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Abstract

Almost all research on superintegrable potentials concerns spaces of constant
curvature. In this paper we find by exhaustive calculation, all superintegrable po-
tentials in the four Darboux spaces of revolution that have at least two integrals
of motion quadratic in the momenta, in addition to the Hamiltonian. These are
two-dimensional spaces of nonconstant curvature. It turns out that all of these po-
tentials are equivalent to superintegrable potentials in complex Euclidean 2-space or
on the complex 2-sphere, via “coupling constant metamorphosis” (or equivalently,
via Stéckel multiplier transformations). We present tables of the results.
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1 Introduction

In a previous article [1] we have studied superintegrability in a two-dimensional space
of nonconstant curvature, in particular one of the so called Darboux spaces, given by
Koenigs [2]. In this article we study the remaining three spaces of nonconstant curvature
from the point of view of superintegrability. This involves the addition of a potential to
each of the spaces given by Koenigs. We recall that classical superintegrability relating to
a Hamiltonian H(xy,...,Zu,p1,...,Pn) = H(x,p) implies the existence of 2n — 1 globally
defined constants of the motion. For the purposes of this article we restrict this definition
to require that there exist 2n — 1 globally defined functionally independent constants of
the motion X;, ¢ = 1,...,2n — 1 that are quadratic in the canonical momenta p;. This
clearly implies the relations

" (0X,0H 0X,0H .
H X,} = — = =1,....2n—1.
{ ) Z} ZZ:; <a£l apl apl axl) 07 ? ) , 21

The concepts of integrability and superintegrability also have their analogue in quan-
tum mechanics. A superintegrable quantum mechanical system is described by 2n — 1
(independent) quantum observables H = X3, Xs, ..., X5, that satisfy the commutation
relations

The analogue of quadratic superintegrability in this case is that each of the quantum
observables is a second order partial differential operator. Systematic studies of superin-
tegrable systems have been conducted in spaces of constant curvature in two dimensions
3,4, 5,6, 7.

In this article we solve the following problem. Given a Riemannian space in two
dimensions with infinitesimal distance ds* = 37 o1 gij(w)du'dw!; and u = (u',u?), the
classical Hamiltonian has the form 7

2
H= Z gijpipj + V(u)
ij=1
and the corresponding Schrodinger equation is
1 .
VI

where /g = det(g;;). Koenigs found all free Hamiltonians H = 3 ¢"p;p; admitting at
least two extra functionally independent constants of the motion of the form

ov = (V99" 0, ¥) + V(u)¥ = E¥

2

1,j=1

He obtained a number of families of solutions; in particular, spaces that admitted three

extra quadratic constants. There must then be a functional relation between these and,

furthermore, in each case there is a Killing vector, i.e., a function u = Z?:l a'(u)p; that



satisfies { H, u} = 0. One of the three quadratic constants is a square of the Killing vector
1.

The problem we solve here is supplemental to that of Koenigs: Suppose we have a
Hamiltonian H = Y ¢“p;p; + V(u) that admits a Killing vector. We determine the
potentials that correspond to superintegrability, i.e., potentials such that we can find at
least two extra functionally independent quadratic constants of the form

2
A= a"(u)pp; + Mu) .
ij=1

A necessary condition that this be possible is that the Riemannian space be one of the
four listed by Koenigs:

1. ds* = (z + y)dzdy
2. ds® = (L + b) dud
(x —y)? /
3. ds® = (ae_(g“ry)/2 + be_x_y) dzxdy

(x—y)/2 (y—=z)/2

a (e +e +b

4. ds* = ( )2 dxdy.
(e(ﬂc—y)/2 — e(y—x)/2)

The first of these spaces, type one, or Dq, has been treated in detail in an earlier
paper [1]. Here we treat the remaining three Darboux spaces in a similar and unified way.
Sections 2, 3, and 4 are devoted to the spaces Dy, D3, and Dy, respectively. In each space
we follow the same pattern.

1. We first consider a classical free particle system and give the free Hamiltonian H,
the Killing vector K and the two Killing tensors X; and X, in a space with a
conformally Euclidean metric (real or complex). We choose coordinates u and v
in which the first order constant is K = p,, hence u is an ignorable variable, not
appearing in the metric or in the Hamiltonian.

2. We present an embedding of the two-dimensional Darboux space into a three-
dimensional flat space.

3. We present a polynomial relation between the four integrals of motion H, K, X;
and X,, and also the polynomial algebra generated by these integrals.

4. We consider the quantum mechanics of a free particle in the corresponding Darboux
space, i.e., write the corresponding Hamiltonian and integrals of motion as linear
operators. We then establish that the relations between these operators are the
same as those between the classical quantities.

5. We use the fact that the Killing vector K generates a one-dimensional Lie transfor-
mation group to classify all integrals of motion

A =aX; +bXy + cK? (1.1)



into conjugation classes. Each class gives rise to a coordinate system in which the
Hamilton-Jacobi and Schrodinger equations allow the separation of variables. We
construct these separable coordinate systems explicitly and solve the corresponding
separated equations (classical and quantum).

6. By construction, the free classical and quantum systems in Darboux spaces are
all quadratically superintegrable: they have 3 functionally independent integrals of
motion. We introduce potentials that do not destroy this superintegrability. Thus
we present systematically all superintegrable classical and quantum systems of the

form
H = Hy+ V(u,v) (1.2)

where Hj is the free Hamiltonian in the space D,, D3, or D4. To obtain this result
we make use of the fact that to be quadratically superintegrable, a Hamiltonian in
a Darboux space must allow the separation of variables in at least two coordinate
systems.

A separate section, Section 5, is devoted to the relation between superintegrable sys-
tems in Darboux spaces and two-dimensional spaces of constant curvature.

2 Darboux spaces of type two

2.1 The free particle and separating coordinate systems

If we allow rescaling of the variables = and y, as well as the Hamiltonian H then we can
always take H to be of the form

(x—y)*
Hy=———p.p,. 2.1
e R &1)
In the coordinates = $(v + iu), y = 3(v — u) this Hamiltonian becomes

a WP (p+p?)
0= "5 3 -
us+1

Associated with the Hamiltonian are three integrals of the free motion

2 4y,2 201 — 12)p2
+2upupv> X2 = (U “ )pv ru ( - )pu +2uvpupv-
u2+1

20(p2 — u’p)
u? +1

K = Do, Xl =
These three integrals satisfy the following polynomial algebra relations:

{K,X,} = 2(K? - Hy), {K, X5} = X1, (X1, Xy} = 4K X,. (2.2)
They are functionally dependent via the relation

X? —4K*Xy +4Ho Xy —4HZ = 0. (2.3)



The corresponding problem in quantum mechanics can be obtained via the usual
quantisation rules and symmetrisation:

2 u’ - o 2v
Hy = 2402, K=0, X =-—(0>—u*d)+2ud,0,+0,
0= 270t a), D, Xi (u2+1)(8v u*0?) + 2ud, 8, + 0,
X, = ! ((02—u4)82—|—u2(1—v2)82> + 2uvd,0, + ud, + vo 1
2 u2+1 v u u-v U v 47

where the constant in the last expression is taken for convenience. The commutation
relations are identical with those of the corresponding classical algebra:

[Kle] :2(K2—ﬁ0) [K7X2] :le [X1,X2] :2{K7X2}-

Here {K, X,} = %(K’Xg + X,K). The operator relation (that exists in analogy with the
functional relation in the classical case) is

K2 22, Ko} + 4HoXs — 4BZ — o+ AR? = 0.

The line element ds* = (du? + dv?)(u? + 1)/u?® can be realised as a two-dimensional
surfaced embedded in three dimensions by

/9 1 2 1 2 4 2 2‘/ 2 1
X:u’ Y_T:ui_'_’ Y+T:_( u” + ou 282}) vt —garcsinhu,
u U u

in which case,
u?+1
ds® = dX? +dY? — dT? = —5—(du® + dv?) .
U

We wish to determine all the essentially different separable coordinate systems for
the free classical or quantum particle. In order to do this we need to consider a general
quadratic constant of the form A = aX;+bX,+cK?. Under the adjoint action of exp(a k),
X, and X5 transform according to

X; — X1 +20(K? — Hy),  Xo— Xyo+aX,+o*(K?*— H,).

JFrom these transformation formulae we see that if b # 0 we can always take A in the
form A = X, + BK2. If b = 0 then there are two representatives possible: X; or K?. We
have the following cases:

X, + BK?, X, K?. (2.4)

We now demonstrate the explicit coordinates for each of these representatives using
methods of our previous article[1].

2.1.1 Coordinates associated with X, 4+ 3K?

If we choose 3 = b?, b # 0 suitable coordinates w, ¢ are

u=bcoshwcosp, v=bsinhwsiny, (2.5)



the standard form of elliptical coordinates in the plane. The classical Hamiltonian has
the form ) )

2+ p?
sec? ¢ — sech?w + b2 (cosh2 w — cos? <p) '

H(] -
The corresponding quadratic constant, expressed in these coordinates is

(sec? @ + b%sin® ) p2 + (sech’w — b? sinh® w) p?

