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Axisymmetric Solutions to a coupled

Navier-Stokes/Allen-Cahn Equations
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Abstract

We investigate a family of axisymmetric solutions to a coupling of Navier-Stokes
and Allen-Cahn equations in R3. Firstly, a 1D system of equations is derived from
the method of separation of variables, which approximates the 3D system along its
symmetry axis. Then based on them, by adding perturbation terms, we construct
finite energy solutions to the 3D system. We prove the global regularity of the
constructed solutions in both large viscosity and small initial data cases. These

solutions can be considered as perturbations near infinite-energy solutions.
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1 Introduction

In this paper,we shall study the following coupled Navier-Stokes/Allen-Cahn equations
in R? x (0,400) :

u+(u-Vju = —Vp+rvAu—- AV (Ve Vo), (1.1)
Vou = 0, (1.2)
e+ (u-V)p = y(Ap— f(9)). (1.3)
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We assume u and V¢ decay sufficiently fast in the infinity. Here u is a vector function, ¢ and
p are scalar functions, and f(¢) = 7}%(41)‘3 — @), v, A\, 7, n are positive constants. In addition,
V¢ ® V¢ is a tensor product-e.g., (Vo @ Vo)i; = (V@)i(Veo);, 1 <1, j <3.

Multiplying (1.1) by u, (1.3) by A(—A¢+ f(¢)), then adding them up, and using integration
by parts combined with (1.2), we get the basic energy law

i (I8 4 AITOIE + 26 = DI?) = ~0AalP + X80 - F@I), (1)
where || - || denotes the L? norm in 3D space ([gs |- |2d$)%.

The system (1.1)-(1.3) can be viewed as a phase field model describing the motion of a mixture
of two incompressible viscous fluids (see [30]). The fluids are separated by a thin interface of
width 1. The velocity vector of the mixture is represented by u, the pressure by p, the fluid
kinetic viscosity by v, and the phase of the fluid components by ¢. The phase ¢ takes the value
1 in one bulk phase and —1 in the other. In the interfacial region, it undergoes rapid but smooth
variation. It is assumed that the interface possesses a free energy E, = [, #(QZ)Q — 1)2+%\V¢|2d:ﬂ
caused by the mixing of fluids. Motion of the interface is caused by energy dissipation, which is
given by ¢y = —0E,/d¢. The term V¢ ® V¢ in the momentum equation is the induced elastic
stress due to the mixing of fluids. Finally, A corresponds to the surface tension and ~ the elastic
relaxation time.

In another point of view, the above system (1.1)-(1.3) is closely related to the liquid crys-
tal model, Magnetohydrodynamics (MHD) equations, and the viscoelastic system with finite

Weissenberg number. All of these are shown in the appendix.

1.1 Navier-Stokes Equations

The system (1.1)-(1.3) possesses many essential properties of the Navier-Stokes equations.

We note that the system includes the Navier-Stokes equations as a subsystem,

w + (u-V)u+ Vp =rvAu, (1.5)
V-u=0, (1.6)
ulpo =0, uli=g = up. (1.7)

Multiplying (1.5) by u, and noting (1.6), (1.7), the basic energy law for Navier-Stokes equations

can be written as

1d

5&”“”%2(9) = —v[|VulZ:(q)- (1.8)

It is well known that the weak solution is unique and regular in 2D (see [28]). The situation in
3D, however, is more complicated. We recall that the Leray-Hopf weak solution of the Navier-

Stokes equations is defined as a vector field u € L>(0,T; L*(2)) N L2(0,T; H'(Q)) satisfying
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div u = 0 in the distribution sense, the energy inequality

t
Ja(t) 220 + 2 /0 V() 220y 5 < [uol2aqy e t € [0,7]

and
/ / —u-,+ (u-V)u 1b+Vu-V1/J)dxdt—/uo(x)'z,b(x,O)dw,
Q

for all ¥ € C§°(Q x [0,T),R3) with div 1 = 0. The Leray-Hopf weak solution was constructed
in [15] and [10], and the regularity of weak solutions has always been an interesting problem.
In 3D, either a large viscosity constant v (depending on ug and f) or small initial data ug
(depending on v), say, |[uo| 1) < &, are required to ensure the existence of a global classical
solution (|28]). Later, as an approach to the regularity problem, J. Serrin in [26]| studied the
regularity criterion of the Leray-Hopf weak solutions, and obtained that if in 3D a weak solution
u € LP(0,T; L9(S2)), where % + % <1,2<p<o0,3<q< oo, then u is regular, and becomes
smooth in space variables on (0,7]. After Serrin’s work, there are many improvements and
developments regarding the study of regularity criterion (see [7]). It is found, in particular, the
Leray-Hopf weak solution becomes smooth in (z,t) if w € LP(0,T;L%(Q2)), with % + % <1,
2 <p<oo,3<qg< oo Some results about the partial regularity properties of suitable weak
solutions to the Navier-Stokes equations were developed in [1], where it was proved that the one-
dimensional Hausdorff measure of the set of singularities of the suitable weak solution is zero.
Later, a simplified proof of this result was provided in [18]. The partial regularity result provides
an important characterization of the nature of possible singularities of the 3D Navier-Stokes

equations.

1.2 Axisymmetric solutions

In this paper, we study only axisymmetric solutions to (1.1)-(1.3). There have been some
interesting developments in the study of axisymmetric solutions to the 3D Navier-Stokes equa-
tions, see for example [2], [3], [24], and [27]. The 2D Boussinesq equations are closely related to
the 3D Navier-Stokes equations with swirl (away from the symmetry axis). Recently in [2], [11],
the authors have independently proved the existence of solutions to the 2D global viscous Boussi-
nesq equations with viscosity entering only in the fluid equation. And most interestingly, in [12],
the authors constructed a smooth solution of (1.5)-(1.7), with initial conditions ug = u(r, z,0)
satisfying

ol ~ T [Vl ~ AVAL,
where A and M are constants to be determined. Since |[uol|z2(q)l|Vuollz2(0) = A2 by choosing
A large enough, [[ugl|z2(q)l[Vuol|z2(q) can be made arbitrarily large. Thus, it violates the small-

ness condition that guarantees the existence of global classical solutions to 3D Navier-Stokes

equations.



Motivated by these results, it seems natural to study the properties of 3D axisymmetric
solutions to our system (1.1)-(1.3). For this system, we construct a family of global classical
solutions with finite energy, which can also be regarded as perturbations of near infinite-energy
solutions.

In contrast to the asymptotic expansion method in [12], we use the much more straightforward
method of separation of variables to derive a system of 1D equations. Then, based on the
solutions to these equations, using cutoff functions, we construct a family of finite energy solutions
to the 3D system (1.1)-(1.3). After that, through a detailed study of weighted norm inequalities,
we prove the global regularity of the solutions we construct in the case of large viscosity and

small initial data.

1.3 Basic settings and 1D special configurations

Let

7750)7 €y = (_gugao)v ez:(070’1) (19)

r r

be three unit vectors, where r = /22 + y2. We can decompose the velocity field as
u=0"(r,z,t)e, + ul(r, z,t)eq + v*(r, 2, t)e..
The vorticity field is expressed similarly as

1
w = —W)(r,z, t)e, + O (r, 2, t)eg + — (ruf), (1, 2, t)e.,
r

where w? = (v"), — (v?),. To simplify our notation, we will use u and w to denote u? and w? in

the rest of our paper.
Throughout the paper, V2, A, and V will stand for the Laplace, modified Laplace, and

gradient operators, respectively in cylindrical coordinates,

0% 0 0?
2 r
_ 9 o 0 1.1
v 3r2+r +822’ (1.10)
9% 30 0? 0?
A= —+—+—==A+- 1.11
o T T rt o (1.11)
V = 0rer+0.e,. (1.12)
Rewriting (1.1)—(1.3) into cylindrical coordinates, we obtain the equivalent system
r z 2 1 1 r
ug +v"uy 0, = v(VS - 5)u— —v'u, (1.13)
r r
r z 2 1 1 2 1 T
w+v'wr +vtw, = v(VE - S)w+ —(ut), - —v'w
r r r
1
A0V — V2. = —5612), (1.14)
1
~(VP=5w = w, (1.15)



W)+ -+ (%) = 0, (1.16)

o + 0 o + V7P, = ’y(V2¢ — 7]12¢3 + 7712¢) (1.17)

Here u and w stand for # components of velocity u and vorticity w respectively, and v" and v?
are the other two components of u. v is the angular stream function, which is related to v" and

v* as follows:
w10

=5 U= ra ) (119

One can alternatively derive the following 1D equations :

(e +205(u])s = vluf)es +2097):05, (1.19)
@D+ 205 @D = (W) + (@), (1.20)

—(¥1)zz = Wi, (1.21)
<%%w%@&:=%%mf%wW+%%. (1.22)

Here u7, wi, 9] and ¢ are functions of only z and ¢.
We will consider solutions with periodic boundary conditions in the z direction with period

1, hence in the rest of the paper we set

QO = [0,00) % [0,1], 0
1

<
o 1
Il = wmmf4é/’ywwwp
1 [e'e) A )
wm4—rummryéﬁ |- [rdrdz)t.

