0,1], n>2.

Note that the particular choice of p, used as the weights given in Definition
2.1 satisfy condition (3.1). After deriving some basic estimates which will be used
throughout this paper, we show how they quickly lead to the Lipschitz continuity
of each Sext(t) near the origin in V*. We finish by showing for k,, satisfying the
additional condition (3.39) that Sext(t) is continuous in the whole space V*, that
is, the extended Navier—Stokes equations are well-posed in V'*.

First, we have the following version of Proposition 3.1 in [4]. The proof of the
estimates with weights p,, is the same as in Lemma 3.3 below in which we only use
the fact that

(3.2) pn <min{pgp; :k+j=n}, n>2.

Proposition 3.1. Let {y € C and @* = (u}y)p2, € V. Let 4(¢) = Sext(¢, Co)u*.
For s € (0,00), 0 € (—7/2,7/2) and n € N, we have

(3.3) P llun(Co + se™)|| < yne 37,

(3.4) / |on Atn (Go + pe'?) 2 b< O
0 llonun(Co 4 pet?)|| cos 0
where
(3.5) = olladls e = plltl + == S e
" cos@kﬂ:n

However, taking into account the factor , in (3.1), we derive the following
refined version of Proposition 3.1.

Corollary 3.2. The conclusions (3.3)—~(3.4) in Proposition 3.1 hold true for v,
defined by

* * Cl/{n
(3.6) n=plluills = pallupl+—= > W
cos Myl
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Proof. Define
1 * 1) _(1
(3.7) A =il A0 = gl + i 3 A0,
k+j=n
Proposition 3.1 applied with (3.7) in place of (3.5) and p,, = 1 for all n € N implies

[ (Co + s€¥)|| < 4Demscost

1 _

Moreover p1y,"’ = v1 and

Cllin
po) < pallnll+ 5 > o o)
k+j n

implies by induction that p,mﬁ ) < 7y for all n € N. Therefore

pnllun(Co + se'? ) < pn%(})e—scose < ,Yne—scose.
Similar arguments obtain (3.4) with ~,, defined by (3.6). 0

The difference of two solutions of the extended Navier—Stokes equations also
satisfy estimates similar to those in Proposition 3.1 and Corollary 3.2.

Lemma 3.3. Let (o € C and @* = (u})22,,0* = (v})52,; € V& a(¢) =

n=1» n=1

Sext((vCO)ﬂ*f 'D(C) = Sext((vg())'l_}*' Let w* = u* — 0" = (w*)oo 1 and W = 'L_L v =
(wp)$2,. Fors e (0,00), 0 € (—m/2,7/2) and n € N, we have
(338) prllwn(Go + s¢) | < e

and

s i0\|2
|pnAwn(C0—|—pe )| dp < Hn

3.9 : < ’
(39 o |lpnwn(Co + pet)|| cos

where

Cq
— Z 1k (Vju + Vi)
k+j=n

(310) i =pulwil, 0= palw

where Yp u, Yn,w are defined as in Proposition 3.1, namely

* * Cl
(3.11) Yu = prluills Yo = pallug | + - E Ve, u i us
cosf 4
k+j=n
* * Cl
(3.12) Yo =l Ymw = Pallvil + —5 D VeV
cos il

Proof. We will prove (3.8) and (3.9) by induction. First, when n =1,

dw

d—Cl + Awy = w1 (Co) = w{
Hence wy (o + ¢) = e~ 4wt for Re¢ > 0. It follows that
(3.13) lwi (Go + Q)| < e |Jwi]l, Re¢ > 0.

Also, d||w1||/ds + cos 8] Aw |?/||w1 || = 0, thus (3.9) holds for n = 1.
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Now, let N > 1 and assume for induction that (3.8) and (3.9) hold for n =

1,2,...,N — 1. We have

dw

dCN + Awy + Z wk,uj)—l—B(vk,wj)) =0.
k+j=N

Hence, with ¢ = ¢y + se*® we obtain

d . .
ﬂ—#e“’AwN—i—ew Z (B(wkauj)+B(Uk’wj)):O'

ds ktj=N
It follows that
1d|wn|?

S0l A 2
5 ds + cos 0| Awy|

< Cillwnll D7 [l Aw 72 A |+ o] Ave /2| Awy ]

k+j=N
For £k € N and s > 0 denote
r(s) = puuk(Co + se™), i1(s) = pror(Co + se™), wi(s) = prwi(Co + se').
Using the fact that py < pip; for k4 j = N, we obtain

1d||dy|?
(3.14) E%H%MWF
< Culliwll 3 [Hanll 2 Adn 2 Adg) + (042 by 12| Ay .
k+j=N
Then we have
dll@ - 2
o] , o plAi]
ds [l
|Ade M2 a0 T ARG e Ty Ay 14
<O Y [l [ 2] 4 ]
2 el gz :
|Adg |12 |Aw;| A )
IO koo LIRS | e CARE  EARETRY
k+j=N

ca ¥ L) <WZ_N S0 1) (3 paudtat) "

k+j=N k+j=N

A / Aw; / /
ra( X J")14(k§N|||$f||| foul) (3 Iothast)”

k+j=N Toell k+j=N

Using Proposition 3.1 along with the induction hypothesis

d||w Ay |?
linl] ol Aiin]
ds [@n]l
5 A |? 1/4 At 2 1/2 1/4
§016_23c080< > | %' 7j,u) ( Z | Ay | ) ( > uk%‘,u)
ooy Tl fal )\ A=y
1/4

t Cre ”scose( Z |A?k|2uj)1/4< Z |,|4;1]1j|| %v)l/z( Z kalt])

k=N 1w k+j=N k+j=N
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We have
[dn (s)]| < e lwy |
1/4 A 2 1/4
_’_e—ecosec( Z Mk’)/]u / | wk(p)| ’YJ,udp:|
RN 0 2=y Tano)l
s Al 2 1/2 . 1/4
« [/ Z ||AJ((p))||| dep:| |:/ eprOSde:|
0 jp=n WP 0
e—scos 1/4 Avk p 2 1/4
k+j=N 0 k+ =N 0k (p)
s A 2 1/2 1/4
> [/ Z | ’LAU](/))| 'Yk,vdp:| |:/ e—pCosédp} .
0 2y Tl 0
Hence

lon (s)[| < el |

ot C ~scoso_C
+e sc08900510 Z ,kayj,u—’—e 30059® Z HiVk,v

k+j=N k+j=N

< e il + 2 R (g3} = 7
=N

Integrating (3.14), we obtain (3.9) for n = N by similar estimates, thus com-
pleting the induction. O

Similar to Corollary 3.2, we derive the following version of Lemma 3.3 in which
the estimates depend on k,, explicitly.

Corollary 3.4. The statements in Lemma 3.3 hold true for

Clli
(3.15) i =pillofll, = pallwll + 2o 0 g ),

k+j=n

where Ynu, Yn, are defined as in Corollary 3.2, namely

1Kn
(3'16) Tu = pl”“iH’ Trn,u = anu;H Z Ve, uYj,us
k+ =n
* * I/fn
(3.17) Mo =pillofl o =pnlloRll+ 0 D0 i
k+ =n
Proof. The proof is almost identical to the proof of Corollary 3.2. O

The estimates in Lemma 3.3 are adequate for establishing the Lipschitz conti-
nuity of the Sext ()%, when @ is close to the origin. We recall as Lemma 3.5 some
basic estimates from Proposition 3.9 of [4].

Lemma 3.5 ([4]). Given N € N and v2 € V,n = 1,...,N. Let u,(¢),n =
1,...,N,Re( > 0, be the solutions to the extended Navier—Stokes equations (2.23)
with (o = 0 satisfying u,(0) = u®. Denote

Su(©) =D pillu(Ql,  Sn=5.0), n=1,...,N, Re(>0.
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Suppose Sy < g¢g. Let

(3.18) yo=piludll, = palludl +6C1 Y Wy, 1<n<N,
k+j=n
(3.19) N=7, An=mm+3C1 > WV, 1<n<N.
k+j=n
Then
(3.20) pollun@®)|| < me™, t>0, 1<n <N,
(321) pn”uﬂ(C)H S ;?neiReCa C S E7 1 S n S Na
where the domain E is defined in (A.5), and
(3.22) 7 <2) 4, <48, 1<n<N.
k=1 k=1

In particular,

(3.23) Sp(t) <2Spe”, t>0,1<n<N,
and
(3.24) Sn(¢) <4S,e7BeC ¢eFE, 1<n<N.

Theorem 3.6. Let By+(e9/2) be the open ball in V* of radius €o/2 centered at
the origin. Then the map Sext(() : Bv+(€0/2) — V* is Lipschitz continuous for all
¢ € E. More precisely,

(3.25) | Sext ()T° — Sext (1)7° || < 27 H|a” — %4, >0,

(3.26) 1Sext ()i = Sext(€)0° |l < de™ R’ —2°|l., ¢ € E.

for any 4°,v° € V* such that ||@°||x < e0/2 and ||2°« < 0/2.