Xy +VPK? =
2 (sec? p — sech2w) + b2 (cosh2 w — cos? p)

The Hamilton-Jacobi equation is

() ()

sec2 p — sech?w + b2 (cosh2 w — cos? p)

= E’
with solutions of the form

WE L (24 51)(Q+ fa) L /(B — )P — )
SW@ZT(/Q\/ 01 C“”/a\/ = dq’)'

where 31 + By = —\/Eb?, B1y = —1/b*, & = cos? p, Q = cosh®w. The corresponding
Schrodinger equation

(2+02) ¥

sec? p — sech?w + b2 (cosh2 w — cos? go)

=LV

has solutions of the form
mG) (o 1 m (. 1 .
U = 4/cospcoshw S;"Y [ isinhw, _ZEb Ps | sin ¢, _ZEb , j=1,2

where Si"9(z, k) and Ps™(t, k) are spheroidal functions [8] and E = m? — i

2.1.2 Coordinates associated with X,

Here we use polar coordinates:
u=rcost, v=rsinf. (2.6)
The classical Hamiltonian has the form
Hy — TP,
r? + sec? 6
and the corresponding quadratic constant is
r?sec?0p? — p;

X, —
2 r2 + sec2 0




The Hamilton-Jacobi equation in these coordinates is

r? % 2+ @ 2
or 00 B

r2 + sec2 0

9

with solution

2
S(r,0) = VEr?2+ X— v\ arctanhy/ br )\+ A
— VX log (\/Xsin@—i-vE—)\coszH)

1 (E+\)cos?0 — 2F
+§\/E arCCOSh< (E'— \)cos? 0 ) .

The corresponding Schrodinger equation is

2\ 1 ov
7“28— +sin9£ ( 0 )
= EV,

or? 90 \ sinf 96

r2 + sec? 0

and has solutions of the form

U =Vrsind Cp s (\/—ET)PZ”(COSH), E:m2—1

1 ’
where C,(z) is a Bessel function and P}*(cos ) is an associated Legendre polynomial [8].
2.1.3 Coordinates associated with X;

A suitable choice of coordinates is

u=gn v=5(E-0). 2.7

The classical Hamiltonian in these coordinates has the form

__ pEtp
E+n’+amt+n

Hy

The corresponding quadratic constant is

(772+ n%) P — (52 - g%) P

X, —
' Et+p+E+L

The Hamilton-Jacobi equation has the form

as 2 aS 2
(%) + (%) .

4+ s+

Y



which has solution

B VEE + E— )2 R aretany N2 —2F
&2 WE 2VE\/EE + E — \¢2

+VE log (@(2]552 A +2EVEE B >\§2)

VED + E + 2 An? + 2F
- 5 - arctanh
n 2VE 2VE\/E + B + \¢2

+VE log (\/E(zEg2 N+ 2EVEE T E ¥ >\§2> .

S(&m) =

The corresponding Schrodinger equation is
2 2
OV + 0,V

=EV.
E+n’+ o+

Typical solutions are

1 2 2
v = —\/5_77 Mx,u(\/ﬁg )M—x,u(\/ﬁn )

where M, ,(z) is a Whittaker function [9] and E = 4p* — 1.

2.1.4 Coordinates associated with K?

The representative K? has associated with it the coordinates u and v, in which the ignor-
able variable has a fundamental role to play. The Hamiltonian and constant associated
with this separation have already been given. The Hamilton-Jacobi equation has the form

v ((9SY L (95V) _ g
u?+1 ou v S

which has solution, with separation constant c,

2(F — ¢2 E
S(%U):\/u2(E—62)+E—\/Earctanh\/u( EC)+ + .

The corresponding Schrédinger equation has the form

u2

uz+1

(029 + 820) = EV.

Typical solutions are
\If:\/ﬂC,,< m2—Eu>emv

where E = 1?2 — i.

It is no surprise that the Hamiltonian is separable in elliptic, parabolic and polar
coordinates, since, if we write the classical equation H = E in u, v coordinates we obtain

1
pi+p§—E<—2+1) = 0.
u



This equation is essentially the same form as a flat space superintegrable system with
Cartesian coordinates u, v and potential a/u?, viz

(0%
petpi+——E=0.
u

It is known to be solvable via the separation of variables Ansatz in elliptic, Cartesian,
polar and parabolic coordinates. This correspondence between flat space superintegrable
systems and their curved analogues is essentially the way all the curved superintegrable
systems can be obtained and is discussed in more detail in section 5.

2.2 Superintegrability for Darboux spaces of type two.

In this section we address the problem of superintegrability for the Hamiltonian

2,2 2
u?(p; + p3)
Hy=—"F"—"". 2.8
0 u?+1 (28)
This is done in exactly the same manner as it was for the Darboux space of type 1 in
a previous paper [1]. The free space Hamiltonian is given and we compute the possible

potentials that correspond to superintegrability. There are four possibilities:

Al H = u? 2, .2 Lo, o as
[A] = g \ et oo tan | oot ) ae o).

A basis for the additional constants of the motion is

2+ d? 4o? 2
Ry = X1+%v<u2+u)+%(u2+ ? ) ek

2 u2 + 1 2 w+1) w41’
Rg = K2+CL1U2—|—(12’U.

These, along with R = { Ry, Ry}, form a quadratic algebra

1 0R? 10R?

{ ’ 1} 2 8R2 ’ { 7 2} 2 8R1 ( )
that 18 determined by the 1dent1ty

R?* = 16R} —4a,R? — 32HR? — 8ayR\ R,
+ 8a2HR1 + 16(H2 + CL1H — a1a3)R2 + 4CL§H — 4(13&3 .
The classical equation of motion H — E =0 is

a3—E
u2

—E=0.
4

1
P2+ po+ap (—u2 + 112) + asv +
The basic form of this equation is a superintegrable system in flat space, but with rear-
ranged constants, which is solvable via separation of variables in Cartesian and parabolic

coordinates.
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This accords with the fact that the leading part of a quadratic constant for this Hamil-
tonian will be an element of the orbits represented by X; and K2. So this Hamiltonian
also separates in the ‘parabolic’ coordinates &, 1 (2.7) and in these coordinates takes the
form

PR DR+ Gon (€5 1)+ Jaa (€1 — ) + as (G + )
- CH+E+E '

Adding the same potential and coordinate functions to the quantum Hamiltonian H,
and its corresponding commuting operators X; and K2, we obtain the operators

~ ~ u2 1 2 2 as
H = HQ—FTH(CM(ZU —|—U)—|—CL2’U+E)

2 2 2
. N ay o ut+4v as [ o 4v 2a3v
R = Xi+— _— — -
1 1+2v<u+u2+1)+2<u +u2+1 Wl

Rg = K2+CL1U2—|—(12’U.

El and ég commute with H and along with R= [}?1, ég], obey the corresponding quantum
quadratic algebra relations

[é, él] = —24é§ -+ 4&2&1 + 321{Iég — 8ﬁ2 — 861,1[? + 6(11 + 861,1(1,3 s
[R, 1—:{2] = —4(11R1 - 4(121—:{2 + 4(1,2[:1
and the operator identity
R? = 16R3 —4a1R? — 32HR? — 4as{ Ry, R,}
+ 8(12FIR1 + 16}}2[:{2 + 16(1,1FIR2 — 4(11(4&3 — 11)R2
+4(a§+8a1)f]—4b§ (az+3) .
2

u b2 b3
Bl H=— <p§+p§+b1 (u2+v2)+$+ﬁ).

The additional constants of the motion have the form

u? + v?
u2+1

2 b
R1:X2+ <bl(u2—|—’02)—b2—b3%> s R2:K2+6102—|—U—2.

The corresponding quadratic algebra relations can be determined, using (2.9), from the
identity

R* = 16R\R5 — 160, R? — 16 HR Ry + 32by(H — by — b3)Ry + 16(H + bs — by) HR,
— 16(by + b3) H? + 32b; (by — b3) H — 16b;(by — b3)*.

The equation of motion H — E' = 0 becomes

by—E) b
pi+p3+bl(u2+v2)+¥+—z—E:O.
u v
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This is a superintegrable system in flat space, but with rearranged constants, which is
solvable via separation of variables in Cartesian, polar and elliptic coordinates. Again,
this agrees with the observation that for this Hamiltonian we have quadratic constants
with leading parts K2, X, and X, + SK2 1In the latter two coordinate systems, the
Hamiltonian takes the forms:

(i) Elliptical coordinates (2.5)

o P2 + P2 + 1hib?(sinh® 2w + sin® 2¢) + by(sec? ¢ — sech®w) + bs(cosec?p 4 cosech’w)

sec2 p — sech®w + b2 (cosh2 w — cos? p)

(ii) Polar coordinates (2.6)

72p2 + pi + bir* + by sec? 0 + bycosec?d

H =
r2 + sec2 0

The corresponding quantum algebra relations are
R = —8{Ri, Ry} +8HR, +12Ry — 8H* +8(by — by — 3)H ,
,Ry] = 8R?—16b; Ry — 8HRy + 16bH — 16y (by + by + 3)
R? = 8{Ry,R% —8H{Ry, Ry} + 16H*R, — 16b, R? — 76>
+ 320, H Ry — 8b1(4(bs + by) + 3) Ry + 16(by — by + D) H Ry
— 16(by + by + 2) 2 — 8y (4(bs — by) + 3)H + by (36 4 48Dy — (4(by — by) + 3)2)

[
[

T >

R G
E+n’+ gzt

[C] H=

The additional constants of the motion are
af'+ D+ e +1) - +1)
(&% + 1)(& +n?) ’
E+n’) —caln = 1) —c3( = 1)
4(&%* + 1) ’

The corresponding Poisson algebra can be determined from the identity

R?* = 4RIR; — (cy + c3) R} + 16HR5 — 4c1 Ry Ry + 2c1c3 Ry — 16 H? Ry
+4(cy + c3) H? + (¢ — deges) H — ey

Ry = Xi+

R2:‘&+M

The Hamiltonian can be written in separable form for the following coordinate systems.
(i) Displaced Elliptic coordinates & = b’ coshw’ cos¢’, n = b sinhw’sin ¢'.