L2(0,00;X) = {z(t) € X for a.e. t| sup;c(,0)llzllx < o0}

o

1.4 Construction of solutions to the 3D system and main results

By the 1D equations to (1.19)-(1.22), we can construct a family of exact solutions to the 3D
system. If (u}, wi, ¥, ¢f) is a solution to the 1D equations, then (ruj(z,t), rwi(z,t), ri(z,1),
¢§(2,t)) is an exact solution to the 3D system. Therefore, it is reasonable to think that the
1D equations retain some essential nonlinear features of the 3D system. However, (ruj(z,t),
rwi(z,t), r](z,t), ¢§(z,t)) is an exact solution with infinite energy. Thus, we want to look for
global classical solutions to (1.13)-(1.17) with finite energy. To this end, we study solutions of

the following form :

a(ryz,t) = r(uj(z,t)x(r) +ui(r, z,1)), (1.23)
w(ryz,t) = r(wi(z,t)x(r) +wi(r z,t)), (1.24)



@(T,Z,t) = iz, t)x(r) +1(r, 2, 1)), (1.25)

¢(r;z,t) = oz, )x(r) + du(r, 2, 1), (1.26)

where u(r, z,t), @(r, z,t), ¥(r, z,t) are the  components of velocity, vorticity and stream function,
respectively, and x(r) is a cut-off function, which ensures the solution has finite energy. Here,
u1, wi, Y1 and ¢; are considered as perturbation terms.

Using a priori estimates of solutions to the 1D equations and delicate energy estimates, we
prove that if the viscosity v is large enough, then there exists a family of global classical functions
ui(r, z,t), wi(r, z,t), ¥1(r, z,t) and ¢1(r, z,t) such that a, @, ¥ and ¢ are global classical solutions
to the 3D system.

Since our system contains the 3D axisymmetric Navier-Stokes equation as a sub-system, one
can not expect better results. In fact, we get theorems in both the large viscosity and small

initial data cases. Our main theorems are stated as follows.

Theorem 1.1. For the 3D system (1.1)-(1.3), assume uj(z,0), ¥} (z,0), wj(z,0), and ¢i(z,0)
are smooth functions which are periodic in z with period 1. Then there exists a global classical so-
lution, in the form of (1.23)-(1.26), if initial conditions tig 2 (r, z,0) € HY(Q), ¢o £ ¢(r, 2,0) €
H2(Q) and v > vy(7, A, @1g, do).

In addition, without the assumption of large viscosity v, if we assume uj(z,0), ¥j(z,0),
wi(z,0), ¢§(z,0) are odd, periodic functions in the z direction with period 1, after some delicate

analysis, we can also get a global smooth solution, provided the initial data is small enough.

Theorem 1.2. Suppose the initial conditions for ui, wi, Y1, and ¢1 are smooth functions with
compact support and odd in z. Moreover, assume that n > 1, and |[@(0)||? + A||[V(0)]]? +
2—;‘2|]¢~5(0)2 —1)2 < \/% For any given v > 0, there exists C(v) > 0, such that if M > C(v)
and H(0) < 1 where H2(t) = ||rVuq||> + |[rAv1]|? + || V2¢1]|2. Then, solutions to the 3D system

(1.1)-(1.3) in the form of (1.23)-(1.26) are globally smooth.

The paper is organized as follows: a system of 1D equations is derived in Section 2 by
separation of variables. Some useful lemmas and estimates are prepared in Section 3, in order to
prove the regularity of perturbation terms later. The proof of global regularity of the solutions
to the 3D system in the case of large viscosity is provided in Section 4, while the corresponding
proof for small initial data is given in Section 5. Some related models and our future work are

discussed briefly in Section 6.

2 Derivation of the 1D system of equations

In this section, we use the method of separation of variables to derive the 1D equations.

Moreover, the regularity of solutions to the 1D equations is investigated. In the end, we present



a key observation of the connection between solutions to the 1D equations and those to the 3D
axisymmetric system.

Assume

Then (1.16) gives
[(@T)r + “] a(z, t) + 72V (2,t) = 0,

implying

7a(z,t) = b(z,1), (2.1)

(@) +—+0 = 0. (2.2)
Since v" = —,, v, = %%(rzﬁ) and w = (v"), — (v¥);, by (2.1) we get

Q_}T (’r) )

(
a(z,t) - _wfz(zvt)v (
(
(

<=

S

—~
=

~
Il

b(Z,t) = _¢T(zvt)a
w = __Tdﬁzz_‘_(ﬂz)ﬂbfa

then plugging (2.4) and (2.5) into (1.13) and (1.14), one arrives at

e -
iy —vui. = VYl v (“)’”(“)“rz] u“i+<r+(u)r>”’“wfzu; (2.7)

u U u
Wi — VWi, = <c‘u - - 74> Y1,y + 07w, + o Wt
(@)rr | (@0)r 1
N 2.8
+ [ @ + r@ 72| (2.8)

Comparing the r and z components in (2.8), we know immediately that ©* is a constant. From
(2.6), we have

W=7, WT = _wizw
Comparing the r and z components in (2.8) again, it follows that

@? @) , @) 1

€l
<
&
=
no



are all constants. As a result,

€l
I
(]
I
IS
1
=

together with (2.2) we obtain

v* = —2.
Consequently,
u(r,z,t) = ruj(zt), (2.9)
o' (r 2z, t) = —rlL(z,t), (2.10)
vi(r, z,t) = 2¢1(z,1), (2.11)
W(r,z,t) = ri(z,t), (2.12)
w(r,z,t) = rwi(zt). (2.13)

Plugging these into equations (1.13)-(1.17), one derives (1.19)-(1.22) of the 1D system.
Let vj = —(¢¥7).. Integrating the w] equation with respect to z and using —(¢7).. = wi, an

equation for v} is derived,
(W)t + 207 (v])z = v(v])zz + ui? — 0} — c(t), (2.14)

where ¢(t) is an integration constant, which enforces that the mean value of v] be zero. For
instance, if ¢ is periodic with period 1 in z, then ¢(t) = 3f01 vitdz — fol ui%dz. We point out
that the equation for wf is equivalent to that for vj. Using (1.19), (2.14) and the result in [12],

we can get some regularity results for the 1D equations in the following lemmas.

Lemma 2.1. Assume uj(z,0), ¢¥(z,0), wi(z,0) are smooth and periodic functions with period

1, then Y5 (2, 1), V5, (2, 1), ui(z,t), ui,(2,t), and wi(z,t) are uniformly bounded.

Lemma 2.2. Assume ¢*(z,0) is a smooth and periodic function with period 1, then ¢§(z,t) and

its derivatives are uniformly bounded.

Proof. Multiplying (1.22) by ¢, then integrating with respect to z over [0, 1],

1d * (12 Y ! *\4 * (12
Sd ¢oll72(0,1) + ol (90)"dz + v [1¢0. [ 72(0,1)

o ! * kK i * 12 < Y * 12 C i * (|2
= -2 ; V100, P0dz + o) l6l172(0,1) < 5 166201 722(0,1) + (? + ?) ¢0ll72(0,1)

C

Y x (12 Y * 12
S 5 160:1172¢0,1) + (; + ?) 011 740,1

< Do + (E+ e [ 60tz + €0 (2.15)
= 5 190:llz2(0,1) 5 Tt ) o : .
Multiplying (1.22) by ¢§,;, and integrating with respect to z over [0, 1], it follows that
) d [y, . Lt T
16600+ 5 3 196 Bnom + 5 [ (69)%02 = 515 16510
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1
- /0 Wibh.0mdz < 682201 + C 651220 - (2.16)

Multiplying (2.15) by a constant C, then summing up with (2.16), one arrives at

712 ”¢0z||%2(0,1) T / (¢9)'dz + (5 2772) ”¢o||%2(0,1)]
Cy " ~ C ~y Lo ~
HEL - O Mol + € |5 <,Y +ol)e] / (69)'d= < OCe). (217
Choosing C large enough and ¢ small enough that = — C > 0, (% + 2%)5 > 0, we get

Ay M E S R L /0 (64)'d= < C.

Applying Gronwall’s lemma, we have that

oo(z,t) € L™ (O,oo;Hl(O, 1)) ) (2.18)

Theorem 2.1. Let uj, wi, ¥, ¢ be the solution to the 1D equations (1.19)-(1.22). Define

ur,z,t) = ruj(z,t),
wir,z,t) = rwi(z,t),
b(r,z,t) = ryi(z0),
o(r,z,t) = dj(z,t). (2.19)

Then (u(r, z,t), w(r, z,t), Y(r, z,t), ¢(r,z,t)) is an exact solution to the 3D system (1.1)-(1.3).

Remark 2.1. The ezxact solution (u(r,z,t), w(r,z,t), ¥(r,z,t), ¢(r,z,t)) in Theorem 2.1 has

infinite energy in R3.

3 Preliminary work for energy estimates

In this section, using the solution to the 1D equations (1.19)-(1.22), we construct a global
classical solution to the 3D axisymmetric system with finite energy . To do this, some preliminary
work is necessary.