Proof. Let 4(¢) = Sext (€)@’ 9(¢) = Sext(¢)0°. Let @w® = @° — 9° = (w?2)2°; and
w=1u—17=(wy),. Let

(327)  m=pludl, = pallwd +C Y (it Y)s n> 1,

k+j=n
and
(3.28) fin =, fin = +3C1 Y ikFju+ i) 0> 1
k+j=n
where 7; 4, ¥j,u (respectively 7;,,7;.») are defined as in Lemma 3.5 for 4° (respec-
tively o°).
Claims:
(3.29) pollwn@®|| < pne™, t>0, n>1,
(3.30) pullwa Q)] < fine™ ¢, CE€E, n>1,
(3.31) S i <23 g < 4.
n=1 n=1

After proving these claims, then inequality (3.25) (respectively inequality (3.26))
follows from (3.29) (respectively (3.30)) and (3.31).
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Proof of the claims. Let i = (1), 4 = (u2)°%,, v = (v,)%; and ?° = (v9)°

n=1-
Let
n n n
S =Y oillwd 1l Snw =D piloflls Snw = pilluf]l
j=1 j=1 j=1

Since Sy u; Sn,v < €0/2 for all n € N, Lemma 3.5 implies

00 0o 0o 00
Z r)/n,u S €0, Z r)/n,u S €0, Z;?nu S 250 and Z :Yn,u S 250-
n=1 n=1 n=1 n=1

We also have

n—1
ZMJ < Snw'i_Cl(Z/‘j) Z 'Yj,u‘f"Yj,v)
j=1

S Sn,u) =+ Cl(ZNy)(QEO) = Sn,u) + 1_12 Z/j’ja
j=1

j=1
thus Z;’Zl i < 28y, . Letting n — oo gives the second inequality of (3.31). Now,
summing up (3.28),

n n n—1 n—1
ZMJ<ZM+301< ﬂ) (’Yju‘F'YJv)
Jj=1 Jj=1 Jj=1 Jj=1
< ZMJ + 301(2&])(450)
j=1 Jj=1
n 1 n _
= ZM;‘ 52 M
j=1 J=1

Hence Z?:1 A <2 Z?:1 pi < 4S5, . Letting n — oo yields the first inequality in
(3.31).
Applying Lemma 3.3 with {, = 0,s =t and 6 = 0, we have

(3.32) pullwn ()| < pde™, t>0, n>1,
where
(3.33)  w=pululll, ol =palludl+C Y RO+, n> 1,
k+j=n
(3.34) M=ol Aow=pallupll +Cr D WV
k+j=n
(3.35) Wo=plv?l, 200 =rpallvdll +C1 Y AR5
k+j=n

Note that the above ) ,, 7, , given in Proposition 3.1 and used in Lemma 3.3
are not the same as vy, 4, Yn,o given in Lemma 3.5 and used in the current theorem.
However, based on their formulas, we have 72,# < Yn,u and ’y?w < Yn,v- Hence
12 < pp, and therefore (3.29) follows from (3.32).

Let ¢ = tg + se? € E, then cos > 1/(3ef0). Applying Lemma 3.3 with (y = to,

we have

(3.36) prllwn(to + se)|| < fin(to)e™*
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where fi1(to) = p1|jw1(to)|];
(337)  finlto) = pullwa(to)| +3C1e" Y fulto) (Fjulto) + Fju(to), n>1,
k+j=n
where 41 4, (to) = p1llui(to)ll;
(3.38) Fnu(to) = pallun(to)ll +3C1e" Y Fnulto)Tjulto), n>1,
k+j=n
and 7;,,(to) are defined similarly using vy (to).
It is known that (cf. proof of Theorem 3.7 in [4])

Yju(to) < FAjue™" and F;.,(to) < Fjve™ .

to
)

fin(to) < pme™" + 3Ce™ Z pke "0 (Fue T + Fj e ) = fipe ", no> 1.
k+j=n
Therefore (3.30) follows from (3.36). The proof is complete. O

Hence by (3.29) and by induction, one can show fi1(to) < ppe " = e~

Our next goal is to study the extended Navier—Stokes equations in the whole
space V* rather than only near the origin. For that purpose we require that the
positive numbers £, in (3.1) satisfy
(3.39) lim " = 0.

n—oo
Note that (3.39) holds true for the weights defining V* given in Definition 2.1
because of the rapid growth of Ls .
First recall Theorem 4.3 in [4], the existence theorem in V* for the extended
Navier—Stokes equations. Note that the constant M, appearing here results from
using Lemma A.3 in place of Lemma 4.2 in [4].

Theorem 3.7 ([4]). Let @° € V*. Then Sext(t)u® € V* for all t > 0. More
precisely,

(3.40) | Sext ()] < Me™t, t >0,
where
(3.41) M =@’ + C1 Y kn(n— 1)M,
n=2
(3.42) My = max{1,2C) s, (n — 1)} max{1,2[a°||,}.

We establish the well-posedness of the extended Navier—Stokes equations now.

Theorem 3.8. Sexi(t) is continuous from V* to V*, fort € [0,00). More precisely,
for any @® € V* and € > 0, there is 6 > 0 such that

| Sext (£)0° — Sext (£)0° ||« < g€,
for all ¥° € V* satisfying ||0° — 4|, < & and for all t > 0.
Proof. Given 4" € V*. Let v € V* such that ||a® — 2°||, < 1. Let @(t) = Sexs(t)u",
B(t) = Sext(t)0° and 0 = @ — ¥ = (0,,)% 1. Let Y uy Yo and p, be defined by

(343) Tu = p1||u(1)||7 Tnu = pW”u?L” + Clﬁn Z Ve, uYjus T > 17
k+j=n
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(3.44) Yo = p1||v(1)||, TYn,o = pn””?z” + Cikin Z Ve Vjows 1> 1,
k+j=n

and

(345)  m=puldll, g = pallwdll+ Crrn D (Vi + Viw)-
k+j=n

Taking (o = 0, s =t and 6 = 0 in Corollaries 3.2 and 3.4 we obtain

(3.46) prllun()] < ’Yn,ueitv pallvn(t)]| < 'Yn,veita t>0

and

(3.47) pollwn(®)|| < pne”', t>0.

Let

(348) 1 = pa([[ul ]| + [[011), n = pa([[udll + [00]) + Crrn Y hihy, n>1.

k+j=n

Noting that < YutVip = hi and Yee,uViut Ve, v Vi < (’Yk,u+7k,v)(’7j,u+’7j,v)v
one can prove by induction that

Yn,u + Ynw < hy and then p, < hy,, neN.
By Lemma A.3, we have

D b @00+ [0+ CL Yl — 1)Mo™,

n=1 n=1

where My = K max{1,2(||@°|s + ||?°|+)} and K = max{1,2Cik,(n —1) : n > 1}.
Hence ||Tg|« < ||toll« + 1 implies

S by S MEZ2Y@ +1+C1 Y ka(n—1) [2K(2||a0||* + 1)} :
n=1

n=1

which is finite and independent of #°. For N > 0, considering > s Hn, We have

Do <D eallnl +Ci Y Y (i + Vi)

n>N n>N n>N k+j=n
oo
< T pnllwd ) +C D (> hihy)
n=1 n>N k+j=n
< [wd ]l + M?Cy Y k.
n>N

Given £ > 0. Let N = N(||u°||+) be sufficiently large such that
Cy M? Z Kn < €/2.
n>N
By virtue of (3.45), 1 < [|@°|, and pn < 00, + M 2]

M = C1M (sup, >y kn) > 0. Therefore pin, < 0,]|@°|s, for all n € N, where 6, are
positive numbers defined recursively by

pj,n > 1, where
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Take § = /[2(1+ 2N, 6,)]. For ||a°], = [|@® — °||, < &, we have

[eS) N
n=1 n=1

n>N

N
<@l (147 60) + CLM2 Y by <2/2+2/2=e.
n=1

n>N

Therefore, inequality (3.47) implies ||[@(¢)[|, < e "> 07 | un <ece tforallt >0. O

For the complexified extended Navier—Stokes equations the following estimates
are important for our study of the normal form of the Navier—Stokes equations
and the normalization map in subsequent sections. Combining the estimates in
Proposition 3.6 and the proof of Theorem 3.7 in [4] we obtain

Proposition 3.9. Let (u,(€))5>, for Re( > 0 be the solution to the extended
Navier—Stokes equations (2.23) with (o = 0 and initial condition u,(0) = ul € V¢
forn € N. Then

(3.49) pullun(t)]] < yne™t, t >0,
(3.50) pullun(Q)] < Ane R, ¢ € E,
where
(3.51) = pilluilly = pallufl + Crrn D W
k+j=n
(3.52) =7 Ao =T+ 30k Y AT,
k+j=n

Proof. Inequality (3.49) was obtained in Corollary 3.2. Given ¢ =t + se?® € E, let

Cl Rn ~ ~
S A0
k+j=n

(3.53) Y1(t) = prllua @), n(t) = pnllun ()] +

It follows from Corollary 3.2 that

(3.54) Pnllun(t + 567:0)” < :Yn(t)e_scose-
Claim:
(3.55) An(t) < Anet.