Pa 4P+ 10 (cosh? W' — cos? ¢') + ca(sec? ' — sech®w’) + c3(cosecy’ + cosech’w’)

b4 (cosh? w’ — cos* ' — cosh? W’ + cos? ') + sec? ¢ + cosec2y’ + cosechw’ — sechw’

These coordinates are not those given in (2.5) and are related to u and v by

1 1
u= 16'2 sinh 2w’ sin 2¢’ v = Zblz (cosh 2w’ cos2¢" + 1) .
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(ii) Polar coordinates & =1'cosf’, n=1"sind'.

r2p% + pi + c1r'? + cocosec?’ + ¢y sec? ¢

H
r’* + sec? § + cosec2f’

These coordinates are not those given in (2.6) and are related to u and v by
1
u = —r"?sin 20, v = 57"’2 cos 20’ .

The corresponding quantum algebra relations are

[
[

x>

Ry = —2R?—2¢,R, —16HR, 4+ 8H? — 6H
,]%2] = 2{]%1, 1%2} — (2 + 03)1%1 — 2¢1Ry + €103
R? = 2{R? Ry} +16HR? — (cy + c5 + 4)R? — 2¢1{Ry, Ry} + 2¢1(cs + 2) Ry
—16H?Ry + 12H Ry + 4(co + ¢3) H? + (¢ — deaes — 3(cy + ¢3) ) H — L3+ 4c3)c}

The equation of motion H — EF =0 is
—F —F
(c2 ) 4 (c3 )
€2 02

This is a superintegrable system in flat space, but with rearranged constants, which is
solvable via separation of variables in Cartesian, polar and elliptic coordinates.

=0.

pi+po+e—EE+n)+

w?(pi +pp +d)

D| H =
D] uz+1

The additional constants of the motion are

2dv d(u? + v?)

At e 2=t T

5 K:pv-

The corresponding Poisson algebra relations are
{K,R} =2K? —2H +2d, {K,Ry,} = Ry, {R), Ry} = —4KR,.
The functional relation between these constants is
R? —4K’Ry +4(H — d)Ry — 4H? + 4dH = 0.

The Hamiltonian can be written in separable form for all the possible types of separable
coordinates we have discussed viz.

(i) Elliptic coordinates (2.5).

e p2 + p% + b*d(cosh? w — cos? )

b2(cosh® w — cos? p) + sec? ¢ — sech’w
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(ii) Polar coordinates (2.6).

I r2p? + pp + dr?
© r24sec?
(iii) Parabolic coordinates (2.7).

_ Pty A&+
4+t

The corresponding quantum algebra relations have the form
[K,R] =2K*—2H +2d, [K,R)]=Ry, [Ri,R)]=2{K, Ry}
The operator identity satisfied by the defining operators of the quantum algebra is
R? —2{K? Ry} + 4HR, — 4dRy + 4K* — 4H* + (4d —1)H = 0.
The equation of motion H — £ =0 is

E
pe+pi+d—E—==0.
(%

This is a superintegrable system in flat space, but with rearranged constants, which is
solvable via separation of variables in Cartesian, polar, elliptic and parabolic coordinates.

3 Darboux spaces of type three.

3.1 The free particle and separating coordinate systems

With rescaling and translation of the variables z and y the Hamiltonian H has the form

ola+y)/2
HO 2 pxpy (31)

=
In coordinates r = v — v, y = u + v we can write this Hamiltonian in positive definite
form

_ le®(ph +p7)

T4 vl

Associated with the Hamiltonian are three integrals of the free motion

Hy

1 e Le"(e* +2) 1
K =p,, X, =- CosSVPE — ————2 cosv P2 + —e* Sinv pupy ,
b P feu 1 PP T Ty SRR ¢ SIOPP
L e sin v p? Lete" +2) sin v p? L “ cos
= - invp, — —————~sinvp; — —e U Pulu -
2T G e T T Pu ™3 Pub

The integrals satisfy the polynomial algebra relations

{KaXl} = _X2a {KvXQ}:Xb {XlaXZ}:KHO'
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They are functionally dependent via the relation
X{+ X5 — Hf — HyK? = 0.

The corresponding problem in quantum mechanics can readily be obtained via the
usual quantisation rules and symmetrisation.

o 1 2u ~
Hy =~ 02 + 02 K =20,
07 fev 41 (9u+.) ’
N 1 e le*(e* + 2 1 1 1
X, = 1 e“€+ 1 cos vai — 16257;_1) cos vag + 56“ sin 0,0, + Ze“ cos v, + Ze“ sin v0, ,
N 1 e 1e¥(e* + 2 1 1
X, = 1 e“€+ . sin v0? — Zeéii—il) sin v0? — 56“ cos 00,0, + Ze“ sin v0,, — Ze“ cos V0, .

The commutator algebra obtained has the same form as the Poisson algebra, and the
identity relating the operators is

A A A A A 1~
X12+X§—H§—H0K2+ZH0:O.

The line element ds? = (e + e~2*)(du? + dv?) can be realised as a two-dimensional
surface embedded in three dimensions by

X =vvet4e 2, Y —T=+Vev+e2u
1
Y+T = (1—v*)Ve v+ e 2u+log (1 +2e " +2Ve v 4 6_2“> + §arctan (2\/ eu + 6—2“) ,

in which case,
ds* =dX*+dY? —dT? = (e + e ) (du® + dv?).

Just as we have done in other cases, we wish to determine all the essentially different
separable coordinate systems for the free classical or quantum particle. To do this we
need to consider a general quadratic constant of the form A\ = aX; + bX, + cK2. Under
the adjoint action of exp(aK’), X; and X, transform according to

X1 — cosa X —sina X, X9 — sina X7 + cosa Xs.
JFrom this transformation law we see that A can take five different forms:
K2, X1, X, +vK?, X1 +iX, X, +iX, — K2 (3.2)

We now demonstrate the explicit coordinates in the case of each of these representa-
tives.



15
3.1.1 Coordinates associated with K2

These are the coordinates associated with the ignorable coordinate v and the Hamiltonian
has already been given in the u,v coordinates. The Hamilton-Jacobi equation is

1 e 0S\> [8S\*
_ _ + _ — E’ ,
dev 4+ 1 ou v

with solutions

S(u,v) - VAE(LF o) = e \/Earctanh < VE(e' +2) )

cev C

VAE(1 + e*) — c2e2v
—i—ilog( (Pe" — 2E) + c\/4E(1 + ev) —0262“) +cv.

The corresponding Schrodinger equation is

1 e

1 u+1(82+82)\11 EV,

with solutions of the form

\:[I — €_u/2M_1/\/j7 :I:m(4 V _E €_u)6imv.

3.1.2 Coordinates associated with X,

For the second representative in (3.2), a suitable choice of variables is
v v
=2 "2 cos = = 2 2 sin — .

§ 5 in

In terms of these coordinates the classical Hamiltonian has the form

(3.3)

_ Pty
ST Aty

and the corresponding quadratic constant is

2+ — 2+ E&)p;
204+ &2 +n?)

In &, n coordinates the classical Hamilton-Jacobi equation is

(%) (%)

4482 +n?

X1:

Y

which has the solution

S = %g BE2 +2F — (

) og E+\/E£2+2E )
)log E+\/E77 T 2E + )

1
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The Schrodinger equation is
(0 +0,)¥

T By
44 &2 +n? ’

which has typical solutions

¥ = Doy (A4E) ) D_provam (£(4B) )

in terms of parabolic cylinder functions D, (z) [8, 9].

3.1.3 Coordinates associated with X, + vK?>

For the third case it is convenient to take the representative as b2X; + 2K2. Here we
identify coordinates via

& =bcoshwcosp, n = bsinhwsin . (3.4)
The classical Hamiltonian has the form

PL+ 1

Hy =
: 2b2(cosh 2w — cos 2¢) + 1b4(cosh® 2w — cos? 2¢)

and the corresponding quadratic constant in these coordinates is

(8 cos 2¢p — b? sin 2¢)p?, + (8 cosh 2w + b* sinh 2w)p?,

DX+ 2K =
' 8b2(cosh 2w — cos 2¢) + b4(cosh? 2w — cos? 2¢)

In the ¢, w coordinates the classical Hamilton-Jacobi equation has the form

(&) - (5)

2b2(cosh 2w — cos 2¢) + 1b%(cosh® 2w — cos? 2¢)

=F,

and has the solution

S(w, ) = —b2f</\/ _312_1 dQ+/\/ﬁl 1_(1) 52)d<1>>

where oy + ay = =) — By = =8/V?, ayas = — 132 — 4N/ EV?, Q0 = cosh 2w, ® = cos 2.
The corresponding Schrodinger equation
RV + 02V
2b2(cosh 2w — cos 2¢) 4 1b%(cosh® 2w — cos? 2¢)

=Ev

Y

separates with U = ®(p)Q(w) in the equations
2 2 174 174 _
(0@+2b Ecos2p + gb"Ecosdp + A+ 5b E><I> = 0,

(92 ~ 2B cos2w — L' Beosdw — A= WE)Q = 0,
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which has typical solutions

U, = g, (gp, bW—E, zb@) gc, (w, bW—E, zb@)
U, = g, (go, bW/—E, zb@) gs, (w, bW—E, zb@)

with corresponding separation constant given by \,, = u,,b*(1 + b*)E /8. The functions
appearing here are even and odd Whittaker Hill functions [10].
3.1.4 Coordinates associated with X; + X,

In the case of a system specified by the fourth representative there are, in fact, no separable
coordinates. However, in the coordinates

the classical Hamiltonian takes the form
2pep
Hy=—""=-%Y
T oy 1241

and the corresponding constant is
X, +iXy =2yHy — p2.

The solution of the Hamilton-Jacobi equation
8S 08
2012 4o
is

S:x\/Ey—/\jL\/Elog<\/Ey—§§+\/Ey2—)\y) .