Denoting (u}(z,t), wi(z,t), ¥](z,t), ¢(2,t)) as the solution to the 1D equations, (a(r,z,t),
&(r,z,t), (r,z,t), ¢(r, z,t)) as the solution to the 3D system. Further, we define

= \ﬁz



Let x(r) = xo(g;) be a smooth cut-off function, where xo(r) = 1, if 0 < r < 1, and xo(r)
= 0, if r > 1. Our idea is to construct a global classical function (ruy, rwy, 1, ¢1), which is

periodic in z direction with periods 1, such that

a(r,z,t) = r(uj(z,t)x(r) +ui(r,z,t) = rujx + v, (3.1)
O(r,zt) = rWi(z,)x(r) +wi(r2,1) = rwix +w, (3.2)
b(r,zt) = @iz 0x(r) + ¢i(r,2,t) = roix + ¢, (3.3)
B(r,z,t) = &5(z0x(r) + é1(r, 2,1), (3.4)
is a global classical solution to the 3D axisymmetric system. From (3.1)-(3.4), we also know
0= = = YL — e = YL+ (3.5)
5= T i otk 2 = b iR (36)

Here v", v* are considered as perturbation terms of radial and z-axis velocity components re-
spectively.
From (1.19)-(1.22) of the 1D equations about (uj, wi, ¥, ¢§), and equations (1.13)-(1.17)

of the 3D system on (@, @, 0, &), one can derive the equations for (uy, w1, ¥1, ¢1) as follows :

uip + 0" Uty + 0°ur, = vAug +2 (&17,111 - xwfzuf) — 0" uyxr
—x ([rxr +2(x = D] 97 +v7°) ul, + vujA,x, (3.7)
wig + 0w, + 07w, = vAw + [(u”{x + u1)2]z — (). x — T"wix,

=X ([ +20x = DIY1 +v7)wi, +vwiBrx
F2 (G + 012) (V26000 + (V00),)
2@+ 610) [(V2(680): + (V0n):] (38)
Gt T+ 00 = V0= g (68 4+ 3000t + 36800 — 1)
+705 (e + %) - %%3 (* = x) = 667" xr
+2¢1¢0.X — Po. X (3.9)
From the basic energy law (1.4), we know actually
u € L>=(0,00; L*(Q)), ¢1 € L=(0,00; H'(Q)). (3.10)
Therefore, from the result in [26] and standard bootstrap arguments, all we need is to prove
u € L°°(0,00; HY()), ¢1 € L>(0,00; H*(Q)). (3.11)

We assume u and Vgg decay sufficiently fast in the infinity » = oo, and has periodic boundary
conditions in z direction, with period 1, then so do the perturbation terms ui, wi, ¥ and ¢;.
Due to the periodicity of our boundary conditions in z. Using the boundary conditions, we can

get the following useful lemmas.

10



Lemma 3.1.

[ua]] < [lruarl

1 poo 1 poo 7"2 1 poo 7“2
/ / (u1)?rdrdz = / / (u1)?d(—=)dz = —/ / —2ujuy,drdz
0 Jo 0 Jo 2 0o Jo 2

1 poo
= —/ / up(ur,r)rdrdz < ||ug|||rus||,
0o Jo

Proof.

hence [Ju1|| < ||ruie . -

Lemma 3.2.

lrVur | < [lrAu .

1 o) 1 [e'e] 1 00
—// u1Au1r27“drdz = —// ululwrzrdrdz—?)// ululrr2drdz
o Jo 0o Jo 0o Jo
1 fo'e)
—/ / ululzzrgrdrdz
0o Jo
1 [e'e) 1 00
= // (ulTr)Qrdrdz—{—// (ulzr)zrdrdz.
0o Jo 0o Jo

1 poo
—/ / ur Auyr?rdrdz < ||rug||||rAv ||,
o Jo

Proof.

On the other hand,

hence

IV | < [l [l Au | < eV | [lrAud .

Lemma 3.3.
HTUlZZH + Hruler + ”rulrrn + 3”“17"” < HTAul”
Proof.
1 00 1 o] 1 00
/ / Avqguy.rirdrdz = Hrulzsz—i-ES/ / ulrulzerdrdz—l—/ / Uprtig o7 2rdrdz
o Jo 0o Jo o Jo

1 e
= |ru.|? - 3/ / urzpurrdrdz + ||ru,|?
0 JO

1 o0
+3/ / ulzrulzTerdz
0o Jo

”TU1zZH2 + HrulerQ'

On the other hand,

1 00
1 1
/ / Auqugsrirdrdz < lr A ||||rusz.]] < §Hru1zz||2 + §||7"Au1||27
0 0

11



hence

1
Irunsal? + 5 r&u |,

N |

HTU122H2 + Hrulzr‘|2 <

which implies

sz |? + a1 < JlrAuf?.

Similarly,
1 00 1 00 1 e’}
/ / Aug Apuir?rdrdz = |]7“Aru1||2—|—/ / ulzzulTTTQTdrdz—}—?)/ / Uy Ul 272 drdz
0 0 0 0 0 0
= ”TAv"ulH2 + ||Tu1zr”2»
therefore

1 1
1A 7?4 Jurzrr||® < | Augr]l||[Apurr| < §HAU17’H2 + iHArW”HQ»

which tells us

7 Apur || + [[ruszr |* < [|rAu [,

Since
1 o]
IrAu > = // (Ayup)*rPrdrdz
o Jo
1 fe’) 1 fe'e)
= |ru1rr]|2+9// (uh«)2rdrdz—|—6// Upptp,r2drdz
o Jo o Jo
1 [e'e]
= P+ 3l P43 [ G vz
o Jo
= ‘|7ﬂulr‘rH2+3||TU1rH2a
we finish the proof. O

Analogously, we can get

Lemma 3.4.
1]l < lIrprzells (101l < lrdbaeell, |AY1]] < [PV (A
Lemma 3.5.

lrpnzzll + lriprzr | + [[r At || < 2[rAgpa .

Lemma 3.6.

”r¢1rrZH + H¢1r2H + Hrwlzzrn =+ H’m/}h“r?“” + ||T1/}1zzZH < 3‘|TV(A¢1)H

Lemma 3.7.
H¢122H + ”¢1z7‘” + H¢1TTH S HV2¢1”

Lemma 3.8.

||¢1TTZH + ”lezzr” + ||¢1rr7"|| + Hgi)lzz'ZH < SHV(V2¢1)H

In all, we conclude from the lemmas above, that to prove (3.11), it is sufficient to prove

’I”VUl, TA¢1> v2¢1 € L™ (Oa o0, L2(Q)) (312)
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4 Result for large viscosity case

In this section we are giving the proof of Theorem 1.1.

Proof. We begin to do estimates term by term, where Hélder inequality and Sobolev interpolation
inequalities are used at times.

Multiplying (3.7) with —r?Aw;, then integrating over 2, we have

;c(ljt/ [(ulz)2 + (ulr)ﬂ r2rdrdz

= —v /(Au1)2r2rdrdz + /WuerulrQrdrdz + /6zuleu1r27"drdz
—Z/fzrulAulr?rdrdz - Z/Xu*{wleulrQrdrdz -2 /(X2 — X)@bfzquulrQrdrdz
+/17Tu“fxrAu1r2rdrdz + /x (Irxr +2(x — D]t + 0*) uf, Augr?rdrdz
—v / i A xAuyr?rdrdz

= — y/(Aul)QTQTdrdz Lo+ L+ I+ Ig+ I+ 1+ Iy + I, (4.1)

Estimates for u; equation

From (3.5), Lemma 2.1 and 3.2, we know

’Ia‘ = ‘/<—7"Lﬂfzx—7’¢1z) uerulrzrdrdz

< ClY1L pee Irune|l|rAur || + ‘/wlzuerulr?’rdrdz

)

< C|rAw|®* + '/¢1ZU1TAU1T3TdeZ

where the second term

‘/wlzuerulr?’rdrdz
< e lrus | pallr | < el TV o)l rus |21V () 15 e A |
< lrralls (sl + rner + DD ruse 3 (fragsl| + lrug + wiedl) [lrdu |
< O (sl + e DT lruse | (lrwses | + lFuse ) [lrAw |
< CllrAgn||T|rus || TrAu [T < CllrAgy||7 [rAu | + Clruy, |
< O (lragy)? + 1) rdu|? + Cfrus, |
< C(lrad)? + 1) raw?,

here we used (3.10) and Lemma 3.2, Lemma 3.3, Lemma 3.5 and Young’s Inequality. As a result,
1| < C(lrag? + 1) rAw . (4.2)

13



Similar to I,, we get

|I| = ‘/’DzuleulrQrdrdz

< C (|rAyn|)? + 1) [|rAug ||*. (4.3)
Due to (3.5), (3.10), we have

|I.| = 2 ‘/6’"u1Au1r2rdrdz < C (HrAu1H2 + 1) + 2||r)rz || pallru || pa || r Auq ||,

Similar to I,,
[Le] < C (llragn || + 1) [IrAwlf* + C. (4.4)

For estimates from I to Iy, with the help of (3.5), (1.4), (3.10) and Lemma 2.1, we obtain

Iy = —2/XUT¢12Au1r2rdrd2 < 2l|ui|| poe |71z ||| rAus || < C||7‘Au1||2+C'. (4.5)
|I.] = —2/()(2 —X)wfzuTAulr%drdz < OV pee [ut || Loe || Aua |
< Clraw|? +C. (4.6)
Iy = /ﬁru’{xrAulrzrdrdz < Clut||pee |07|||Ir Ay || < CHrAu1H2 + C. (4.7)
L = | (e + 200 D)6 +07) up.Aurrrdrds
< ClY1llzeeluizllzeelrAus || 4+ Cllui, || Loe [[o*[| [ Aua ||
< ClrAu|? + C. (4.8)
I = —Z//UTATXAul?“QTd’I"dZ < %HrAulHQ—i—C.
Therefore,
1d
52 IVl < = [2 = C (Iraw |2 + 1) | rdw|? + ¢ (4.9)