Clearly 41 (t) = p1|jui(t)]| < y1e7t = F1e~*. For induction, assume J(t) < Fre™*

for all k < n. Since ( =t + s € E, we have e~/ cosf < 3. Therefore

- _ Cikne™" o o
. < t —ime . < t.
(3.56) Tn®) < e+ T 3D ARy} < ne
k+j=n
Combining (3.54) and (3.55) yields (3.50) for all n € N. O

Similar arguments using Corollary 3.4 yield
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Proposition 3.10. Let 4°,7° € VE° and w(¢) = (wn )51 = Sext ()% — Sext(¢)0°.
Then we have

(3.57) prlwn ()| < pne™, t >0,
(3.58) prllwn (O < fine ™, ¢ € E,
where
(3.59) pr = pillulll, pn = palwd )+ Crrn D (Vi + Vi)
k+j=n
(3.60) fir = s fin = pin +3C18n Y k(T + Fiw),
k+j=n

and vju and ;. (respectively vj ., and 7;.) are defined as in Proposition 8.9 for
u® (respectively v°).

The complex version of Theorem 3.8 then easily follows.
Theorem 3.11. For any ¢ € E, Sext(() maps VE to VZ and is continuous.

As a consequence of the study of the extended Navier—Stokes equations in this
section, we show the explicit continuous dependence on the initial data of the
regular solutions S({)u’ with small norm [|u|. Our explicit estimates will be used
in proving the continuity of the normalization map in Section 4.

Corollary 3.12. Suppose u°,v° € Vi satisfy ||u’]| < €0/2 and ||0°|| < e0/2. Let
w(¢) = S(QOu’ — S(O° for ( € E. Then

(3.61) lw@)|| < 2|w’lle”t, t>0,

(3.62) lw(O)ll < 4flw’[le™®, (e B.

(
Proof. Let u° = (u°,0,0,...),2° = (2°,0,0,...),w° = 4° — ¥° and let p, = 1 for
all n € N. Let a(¢) = (u (C))?f: — S (Q)7 and B(C) = (vn(Q))azy = Sexct (C)0°.
It is known from [4] that S(¢)u® = Zn Lun(¢) and S(Q)v° = 3007 va(C). Let

n=1

=S Nl Sn =30, sk and S, = S°p_, fix. By Proposition 3.10

(3.63) S < 3 Il 4 () (3 ).
k=1 k=1 k=1 j=1

By Lemma 3.5, we have

(364) Z’}/j’uo < 2”11,0” < &g, Z’;/j’uo < 4||U,O|| < 2eq,
j=1 j=1
and similarly,
(3.65) D o <eo, Y A0 < 2€0.
=1 =
Therefore

Sn < 89+ 260C1Sn—1 < S5+ (1/2)Sn—1
since 2e9Cy = 1/12. By induction, we obtain S,, < 259%. Letting n — oo we obtain
(3.61).
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Similarly, using the formula of [,
Sy < Sp +1260C18n_1 = Sy + (1/2)S,_1.
By induction, one can prove S, <28, < 489, Letting n — oo gives (3.62). O

4. SOLUTIONS TO THE NORMAL FORM

In [4] we proved that there are positive numbers p,,n € N, such that the solution
Snormal (t)€ of the normal form (2.17) is in S% for all t > 0 when |||, is small. The
numbers p,,n > 1, are of the form (3.1), namely,

pr=1, pp=rymin{prp;:k+j=n}, n>2,
for some particular numbers k, € (0,1].

In this section, we find a condition on x, under which Spormal (t){r belongs to
S for all t > 0, whenever £ € S%. This says that the semigroup Syormal(t),t > 0,
generated by the solutions of the normal form of the Navier—Stokes equations leaves
invariant the whole space S%. Furthermore, we establish the continuity (but not
necessarily Lipschitz continuity) of each Spormai(t) as a map form S% to S%, which
means that the normal form is a well-posed system.

We take k,, € (0, 1] satisfying

(4.1) lim nkl/™ = 0.

n—oo

Note that condition (4.1) is more stringent than (3.39). Moreover, the weights
explicitly defined in Definition 2.1 also satisfy this more stringent condition.

Theorem 4.1. Let £ = (£,)%°; € S4. Then Snomal(t)é € S% for all t > 0.
Moreover,

(4.2) | Snormal ()€l < Me™, >0,
where M is a positive number depending on ||€||x and the sequence (pn)S;.
Proof. Let

1 =m =m =% = p1l|&||-
and n > 1, we recursively define

(4.3) Ty = angn“v

(4.4) Nn = Tn + KnDy Z YiYi s
k+j=n

(45) Yn = Mn + Cl’in Z YEVj,
k+j=n

(46) ';/n = Tn + 301“71, Z ’?k’?ja
k+j=n

(4.7) D, = Cye?0n3/20n=227 "),

where the constants ag and Cs are defined in Lemma A.2.

Claims:
(4.8) anQn(Oaé)” <Mny, nEN,

(4.9) pullun(®)] = pullgn(t, ™™ < yne™, neN, >0,
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(4.10) pullun(Q)ll = pullgn(t, €)™ < Fne™®¢, neN, (ek.

Indeed, following the proof of Lemma 6.2 in [4], we obtain

anqn(Ov@H < Zn + Kn(Dlm + DQ,") Z VeV
k+j=n

where

n? o0
D1 =Ciln— 2)3/410372 / e (7 + ag)"?dr,
0

2 0
Dy = C1n3/2%05"_2/ > (|7] + ao)™ " 2dr.

— 00

Elementary calculation shows D1, + D2, < D, and hence (4.8) follows. Then

(4.9) and (4.10) follow by the virtue of Proposition 3.9 with u% = ¢,(0, €).
Note that

T < < Yn < e
For each n, summing up (4.4)—(4.6) gives
;5/71, S Ty + Kn(Dn + 401) Z ;yk;?j'
k+j=n
From (4.1),
1/n
(4.11) lim {nn(Dn + 401)} =0.

n—oo

By Lemma A.3 and (4.11), we have Y -~ | 4, = M < co. Then it follows from (4.9)
that

(o) oo
I Snormar (€|l < Y lle ™ qn(t, )] < ey v < Me™,
n=1 n=1

for all t > 0. O
Theorem 4.2. The map Snormal(t)€ is continuous in & for each t > 0.
Proof. Let € = (£,)nen and X = (Xn)nen be in S%. Let

(4.12) yr=v1=p = jun=pll& —xall-

For n > 1, let

(413) Yn = pn”fn - Xn”v

(4.14) Vn =Y+ kD > fi(Fie + Vi),
k+j=n

(4.15) pn =V +Crkin > (Ve + Yind)s
k+j=n

(4.16) fin = pin +3C1kn > fik(Fie + TVix)s
k+j=n

where 7;¢ and ;¢ (respectively v, and 7; ) are defined by (4.5) and (4.6) for

€ (vespectively X). Let un(¢) = gn(¢.&)e™ and v,(¢) = gn(¢,X)e™™, n € N.
Following the proof of Lemma 7.3 in [4], we obtain

(4.17) Pnlltn(0) = vn (0)]| < vn.
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Then by Proposition 3.10
(4.18) pullun(t) = va (O < pne™", >0,

(4.19) pullun(C) = va(Q)ll < fine™ ™, ¢ € E.

Since vje < Fie, Vi < Vi ad yn < vy < oy < fin, it follows from (4.13)—(4.16)
that

(4.20) fin < Yn+Fn Y ik(Fhe + Vin):
k+j=n
where
(4.21) Rn = kn(Dyn +4CY).
The proof now proceeds as in Theorem 3.8. (]

We close this section by remarking that the proofs of Theorems 4.1 and 4.2 also
show

Proposition 4.3. The map Q(0,-) : S — V* is well-defined and continuous.

5. THE NORMALIZATION MAP

In [4], we did not know whether W (u") belongs to some S% with appropriate
pn for even small ||u®||. In this section we show provided the weights p, satisfy
the additional conditions in Definition 5.2 below for n € N that W (u®) € S%. The
continuity of W as a map from R to such a space 57 is also established.

5.1. The range of the normalization map. Let u° € R and let u(t) = S(¢t)u’
be the regular solution to the Navier-Stokes equations with the initial data u". Let
un(t) = Wy (t,u)e™™ for n € N and ¢ > 0. Then the asymptotic expansion of u(t)
is

(5.1) u(t) ~ Zun(t) = Z Wo(t,u®)e™ as t — oo.

For n > 2, denote
n—1 n—1
in (1) = u(t) = Y uk(t) = S =Y Wi(t,u®)e .
k=1 k=1

Let 3,(t) be defined as in (2.15) with g, (t) = g.(t, W (u")) = W, (¢,u°). Explicitly,
Bi(t) =0 and for n > 1

(5.2) Ba(t) = > BWi(t,u®), W;(t,u)) = e Y Blup(t), u;(t)).
k+j=n k+j=n
Let u® = W, (0,u°) for n € Nand @° = (u?);. Since W, (t,u’) = g, (t, W (u?))
for n € N we obtain
(5.3) @’ = Q(0,W(u®) and (un(t))°, = Sext(t)a’, t>0.