The corresponding Schrodinger equation is

2
-
2y~ 12 + 1

which has solutions

vE
@EW@—J?Q+2EMEﬁ—mW> VI

U —
vVEy— )\
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3.1.5 Coordinates associated with X; +iX, — K?

In the case of a system specified by the fifth representative an appropriate choice of
coordinates is

5_7 Vi, o= (%/W \/W) (35)

The corresponding classical Hamiltonian has the form
1o — VD,

L R e ET—

and the quadratic constant is
VA + 2)pupl, — 12 (v — 2)vpi,
(H+v)2+p—v)
In the u, v coordinate system the classical Hamilton-Jacobi equation has the form
) <05)2 ) <as>2
F\on) ~ " \av
a ~F

(n+v)2+p—v)

X, +iXy — K* =

Y

which has the solution
S(u,v) = VEu:+2Ep+ A+ VE log (\/E(l—l—u)—l— \/E,LL2+2E,LL+)\>
E
— /X arctanh At Ep
VAMER?+2Ep + A
+VEV? —2Ev + A+ VE log (\/E(l —v) + VEL2 —2E1/—|—/\>

Y arctanh ( \— Ev )
arctan .
VIMWEV2 —2Ev + \

The Schrodinger equation
10y (10, V) — v0, (v9, V)
(L+v)2+p—v)
separates with W = A(u)B(v) into the equations

— B,

(80 (10,) = En® = 2B = ) AGu) =0, (v0,(v0,) — Bv* = 2Bv — *) B(v) =0,
and has solutions, in terms of the Whittaker function M, ,, of the form [9]

1
=Mz, (2VE 1) M_yz, (2VE v).
If we write the classical equation H = F in £, n coordinates we obtain
P+, —EA+&+7n°)=0.

This is in the form of a flat space superintegrable system which can be solved by separation
of variables in Cartesian, polar, hyperbolic and elliptic coordinates.
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3.2 Superintegrability for Darboux spaces of type three.
In this section we address the problem of superintegrability for the Hamiltonian
g 1t n)
4 evr+1
We arrive at three possibilities: [A], [B], [C].

p§+p%+a1§+a277+a3
A+ 8+

[A] H =

The additional constants have the form

2012+ 1%) — 2a9m(2 + £2) + az(n® — £?)
44+ &2 +n?) ’
an(n® — 2 +4) + ax€(§2 — > +4) — 2a3én
444+ +n?) '

R = X1+

Ry = Xo+

The corresponding quadratic algebra can be determined from the identity
R* = HRi+ HR;+ L(a5 — a})Ri — ta1a2 R,
— H? + $a3H? + 1=(2a3 + 2a] — a3)H — gas(ai + a3) .
This Hamiltonian separates in a family of coordinate systems obtained by translating the

given separable system via £ — £ + a, n — 1 — a. The corresponding quantum algebra
relations are

[R, Rl] = —I{Iég + %alaQ s [é, ég] = [j[él + %(CL% — (I%) s
R2 = F[R% + I{Iég + %(ag — &%)Rl — ialang
- H3+ %(ag + %)H2 + 1—16(2(13 +2a3 — a2)H — %ag(af + a3)
As in the case of free motion, the equation H = E becomes
p§+pg+a1§+a2n+a3 —E@+&+17)=0.

Again, this is a superintegrable system in flat space but with rearranged constants.

PE D+ 5 b

[B] # = 4482 +n?

The additional constants are

2011 (? 4 2) — 20262(82 4 2) + bs(n® — £°)
44+ +n) ’

2
Ry = K4 — +—. (3.8)

R = X1+
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The corresponding quadratic algebra relations are determined by

R* = —4R{Ry— (b1 + bo)R; + AHR5 +2(by — bo)HR; + 3b3(bs — b1) Ry
+ 4H?Ry — 2bsH Ry + 205 Ry — (by + by) H?
+ (Lb3(by + b2) — bibe) H — 2b3(by + by).

This Hamiltonian separates in all the separable coordinate systems given in Section 2.1.
The Hamiltonian has the explicit forms

(i) In u, v coordinates,

. e (p2 + p2 + 1bysec? ¥ + Lbycosec?y + bge™)
4(ev +1) ’
(ii) In the elliptical coordinates (3.4),

o P2+ 1% + by (sec? ¢ — sech?w) + by (cosec® + cosech’w) 4 bsb? (cosh’® w — cos® ) |

2b2(cosh 2w — cos 2¢) + 1b4(cosh? 2w — cos? 2¢)

The corresponding quantum algebra relations have the form

[
R,

JRi| = 2R} —4AHR, —2H*+ (by + 1) H — 102
Ry = —2{Ri,Ro} — (bi + by + )Ry + (b1 — bo) H + 1(by — 1),
R? = —2{R%} Ry} — (by + by +5)R? + 4HR?
+2(by — b)) HRy + by(by — by) Ry + 4H* Ry — (2by — 1) H Ry + 102 R,
— (b + by — 2)H?* + (L(by + 2)(b1 + bo) — by — biby — 1) H — Lb2(by + by — 2).

o X

As in the case of free motion, we observe that equation H = E becomes

by by
PPt o atpth- E@+&+n°)=0.
This is a superintegrable system in flat space, with rearranged constants, that separates
variables in Cartesian, polar and elliptic coordinates.

1/2
@ V2

Wepn — v, +e(p+v) + 02“+V + st
(h+v)2+p—v)

The additional constants of the motion have the form

] H =

2.2 2 1 _ _ _
it £ 2(bp=v) e pmv (=)

Ri= X1 +iXs — _
! LA pv(2 + p—v) v S22

The corresponding quadratic Poisson algebra relations can be determined from

R2 = —4R2R% + 802HR1 — 40102R1 + 1603HR2
+ 16c3H? 4 4(c3 — deyes) H + 4cics .
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The quantum algebra relations are
(R, Ry] = 2R? — 8¢3H | (R, Ro] = —2{Ry, Ry} — Ry + 4coH — 2¢1¢4
= —2{R% Ry} + 8¢, HRy + 16¢3 HRy — 5R? — deyey Ry
+16c3H? + 4(cs 4 ¢ — deyes) H + 4ccs .
As in the case of free motion, equation H = E becomes

8co 16¢3(& —in)
€+in)?  (E+1n)?

a superintegrable system in flat space with rearranged constants, that separates variables
in polar and hyperbolic coordinates.

Pi + P+ 201 + — B4+ +n") =0,

,qufL — V2p2 + dyp + dov + d(p® + 1v?)
(H+v)2+p—v) '
The additional constants of the motion have the form
,LLI/(dl(I/ —2)+do(pp+2) +2d3(v — pn + uu))
(h+v)2+p—v)
(1= v) (= v) (daps + dyw) = 25 (4 + 0% + (2 + = v)) )
dpv(p+v)(2+p —v) '

D] H =

R = X;+iXy— K?—

Y

R2 - Xl—ng—

The corresponding quadratic Poisson algebra can be determined from
R? = 4R\R3 —4AHR Ry + d3R) — 4H?Ry + 2(dy + do) HRy — dyda R,
+4H? — 2(dy + do) H? + i((dl + do)* 4 ds(dy — d1)>H —ds(d? — d3).
This classical system also separates in elliptical coordinates obtained by choosing new

variables defined by the roots of the characteristic equation of R; + Ry, that is, the
elliptical coordinates (3.4) with b = 2i. In these variables the Hamiltonian has the form

P+ P2 + 2(dy + da)(cos 2¢ — cosh 2w) + 2(dy — dy)(2i sin 2 4 sinh 2w) + 2d3(sinh 4w + 2i sin 4¢)

H =
8(cos 2¢ — cosh 2w) + 4(cosh? 2w — cos? 2¢p)

The corresponding quantum algebra relations are
R, R] = —2{Ri,Ro}+2HR, + Ry +2H* — (dy +do + ) H + Ldrdy
[R,Ry] = 2RZ—2HR,+ id>
R? = 2{Ry, R —5R>—2H{Ry, Ry} + d*Ry — 4H?Ry + (2d, + 2dy + 5)HRy — dydy Ry
+AH? — (2dy +2dy + 1)H? + (3(dy + d2)? + d3(do — d1)) H — 1ds(dy — & + d2)

=~ X

As in the case of free motion we observe that equation H = E becomes
(dz dl)(f 77) 8d3(€ + i)

—in)? +4 \/—< _ZUJF\/T)

p§+p727+d1—|—d2—4d3+
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= (B —d3)(4+ &+ 1),
a superintegrable system in flat space with rearranged constants that separates variables
in elliptic and hyperbolic coordinates.
2, 2
+p,+c
E] =T
4482 +n?

The additional constants of the motion are

4448 +n?’
and K. The corresponding Poisson algebra relations have the form
{K7R1}Z_R2a {KaRQ}:Rla {RlaRQ}:HKv

and the functional relation between these constants is

C2

2 R _HK? - H2+SH-S —o.
R?+ R} +3H =15 =0

This Hamiltonian separates in all of the four types of separable coordinate systems
available, and the corresponding expressions for the Hamiltonian can be deduced from [2]
by taklng b3 =C, b1 = bg =0.

The quantum algebra relations are

~ A A

[Kaél]:_é2> [K7R2]:Rl> [R17R2]:[:[K7

and the associated operator identity is

. . o . 1\ - 2
R§+R§—HK2—H2+<§+Z)H——:O.