Multiplying (3.8) with —r?As)y, and integrating over €2, since —w; = Aty + (A, )93, by (1.16),
we know the fact that

_/W(Al/n)rAl/nrQrdrdz— /6Z(Aw1)zA¢1T27’drdz

= — ;/W [(Aw1)2]r'r3drdz - ;/ﬁz [(A¢1)2]zr3drdz
— % / (Agy)? [(r%07) + (r°0%).] drdz
- . / (D)2 ("), + (%) + 207 rdrdz

= /(Awl)QﬁTTerdz,

consequently, one arrives at

1d

% (A?/}l)Q r2rdrdz

14



- v / [((Awl)r)Q + ((Awl)z)ﬂ r3drdz — / A, A r3drdz + / (Ahy) 20 r2drdz
— / T (ARX) bt Apr3drdz — / 7N XYF A i drdz + v / A (A xbt) Aprr3drdz
—2/ [wiul,(X* — X) + ufxur + wixur.] Agridrdz — 2/u1u12A¢1r3drdz
+/@waXTA¢1r3drdz + /x ([rxr + 2(x — DT +0v7) wszl/m“?’drdz
y / W Ay Ay r¥drdz — A / (G5.x + 612) [(T2(0), + (V261),] Atyr2drdz

+A / (doxr + b1r) [(V2(05x)), + (VZ1).] AprrPdrdz

—u/ V(AP 2 r3drdz + Jo + Jp + Jo + Jg + Jo + Jr+Jy
+Jp+Ji+Jj+ T+ I (4.10)

Estimates for w; equation

(1.21) infers (¢],)., = —wiy, By (1.20) and Lemma 2.1, we conclude [|9],||r~ < C. As a result,

|Jo| = ‘/ArxwftAwlr?’drdz < CllrAy ] < C (HrAleg + 1) . (4.11)

By (3.5), Lemma 2.1, 3.4, 3.5, 3.6, and Young’s Inequality, it follows that

| Ty = ‘ / (A1) 0 r2drdz (4.12)
_ * 2.3 2.3
= ‘/—ﬂ)lzx(Alpl) r drdz—/wlz(A@ZJl) r°drdz
< OlrAy|)? + |91zl pallr A || pa || r Avr |
1 3 1 3
< CllrAg|? + Cllpna | T Vebrz || [ r Ay || 5]V (rAdpy) | 7|7 Ag |
3 5 3
< OllrAu)® + Clrdonssl| T (Irbnsee| + lrbresa ) T llr A || 7 [1rV (D) ||
< Clragn|? + CllrAgy |21V (Avy)||2
< ClrAg|]? + CllrAgy||lrV (Avy) |12
< ClrAv | + C (rAv||* + 1) [rV(Ayy) | (4.13)
Using basic energy law (1.4) and Lemma 2.1, 3.2, one can get estimates of J. to Jy as
g = —/ﬁT(ATX)MZJIA@ZJlr?’drdz < Ol [[IrAn] < C (JrAd|? £1).  (4.14)
|Jy = —/@ZATXd;i‘ZA(/;lr?’drdz < C||&*|[|rAyr || < C ([[rAg|* +1). (4.15)
|| = V/A(ATXwT)Awlrgdrdz

< v

/ (Arxt]er + (Arx)s] (At )rdrdz + 3 / (Do) (At )r2drds

V/Arxw’fz(Ad)l)zr?’drdz - V/(Arx)ﬂ/)’f(A¢1)rr3drdz
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< v(|(rP A1 e + 7 (Arx) | Lo IrV Ay |

< g”rVAleQ—i-C. (4.16)
1 = |2 [ i =0 + v + ] Avrara:

< ClrAga|| + Cllrua|||r A + Cllrus || [|r A |

< COlrurz|* + Cllrags|* + C

< COlrAug|? + CllrAyy||? + C. (4.17)

By Lemma 3.1, 3.2, 3.5, we have

|Jg| = ‘—2/u1u1zA¢1r3drdz

1 3 1 3
Cllua]|pallruszllpallr A || < Cllua |2 [V ||+ [[rurz [[3]V (rua) [+ lr A ]

IA

Cllrurel|F (e + [russsl) T ruse |5 (lrues || + [russs]) T rAd |

Cllruny || || | Aus |2 Ay |

Cllrute |2 rus |2 rAual| + Clr Ay |2l Ay |2

C (l[ruse|® + llruss12) + Cllrdur |2 ([rag |2 + 1)

O||7~Au1||2 (||7~A1,/)1||2 + 1). (4.18)

INIAN IN A

IN

Lemma 2.1 and basic energy law (1.4) tell us

|Jn] = /6TwTXTA1/J1r3drdz < C||o"||[|rAyn]| < C||7“A1/11||2 + C. (4.19)
|Ji| = /x ([rxe + 2(x — DY 4+ 0v*) wi, A r3drdz
< / 2 ([ + 2(x — D] + 02) wi- AP drdz

+ ‘/ X ([rxe +2(x — D]} + v%) wi (At ) rdrdz

< ClrAys| + ClrV(Ayy)| + '/ijwawlr?’drdz , (4.20)
where the estimate of the third term can be derived from (3.6) and Lemma 3.5.
‘ [xwwinitands) — ' [ x@un i wisvnrard:
< Cllrags || + ClrpipzlllrAap || < CllrAipr]| + Cllragn 1%,
consequently,
|Ji| < Cllrag |2 + C|lrV (Ayy)||? + C. (4.21)
Lemma 2.1 infers that
|J;| = I//warxAi/)lr?’drdz < Cu||rAy|| < %HT‘A¢1||2 +C. (4.22)
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For the estimate of Ji, using basic energy law (1.4) and Lemma 2.2, one derives

PARES ‘A / (0. + ¢12) [(V2(05x)), + (V2¢1),| Agyrdrdz

< ) / 651 (V2(65X)), Ay |r2drdz + A / 1612 (V2(65X)), A |r2drdz

+A / |05 X (V2h1) Aty |12drdz + X / 612 (V1) Agpr|rPdrdz
C (1 + gl + 1(V261)r ) [ A¢[| + Clidazll ol (V2 ¢a)r 1 Adpa | 14
< C(IrAagu)® + 1) + Cllgrall all(V2d1)pl[lr Avpr || 4,

IN

where the estimate of the second term is obtained by using (1.4), Lemma 3.6, 3.7, and Young’s

Inequality,
Izl o | (V260 [l Aepy | 4
< CIV2u 3|V (V260) | [lr A || ]|V (rAgy) |2
3 3 3 1 1 1
< O (vEIV2alIrv ()| F) (vi5|ray)©) (lnwv%m)
V4
1 1 C
< Cva|lrAg || + Cv | V2 |2 IrV (A || + = [V (V261)]12,
V2
therefore,

[Tkl < Cv2 (14 [[9261]1%) (79 (Agn) || + %HV(V%QHQ +C (lraen|® +1). (4.23)

V2
Similarly, we have
[l = ‘A / (Poxr + o1r) [(V2(05x)), + (V2¢1).] AvprrPdrdz
< CvE |V |2 rV (A + Crv 2|26 |2V (V3612
+C (lragn|? + V(Y2612 + 1) . (4.24)
In sum,
1d 2 v 12 2 2 2
s lravt2 < = [2 = vA V202 = C (Jrava|? + 1) V(A

+COv3 | V2 2 V(V2e0)|% + C ([lr Ay |? + 1) [[rAw |2
+C (rA |2 + IV (V2612 + [IrAuw | +1) . (4.25)

Multiplying (3.9) with V2(V2¢;), then integrating over €2, one arrives at
1d
2dt

2 2 ~r 22 ~z 22
= —'y/ [V(V gbl)] rdrdz—/v 61, V(V ¢1)rd7’dz—/v $1.V*(V°é1)rdrdz

/ V21 |*rdrdz

—% / (63 + 3ooix + 3857 d1x° — ¢1) V2 (V21 )rdrdz
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+7 / o6 ( xrr + X—) V3(V2¢y)rdrdz — / 12¢33 (x* = x) VA(V?¢1)rdrdz
/ o5 X VA (V21 )rdrdz + 2 / Vs XV (V2 )rdrdz — / b5, XV (V2hy)rdrdz.
= /[ (V261)| > rdrdz + Ko + Ky + Ko+ Kg+ Ko + Kf + Ky + K. (4.26)

Estimates for ¢; equation

K, = / [(ﬁr)r¢1r(v2¢1)r + 'Drgblrr(vQle)r + ('Dr)nglr(vngl)z + 'Drd)lrz(de)l)z] rdrdz
= a1 +0b+c+di,

where estimates of a; to d; can be derived through (3.5), basic energy law (1.4), Lemma 2.1,

3.4, 3.5, 3.7, 3.8, and Young’s Inequality.

a1 | / (0)r¢1r (V1) rdrdz
Cllpr IV (V280 + Cllvor + ribnpallalldirl| | V (V260) |

CIV (V2D + Clltbrs + rtbrea |3 [V (91 + 70052 |3 b1, |31V (@1 I IV (V260
CIIV(V2p0)]| + Cllran| [V Ay )| 1|92 u]| 7|V (V260) |

1 1 3 3 3 1
CIIV (261 + C (w35 [ran |F) (v IV (A F1V261)17) (luwv%nn)

vi

ININ A

IN

IN

C
WHV(V2¢1)H2 + V[V (A |P[V2ou]* + C (lrden | +1) .