Similarly, for complex times ¢ € E we write u,(¢) = W, (¢,u)e "¢ for n € N so
that (u,(¢))2; = Sext(¢)@°. Recall that the set E is defined in (A.5).
We start with a recursive formula of W, (u°).
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Lemma 5.1. Let u® € R and u(t) = S(t)u’. Then

(5.4) Wi (u®) = lim eu(t) = lim e’ Ryu(t),

t—o0 t—o0

where the limits are taken in the V norm.
Forn € o(A) and n > 2 we have

(5.5) Wn(u®) = Ryiin(0) —/ > RuB(ug,u;)dr

k,j<n—1
k+j>n+1

_ /O e Ry [B(u, ) + Bliin, w) — Bliin, )] dr.

Proof. Equation (5.4) follows from the asymptotic expansion of the solution w(t).
In particular, from (2.12) we obtain ||@a(t)|| = O(e~(1*9*) and from (2.16) we
obtain Wi (u®) = RyWy(u®,0) = Wy (u®,t) for all t > 0. Therefore
|W1 (u®) — e'Riu(t)|| = ||[RaW1(0 uo) — ' Ryu(t)||
HW1 0,u’) —é' ‘u(t ||
< ||wa (0, )—W1 tul)]| + [lefaa ()
<04+0( ) —0 as t— o0
Similarly ||[W1(u®) — elu(t)| — 0 as t — oo.

Let n > 2 and n € o(A4). We know from (5.1) given € € (0,1) that @,(t) =
W (t,u®)e™™ + O(e= "+t as t — co. By (2.16),

t
W, (u®) :Ran(t,uO)Jr/ Ry, B (7)dT
0

= " Rylin(t) + O(e™") + /O Rufu(r)dr

Letting t — oo gives

t—o0

(5.6) Wi (u®) = lim {e""‘Rnan(t)+ /0 t Rnﬂn(T)dT]

Recall from (2.20) and (2.6) that

2—1:+Au+B(u u) =0,

It follows that the remainder @, (t) = u(t) — > ;_; Lug(t) satisfies

diy, _
(5.7) dL—FAun—FB(u tp) + B(tn, u) — B(tn, in) + E B(ug,u;) = 0.
k,j<n—1
kfi>n
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Then R,A =nR, on D4 implies

d n ~ n n
E(e "Ry ily) + e Z R, B(ug, uj) +e™ Z R, B(ug,u;)
ktj=n kj<n—1
k+i>n+1

+ entRn[B(ua 'an) + B(a’m 'LL) - B(ﬂ’n’ ﬂ’”)] =0

after applying the projection R, to (5.7) and multiplying it by ™. Integrating
yields

t t
(5.8) €™ Ryiin(t) + / Ry B (7)dr = Royiin (0) — / e S RoBlug,u)dr
0 0 kj<n—1
k+j>n+1

¢
—/ €"" Ry [B(u, ty) + Biin, u) — B(ty,, @y)]dr.
0
Since u, = W, (t,u®)e™" where W,,(t,ug) is a polynomial in ¢ then (A.2) implies

e S IRaBuu) <Y G nd gl lugl < a()e
k,j<n—1 k,j<n—1
k+j>n+1 k+j>n+1

where ¢(t) is a polynomial in ¢. Thus, the limit

/ en” Z R, B(ug, u;)dr

0 kj<n—1

k+j>n+1
converges. The argument that the last integral in (5.8) converges as t — oo follows
from the estimates (5.36)—(5.38). In fact, explicit bounds for each of the terms
appearing on the right hand side of (5.8) will be given in the proof of Lemma 5.6.
Now, letting ¢t — oo in (5.8) and using (5.6) we obtain (5.5). O

To estimate the integrals on the right hand side of (5.5), we not only need to
have good estimates of the integrands for large 7, but for small 7 as well. Therefore
the energy inequality for regular solutions to the Navier—Stokes equations will play
a crucial role in our estimates.

We recall from [4] that if ||[u|| < &g then u® € R and

(5.9) lu(®)]| < 2[u°lle™", ¢>0,
(5.10) [u(Q)]l < 4l|u’lle™®e, ¢ € E.
For general u® € R, the energy estimate is
tl
(5.11) lu(t')]? + 2/ lu(r)||2dr < |u(t)|?, ' >t>0.
t
By Poincare’s and Gronwall’s inequalities
(5.12) lu(t)]? < e 2’2, t>0,
hence

tl
(5.13) 2/ llu(T)|?dr < Ju(t)]* < e 2l?, ¢ >t>0.
t
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In particular,
(5.14) 2/ u(r) || 2dr < P2
0
Denote logt a = log(max{1,a}) and let

(5.15) to = to(u®) = log™ (2[u’| /o) + 1.

Take t = to — 1, ¢ = to in (5.13). It follows that there is a t; € (tg — 1,%p) such
that ||u(t1)]| < Ju(to — 1)| < e~tFHu% < gg/2. Then by (5.9),

(5.16) [[u(to) [l < 2[[u(t1)]| < €0
Hence it follows from (5.9) and (5.10) that

(5.17) lu(to +7)|| < 280e™", 7> 0.
(5.18) lulto + Q)| < 420 R, ¢ € E.

If [|[u’|| < &0, we simply take to = 0. Note that
(5.19) e < go = go(u®) 2L max{e, 2¢u’|| /eo}-

Definition 5.2. Let (x!,)22, be a fixed sequence of real numbers in the interval
(0, 1] satisfying

(5.20) lim (x),)Y/2" = 0.

We define the sequence of positive weights (p,,)22; by
“%P%—l
5.21 :1, n — = = _, n>1,
(5:21) P P max{ T, I}
where (L,)%%, and (L)%, are defined by (5.56) and (5.90), respectively, and
depend only on the constants C, Co and ag.

Note that fjn > 3 and f/;, > 1 for all n > 2. Therefore the sequence (p,,)32; is
decreasing and p,, < k!, for n > 1. Define
Pn
min{pxp; : k+j=n}’
Then ki < pnp, 2, < kL1 < k!, < 1. Thus (3.1) holds as in Sections 3 and 4.
Moreover,

n > 2.

Rp =

(5.22) lim xY/2" =0 and subsequently lim nxl/™ = 0.
n—oo n—oo

Therefore p, and k, satisfy (3.1), (3.39) and (4.1) for any choices of sequences

(Ly)S% 5 and (L)22, such that L, > 3 and L/, > 1, in particular, for the choices

n=2
given by (5.56) and (5.90). Note also that
o0 (o)
(5.23) Z Kn and Z pn  are finite.
n=1 n=1
Moreover,

DY?" < (const -n™)/?" =1 as n— oo

implies that

(5.24) >k Dy < oo
n=1
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Definition 5.3. We denote for each u® € R,

(5.25) M = Pn||Wn(07UO)||v n € N,

(5.26) N=1, Yo=nn+Cihn Y Wy n>1
k+j=n

(527) N=7 W=t 3C1 K, Z ’?k’?jy n > 1.
k+j=n

It follows from Proposition 3.9 that

(5.28) pullun@®] = pulWa(t,u®)e ™™ || < yne™", >0,
(5.29) pullun (Ol = pulWa (¢ u®)e ™™ < Fne™™, (€ E.
Consequently, by Lemma A.2,

(5.30) Pnlltn ()] < nAne™[Co(t + ap)]™ ", t>0.

Definition 5.4. For v’ € R and n > 1, denote

25

n—1
1
(5.31) M, (1) = ||[u°| + > ks
n—1 1
- 1/2
(5.32) M, () = {|u p Z ¢ } ,
nfl k=
~ 67t0 n—1
(5.33) M, (u®) = 4eg + Fke-
Pn—1 h—1
We need the following recursive inequalities for estimating the right hand side
of (5.5).
Lemma 5.5. Let u® € R and N > 1. Then
(5.34) lan (0)] < My (u?),
- N 712N
(5.35) lan(to +7)|| < My (@®)e V7|1 + 5‘ >0,
N—1

30 [l <+ (Zw) = ME ()

(5.37) / eNlu(®)[[|lan (8)[|dt < 2N L [|ulto) | My (u°),
to
(5.38) / Nl ()|2dt < €Nt Ly B2 (u0),
to
where
2 | 2n |
(5.39) L, = C2t el

n T Qdnpdnt1’
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Proof. First, note that
N—1 N—1

(5.40) lan @) < [lu®)]l + Z [ur @) < u(®)]l t o Z prc|lur(t)

since py, is decreasing. Taking ¢ = 0 in (5.40) yields (5.34).
Second, since ¢ € E implies to + ¢ € E, then by (5.18) and (5.29) for n =
1,2,...,N — 1, we have
N-1 4o N-1