4 Darboux spaces of type four

4.1 The free particle and separating coordinate systems

With rescaling of the variables x and y, the Hamiltonian H can be taken in the form

(ex—y _ ey—z)2
Hy = =Dy - 4.1
07 ery + eV 4 a PaDy (4.1)

In coordinates x = v + iu, y = v — iu, we can write the Hamiltonian as

sin® 2u(p? + p2)

Hy =
2cos2u + a

It admits constants of the motion

K=p, X\ = e (—HO + cos 2u pi + sin 2u pupv) , X9 = e~ (—Ho + cos 2u pz — sin 2u pupv) )
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These integrals satisfy the polynomial algebra relations
{K, X} =2X,, {K, Xy} = —2Xo, {X1, Xp} = —8K?® — 4aK H,.
They are functionally dependent via the relation
XXy — K* —aK?H, — Hi = 0.
The corresponding quantum operators are

N —sin%2u

Y (83 + 83) , X, =¥ (—ffo + cos 2u(0? + 0,) + sin 2u(9,0, + Gu)) ,

A

K =0,, Xy=e% (—f[o + cos 2u(0? — 8,) — sin 2u(0,0, — Gu)> .
Their algebra is determined by the relations

K, X, =2X,, [K,Xy]=-2X,, [X1,Xy]=—8K®—4aKH, - 4K,
and the operator identity is
%{Xl,)@} _ R~ aHyK? = 5K — H? — ay = 0.

The line element ds? = (2cosu + a)(du® + dv?®)/sin® 2u can be realized as a two-
dimensional surface embedded in E(2,1) by (assuming a > 2)

X =+va+ 2cos2uv, Y —T =+/a+ 2cos2u,

(a—2) \/m 2 \/m 9 2
Y+T = ——_[I(x, —. p)+1(x, p)—va T 2cos2u,
2(a+2)[ (x a+2(r;+1) p)+I(x a+2(rs+1) p)l—Va Ccos 2uv

where

2(a + 2cos2u) P=Var2

and II is an elliptic integral of the third kind [8]. Then ds* = dX? + dY? — dT".

Just as we have done in other cases, we wish to determine all the essentially different
separable coordinate systems for the free classical or quantum particle. To do this we
need to consider a general quadratic constant of the form A\ = aX; + bX, + cK2. Under
the adjoint action of exp(aK’), X; and X, transform according to

2 2 1 2
SmX:\/(CH— )(cos2u + 1)

X7 — exp(—2a) Xy, Xy — exp(2a) Xs.

If we regard two such quadratic expressions as equivalent if they are related by a combi-
nation of group motions and the discrete transformation observed above, then the equiv-
alence classes of these expressions can be chosen to have the following representatives:

K?, X, v X+ K2, X1+ Xy + K2 (4.2)
In the last of these are three cases to distinguish: v =0, v = 2 and v # 0,2. The various
separable systems involved can now be computed.
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4.1.1 Coordinates associated with K?

These are the coordinates associated with the ignorable coordinate v and the Hamiltonian
has already been given in the u,v coordinates. The Hamilton-Jacobi equation is

sin? 2u 0S\*> [05\?
— - —_— + [ — = F
2cos2u + a ov ou

It has typical solutions

S(u,v) = —ilog <z’(02 cos2u — E) + C\/E(a + 2 cos 2u) + 2 sin® 2u)

_1 E 1 2 E_ 2 9
*3 E(a+2) al"Ctanh( (a+1)+c*+ (B —c)cos2u )
C

VE(a+ 2)(E(a+ 2 cos2u) + ¢ sin’ 2u)
E(a—1)+ &+ (E+ ¢*)cos2u N
cv.
VE(a —2)(E(a+ 2 cos2u) + ¢ sin® 2u)

1
+ % E(a — 2) arctanh <

The corresponding Schrodinger equation is

) 2 2
sin” 2u 0\If+8\11 _ Fu,
2cos2u +a \ Ov? ou?

which has the solution

1 1 1
U=,k <§(>\ —€y —€_), §(>\+ €+ +e), €4+ §,Sin2u) e
where 1 1

and oF) is a Gaussian hypergeometric function [11].

4.1.2 Coordinates associated with X,

If we choose new coordinates
1 . 1 .
r = log 5(# —iv) |, y =log 5(# +iv) ), (4.4)

then the Hamiltonian takes the rational form

4?3 (p? + pl)
(a+2)p?+ (a—2)v2

0= —

In this case the corresponding choice of coordinates has already been given, and the
quadratic constant in these coordinates is

_ Ma+2)pPpp — Ao —2)v%p]
? (a+2)u?+ (a —2)v?
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The Hamilton-Jacobi equation

v ((5) +(5))
T (a+ 22+ (a—2)2 =E

has solution

Spv) = i\/(a —2)E + A\p? — z'\/(a —-2)E arctanh\/(a _(a2>—EQ;_E)\M2

5 aretan (a+2)E — \v?
+V(a+2)E - 2 —+/(a+2)E arct h\/ )

The corresponding Schrodinger equation has Bessel function solutions of the form

V=V Oy s (32 0) € i (32 )

4.1.3 Coordinates associated with v.X, + K2

In the case of the third representative the transformation
p = ccoshwcosp, v = csinhwsin (4.5)

gives the classical Hamiltonian

4(pZ +p2)

H = .
(a — 2)(sech’w — sec? ¢) — (a + 2)(cosech®w + cosec?(p)

The classical constant associated with this coordinate system is

2

—CZX2 + K?
((a —2) sec® ¢ + (a + 2)cosec’p) p + ((a — 2)sech®w — (a + 2)cosech’w) p2

(a — 2)(sech®w — sec? ) — (a + 2)(cosechw + cosec2y)

The Hamilton-Jacobi equation in these coordinates is

A(p% +1r3)
(a — 2)(sech®w — sec? ) — (a + 2)(cosechw + cosec2y)

=F

and has solutions of the form

1
S(w, ) = Z\/Xlog (\/X (Acos2p + 2aF) + )\\/BE + 4aF cos 2¢p — \sin® 2@)

1 2F S8E — A\ 2p(A+ 2F
7 (a+2)FE arctanh( o + oos2p(A + 2Fa) )

2v/(a + 2)E(8E + 4aFE cos 2p — Asin? 2¢p)
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1 —2F SE — A\ 20(—\+2F
~ 4 (a — 2)E arctanh ( o - oos2p(=A+ 2Pa) )

2v/(a — 2)E(8E + 4aE cos 2 — Asin® 2p)

1
+ Z\/Xlog (\/X (Acosh2w — 4FE) + AV Asinh? 2w — 8 cosh 2w — 4aE)

AE + X+ 4aE + cosh2w(4E — \)
2\/(a + 2)E(Asinh® w — 8F cosh 2w — 4aF)

+Vva + 2 arctan

—4FE 4+ X+ 4aF + cosh2w(4E + \)

+va — 2 arctan
2\/(a — 2)E(\sinh?w — 8F cosh 2w — 4aF)

The Schrodinger equation has the form

4 82_\11 + 82_\11
ow?  0p?

=LV
(a —2) (sech’w —sec2 ) — (a + 2) (cosech’w + cosec2p)
with corresponding solutions
= A 4+ A 1
U = (sin ¢ sinhw)™ (cos ¢ coshw)™ o F} <€+ +€2 : & +€2 i -t 5 sin? gp)

= A _+ A 1
X oF Grte ,€++E + Je_ 4+ =, —sinh*w
2 2 2

with e defined by (4.3).

4.1.4 Coordinates associated with X; + X, + vK?

For the coordinates corresponding to the fourth representative we make the transformation
u = arctan(exp ), v = /2, so our Hamiltonian has the form

p2 + sech’ap?

H=—4 (4.6)

a—2tanha
This can be realised in terms of projective coordinates on a two-dimensional complex
sphere via s; = cosh avcosh 3, sy = icosh asinh 3, s3 = isinh « where s? + s3 + s2 = 1.
The Hamiltonian can be written as
Jt+ I3+ J§

2is3

—=i ta
s%—i—s%

These two ways of realising the classical Hamiltonian are useful in determining the various
possible separable coordinate systems.

We consider the most general case first, i.e., v # 0,2. We make use of the transfor-
mation equations

H=4

b XY +1
sinha =1 )
2V XY
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2/ (A X + A )(AX + A (ALY + A (ALY + AY)

(A2 + A2)(XY +1)+ 24, A (X +Y) ’
applied to (4.6) to give classical Hamiltonian in the form
XAX+A)AX+ADp, —Y(AY + A ) (ALY + A )ps
ALA(X —Y)((a+2)XY— a+2) '

tanh 0 =

H=-16XY

The corresponding classical constant associated with this coordinate system is

A2 + A%
X, + X+ 2@}{2

(AL X +A)(A_X + Ay) (a(A+Y FANALY £ Ay) - 24, A (Y2 — 1)>X2p§<
6

ALA_(A2 — A2)(X —Y) <(a +2)XY —a+ 2)

(ALY + A )(A_Y + A,) (a(A+X FANAX +AL) - 24 A (X2 — 1))Y2p§
— 16

ALA (A2 — A2)(X - Y) ((a YXY —at 2)

The Hamilton-Jacobi equation has the form

0X oy
AL A (X —Y) ((a L 2)XY —a+ 2)

_16ny(A+X FA)AX + AL (0_5) L V(ALY + ALY (ALY + A) (as ) 2

and solutions

1 1 ax - X 1 ay -Y
SXY) = JALA (AX/Y\/(Z)—X)(C—X) dX+>\Y/?\/(b—Y)(c—Y) dY)
where )\X — )\y = —(CL + 2)EA+A_/16, ax = (CL — Q)EAx/16, ay = (a — 2)E>\y/16,

b= —A+/A_, C = —A_/A+.
A further change of coordinates

A

1 1
X:_Esnz(o/jLiK/,k)a Y = —so(3 + iK', k), k= A

k

is convenient for writing the Schrodinger equation
Pv 9?0V
1 (5 + 57)
(a+2)k* (sn?(o/, k) —sn?(0, k) + k%(a — 2)

The separated equations are versions of Lame’s equation [12]. Indeed if we look for
solutions of the form ¥ = A(a’)B(') then

=LV.