And

|b1] ‘/(ﬁr)¢1rr(v2¢1)rrdrdz

Cllorr IV (V200 + Cllrorzlalldire |4 (V261), |
CIVZa IV (V21) || + Cllrioa |5 1V (rbr) |5 (|61 |5 1V (1) |3 [V (V261) |
CIV2a IV (V2e1)|| + C | Agn || 3[V261]| |V (V361) || 5

C
W(HMMIIQ +V201)? + DIV(VZe)|* + C.

IAN N IA

IN

Similar to aq,

lei| = ‘/(5r)z¢1r(v2¢1)zrdrdz

IN

C
ﬁnwv%nuz + VUV (AP [V3é1)1? + C (IrAg|® + 1) .

Similar to by,

< \%(HTA%IIQ +IV2erl? + DIV (V20|

C
< W(IITA%W +[[V2eu]* + 1[IV (V) |* + C.

‘dl‘ = ’/(6T)¢1rz(v2¢1)z7”d7"dz
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To sum up, we conclude

Kol < Sl + V2P + DIV (o)
VPV (AP V26u]|* + O (|lrAga]* + 1) . (4.27)
For K3, we can get the same estimate like K,. After expanding K., we get
Ko = =25 [ (6 + 30500+ 36700’ — 1) VA(V2on)rdrds
= [ 0+ 30t + 30008 — 00) V(Ton)rar

= ?T)IZ (361 — )V$1V (V3¢ )rdrdz + ?:73 /¢%V(¢8X)V(V2¢1)rdrdz

3 6

+n—z / 1V (G122 (V2 )rdrdz + n% / DXV 1V (V21 )rdrdz
3

+n—z / DIV YV (V21 rdrde,

using basic energy law (1.4) and Lemma 2.2, it is easy to obtain

1

Kl < V(T +C (4.28)
Similarly,

|Kq| < \%|V(V2¢1)|I2+G (4.29)

Kl < V(TP +C (4:30)

K, < \;\vw%)nua (4.31)

For Ky, we use (3.5) and Lemma 3.4, 3.5,

I ]— [ v ouyrards

IN

’/ﬁTV(XT%) -V(V2¢1)rdrdz| + ‘/(ﬁz}xTV(f)r) -V(V2¢y)rdrdz
Cla"[IIV (Vo) + CIV @IV (V2e1)]|

CIV(V2on)| + CIV (i) [V (V21) |

CIV(V2p0)| + Cllr A ||| V(V2¢n) |

1 1
WIIV(VQ%)II2 + \WHTA%IIZ +C. (4.32)

INIA A

IN

Similarly for Kj,

1 1
[Kn| < ﬁllv(v%l)\l2 + WHTA%\IQ +C. (4.33)

Thus,

1d

1d _ <
2 dt

v

Vel < - v (lrAes]? + [IV2¢1]* + 1) | [V(VZ60)]?

S
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+ v ([rAn]? + V26 ]%) [PV (Aun) [P + Cllrdas |2+ C. (434

Adding up estimates (4.9), (4.25) and (4.34), and denoting

HY(t) = [V + [[r A ? + [ V26 (4.35)
BXt) = |lrAu]® + [PV (D) + [V (F261)1. (4.36)
Then we get
1d
§@H2(t) < —[v—CH*t) - O] ||rAu|?
— [y AW + )] IV (A
C C
-[- S - S v sorw e, e

Following the steps in [19], we can prove when v is large enough, H(t) is uniformly bounded

for all ¢ > 0. It follows that
u e L®(0,00; H'(Q)), ¢ € L®(0,00; H*(Q)),

which is actually a classical solution. O

5 Result for small initial data case
In this section, we choose the initial data for the 1D system as:

1 —— 1 —
T,Z)T(Z,O) = W%(ZM)’ UT(Z,O) = MUl(ZM)7

wi(z,0) = Wi(eM), ¢j(2,0) = (zM), (5.1)

1 —
Yk
where M is a positive constant to be determined, 11, Ui, W1, ¢ are smooth, periodic functions in
y with period 1. Moreover, we assume 11, U1, ¢ are odd functions in y. By (1.21), Wi=—41,,,
hence it is also a smooth, periodic, and odd function in y. In particular, uj(z,t), ¥5(2,t), wi(z,t)
and ¢(z,t) are periodic functions in z with period ﬁ and odd in z within each period. Therefore,

a priori estimates for the solutions to the 1D equations are modified from Lemma 2.1 as follows

[¥1llLee < % (5.2)
[l < 2, e < S2, (5.9
lwillzee < Co,  [Jug]lL= < Co. (5.4)
Let Ro—M1, from the above inequalities (5.3), (5.4), we know
C C
[rug]l < NItk IVrup)ll < CVM,  |lryi|| < iva (5.5)
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As long as n > 1o > 1, the right hand side of (2.15) can be refined as
1
335 10017+ 5 | 09"z + 71051
* x k Y * (12
= 2 [ widhsiaz+ Lol
0 n
1 2 0(770) )
(1= ) v+ (SR + ) 1o
gl ¢ . o
< ( Ry 2> 61" (5:6)

Also, the right hand side of (2.16) is refined as

d
ol + 4 [ ot + [ oi'as - 2z o]
1
= =2 [ widiuod:

* C *
I3l + 5 eI (5.7

IN

Multiplying (5.6) by 777—2, then adding the resultant with (5.7), it infers that

d 1t
|3t + ¢ [ opr]
2 2 C

vy C oy
<[t Elr 6.9
0

Since n > ng > 1, if M is chosen large enough, it follows that

d 1
16+ [ 09as] + 1ol <o, (5.9)
0

Hence we have the uniform bound

" . C
¢l 10,7 (®) < Mol m10,17(0) < ek (5.10)

Similarly, one can derive the uniform bound of ¢, in H' norm,

* * C
||¢Ozz||[20,1}(t) < ||¢Ozz||[20,1}(0) < M (511)

From (5.10), (5.11) and Morrey’s inequality, the uniform L* bounds for ¢ are

(5.12)

i\Q

* * C * *
190l Looo,1) < Dol o, () < ek 1902l <10, < @0l 210,11 () <

On the other hand, we assume the initial conditions of the 3D velocity vector u, and the phase

function ¢ as
- A
1G(0)]* + A Ve(0) [ + Wllqb(o)2 ~ 17 <

From the basic energy law (1.4),

(5.13)

=k

la@)l < Vo)l < (5.14)

f

=k
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By (5.5), (5.10) and (5.14), we get a priori bounds for the perturbed velocity and the phase

function in L2 norm :

C
lrudll < —=,  [lo"]| <

\/M’

Now we begin to prove Theorem 1.2.

[0 < V] < (5.15)

C C C
Proof. Under these conditions (5.2)-(5.4), (5.10)-(5.15), we shall refine some estimates in the
proof of Theorem 1.1. Throughout the proof, 3 denotes a positive constant.

Refinement of estimates for u; equation

Using (3.5), (5.3) and (5.15), Lemma 3.3 to 3.5, one arrives at

|I,| = ‘/ﬁruerulrzrdrdz

= ‘/(—“ﬁﬁx - T¢1Z)U1rAu1r2rdrdz

< CRo 91l pee Irusellllr Aus ] + ‘/wlzwAuw?’Tdrdz
CRy

< S Irdwnl + llruel|pa el sllr Awa|
C 9 1 3 1 3

< lranllP frus 3V )l ros 31V ) 3 irdw |
C C 1 3 7

< IITAU1II2+M [[rune || % || r b || [|r Ay [|5.

3 1
1 8

Note that

HrulTHQ = /r3u1Tu1Td7“dz = — /(r?’u”),«uldrdz = —/ulwulrzrdrdz — B/ul,«rulrdrdz,

by (5.15), and Lemma 3.1 to 3.3, we have

C

a2 < lrwa ([l || + 3llru || usy | < \/MIITAMIL
Combining the above estimates, we get
¢ 2, C 2
o] < —5[lrAu| My (IrAg || + [lrAu* + 1) . (5.16)
4 16

By (3.6), (5.2), (5.14), Lemma 3.1 to 3.5, we can obtain

|| = /@Zuleu1r2rdrdz

= / (207 x + rixr + 2001 + r1y) (rury) (rAug ) rdrdz

IN

/(QWfX + rixr) (ruty) (rAuy )rdrdz

+ ‘/(21/11 + rip1r) (rurz) (rAuy ) rdrdz

IN

C
AP+ (1201 + o el oA
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IN

IN

IN

The estimate of I, comes from (3.5), (5.5), (5.14), (5.15) and Lemma 3.1, 3.4 and 3.5.