~ _ e
lin (to + Ol < llulto + Oll + Y lluw(to + Q)| < e7Re (460 +
k=1 PN-1 15

for ¢ € E. Given any € > 0 then
lan (to + )| < lan+1(to + )| + lun(to + 7|
<O0(e™7) + p ' NAane Nt [Cy(tg + 7 + ag) N
— O(e~ (V=)

as 7 — 00. Now Lemma A.1 implies

(5.41) lan(to + )| <

Z’Yke (N=e

’2(N €)

2

and taking e — 0 yields (5.35).
Third, squaring (5.40) and integrating yields

[iawtorpas [ Dl [ 255 ) e

k=

Then (5.36) follows from the energy inequality (5.14).
Fourth, from (5.9) and (5.35) we obtain

[, < u@as @l = [7 N utto+ Dl + ol
to 0

< eNto/ €NT (2||u(t0)||e_7) (MN(U,O)Q_NT
0
< 2eN Ly |u(to) | Mn (u),

2N
1+%‘ )dT

since
o 7|21 > 9 'io e?
/ e —‘ dr < / (7'/2)*"e” T 2dr’ = =T (2n+1) = L.
0 2 0 2en
Fifth,
o0 oo ~ 2N
| e tanopar < e [T v e | 2 Y ar
to 0
= MVOLNR (),
since
< o T |4n e T'(4n + 1) ,
The proof is complete. O

Our main recursive step is
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Lemma 5.6. Let u® € R. For N > 1 let My = My (u®), My = M} (u®) and
My = My(u®). We then have

(5.42)
N—-1

W (u)] < MN+ D57 30 oo My {1l 413

k=
where L(0,n) defined by (5.43) below for n > 1 are positive constants independent
of u® and p,,.

Proof. If N ¢ o(A), then Wy (u®) = 0 and (5.42) holds. We now consider the case
N € o(A). By (5.5),

Wi (u0)|| < [|an(0)] +/ eNT Z | Ry B(ug, uj)||dr
0 kj<N-1
k45> N+1

J1

+/°° " (R Blu, i) + | Ry Blin, w)]]) dr
0

J2

+/ N7 Ry Bl i) |[dr
0

J3
= ||1]N(0)|| + Ji + Jo + J3.

According to Lemma 5.5, we first have ||iin (0)]] < My (u).
Estimate of J;. By using inequality (A.2), the fact p%_; < min{pgp; : k,j <
N — 1}, and the estimates (5.30) of |Ju(t)||, we obtain

Jp < PX/2_101N3/4/ eNT Z ’?k’?jkj[CQ(T+a0)]k+j72€7(k+j)‘rd7'
0

k,j<N—1
k+j>N+1
< /);/2_101]\73/4/ €NT(N _ 1)2 Z e [02(7_ + ao)]?(Nfl)erf(kJrj)‘rdT
0 kj<N-1
k+j>N+1
N-1 9 o
VACINYAN =123 A g / e (r + ag)*N tdr.
k=1 0

For n e N,

Cln3/4(n o 1)2022n,—4/ e (T + a0)2n74d7_
0
< 01022"_4n3/4(n — 1)2/ e T a0 =4, L(1,n)
0

where L(1,n) = e®C;C3" *n3/4(n — 1)°I'(2n — 3). Hence
N-1

B o LN ()

k=1
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Estimate of J,. By (A.2),

Jy < / 20, N3N Ju(t)|[ || (1)]|dt
0

to L)
= (/ —|—/ )201N3/4€Nt||u(t)||||1]N(t)||dt: Joa1 + Jas.
0 to

For Js 1 we use (5.36) and (5.14)

to 1/2 to 1/2

Jan < 20NN ([ uea) ([ ano)ar)

< V20, N3/4eNto |0 | My

< L2, N)eNto | My where L(2,n) = V20,n%*, n e N.

For J; 2 we use (5.37) and (5.16)

Joo < ACI N3Nt Ly M (u) ||u(to)]|

< 4C1egN*/*eN My Ly

= L(3, N)eNtOJ\;[N where L(3,n) = 4C160n3/4Ln, n € N.

Estimate of J;. By (A.2)

to ')
Jy < LN ( / 4 / )N lan(0)|dt = Jg.1 + s
0 to

For Js 1, we use (5.36)
J3q < CLN3/AeNoNIZ — [(4, N)eNo M2 where L(4,n) = Cin®/*, n e N.
For Js 2, we use (5.38)
Jao < OLN3/AeNO N2 LN = L(5, N)eNto M2 where L(5,n) = Cin*/*L!,, n € N.
Combining the above estimates we obtain

N-1

)] < 2y + (Y )

N-1 k=1

+ eV {L(2, N)Ju| M} + L(3, N) Ny + L(4, N)MF + L(5, N) M3, |,
Inequality (5.42) easily follows with
(5.43) L(0,n) = max {L(1,n), %L(2, n) + L(4,n), %L(S, n)+ L(5,n)}
for n > 1. (]
Definition 5.7. Given u’ € R. Let

(5.44) z =15 =% =% = pfl].

For n > 1, let
n—1 n—1 2 n—1

(5.45) @n = pallull+ 0, (D0 52) 0 (D A1) bt {1+ 102+ (32 5002
k=1 k=1 k=1

(5.46) Mo =0+ KD Y AR

k+j=n
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(5.47) va=mh+CiklL Y W
k+j=n

(5.48) Yo =7 +3Cw, Y A
k+j=n

where D,, are defined as in (4.7) and go is given in (5.19).
Our next goal is to prove that p,||€,| < @, for all n € N. In fact, we have

Lemma 5.8. Let u® € R and let x,,, 0,75, 75 be defined as in Definition 5.7. For
allm € N, we have

(5.49) Pl Wa (u0)|| < @,

(5.50) pullun (0)]| = ol W (0,u%)|| < n,

(5.51) prllun ()] = pul[Wa(t, u®)e ™| < e, >0,
(5.52) prlltn (Ol = pul Wi (¢ u®)e ™| < Fre R, (€ E.

Proof. Let &, = W, (u®),n € N and W(u®) = € = (£,)22,. Using the notation in
Definition 5.3 and inequalities (5.28)—(5.29), it suffices to prove that

(5.53) prllénll < Tny M <M M S Vs I S nEN
For n =1, we have by (2.16) that

(5.54) 1 (0) = Wi(0,u°) = ¢1(0,€) = &.

Therefore (2.23) implies

(5.55) ui(t) = et and i (¢) = e S,

From Lemma 5.1, [|[W7 (u®)|| = [W1 (u®)| = limy— et|u(t)] < [u®] < ||u®]|. Therefore
(5.53) holds for n = 1.

For induction, let N > 1 and assume (5.53) holds for n = 1,..., N — 1. Let
T, = (O°F_, Y)/pn, n > 1. Then, from Definitions 5.3 and 5.4 we immediately
have

My, < [0 4 Ty, ML < ||u)|? + T2, M, < 4eq + Ty, M2 < 3262+ 2T2_|.
It follows from Lemma 5.6 that
lenll < Ll + Tv—1} + {L(0, N)TR _1}
+ VL0, N){ 1+ 0 + (a2 + TF_y) + (3253 + 2T% ) |
< N + Tvor + INTE o + Ivgd {1+ |0l + TR, },
where

(5.56) L, = max{1, L(0,n)} max{1 + 32¢2,3}, n>1,
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are positive constants greater than or equal 3, independent of u° and depending
only on C7, Cs and ag. Multiplying by py, we derive
N—-1

pullen]l < pulle®ll + i (D )
k=1
N-1 2 N-1 2
() el 1+ 10+ (2 3) )
k=1 k=1
N-1
< ol + wn (D 5)
k=1
N-1 2 N-—-1 2
(X a8) el fre 1o+ (D 5)
k=1 k=1

by the induction hypothesis. Thus the first inequality of (5.53) holds for n = N.
Applying the arguments used to obtain (4.8) in the proof of Theorem 4.1 with
equations (5.45)—(5.48) in place of (4.3)—(4.6) we obtain

M = pul Wi (0, w0) |l = pallgn(0,€)| < 5,

the second inequality of (5.53) for n = N. Now the last two inequalities of (5.53)
follow easily. The induction is hence complete. O

Theorem 5.9. For any u® € R, W(u®) € S%. In other words, the range of the
normalization map is contained in the Banach space S .

Proof. 1t is clear from Definition 5.7 that z, < n; < v < 'Nyn for all n € N. For
each n, summing up (5.45)—(5.48) and noting that go > 1, k], <1, we obtain:

n—1 n—1 2
a;SpnnuOnw(Zaz)+n;(2a,:)
k=1
— n—1 2
rrg i+ (50) ) e raen (S x)

k=1 k=1

n—1 2
< pull?ll+ R {1+ 12+ (3 32) )
k=1

where & = k!, (D, + 4C; + 3) is independent of u°. Let a,, = p,|u°| and X =

/1 + ||u®]|2. We then have
n—1 2
(5.57) <o+ i { X2+ (Z) b

Note that >.°° | a, is finite by (5.24) and (5.20) implies lim, . (7%)'/?" = 0.
Applying Lemma A.5 we obtain that > > 7 is finite. Thus (5.49) in Lemma 5.8

implies
W (u® |*—an||W Z <> A< oo
n=1 n=1
Therefore W (u®) € S%. O

Regarding the commutative diagram in the Introduction, we also obtain
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o0

Corollary 5.10. For any u® € R then (W,(0,u°)) — € V*, i.e, W(0,R) C V*.

n

Proof. This follows from the proof of Theorem 5.9 since

S ol Wa(0, w0l = Y <355 < oo,
n=1 n=1 n—1
O

Remark 5.11. Note that the results up to now, in particular, those of Theorem
5.9 and Corollary 5.10, are valid for any choice of L!, in Definition 5.2 such that L/,
is independent of uyg.