02/1((1//) 1 4 2/ 1 N —

*B(0) 1oy
23” +<‘Ek

E(a+2)sn*(8, k) — )\2) B(3) =0
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where A\; — Ay = —F(a — 2)k?/16. Solutions of these separation equations can be repre-

sented as Riemann P functions [13] of the form
0 0 k2 00
P(z)=| 00 0 1— 34+ kE(a+2)) sn’(zk)
1+ 2\/4+k*E(a+2)

N N

L1 1
2 2 2

for z =o', 3.

The case v = 0 can easily be deduced by putting A, = ¢A_, as can be seen from the

expression for the associated classical constant.
If v = 2 then a convenient choice of coordinates is

x = log (tan(gp’ - iw')) , y = log (tan(gp’ + iw')) :
The corresponding classical Hamiltonian has the form
Ho Pa + Pl
a+2 a—?2

sinh? 2w/ * sin? 2¢
The classical constant is
(a +2) sin® 2¢'p?, — (a — 2) sinh® 2uw'p?,
(a +2)sin?2¢’ + (a — 2) sinh? 2w/

X1+X2+2K2:CLH+
The Hamilton-Jacobi equation in these coordinates is
aS\>  [9S)*
_l_
oy’ o) 5
a+2 n a—2
sinh? 2w’ sin® 2¢/

which has solutions

' —2)F
S W) = % A arctan\/% sec? 2 + tan? 2’

! (a —2)FE arctanh\/se(32 2¢' + tan? 2¢’

2 (a —2)E

) AV
+ %\/X arctan\/% sech?2w’ — tanh? 2w’

’ A
— %\/ (a+2)E arctanh\/sech22w’ — — tanh®2w’

(a+2)FE
The corresponding Schrodinger equation is
0*W N oa\}
12 12
_ Oy Ow N
a—+ 2 a—2
sinh? 2w’ sin? 2y’

(4.7)
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which has solutions of the form

Lo M—(a— 1 —(a
U = +/sin 2¢'sinh 2w’ P? e 2)E((:os 2¢") P2 i +2)E(cosh 2w'")

where PH(z) is a solution of Legendre’s equation.

This completes the list of possible coordinate systems which are inequivalent and
separable for this particular Hamiltonian. We notice in particular that the equation
H — E =0 can be written in the equivalent forms

2(p2 + 2)+1E a—2—|—(a+2)’u—2 =0 Py n-p(=25_ 4] =0
M p# Dy 1 2 ) 1 2 3 S% T S% )

both superintegrable systems on the complex two-sphere, the first of which is written in
horospherical coordinates.

4.2 Superintegrability for Darboux spaces of type four.

There are various possibilities for the potential in this case: [A], [B], [C], [D].
4pv? . 11 o
(a+2)p? + (a—2)p? (pﬂﬂ’lf*“l*a? Bt e ) taalt 1) ).

The additional constants of the motion have the form

[A] H = -

Ry = K*+a(0®+v%) +a3(p® +v°)?,

2a, ((a +2)u? — (a — 2)1/2> + 16ay + 4as ((a +2)pt — (a — 2)l/4>
(a+2)p?+ (a —2)v? '

The corresponding quadratic algebra relations are determined by

R? = 16RR; — 256a3R} — 64a, R, Ry — 256aasH Ry — 1024asa3 Ry + 64a; H Ry
— 256a3H? — 64a;(a + 2)H — 256a7a; .

Ry = Xy+

This Hamiltonian admits a separation of variables in coordinates corresponding to the
equivalence first, second and third classes of Section 4.1. For the second this is covered
by the choice of coordinates p, v.

(i) For coordinates corresponding to the first equivalence class, we obtain the Hamil-
tonian in the form

sin? 2u (p2 4 p? + 4a,e® + 4aycosec?2u + 4aze?)

2cos2u+a
(ii) For coordinates corresponding to the third representative (4.5) the Hamiltonian
takes form
0o 4(p2 +p}) + 4a1c*(cosh? w — cos? @)

(a —2) (sech®w — sec ) — (a + 2) (cosech®w + cosec?y)
16as (cosech®2w + cosec?2¢) + azc*(sinh? 2w + sin® 2¢)
(a —2) (sech’w — sec ) — (a + 2) (cosech’w + cosec?y)
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The quantum algebra relations are
[I:{, Rl] == —8{[:{1, Rg} — 16[%2 — 320,1]:[,
[R,Ry] = 8R2—256a3Ry — 128aasH — 32(a> + 4as + 16asa;)
together with the operator relation
R? = 8{Ry, R?} — 256a3R? — 80R? — 256aasH Ry — 64(16asas + a° + 4as) Ry
+ 64a; HRy — 256a3H? + 64a(4as — a?)H + 128(al® + 4as + 8asas — 2a2as).
As in the case of free motion we observe that the equation H = E is
as — Ha—2)E L2 H(a+2)E
112 2

a superintegrable system in flat space with rearranged constants, that separates in elliptic
and hyperbolic coordinates.

pL+ D+ a1+ +az(p® +v*) =0,

14

b b
.2 2, .2 2 3
sin” 2u | p, + py, + + +0b
<p b sinh?v  cosh? v) !

[B] H=—
2cos2u+a

The additional constants are

Rl - Xl—l—Xg

b b
201 cosh 20 + (by + bs)(4 — a®) + (cos 4u + 2a cos 2u + 3) ( - 22 — 32 )
sinh“v  cosh®v

* 2cos2u + a

by b3

sinh?v  cosh®v

Ry = K’+
The quadratic algebra is given by
R?* = 16R’R, — 64R3 — 64aH R5 + 64(2bs — 2by — b1) R3 + 32a(by + bs) Ry Ry
— 64H?Ry + 64(by + bs) HRy + 128a(bs — by) H R,
— 16((4 — a2)(b2 + bg)2 + 8b1(bg — bg)) Rg + 128(b3 — bg)H2 — 64b1(b2 + bg)2 .
This Hamiltonian admits a separation of variables in coordinate systems corresponding

to the first and fourth equivalence classes of (4.2). The defining expressions have already
been given in terms of coordinates for the first. For the fourth, we distinguish two cases.

(i) v#2
XA X —AN)AX —A )k +Y(ALY + A (ALY + A )p2

Ho= 16Xy A A (X -Y)a—-2-(a+2)XY)
Aby(A2 — A2)XY Aby(A2 — A2)XY
by (XY +1) + (A — 43) (A= — 43)
N (ALY +A ) (AL X+A) (AAY+ANDAX+ AL

a—2—(a+2)XY
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(ii) v =2

1 1 ) 4by 4bs3

2 2
/ !/ b
Py TPy + 01 ( cos? 207 + cosh2 o

_l_
sinh? 2w’ sin? 2¢’
a+ 2 a—2

_l_
sinh? 2w’ sin? 2y

H=—

The corresponding quantum algebra relations are

[R,R)] = —8R?+ 96R%+ 64aH Ry — 16a(by + bs) Ry + 64(2by — 2b5 + by + 3) Ry
+ 32H? + 32a(2b, — 2b3 + 1)H
+ 64b1 (by — bg) — 8(a® — 4)(by + b3)? 4 32(by + 2by — 2b3)
[R,Ry] = 8{Ry, Ry} + 16a(by + bs)Ry — 16Ry + 32(by + bs)H — 16a(by + bs) ,
R? = —64R}+8{R% Ry} — 64aHR? — 64H?Ry — 80R? — 64(2by — 2b3 + by + 7) R
+ 16a(by 4 bs){ Ry, Ry} + 64(by + bo) HRy + 64a(2b5 — 2by — 1)H R,
— 160a(by + bs) Ry + 16((a2 — 4)(by + ) + 8(by + 1)(bs — by) — 4by + 32) Ry

+128(bg — by + 1) H? 4 128a(by — b + 1) H

+ (by 4 b3)?(128 — 80a® — 64b;) — 128(by + 2)(bs — by — 1) — 256.
As in the case of free motion, equation H — E' =0 is
2()1 2b2

_l_
NE R (81+\/s%+s§> \/ 83+ 83 (sl—\/s%jts%)

JP4+J3+ I3+ + bs

215
—E|—=—2—_+a]|=0,
/83 + s3
a superintegrable system on the complex sphere that separates variables in spherical,
elliptic and degenerate elliptic type 1 coordinates.

P 2 4o -
oI T o2 T cosh?w! |\ sin? ¢ sinh?w’
a+2 a—2 '
— + -
sinh” 2w’ sin” 2¢’

€] i =~

These are coordinates associated with v = 2 in the fourth representative from (4.2). The
constants of the motion associated with this Hamiltonian are

R, = Xi+ Xo+2K?+aH

a—+2 C3 C1 a—2 C3 Co
) 5+ > T o2 S 12 2
sinh® 2w’ \sin“ ¢’  cos® ¢ sin”2¢’ \ sinh®w’  cosh”w’
+ .
a+2 a—2
2

; + =
sinh? 2w’ = sin®w’
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R2 - Xl—X2+

a+ 2 a—2

; + —
sinh? 2w’ sin®w’

c3 (2 cos? ¢/ (sinh? W’ — sin? @’)) +1

a+2
— "~ | ¢y cosh 2w tan? ' — ¢y cos 2" —
sk 2 1 i ; ’ sin? '
o 'tanh? o' ;O (2 cosh? w'(sinh? w’ — sin® o) + 1)
———— | cacos 2¢’ tanh” W’ + ¢; cosh 2w’ — —
sin” 2¢/ s

They satisfy the quadratic algebra determined by the identity

R?* = 16R} — 16R R5 — 32aHR? +32(cy — ¢)R? +16(a* — 4)H* R,
+32((a+2)c; — (a — 2)co + 4e3) HRy
— 16(2¢5 — ¢} — 3 + 6cz(cy + ¢a) + 4erea) Ry — 32(ca — c3)(c1 — e3) Ry
—16((a+2)(c1 — c3)* 4 (a — 2)(c2 — c3)*)H — 32(c1 — ¢2)(3¢3 — c1c — c3(cr + ¢2))

The Hamiltonian admits a separation of variables in a number of coordinates systems
corresponding to various combinations of the operators R, and Ry. We exhibit the various
possibilities.