C 1 3 1 3
WHMMHQ + 1291 + 11 |2V (201 + 1) |2 [[rus |2 ||V (rus) [ 4] r Au |
C
ek

C 2
WHTAWH + ;

(

| ]

C
M2

IN

IN

IA

<

|7“Au1||2 +

C
1
8

C

3 1 T
H3¢1r + 21, + 7n¢1rz + qulrr” 4 H’I"VUlH 4 HTAulH 4

3 1 7
TllrA[F]lrVu |3 |[rAv |3
8

C

1
8

C
; ) I |2 + ol |9V |12
Ms

‘ -2 / 7 uy Augrirdrdz

2 ‘/ (ryix + r1z) (rur) (rAug ) rdrdz

CR
iMQO [rur||[|rAuy || + Cllru || pallrbrz| pal[r Ava ||

C 1 3 1 3
WHTAMH + Cllrua |4V (rug) |4 [r1= | 2V (rbra) |4 e Awa ||
C C 3 3
WHTAWH + v |-V [|2]|r Ay || 4[| Auy |

C C C 3 3 C

— 4 —1 | [IrAuy|? 2rA |z + —.
<M2 + M1> [[rAuy || + M% |rVur|| 2 {|rAyq |2 + 2

Using (5.2), (5.3), (5.4), (5.14), (5.15), one can derive all the estimates of I; to Ij.

14|

| Le]

|1y

||

iy

IN

IN

IN

IN

IN

C C
< —|lr||||rAus || < rAu
< o7 lIrvrelllirAul M%H 1]

-2 / w1, Auyrrdrdz

C (rau? + 1),

2

CRy
M?2

—2/()(2 — )V Auyr?rdrdz| < |rAu ||

C
(A || +1).

7
1

< Jlugllzee |0 [[[rAual|

-2 / f)ru*fxrAulrQrdrdz

C C
[rAug || + —-.
M

3
2 2
'/ x ([rxr + 2(x — DY} + %) uf, Auyr®rdrdz
Cllvi oo [[uizllpeel[rAur || Ro + Cllui. [ oo |07 |r Aur | Ro

C C
<7 + 1) |l Auq|
M1 Mz
C C C C
( - ) frawl?+ -5+
M

Mi M1 : 1
V/u*l‘(Arx)AulrQTdrdz
C | [Fo
Cllui||Lee /TQ(Arx)Aulrdrdz < — Auirdrdz
M |z
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C Ro C
< VT /RQo (rAuy)rdrdz| < M E lr Auq || Ro
C C
Refinement of estimates for w; equation
Since (¥7,)z. = —w};, and periodic in [0, 7], using (1.20) we have

1 1
65l < 5pzltillioe < 275 (0l lflioe + sl zoe + 2l oo i ) < €,

using the above inequality, together with (1.20), (1.22), (5.2) to (5.4), and Lemma 3.6, we have

|Ja’ = /ArwatAwlrngdZ
. 31,
= /Arxwlt(wlrr + % + wlzz)rgdrdz
< Arxwlt(wlrr + , )7’ drdz| + ArX¢1t¢lzzr drdz
< /wi(t(ArX)rwerng’dz + ’/wrzztArXf(/}ngdeZ
C 1 Ry
< 2/ / ’7‘1/117=|7”de2+ ‘/thATXd)l'rgdrdz
R§ Jo JE
c Kk *
< M; H7°¢1r|’ =+ ’/wl (wl)ZATX¢1T3deZ + ’/(ulz)zAerIT:sdeZ
4
+ Z//wi‘ZZArxv,/}lr?’drdz
C C 9 C 9
< R _
< ; lrr|| + M Eo /\r Apx(rir)|rdrdz + M2R0/|7‘ A x(riry)|rdrdz
+ y/waQAerlzzrdrdz
C C .
< g Il g ol + | [ 1A xunrdras
C *
< arainl + 0+ [0l | [P Anwnerdrd:
C
< W(HTV(A%)HQ + [|r A || + 1). (5.24)

For J,, we can make use of (3.5), (5.5), (5.14), (5.15) and Lemma 3.4 to 3.6.

|y = ‘/(Awl)zﬁrrzdrdz

= ‘/—?l)ikzx(ﬁwl)zrgdrdz—/wlz(A%)Qr?’drdz
< [E oo lr A [|* + llreprellallr Ay [la]| Agy |

A
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C 1 3 1 3
< MHTA%HZ + CH?"wle‘11 [V (rpr)[[2|lrAepr [ 2|V (rAgpr) || 1] rV Agdy ||

C
< lrae?+

C
< lrae?+

From (5.2), (5.14), one arrives at

|Jel = ‘_/6T(ATX)T¢TA¢1T3deZ <

=< RQW1HL°°H17THH7“A¢1H<

1
8

1
8

CIravllirv(a

IITA%ZHH8 +

Similarly, for Jg, using (5.3) and (5.14), we obtain

|Ja| = ‘—/T}Z(Arx)wLAwlr?)drdz
H¢1z||L°° H

By (5.2), (5.3) and Lemma 3.6,

‘Je’ =

<

< ]\fRo / ‘T(A¢1)Z(T2ATX)‘TdeZ + ]\;R% / ‘T(A¢1)TT3(ATX)T‘TdeZ

<

C
=[IrV (Ag)[* +
Mz

By (5.3), (5.4), (5.15), we have

|

<

<

0|l At

v / A(A XY Ay r3drdz

v / A xpi (A r3drdz| +

C
= (IrA
4

1
<
R

v / (D)5 (A )y rdrd

¢1)||

C
T [IrV Ay 2.
M3

- / 513 (D)t (r Ay rdrdz

0

c
5 (lrdgn|* +1) .

- / 512 (Ar X)W (r Ay rdrdz

0

Pill? +1).

‘—2/ [uiul,(X? — X) + uf,xur + uixui.] Ayiridrdz

C
\/M ||TA¢1

<
VM

|+ ClrudllrA

C
dill + g lruz|llr Ay |

(IrAg|® + [[rAug||* + 1).

From (5.15), Lemma 3.1, 3.2, 3.3, and 3.6, it follows that

|g]

INIA

IN

IN

‘ -2 / ululez/Jlrgdrdz

ClluallzallruallpallrV (Ag)]]
1 3 1 3
Cllrua[[# IV (run) [+ lur [ #[[ Ve [+ |7V (Agn )]

C
WHTVWHB +

25

C
WHTAWHQ +

-2 / uy(ruy)r(Ayy) rdrdz

C 3
T lrVaur|[|lrAuy |27V (A ) |
{w 8

C
W”TV(AT/&)HQ-
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(5.26)

(5.27)

(5.28)

(5.29)

(5.30)



By (5.3), (5.14) and (5.15), we get

c
VM

By (1.21), (3.6), (5.3), (5.4), together with Lemma 3.5 and 3.6, one can derive

C
|rAY ||+ —.  (5.31)

Jyl = Wiy Ay r3drdz
ol = | [ #ins o °

< Cllerl[pe[[o"[[l[r Al <

5 = \ [t 200 - i + vt e

C C
3 ||TA77Z)1H + 1
Mia M1

C C
3 ||TA¢1H + 1
Mz M=

C C
Ir A | +
M M

3
4

IN

lIrV Ay + ’/X(Uz)zwa¢1r3drdz

IN

I &endi+ ’/ (7)ot A + x(v7) ot (A )] #Pdrd

IN

C C
H""VA%H + M/‘lezzAwl‘ngTdZ + M / ’lelrzzAwlhAdrdz
C

M

i
C
+M/\Xw1z(Aw1)Z]r3drdz+

C C
—g lrAdq | +
M1 M

/ X1 A1) |rtdrdz

IN

C C
1 |7V Ay + MHTAZMP + M”TA%HHTV(A%)H
C
+M||7’7!)1z|H|TV(A¢1)||
< C A |]? ¢ V(AP +1 5.32
< WHT | +W(H7’ (A1) |I* +1). (5.32)

(1.21) and (5.3) provide us with the estimate of J; as

|J| = |v / WiA XA r3drdz| = ‘—u / U}, A APy ridrdz
= y/wszTX(Awl)zﬁdrdz < ]\ji (IrV(Ay) | + 1) . (5.33)
Expanding Jj, we have
B = = [+ 612 [(T2060), + (T2, Avrrdrd

= _)‘/Gbng (VZ(QSSX))T Airidrdz — /\/¢1z (V2(¢8x))r AYir2drdz

—A / 36X (V201)r Avprridrdz — A / 612 (V21), Aynridrdz
as + by + c3 + ds,

For as, (5.10), (5.11) and (5.12) tell us

C
ol < / (G20 Bn () (r o) [l

C
+Pjg / [(65.X) 05> (ArX)r (r A1) [rdrdz

IN

C * * C *
R*OH%ZHLOOH%ZZHHTA%H + ngH%zx\leAle

IN

C
77 (lrden® +1).
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For b3 and cs, by (5.11), (5.12) and (5.15), we obtain

by < go / |¢1Z¢azz<rxr><mw1>rrdrdz+}% / (B85 ( D) (rAy ) rdrdz

c. . c
< R*OH%ZZHLwHV¢1||HTA¢1H + §8||¢1z’\\|TA¢1||
C
< i ([lrAyy|* +1).
" C
les] < Cllgpllpes lrAr || V(V¢r)|| < M(HT’A%”Q +IV(V21)|1?).

And the estimate for d3 can be derived by (5.15), Lemma 3.7, and Young’s Inequality.

lds| < CllorellpalV(V2pr) llrAgpall e
1 3 1 3
< Cllo:l IVl IV (Vo) lllr Av || <[] rV (A |2
C
<

VA + V(T2 + 726w )
In all, summing up as to ds,
el < 0 (A + (P9 (A) |? 4+ [9(T%60) | + 9%l e | +1).
Expanding Jj,
= A [+ 01 [(T2660), + (V260 Avirdrd:
= A [ (VP @p0LAvirdrdz 4 X [ 61V 6p0] A0 drds

+\ / bixr(V2h1) . A¢pyridrdz + X / b1, (V2P1) . Apy1r2drdz
ag + bs + cq + dy.