In our study of the continuity of the normalization map below, it will be necessary
to specify a bound K (u®) on Y 4 in terms of ||u°|| only. For this purpose, we
introduce the following function Kj(r, s) based on (5.57), Lemmas A.4 and A.5.

Definition 5.12. Given r > 0 and s > 1. Let k/, = &/, (D, + 4C; + 3)s™. Let

n

aj = p1r and @), = ppr + KL, (D, + 4Cy + 3) + k(1 +r?) for n > 1. Define
(5.58) Ki(r,s) =Y a, +a* ) k,M>*"71,
n=1 n=1

where o = sup{a,, : n € N} and M = 3sup{1, e,k : n > 1}.

Note that K (r, s) is finite and is increasing in each variable r and s. In addition,
if we let

n—1

2
(5.59) di=a} and d,=al + k‘;(z dk) for n>1,
k=1

then > °  d, < Ki(r, s) by virtue of Lemma A 4.
Lemma 5.13. Given u® € R. Let tg > 0 and go > 1 satisfy
(5.60) luto)|| <eo and €™ < go.

Then all the results in section 5.1 hold true for these particular values of ty and gg.
Furthermore, using the notation set in Definitions 5.3, 5.7 and 5.4, we have

(5.61) DA < K = Ki(|ll, g0).
n=1
Consequently,
K - K
(5.62) My (u®), M, (u®) < [[u°]| + P M, (u®) < deo + p—
n—1 n—1

Proof. Due to (5.57), Lemma A.5 and Definition 5.12, Y2 4% < >  d, < K,

where the d,, are defined by (5.59) for r = ||[u’|| and s = go. Hence inequality (5.61)
holds true. The other inequalities in (5.62) follow easily. O

Remark 5.14. A bound K (u") for Y7 can be obtained from Lemma 5.13 by
taking K (u®) = K1 (||u’||, go(u")) where go(u®) is given by (5.19).
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5.2. The continuity of the normalization map. We now study the continuity
of the normalization map W : R — S%. Let u® € R be fixed. We show that W is
continuous at u°. For the rest of this section we assume, unless otherwise stated,
that

(5.63) W eR and 0¥ - < 1.
Let

HH

We have for any € > 0 that
|7 ()[| = O(e™ =) and [[5,(t)] = O(e™" =), ¢ — oo.

Let
(5.64) up = un(0), vp =va(0), @ = (up)ily, 0= (vp)iy,
(5.65) W=U—V, Wp=1U, —Vp, Wp="Up— Un,
(5.66) w’ = u’ — ’UO, wd = w,(0) = ud — 2.
Note that a° = Q(0,W(u”)), v = Q(0,W(v")) and (un(t))52) = Sext(t)u’,
(Un ()52 = Sext (t)@ Corollary 5. 10 implies that @, 2° € V*.
To estimate ||W(u0) W (v9)]|+ we begin with a recursive formula for the differ-
ence W, (u®) — W, (v°) similar to (5.5).

Lemma 5.15. Let u®,v° € R and n € o(A) with n > 1. Then we have

(5.67) W, (u®) — W, (v°) = R, (0)

/ Z R, wk,uj)—l—B(vk,wj)]dT—/Ooo " R, [B(w, Uy, )+ B (T, w)|dr

k,j<n—1
k+j7>n+1

—/ e"TRn[B(v,u?n)—|—B(1I}n,v)]d7—|—/ e"" Ry [B(n, ty) + B(0n, Wy )]dT.
0 0

Proof. We have from (5.6),

(5.68) W, (u®) — W, (v°) = lim {e"fRnuvn(t) + /0 'Rn[ﬂn,uo (7) = Buwo (T)]dr},

t—o0

where (3, ,0(7) and 3, ,o0(7) are defined by (5.2) for u? and 10 respectively.
Recall from (5.7) that for n > 2,

diiy, _ _ _ o

Z’+Aun,+ >~ Blug, u;) + B(u, iin) + Bliin, u) — Bii, iin) = 0,
kj<n—1

k+i>n

don, - N - S

el Ay, + Z B(vk, v;) + B(v,0y) + B(0p,v) — B(0p, 0y) = 0.
k,j<n—1

kj>n
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Then w,, satisfies the equation

dw, .

T AT+ Z [B(ur, uj) — B(vk, v;)]
k,j<n-1
k+i>n

+ B(w, uy) + B(v,wy,) + B(tn, w) + B(Wn,v) — [B(Wn, tyn) + B(On, wy)] = 0.

Hence

" Ry () + /0 Ru[Bru0 (7) — Broo (7)]dr

t
:Rnwn(())—/e” > Ru[B(wk,uy) + By, w;)ldr
0 k,j<n—1

k+j7>n+1

— /OlenTRn[B(w,ﬁ/n) —|—B(ﬂ,n,1,U)]d7-
_A enTRn[B(U,'lI)n)‘f'B(wnav)]dT

t
+ / enTRn[B(wn; ﬂn) + B(ﬁna wn)]dT
0
Letting ¢ — oo and using (5.68) give (5.67). O

In estimating the integrands on the right hand side of (5.67), we use the estimates
obtained in Section 5.1 applied to both u® and v°. However, tq(v°) and go(v°)
given by formulas (5.15) and (5.19) respectively, may vary for different v°. For our
convenience, we fix for the rest of this section

(5.69) to = log* (8(||u°|| + 1)/80) +1>0,
(5.70) go = max{e, 8e(||[u’[| +1)/e0}.
Similar to (5.16), we have

(5.711) [u(to)l, [lo(to)|| < eo/2-

Since e < gg and by (5.71), the condition (5.60) in Lemma 5.13 is satisfied for both
u® and v°. Therefore any results in Section 5.1 applied to u° or v° are understood
with ¢o and go taking the values in (5.69) and (5.70) respectively.

By (5.71) and Corollary 3.12,

(5.72) [w(to + 7)I| < 2[lw(to)]e™", 7>0,
(5.73) lw(to + QI < 4llw(to)lle™™, ¢ € E.

Definition 5.16. Define v, 4, ¥;u and v;., ¥;,» as in Definition 5.3 for v and v°
respectively. Let

(5.74) v = pallwg || = pul| Wi (0,u) = Wi (0,0°)]|, n €N,

(5.75) pr=vi, = Vo4 Crhn Y e(Viw+ V) 0> 1,
k+j=n

(5.76) fn =1, fin =+ 3010 Y (T + o) n> 1

k+j=n
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Applying Proposition 3.10 with 4° and ©#° given by (5.64), we have

(5.77) pullwn (O] < pne™, >0,

(5.78) prllwn (Ol < fine ™, (€ E.

Consequently, by Lemma A.2,

(5.79) pnllwn ()] < nfine”™[Co(t 4+ ag)]™ ', t>0.
The following are some estimates similar to those in Lemma 5.5.

Lemma 5.17. Let n > 1, we have

(5.80) [[0n (0)]| < Kn,
~ 2n

(5.81) [ (to + 1) < Kne*”(l + %) . T>0,

to 9
(5.82) | ol < 57,

0
where
(5.83) K, = |[w(0)]| 3 Z Vi,
(5.84) K, = 4]|w(to)|| + Zﬂk’

1/2

(5.85) K {2N2|w< (ZM) } ,

where the positive number Ny = Na(u®) is defined in Lemma A.8.