(i) For the constant R; — Rs, the associated separable coordinates are those corre-
sponding to the third representative in (4.2) with v = 1. In these coordinates, the
Hamiltonian is

c1+ca+2c3  (c1+4ce)cosh2w — c3cos2p

4 2 + 2 + _
(P, + ;) 2 sinh? 2w 2 sinh? 2w sin? 2¢

1 1 1 1 '
—2 - —(a+2 +
(a=2) (cosh2 w  cos? gp) (a+2) (sinh2 w  sin? <p)

(ii) In coordinates corresponding to rotations of the fourth representative in (4.2) with
v #0,2, that is, B3 X, + (B} — B2) X, + (2B¥ — B2)K?, the corresponding Hamil-
tonian has the form

H =

H =16 {—X(B¢ + X)(By + X)px +Y(Bx +Y)(Bs + Y)py + — (— - —)

(X -Y)+2(B:-B - -~

XY+ i)(H—B;Y 11 B-X  1+B.Y 1+B.X
(B2 — B2) a—2  a—=2 n a+2  a+2

FOUF\1+B:X 1+ByY 14+ BY 1+B:X

+ (“;(2 - “;2+(a+2)(x—m)] |

Here, By = B,/B_ and By = B_/B.. The Hamiltonian associated with Ry can
be obtained from this last case by taking B_ = v/2B,.
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The quantum algebra relations are

[
[

| = 8{Ry, Ry} +16Ry 4+ 16(c1 — ¢3)(c2 — ¢3)

| = 24R? —8R?—32aHR; + 8(a* — 4)H?* 4+ 32(c; — co — )Ry

7R1
7R2 2

= =

A

+16((a+2)c; — (a —2)co + a + 64c3)H
+ 80% + 86% — 160% — 32¢109 — 48c3(cq + ) + 16(c1 — ¢2) .

The operator identity is
R? = 16R} —8{Ry, R2} +32(c; — 1 — I)R? — 80R2 + 16(a® — 4)H*R,
+ 32((@ +2)c; — (a— 2)eg + 4eg + a) HR, + 16(0? + 5 —2c2 — 6es(cr + c2)
— 40102 + 2(01 - 02) - 8) Rl - 32(02 - Cg)(Cl - Cg)RQ + 16(@2 - 4)1:[2
- 16(<a 1 2)((e1 — e3)? — 2¢1) + (@ — 2)((cz — ¢3)? + 23) — 8z — 4a)ﬁ
— 32(01 — 02)(?)0% — C1Cy — 03<C1 + 02))
+32(c] + ¢ — dezler + c2) — 2¢165 + 261 — 2¢).
As in the case of free motion, the equation H = F is

’i(Cl + Cco + 203)81 ’i(Cl — 02)(51 + ng — 53)
4./83 + 53 4N/24/ (81 + i82) (53 — i52)

9en — or — . g 9

(2¢5 — 1 C.g)(Sl + '68.2 + s3) N i(c1 — ¢2) o 151 _0
V(51 4 is2)(s3 + is9) 44/2 s34 2

which is a superintegrable system on the complex sphere, with rearranged constants, that
separates variables in elliptic and degenerate elliptic coordinates of type 1.

JE+JI 4+ TR~

1 1
4120 lpi +pi+d (E + ﬁ)}

D] H# = - (a+2)u?+ (a—2)12

This Hamiltonian admits three classical constants of the motion
d(p? + v?)? 16d

! 1+(a+2),u2+(a—2)1/2’ 2 2+(a+2),u2+(a—2)1/2’

K:Mpu+ypu-

The Poisson quadratic algebra satisfies the relations
{K, R} = 2Ry, {K, Ry} = —2Ry, {R), Ry} = —8K® — 4aK H — 16dK.
These three extra constants are related via the identity
—RiRy + K* + aHK? + 4dK* + H> = 0.

This Hamiltonian admits a separation of variables in all the coordinate systems that
are possible. We need only give the expressions in terms of the fourth representatives. In
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the coordinate system associated with the fourth representative and for which v # 2 the
Hamiltonian can be written as

XA X - A)AX - ANpk — V(ALY + A )(AY + Ay )pi
(X —Y)(a—2— XY(a+2)A A
1dALA_ (XY +Y + XY? + X)
(X -Y)(-a+2+XY(a+2)A A’

H = 16XY

and for the case v = 2 this Hamiltonian has the form
1 1
2 2
+po 4+ d +
Per b <sinh2 2w sin? 2¢/ )
a—+ 2 a—2
sinh? 2w’ sin? 2y’

H =

The corresponding quadratic algebra relations are
[K, Ry =2Ry, [K,R)]=—2R,, [Ry, Ry =—8K®—4aHK —16dK — 4K,

subject to the operator identity
1 ~ - . P A A A
—5{31, R} + H?* +aHK?* + K* +aH + (5+4d)K* +4d = 0.

This completes the analysis of the superintegrable potentials associated with the four
metrics of Darboux.

5 Relationship to constant curvature superintegrable
potentials

In sections 24 we have found, by means of exhaustive calculation, all superintegrable
potentials in the Darboux spaces of revolution having two or more quadratic integrals.
Once these are expressed in suitable coordinates, it is clear that each is simply a multiple
of one of the superintegrable potentials on the complex Euclidean plane or two-sphere,
that have been enumerated in [7], though that was by no means evident in advance.

In each case we can start with a Hamiltonian of the form

H:Ho—i—OéVE], (51)

where Vj is a function of the coordinates x and y, and « is a constant. Dividing
the Hamilton-Jacobi equation, H = FE, throughout by V[ and rearranging gives a new
Hamilton-Jacobi equation in which the roles of the energy E and parameter a have been

exchanged.
Hy FE
H=——-—=—qa. 5.2
T (5.2)
Clearly, the integrability and separability of one system guarantees that of the other. It
is this relationship between the harmonic oscillator potential written in Cartesian coor-

dinates and the Coulomb potential in parabolic coordinates that has been discovered by
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many authors. Transformations of this type relating integrable systems were described in
a more general context by Hietarinta et al in [14] and called coupling constant metamor-
phosis. See also [15] where the Stdckel transform and its close connection with variable
separation was emphasized.

The preservation of integrability under such a transformation can be demonstrated
explicitly by noting that if {Hy, Lo} = 0 and

H=Hy+aVy and L= Ly+ ot (5.3)

are in involution, i.e., {H, L} = 0, then so are

H

H == and L' =Ly—{(H . (5.4)
Vo

Any identities involving integrals associated with (5.1), give rise to corresponding

identities involving integrals associated with (5.2) and are obtained by the replacements

a— —H' and H—0. (5.5)

5.1 Generating the Darboux spaces of revolution by coupling
constant metamorphosis

Taking each of the degenerate potentials from [7], that is, the potentials with Hamiltonians
having one first order and two quadratic integrals and performing a coupling constant
metamorphosis we arrive at a Hamiltonian having one first order K and two quadratic
constants, X; and X,. These must be free Hamiltonians either on one of the four Darboux
spaces of revolution or one of the constant curvature spaces, Fy(C) or So(C). After
comparing the Hamiltonians so generated, it can been seen that this approach generates
all of the Darboux spaces of revolution.

Knowing the Poisson algebra for each Hamiltonian involved and how coupling con-
stant metamorphosis modifies this algebra, we can determine which Hamiltonian has been
generated, even if it appears in unfamiliar coordinates. Note that some transformations
reproduce the free Hamiltonian on E5(C) or Sy ¢, and some Darboux spaces can be gen-
erated from two distinct constant curvature potentials.

For each Hamiltonian we have four linearly independent constants of the motion.
These, however, cannot be functionally independent and there is always a polynomial
identity in K, Xy, Xy and H that is of fourth order in the momenta. We can use this
identity to classify the possible Hamiltonians. Up to freedoms in choosing X; and Xj,
scalings of K and coupling constant metamorphosis, we find that there are 5 classes of
identities that involve all of the constants. The correspondences between these identities,
degenerate superintegrable potentials from [7] and the Darboux spaces of revolution are
summarised in Table 1. Note that because we allow coupling constant metamorphosis,
H has the same status as parameters in the the potential and the coefficients A and B
appearing in the representative identities may be functions of H. The labels in bold (e.g.
E3, S3,...) refer to [7]. Those Hamiltonians in Table 1 on the complex two-sphere, that
is, S3, S5 and S6, are represented with three coordinates si, s; and s3 constrained by
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s?+ 82+ 52 =1and J, = Sops, — S3Psy, Jo = S3Ds; — S1Dsy and J3 = s1p,, — Saps,. The
potentials E12, E14, E4 and E13 are functions of x — iy and hence division of p2 + pg
by these potentials reproduces the flat space Hamiltonian.