For J;, we can derive similar estimates as Jj.
Refinement of estimates for ¢; equation

Expanding K,

Ko = / [(8")r 010 (V2P1)r + (07)2010(V261)2 + T V1, - V(V21)] rdrdz
= a5+ b5 +cs,

where the estimate of a5 can be obtained from (3.5), (5.3), (5.15), and Lemma 3.4 to 3.7,

las| = /‘ )r 17 (V21)| rdrdz

< / ‘(waiz + Twlz)r¢1r(v2¢l)r| rdrdz
< Wtz o (V2 é1)ll + 11z + rrer | Lalld1rl L (V21)0 |
C C 1 3 3
< WHV(V%)II + WHTAT/&”Z 17V (Ay)[| 7] V21 || 1]V (V1) ||
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C
1 PV QL) + V(2 e0)|* + [IV2 1] *llrAg[|* + C).

Using (5.15), Lemma 3.6 and 3.7, it follows that

sl = [ Nrxwiee + 11000, (T200).| s

Rol[v: 2o 161 11 (V2 1)l + llrtpnee | pall gl ol (V1)

C 1 3 3
IV (VR80l + 2l A 5 [V (A | 3926131 9.(7261) |

C
275 (IrV (AU + 1V(V2e0) 1 + V261 °lr Agsr |* + C).

IN

IN

IN

And using (3.5), (5.3), Lemma 3.5 to 3.7, we get
les| = /‘ﬁTVqﬁM-V(Vz@)‘rdrdz

- / ((Ftx + rns) Vs - V(V20) | rdrds

Rollvi. o IV o1 |1V (V20| + [[ror: )| 24|V (d10) | 24 |V (V1)
C C 3 1 7

WHVQ%HHV(VQQH)H + WHTAUHHZ V2014 ||V(V261)|

IN

IA

IN

C
275 (V2O l* + IV (V21 + V2 [Ir A |°).

To sum up, the estimate of K, is,

C
Kl < 375 IrV Q) + IV (V) + V21 PllrAnl* + V21 *llrAgn|®

+ V261 +1). (5.34)
We can do similar estimates to Kp. Expanding K,
K. = —% / (63 + 35T + 357 d1x> — ¢1) VE(V2e1)rdrdz
- / V (8% + 36568 + 303201 — ¢1) V(1 )rdrdz
- f’j (362 — 1)VorV (V261 )rdrdz + ) / BV ()Y (V261 )rdrd:
3 [ @AV onrdrds + 23 [ 653019019 (Vonrdrd:

+772 / GV IV (V2 ) rdrdz
= ag + b + c6 + dg + €g,

where using (5.12) and (5.15), we can estimate them term by term,

lag| < 1361 — L= Ve [IV(V2o1)] < \ﬁ (IV(V2eu)|I* +1).

bg| < ’/¢1¢02X (V2¢1).rdrdz

V(T +1).

+C"/¢ doxr( V ¢1)prdrdz

IN
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|cg| is similar to |bg|, and

lde| < Cllé5 ] o= I VoLl V(V2or) ]| <

leg| is similar to |dg|. In all,

C

V(TP +1).

To get the estimates of Ky and K, it is sufficient to use (5.10) and (5.12)

| K4

K|

The estimates of the three remaining terms, Ky to K}, can be obtained, from (3.5), (3.
energy law (1.4), (5.2) to

| K|

Kyl

| Kp|

IN

IN

IN

IN

<

<

IN

IN

IN

v ‘/ b <Xr7~ + %) V2(V2¢1)rdrdz

i (o +22) (P201).

0
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/ 053 (x® — X)VA(V2¢1 )rdrdz

V(o] + 1)

r V2 V2¢1)rdrdz

C'/@TV(gé(’;Xr) : V(V2¢1) + oix» V" - V(V2¢1 )rdrdz

+R*||¢E§HL°°||T¢1ZZIIII(V2¢1)ZII +
0

TP + A + 1)

2 ' / Vs x» V2 (V21 )rdrdz

2 ' [ VWi V(P oryrards

Kol < 575 (IV(V20)7 +1) . (5.35)
rdrdz+ [ |65 (xor +25) (F20), | rardz
C C r
721062 xe + ) IV (T2 00 + L l1657° O + O V(260
0
(5.36)
C / |66°05. (X* = X)(V?1).| rdrdz + C / 166° (0 = X)r (V1) | rdrdz
C
Cligalz= XNV (T*e0) | + Z-l165 2= 66 (rx) IV (V)
(5.37)
6), basic
(5.4), (5.12), and Lemma 3.4, 3.5.
— IV (V21| + ﬁ (X + X)Wt + Y1 + 1 |||V (V) |
C
a1 86x 1 (P2 60)- |
0
(5.38)
(5.39)

V(o0 + 1),

‘ / b5, XV (V2p1)rdrdz

\ [ V60 V(o
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< STVl + [ dix(rvion + 2010(T00) rard:
+ / |06 X (2012 + 11r2) (V1) | rdrdz
+ / |95 X (F X + 305 x0) (V201) | rdrdz
+ / |65 X (31, + T130) (V21)y | rdrdz
< %IIV(V%)H + %II%XIIHV(V%)II + 1166 x| oo A [[|V (V1) |
< %(HV(V%)H% Ay ||+ 1). (5.40)

By adding all the estimates about w1, ¥1 and ¢, equations, we find except for dissipation terms,
all other terms are bounded by
C 1
VAR YA
where g(H) is a polynomial of H with positive exponents and coefficients. Choose M large

enough, then

d I 1 I 1
—H?* < -CF*+ —g(H) < --H*+ ——g(H 5.41
gl S 5B+ gp9H) < —CH + 559(H) (5.41)
since H < E, and here p = min(v, ).

We can choose M large enough such that

n 1
—=4+ —=9(1) <0. 5.42
5 T a9 = (5.42)

Therefore, if the initial conditions are small so that H(0) < 1, we will get the uniform bound of

H(t), such that
H(t) <1, forall t>0. (5.43)

which indicates (3.12) holds, hence the proof is complete. O

6 Related models and future work

Our system (1.1)-(1.3) is closely related to Magnetohydrodynamics (MHD) equations, the

liquid crystal model, and the viscoelastic system with finite or infinite Weissenberg numbers (see

[13]).

6.1 Magnetohydrodynamics

Magnetohydrodynamics (MHD) is the theory of the macroscopic interaction of electrically
conducting fluids with magnetic fields (see [4]). The dynamic motion of the fluids and the

magnetic field strongly interact each other, thus the hydrodynamic and electrodynamic effects
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are coupled. MHD flow is governed by the Navier-Stokes equations and the Maxwell equations

of the magnetic field. The incompressible MHD equations are

w+(u-Viu+Vp = vAu+(VxB)xB (6.1)
V-u = 0 (6.2)
B,-Vx(uxB) = yAB (6.3)
V.B = 0 (6.4)

where u is the fluid velocity, B the magnetic field, v = é the inverse of hydrodynamic Reynolds

number, and v = Rim the inverse of magnetic Reynolds number. Now the energy law reads
5 (lul® + [B[?) = —v||Vu|* - 7| VB|®
Due to (6.4), we know in 2D case there exists a function ¢, such that
_v2¢

B=vT¢= ,
v,

Hence the system above in 2D is equivalent to the following equations (see [13])

w+(u-Viu = —Vp+vrvAu—- AV (Vo Vo), (6.5)
Vou = 0, (6.6)
o+ (u-V)p = 7yAg. (6.7)

Compared to the system (1.1)-(1.3), the nonlinear term f(¢) doesn’t appear in (6.7), hence for

axisymmetric solutions in 3D case, we can get similar results as follows.

Theorem 6.1. For the 3D system (6.5)-(6.7), assume uj(z,0), ¥j(z,0), wi(z,0), and ¢;(2,0)
are smooth functions which are periodic in z with period 1. Then there exists a global classical
solution in the form of (1.23)-(1.26), if initial conditions fig = (r,z,0) € H'(R3), ¢ &
o(r, 2,0) € HX(R?) and v > vy(v, A, @1g, dp).

Theorem 6.2. Suppose that initial conditions for wy, wi, 1, and ¢1 are smooth functions

with compact support and odd in z. Moreover, assume ||@(0)]|? + N|Vo(0)|? < -5=. For any

VM
given v > 0, there exists C(v) > 0, such that if M > C(v) and H(0) < 1 where H*(t) =

|rVui||? + ||rAabr ||2 4 V2612, Then, solutions to the 3D system (6.5)-(6.7) in the form of
(1.23)-(1.26) are globally smooth.