Proof. The derivations of inequalities (5.80) and (5.81) are almost exactly like (5.34)
and (5.35). Inequality (5.82) follows from Lemma A.8 using similar techniques. O

The analogue of Lemma 5.6 is

Lemma 5.18. Given u® € R. Let v° € R such that |[u® —°|| < 1. Then there is
M = M (u®) > 1 such that for each n > 1,

(586) pn”Wn(uO) - Wn(vo)”

< pall® | 4+ M {0 + [w(to)]| +3 Y i }.
k=1
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Proof. We derive from (5.67)
W () = W ()| < [|Rntn (0)]
+/ et ST R B(wk,ug) + R B(vg, w;)|dt
0

k,j<n—1
k+j>n+1

J1

—|—/ e | R, B(w, tin) + Ry By, w)||dt
0

J2

+ / || R B(v, i) + R By, v)|dt
0

J3

+/ e"| R B(Wn, i) + R B(0n, W) ||dt
0

J4
= | Ry wn (0)[| + J1 + J2 + J3 + Ju.
First, |R,w(0)|| < Ky, by (5.80).
Estimate of J;. Using inequalities (A.2), (5.30) and (5.79), we obtain
1

L(6,n . . L(6,n N
J1 < (2 ) Z Fie(Vju + Fjw) < (2 ) (K(uo) + K(vo)) [k
pn—l k,j<n,k+j>n pn—l 1

3
|

E
I

where L(6,n) = L(1,n).
Estimate of J;. Using (A.2), we have

to [e'e]
<([ [ 2ot e,
0 to

=Jo1 + Joa.
For Jj 1, use (A.21) and (5.36)

to 1/2 to 1/2
Jax <20 { [ e Pac} ] [ (o) Pt}
0 0
< 2073/ % e \/ Ny w(0)| M (u®) = L(7,n)e™* \/No|w(0)| M, (u
where Ny = Na(u?) is defined in Lemma A.8. For Js 2, use (5.72) and (5.35)

Jog < 2C1n3/4/ emtoen” (2||w(t0)||eff){Mn(uo)e*mu + 1)2"}d7
0 2
< 403t e™ ||lw(to)|||| M (u®) Ly, = L(8,n)e™™ ||w(to) || My (u®).

Estimate of J3. By inequality (A.2),

to e’}
Ja <20 ([ [ e ool o)
0 to
=J31+ J32.
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For Js 1, use (5.14) and (5.82)

to 1/2 to 1/2
Jax <20 { [ poPar} ] [ jwao)Par)
0 0
<2003/ e WO | K = L(9, n)e™ |00 | K.

For J3 2, use (5.9) and (5.81)

Jaz <200 [ e {afuttole H{ Ruemm (1 4 3 far
0
<2013 ||u(to)|| Ln K, = L(10,n)e™0 ||u(to)]| K.

Estimate of J,. By inequality (A.2),

to [e%e)
sz Con ([T [ )ert ol + I oo, ol
0
=Js1+ Jao.
For Jy 1, use (5.36) and (5.82)

to 1/2 to 1/2
Jia < Cinlentod / 2 (8)12 + 2 (®))2dt} / ()]t}
0 0
< V2003 (M (u®) + M! (v°)) K,
= L(11, n)e™ (M, (u®) + M/ (v*)) K.

For Jy 2, use (5.35) and (5.81),

Jio < Cyn3/4ento / e*"T(]\Z/n(uO) + Mn(vo))KnH + %|4”d7
0
= L(12,n)e™ (M, (u°) + M, (v°)) K.

Combining the inequalities above, we obtain

(5:87)  [Wa(u®) = Wa (") < Ko + L,ff—’?(mm LRGN Y i
n— Pt

+L(13, n)@"to{\/ﬁalwolMA(uo) + w(to)l| M (u®) + [0°| K,
+ [lo(to) [ 5 + K7, (M, (u®) + My, (0°)) + Ko (M (u”) + Mn(vo))}-

Note that all constants which depend on v° depend on it through the norms |v°| or
|v0]]. Since ||u® —v°|| < 1, these constants may all be estimated in terms of |u®|+1
and ||u°|| + 1. More specifically, let My = K;(||u’| +1, go), then Lemma 5.13 yields
K(u®), K(v°) < M; and

My My

< ;
Pn—1 Pn—1

(5.88) M (u®), My, (u®), M (v°), My, (0°) < Ju®] +1+

(5.89) M, (u®), M, (v°) < 4eq +

Pn—1 Pn—1
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where My = Mj+||[u®| +1+4ep. Therefore, there are positive numbers My = go(u?),
M; and M, depending only on u° so that inequality (5.87) gives

L(6,n)(2M1) — -
W (®) = Wi ()| < K + pn 1 L6, Zu

+ L(13,n) M7 {\/Nzlw (to)ll—= + + K —— + K,
_ Pr—1 2 Prn—1 Pr—1

Hence there is M = M (u° ) > 1 such that

Mg EoKn 3M2 ~ 2M2 }

L(6,n)M <= _
o) = W) < )+ S

n—1

+L(13,n)M”{|w0| T llwtto)l (nZuk +ZNk+ZNk)}

Pn—1 pn 1

E,WM n—1
< Ju)+ S5 {4 o)l +3 3 |
n—1

k=1
where
(5.90) L, = max{1, L(6,n) + L(13,n)}
does not depend on u°, v° or p,. After multiplying by p, and using (5.21) we
obtain inequality (5.86). O

Remark 5.19. Unlike inequality (5.42) in Lemma 5.6, estimate (5.86) in Lemma
5.18 involves the term ||w(to)| where ¢ty may well be nonzero. Hence ||w(to)]], in
general, does not depend on ||w®|| explicitly and neither does |[W (u®) — W (v9)]|4.
However, for the continuity of W, we only need

(5.91) |lw(to)]| — 0 as v® —u’ in V.

Note that to is fixed for all v° satisfying (5.63) and the regular solutions of the
Navier—Stokes equations in our context depend continuously on the initial data (cf.
[15]). Therefore (5.91) holds true.

Lemma 5.20. Let ;. 7}, (respectively v;,,7;,) be defined by (5.44)~(5.48) for
u® (respectively v°). Note again that go is given by (5.70) instead of (5.15). Let

(5.92) y1 =vi = i = 5 = prl[w’]| + Naps Juw®['/?,
where N3 = N3(u®) is defined in Lemma A.8. Forn > 1 let
n—1
(5.93) g = pullw| + i, M { 0]+ lo(to) | + 3 7
k=1
(5.94) Vi =Yn +n D Y AT+ A,
k+j=n
(5.95) pn =i+ Cily Y (Vi + Vi)
k+j=n
(5.96) fir, =y, + 301k, > (T V)

k+j=n
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where M = M (u®) > 0 be given in Lemma 5.18. Then

(597) pulWa(W®) = Wa () S yn, vn <vio pn < gy, fin < fip, neEN.
Proof. By induction. Case n = 1, similar to (5.54) and (5.55) in Lemma 5.8 we
have wy () = <W1 (u®) — Wy (vo)) e~¢ for Re¢ > 0. Thus it suffices to prove

W1 (u®) = Wi ()] = [Wa(u®) = Wi(0")] < [|w®]| + Na|uw|*/2.

This indeed follows from |[W;(u%) — Wy (v°)| = lim;— ef|Riw(t)|, by (5.4), and
inequality (A.22). For the induction step with n > 1, the key estimate is

(5.98) P ||[W (u®) — Wn(UO)H < Yn-

This follows from Lemma 5.18 and the induction hypothesis fir, < i, for £ < n.
By (4.17) in Theorem 4.2, we have

Y < pu|Wa(u®) = Wa @)l + k0D 3 (T + Fio)
k+j=n
which is less than or equal to v} by (5.98), the induction hypothesis, the relations
K < Ky and Yo < s Yoo < A, Where the latter two are analogues of (5.53).
The last two inequalities of (5.97) follow easily. O

Theorem 5.21. The normalization map W : R — S% is continuous.

Proof. Given u® € R, let v € R satisfying ||u® — v°|| < 1. We set the notation
as in Lemma 5.20. Then by Lemma 5.13 the sums Y 45, and > 0 55 are
bounded by a positive constant depending only on ||u°||, namely, K1 (||u°| + 1, go)
(see Definition 5.12). Summing up (5.93)-(5.96), we have

n—1
(5.99) i < pallw®ll + {4 Jwto)ll + Y ik},

k=1
where M = M (u°) > 1 and &% = &, (3+D,,+4C1). Note that [w°], [w®|| < 2[|u’||+1
and |Jw(to)|| < 0. By (5.20) lim,, o (5%)'/?" = 0; hence, Lemma A.7 implies
S i, < M* = M) < oo,

Now, by using Remark 5.19, an induction argument shows that i) — 0 as
||u® — % — 0 for each n. The same arguments as in Theorem 3.8 show that for any
e > 0, there is § > 0 such that if |[u® —v°|| < & then > 7 | iF < e. Consequently
[W(u®) — W (v9)||s < e. Therefore the normalization map W is continuous at uP.

U

Since W (0,-) = Q(0,-) o W, Theorem 5.21 and Proposition 4.3 imply
Proposition 5.22. The map W(0,-) : R — 5% is continuous.

Remark 5.23. Combining the estimates obtained in this section with the tech-
niques used in Theorem 7.4 of [4] one can impose stricter conditions on the p,
than given in Definition 5.2 and also show that the normalization map is Lipschitz
continuous near the origin of V. We leave the subject of this and finer properties
of the normalization map for our future research.

Acknowledgement. L. Hoang was partially supported by the NSF grant DMS-
0511533.
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APPENDIX A

First, we recall some inequalities involving the nonlinear terms in the Navier—
Stokes equations (see e.g. [4] for their proofs). There is an absolute constant C; > 0
such that

(A1) |PaB(u,0)| < Crntulllloll, u,v e Ve,

(A.2) 1P B(u, o)l < Con®lulllloll, v € Ve,

(A.3) |B(u,0)| < Cilul'?|Aul 2|0, u€ (Da)e,v eV,
(A.4) 1B(u, v)|| < Cullull?|Aul*/?|Av],  u,v € (Da)e.