For example, starting from the algebraic identity for constants associated with the
Hamiltonian and integrals

«@
H=pi+p+—5+a  (E6), (5.6)
ay 2 Oéyz
Xl:(xpy_ypx)px_P’ XQZ(xpy_ypx) +?> K:pya

that is [7],
X2+ K’Xy — (H— )Xy +aK? =0,

we find that applying the transformation (5.4) gives

2 2 2 2 2 2,.2
pi+p y e +p,  ylp, — 2°p;)
H/: T Y X/: o )Py — — x y: Y x N
L1 1= @Ry ype)Pe — s Zr1 PPy
2 2 2 2 4 2\ 2 2,,2,.2
2o, +p,  (2f+at —yt)p, + 2ty
Xéz(xpy—ypx)z-i-; i+1y= :)52—1—1y — 2XYPapy K =K,
1‘2
and using (5.5),
XP+ KX, — HX, - HK"”=0.
Then
X!'=2X|, XJ=-X,+H, H'=H', K'"=K',
gives

X{/2 _ 4K”2Xg + 4H”Xg o 4H//2 =0
the identity (2.3) associated with the Darboux space of type two (2.1).

5.2 Generating superintegrable potentials on Darboux spaces

The Hj in equation (5.3) may itself contain potential terms and if these are chosen so
that H is superintegrable, then so will be H'.
For example, taking the superintegrable Hamiltonian on the complex two-sphere S1
7) p
o s 1—4s
Bs3 + 7( 3)

H=J+J;+J;
! * 2 * 3 * (51 — i52>2 (51 — i52)3 (81 — ’i82>4

+9

and dividing though by (s; — isy)™2 — 1 gives, after a change of coordinates, the super-
integrable potential [A] in a Darboux space of type 2. The same Hamiltonian can be
generated by dividing E2 throughout by 72 + 1.

Each potential in Table 1 is compatible with the addition of further terms while
maintaining superintegrability, and in using the method demonstrated above, all superin-
tegrable Hamiltonians found in Sections 24 can be generated. The correspondences are
given below.
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Table 1: Correspondences between constant curvature superintegrable potentials and
Hamiltonians for Darboux spaces of revolution.

Degenerate superintegrable
potential on Fy(C) or

Hamiltonian for Darboux
space of revolution

Representative identity

S2(C)
P + p2
E5: 4z Dy: % X+ AX,+ K*+B=0
u
1 20,2 4 2
E6: — +1 Dy Pt D) X2+ K2X, + AXy + B =0
x? u?+1
1
S5: _ -1
(s1 —1i59)?
Ei2. W L5 g X2 4 KXy + A=0
T
a
E14:. ——
\/x—iy+6
P2 + 2
E3: 22 244 Dy ——— X1 Xo+AK?+B=0
Ayt S N 1X2 + +
2
E18: ——+1
V2 + y?
a+2 p2 + p?
S3: 5 —a+2 Dy: a+; 5 X Xo+K*+AK? +B =0
83 F_‘_ V2
9
S6: &4—@
V82 + 83
E13: —— 43

VT —1y
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5.2.1 Darboux spaces of type 1

The potential E5, Vi = 4x, appears in each of

E2 : a(4x2+y2)+ﬁx+l2+5
s

E3’ Ca(? )+ Br+yy + 0
oy

E9 L N Ll

VT —y T — 1y

The potential labelled E3' is a translation of E3 . Adding these potentials to Hy = p2+ pi
and dividing by 4z produces the two real non-degenerate potentials found in [1] and an
additional complex one given in this paper. (The details of the quadratic algebra and
defining operators for the Hamiltonian derived from E9 can be computed using (5.2)).

5.2.2 Darboux spaces of type 2

The potentials E6 and S5 appear in each of following.

_ G
E1 [B] : oz(x2+y2)+?+ﬁ+5
E2 [A] : a(42®+y?) + Pz + % +4
1 B gl
E16 [C — | a+ + +9
N ( Y~ R m)
a (83 (1 — 422)
1 [A :
S SR P v e P R T
ol p V(1 + is2)
2 B =
S [B] s3 + (1 — is9)? + (s1 —is9)3 o
s4 [C] o B 1

. +0
(s1—182) (/s + 83 (81 —isy)\/53 + 53

The superintegrable system generated after dividing by 272 + 1 or (s; — isy)™2 — 1 as
appropriate is indicated by label the [A], [B] or [C]. The apparent over abundance of
superintegrable potentials generated in this way for Dy is resolved by noting that the
same potential can appear in more than one coordinate system.

5.2.3 Darboux spaces of type 3
The potentials E3 and E18 appear in each of

El [B] a(x2+y2)+§+%+5
E3 [A] : a(@®+y)+Br+yy+6

N ) e (R R e
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+y(z? +y?) 4+
a(z +1iy) N 16

E8 [C] @ —)? " (z—iy)? +y(x*+y7)+6
E16 [B] 1 . B n v +6
Nz R VR
o B il
el Vi @t aram e i
ar — iy) B
E D
19 D] \/(x—iy)2—4+\/($+iy)($—i9+2)

Y
N

1
oo - 2 2 _ 2 2
E20 [A] : " (CH—B T+t Yy T —Vx +y)+5

As before, once the possibility of changes of coordinates in taken into account, the above
list produces only those superintegrable potentials found in section 3.2.

5.2.4 Darboux spaces of type 4
The potentials S3 and S6 appear in each of

a 3 v(s1 + is2)
S2 [A = 0
[A] s2 + (s —i89)2 + (s1 —is9)? +
o Bs3 Y
S4 [A : . + + +
[A] (51 —isp)? 2482 (81— is2)\/ s + S5
as (52 g
S7 [B,C] : + + =44
[B,C] Vi st 532482 s
S8 [C] 02&‘31 : X 5(81 —|.-’L>82 — 83? ’}/(51 —|>-’L>82 + 53? I s
V3 + 82 \/(s1+isa)(s3 —is2)  \/(s1+is2)(s3+ is2)
so B] : “+217.4;

81 S 853

As before, once the possibility of changes of coordinates in taken into account, the above
list produces only those superintegrable potentials found in section 4.2.

6 Conclusion

In this paper we have discussed in some detail three of the four Darboux spaces of rev-
olution that have at least two integrals of classical motion quadratic in the momenta in
addition to the Hamiltonian. In each case we have also presented an exhaustive list of
potentials for each of these spaces which when added to the Hamiltonians of these spaces
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preserve this property i.e. that there are still two extra integrals of the classical motion.
These are the superintegrable systems associated with the systems of Darboux. The
property of extra integrals also extends easily to the case of the corresponding quantum
systems. For each of these systems we have calculated the corresponding quadratic algebra
relations and shown that in each case the Hamiltonians that we obtain arise from constant
curvature systems via a coupling constant transformation. We have also discussed the
solutions of the corresponding classical and quantum problems in each of the inequivalent
coordinate systems and have also given some of the embeddings of these spaces in three
dimensions. In the last section we have shown how the free Hamiltonians of Darboux are
related to the superintegrable Hamiltonians on spaces of constant curvature via coupling
constant transformations. We also list how the corresponding superintegrable systems of
spaces of constant curvature are related in this way to the superintegrable systems that
we have found. This classification is comprehensive and complete.

Let us very briefly review the current status of superintegrability in two-dimensional
spaces. Most of the published work [3, 4, 5, 6, 7] concerns quadratic superintegrability
for classical, or quantum Hamiltonians of the form kinetic energy plus a scalar potential.
Once a specific space is chosen, superintegrable systems in the space can be classified
under the action of the corresponding isometry group. Systems in the same class are not
only mathematically equivalent, but also have the same physical properties. In classical
mechanics they will have the same trajectories and the trajectories will be periodic, if
they are bounded. Similarly, in quantum mechanics superintegrable systems in the same
class will have the same energy levels and eigenspaces.

Quadratically superintegrable systems exist in spaces of constant curvature and also
in Darboux spaces. A Darboux space is defined by the fact that it allows one Killing
vector and two (irreducible) Killing tensors. This article completes the task of classifying
all quadratically superintegrable systems in all of the above spaces.

The results are quite rich. Indeed, in the real Euclidean space FE,, we have four
E(2) classes of superintegrable systems [3, 4]. They are physically quite diverse. One is
an isotropic harmonic oscillator with additional terms, called E1 above in Section 5. A
second is an anisotropic harmonic oscillator with additional terms (called E2 above). The
third and fourth are Kepler (or Coulomb) systems with two different types of additional
terms, respectively. In complex Euclidean space E5(C), or correspondingly in the pseudo-
Euclidean space E(1,1), one obtains 6 more classes [5].

Two classes of superintegrable systems exist on the real sphere S,, four more on the
complex sphere S5(C) [6]. On the real Darboux spaces Dy, ..., Dy we have obtained 3, 4,
4, and 4 classes of systems, respectively. One more for the complex space D3(C).

. From the mathematical point of view the situation is much more unified. As was
stressed above, superintegrable systems that may correspond to quite different physical
situations may be related by coupling constant metamorphosis. Once we allow this type of
equivalence, many fewer equivalence classes exist. For instance, in real Euclidean space we
only have two classes, because the Kepler potentials with additional terms are equivalent
to isotropic harmonic oscillators (in one case with the additional terms). All superin-
tegrable systems in Darboux spaces are related by coupling constant metamorphosis to
systems in spaces of constant curvature. For D, Dy and Djs this is always flat space,
complex or real. Two of the systems in D, are related to systems in real Euclidean space.
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The other two are related to systems on a complex sphere. The relation is of course not
unique and depends on the choice of coordinates (see Section 5).

A typical feature of quadratic superintegrability for scalar potentials is that quantum
and classical superintegrable potentials coincide. They allow separation of variables in at
least two coordinate systems in the Schrodinger and Hamilton-Jacobi equation, respec-
tively.

Superintegrability involving third order integrals of motion has also been considered
[16, 17]. There the situation is quite different. Multiseparability is lost. More interestingly,
quantum superintegrable systems exist (in real Euclidean space) that have no classical
analog (in the classical limit they reduce to free motion).
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