The following region in the complex plane is used in [4] to describe the domains of
analyticity of the solutions of the complexified extended Navier—Stokes equations:
(A.5) E = {t+se” :cosf > 1/(3e!),t >0,5>0,[0] < 7/2}.

The next two lemmas are some Phragmen-Linderlof type estimates obtained in
[4]. The first is Corollary B.3 of [4].

Lemma A.1. Suppose u(¢) is analytic in E,
(A.6) lu(Q)| <M, ¢€E, and |u(t)<Ce™, t>0,

for some positive numbers M, C and n. Then

2n

(A.7) lu(t)] < Me ™1 + % , t>0.

Combining Corollary B.6 and Lemma 5.1 of [4] we have

Lemma A.2. Let n € N. Suppose q(¢),¢ € C, is a polynomial of degree less than
or equal to (n — 1) and

(A.8) e q(¢)| < Me™ReC, (€ B,
where M is a positive number. Then
(A.9) (O < MnC3 7 (¢ + o)™™', CeC,

where Cy and ag are fized positive constants.

Estimates on ag and Cs given in Lemma 5.1 and Lemma B.4 of [4] indicate that

1 4427 +g(r)% + 1+ g(n2)°
do=1t Lo amd > AFZHIO+9) V()

2 89()\/4 + g(7)?
where g(7) = v/3e™/? and 7 > 2+2v/2. Thus, we may take ag = 192 and Cy = 196.

Lemma 4.2 of [4] is used repeatedly in this paper. We recall this result with a
simplified proof which can be easily adapted for the subsequent lemmas.

Lemma A.3 ([4]). Let a, > 0, n € N, and let (k,)22 5 be a sequence of positive
numbers satisfying

(A.10) lim kX" = 0.

n—oo

Let dy = a1 and dp = an + Ky D 4 i, didy, no> 10 If Yoo | ayn is finite, then

(A.11) Zd <Zan+Zk 1ME < oo,
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where My = max{1,2r,(n — 1) :n > 2} max{1,2>"°  a,}.
Proof. We claim that
(A.12) d, < M"JK, neN,

oo

(A.13) id gi -+ 15 Zk (n—1)M" < oo,

where K and M are positive numbers satisfying
K> 2max{(n —Dky:n > 2}, M > max{(ZKan)l/" n > 1}.

We prove (A.12) by induction. Clearly, the inequality holds when n = 1. Let n > 1
and assume that (A.12) holds for k =1,2,--- ,n — 1. Then

Mk MJ M™ Ka, kp(n—1) M™
dSonth 3 T = T <%
k+j=n
Therefore (A.12) holds for all n € N. Then (A.13) follows immediately. To prove
(A.11), take K = max{1,2r,(n—1) :n > 2} and M = K max{1,2> % a,}. Note
that K > 1 and M > 1, hence M™ > M > 2Ka,, for all n € N. Thus (A.11)
follows from (A.13) and (A.10). O

The following lemmas generalize Lemma A.3 to other numeric series.

Lemma A.4. Let (a,)$2, and (k,)S2 5 be two sequences of positive numbers. Let
di = a1 and d,, = ay, + kn( 2;11 di)?, for n > 1. Suppose

(A.14) lim k%" =o0.

If > | ay is finite, so is Y o, dn. More precisely,

(A15) S €3 an 0?3 kD < oo,
n=1 n=1 n=1

where o = sup{a,, : n € N} and M = 3sup{l,a, kpa:n > 1}.
Proof. Let S, = ZZ':l di. Note that S; = a1 and

(A.16) Sp=an+ Sn—1+knS2_1, n>1.

We prove by induction that

(A.17) S, <aM?* ! neN.

One can see that (A.17) holds when n = 1. Let N > 1 and assume (A.17) holds
for all n < N. Using the induction hypothesis and the fact that 2V—1 < 2N — 1,
ay <a, M >3 and kya/M < 1/3, we then have

Sy <an + aM2N71_1 + ]C]\/OzQJWQN_2
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Thus (A.17) is true. Using (A.17), we obtain

oo oo oo
Sde <3 an+ > kaa? M2,
n=1 n=1 n=2

The last sum is finite due to (A.14), hence (A.15) follows. O

For the numeric sequences appearing in the study of the range of the normaliza-
tion map, we have

Lemma A.5. Let X,Y > 0, (a,)52, and (k)32 be two sequences of positive
numbers. Let di = a1 and

dn = an + knY"{X2 + (nzl dk)Q}
k=1

for n > 1. Suppose lim,,_, o 1/2" _ . If 3207 | ay, is finite, sois Y | dy.

Proof. Assume Y 7 | a, < co. Take a} = ay and a}, = a, + k,Y"X? n > 1. Also
take k/, = k, Y™, n > 1. Note that we still have 3> | a/, is finite and (k/,)*/?" — 0.
By the preceding lemma, > > | d,, < oc. O

The following are similar results to Lemmas A.4 and A.5 applied to different
types of sequences arising from the study the continuity of the normalization map.

Lemma A.6. Let (a,)52 and (k)22 be two sequences of positive numbers . Let
di = a1 and d,, = a,, + kn, 22;11 dy for n > 1. Suppose lim,_, k}/" =0. If
S | ay, is finite, so is Ef;l dy,. More precisely,

n=1

(A.18) dn <M", mneN,

oo

(A.19) > dn < i an+ Y kn(n —1)M"! < oo,
1

n n=1 n=2

where M > max{1,2k,(n — 1) :n > 1} and M > max{(2a,)"/™ : n € N}.

Proof. We see that (A.18) holds for n = 1. Let N > 1 and assume (A.18) holds for
n <N —1. We have

kn(n—1) » n N
— MY < M.

M -
Hence (A.18) is true and (A.19) follows obviously. O

Mn
dy <an +ko(n—1)M" 1 < -+

Lemma A.7. Let X >0, (an)22, and (kn)22, be two sequences of positive num-
bers. Let di1 = a1 and

n—1
dy = an+kn(X+k§_:1dk)

for n > 1. Suppose lim,,_. k}/n =0. If Zzozl ay 18 finite, so is Ef;l dy,.

Proof. Let @) = a; and al, = a, + k, X, n > 1. We have > - al, < co. Then

n=1"n

apply Lemma A.6. ]

Finally, for the sake of the completeness of this paper, we recall with a proof some
commonly known facts about the regular solutions of the Navier—Stokes equations.
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Lemma A.8. Given u® € R. Let v° € R such that |[u® —°|| < 1. Let w(t) =
S(t)u® — S(t)v°. Then there are positive numbers Ny = N1(u®), N2 = Na(u®) and
N3 = N3(u?) independent of v° such that

(A.20) w(t)] < Nifw(0)|e™?, >0,
(A21) A lw(r)[2dr < Naw(0)[2,
(A.22) |Riw(t)| < e Y (|R1w(0)| + N3|w(0)[*/?), ¢ > 0.

Proof. The positive constant C in this proof is generic and is independent of u°
and v°. First we know that

(A.23) AWWMWM<WMWHq%MmM=MM%<w
The equation for w is )

(A.24) cil_zz) + Aw + B(w,u) + B(v,w) = 0.

From (A.24) we have

(A.25) %|w|2 +2l|w]|? < Clwl*’?|[wl|'/?| Au| < Cllwl|lw]|Aul.
Hence

(4.26) L ul? + ]l < Cluf?| Auf

By Poincare’s inequality and then Gronwall’s inequality
lw(t)|? < [w(0)|2e=tC Jo 14T < J3y(0)PeteCNo = N2[w(0)[2e .

Thus, we obtain inequality (A.20).
Integrating (A.26) and using estimate (A.20), we have

[ 1w@lar < w@ + 0 [ Moo autn)ar
0 0

< Jw(0)]*(1 + CNENg) = Nojw(0)[2.
Letting ¢ — oo yields inequality (A.21).

From (A.24), we derive 4 Ryw+ Ryw+ Ry B(w, u) + Ri B(u, w) = 0, which yields
1d
2dt
Since R H is finite dimensional, all the norms in Ry H are equivalent. Therefore

[(B(u, w), Riw) + (B(w,u), Riw)| < [(B(u, Ryw), w)| + [(B(w, Riw), u)|

< Clw||ul[|V(Biw)|| () < Clwllul[V(Riw)|[120) < C|Riw|w]|ul.
By (5.12), ef|u(t)| < |[u®| and e!|Ryw(t)| < |[u®| + [v°]. We now have from (A.27)

(A.27) |Riw|? + |Ryw|? < |(B(w,u) + B(u,w), Ryw)|.

' [Riw(t)* — [Riw(0)]* < C/l62T|le(T)IIU(T)IIw(T)IdT
0

t
sc/uwwwwmw@MWMf”ﬂw
0

< ON¢|u®|(2[u®| 4 1)|w®| = NF|w°|.
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Hence e?|Ryw(t)|? < |R1w(0)|? + N2|w(0)], we obtain (A.22). O
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