6.2 Liquid crystal

If taking ¢ as a vector, say d, then our system (1.1)-(1.3) can be used to model the motion

of liquid crystal flows [16]:

u+ (u-Viju = —Vp+rvAu— V- (Vd® Vd), (6.8)
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Vou = 0, (6.9)
d;+(u-V)d = ~v(Ad - f(d)), (6.10)

with the basic energy law

gt (I8 4 AITA 4 S 1P = 1) = = VulP + 2 ad - S@P)

Here d represents the director field of liquid crystal molecules. Equations for components of
the director field are decoupled. The above system is a simplified version of the Ericksen-Leslie
model for the hydrodynamics of liquid crystals (see [5], [6], [9], and [16]). Generally speaking, the
system is a macroscopic continuum description of the time evolutions of liquid crystal materials
influenced by both the flow field u(x,t), and the microscopic orientational configuration d(x,t).
The first equation combines the usual equation describing the flow of fluid with an extra nonlinear
coupling term, which is the induced elastic stress from the elastic energy through the transport,
represented by the third equation. The induced elastic stress term AV - (Vd ® Vd) can also be
derived using Least Action Principle, similarly like what we dealt with viscoelastic fluids. The
third equation is associated with conservation of angular momentum, with the left hand side
standing for the kinematic transport by the flow field, while the right hand side representing
the internal relaxation due to the elastic energy. The term f(d) = n%(]d\z — 1)d may be seen
as a penalty function to approximate the constraint |d| = 1, which is due to the liquid crystal
molecules being of similar size.

For the liquid crystal model above, the existence of global weak solutions was proved in [19],
where the existence of 2D global classical solutions was also given. There were also some results
for the existence of global classical solutions in 3D, if the viscosity constant v, dependent on
initial data ug and ¢g, is large enough. The corresponding results for small initial data were
also given, where the initial data is near the absolute minimizer of an energy functional. After
that, the authors proved in [20] the partial regularity result that the one dimensional space-time
Hausdorff measure of the singular set of the suitable weak solutions is zero. The results of the
existence and asymptotic stability of the solutions to the general Ericksen-Leslie system were
provided in [21].

Since the only difference here is that d = (d~1, do, Jg) is a vector, in the framework of axisym-

metry, we have the equivalent system to (6.8)-(6.10) as

1 1
T z 2 r
ur +0"up +vu, = v(V —r—z)u—;v u, (6.11)
wi +v"wp Fviw, = v(V: - iz)w + 1(u2)z — lv’"w
T T
3
- - - - 1 -~ -
FAY {(di):V2(di)r — (di)r V2 (dy): — 2 (di)r(di):}, (6.12)
i=1
1
2
—(V?2 - 72%/, = w, (6.13)
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(v’")r+1;—r+(vz)z Y (6.14)

(Ciz)t + UT(CL‘)T + UZ(CZZ')Z = ")/{VZCZZ' — sz + 7di}, 1< <3. (6.15)

(ul)e + 207 (u1): = v(u])ze + 2(¢7)zu], (6.16)
(Wi + 201 (W) = v(w))se + (), (6.17)

—(¥7)z: = Wi, (6.18)
(dio)t +2¢71(djp): = Y(djp)e2= 7 |d0| dio 772 0, 1<i<3. (6.19)

Here uj, wi, ¢f and d,, 1 <14 < 3 are functions of only z and t. d§ = (d}y, d5g, d5,). Similarly,
from the 3D exact solution (ruj, rwi, 197, df;) based on 1D solution to the above system (6.16)

0 (6.17), we can construct finite-energy solutions in the following form,

a(r,z,t) = r(ul(z,t)x(r) +ui(r, z,1)), (6.20)
w(r,z,t) = r(wi(zt)x(r) +wi(r,z,1)), (6.21)
b(r,z,t) = (2 0x(r) + ¥a(r, 2,1)), (6.22)
di(r,z,t) = dip(z,t)x(r) + di(r,z,t), 1<i<3, (6.23)

where x(r) is defined in Section 1. Then we have the similar results to Theorem 1.1 and 1.2.

Theorem 6.3. For the 3D system (6.8)-(6.10), assume uj(z,0), ¥j(z,0), wi(z,0) and d}(z,0)
(1 <i < 3) are smooth functions which are periodic in z with period 1. Then there exists a global
classical solution in the form of (6.20)-(6.23), if initial conditions g = (r,z,0) € H'(R?),
dio £ d;(r,2,0) € H*(R?) (1 <i<3) and v > vo(7y, N, Tio, dip).

Theorem 6.4. Suppose that initial conditions for ui, wi, 1, and d; (1 < i < 3) are smooth

functions with compact support and odd in z. Moreover, assume that n > 1, and ||[Q(0)||* +
A[VA(0)]? + ﬁ fQ(\&P — 1)2rdrdz < \/% For any given v > 0, there exists C'(v) > 0, such

that if M > C(v) and H(0) < 1 where H2(t) = ||[rVui|? + |[rAv | + S350, |V2di||?. Then,
solutions to the 3D system (6.8)-(6.8) in the form of (6.20)-(6.23) are globally smooth.

6.3 Viscoelasticity

The system (1.1)-(1.3) can be considered as a special type of relaxed system of the Oldroyd-B
model to describe the motion of incompressible viscoelastic fluids (see [23]| and [13]). When v = 0
in the equation (1.3), the system (1.1)-(1.3) makes an equivalent version of the Oldroyd-B model

with infinite Weissenberg number,
w+(u-Viu = —Vp+rvAu- V- (Vo ® Vo), (6.24)
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V-u = 0, (6.25)
o+ (u-V)p = 0, (6.26)

where the basic energy law is

|

(Ial* + X[Ve[*) = —v||Vul>. (6.27)

(NN
U

t

The entire coupled hydrodynamical system of Oldroyd-B model contains a linear momentum
equation, the incompressibility and a microscopic equation specifying the special transport of
the deformation tensor (or ¢ in our formulation).

Viscoelastic materials include a wide range of fluids with elastic properties, as well as solids
with fluid properties. And it is due to the interaction between these microscopic elastic properties
and macroscopic fluid motions, which can be viewed as the competition between the elastic energy
and the kinetic energy, that provide us with many interesting rheological and hydrodynamical

phenomena of viscoelastic material.

Remark 6.1. In the context of hydrodynamics, the basic variable is the flow map (particle
trajectory) x(X,t). X is the original labeling (Lagrangian coordinate) of the particle, which is
also referred to as material coordinate. x is the current (Eulerian) coordinate and called reference

coordinate. For a given velocity field u(x,t), the flow map is defined by the ODE :
e =u(x(X,t),t), z(X,0)=X.

To incorporate the elastic properties of the material, we need to introduce the deformation tensor,

Ox
F(Xv t) - ﬁ:
where we use the notation F;j = gfgj In the Eulerian coordinate, we can define f(x,t) =

F(X,t). Without any ambiguity, we will not distinguish these two notations. Using chain rule,

we know F satisfies the following transport equation :
Fi+(u-V)F = VuF. (6.28)

For incompressible fluids, V -u = 0 indicates after taking divergence of both sides of the equation

above, it becomes the transport equation for V - F as
(V-F)y+u-V(V-F)=0, (6.29)

Since F is simply the identity matriz at t =0, V - Fli=9 = 0. It infers from the equation (6.29)
that for all t > 0,
V.F=0. (6.30)
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The Oldroyd-B system with infinite Weissenberg number can be derived in the energetic varia-
tional point of view. For simplicity, we assume the internal energy W simply depends on F and

the density to be the constant 1. Let us consider the action functional

:/T/ [Lal? — AW(F)] dX dt
0 Qo

Choose one parameter volume-preserving diffeomorphism xf, such that %‘5:0 = vy, where
volume-preserving indicates det(gi;) = 1, hence V, -y = 0. By Least Action Principle, we

have

0 = 552//6:E:i]€:052/(:n6)

(9W al]-"6
[ (e =N s )

= // —Du .y N FT .V ydz dt
0 JQ

T D oW
_ /O/Qt—[Dtu—l—AV (D POy d di

Since y is an arbitrary divergence-free function, we actually derive the following momentum

equation:

ow
oOF

with the pressure term as the Lagrangian multiplier for the incompressibility. Adding the dis-

W +u-Vu+4 Vp=-A\V. (== FD),

sipative viscosity term vAu, together with the transport equation (6.28), we recover a closed
system

ow

T
8,7-']:)

w+u-Vu+Vp=vAu+ AV (
V-u=0.
Fi+u-VF =VuF,

such a derivation by variation with respect to domain, i.e., Least Action Principle, is equivalent

to the Principle of Virtual Work.

Remark 6.2. We want to point out that, The MHD equations (6.5)-(6.5) and Liquid Crystal

system (6.8)-(6.10) can also be derived by the energetic variational approach.

Remark 6.3. The term %—‘;__/ is called the Piola-Krichhoff tensor, while %—VJI__]]:T is the Cauchy-
Green tensor. If we restrict ourselves to the Hookean elasticity case, i.e., W (F) = %tr(}"}"T),

then one arrives at the following equations for the viscoelastic system,

W +u-Vu+ Vp=vAu+ V- (FFD),
V-u=0,
Fi+u-VF =VuF.
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(6.30) implies there exists a vector function ¢, such that

F=vio=| 7,
V.o
hence 2D equations can be rewritten as (6.24) to (6.26).

For the Oldroyd-B model with infinite Weissenberg number, the existence of local weak
solutions has been proved by [22], [31] in 2D and 3D respectively. The main difficulties for
obtaining the existence of global classical solution for the Cauchy problem, or periodic initial-
boundary value problem, lie in the fact that the Oldroyd-B system has only partial dissipation.
By delicate analysis, the authors managed to find extra damping mechanism from the induced
stress term, and proved the existence of global classical solution near equilibrium.

However, there is no result for the existence of global solutions under the assumption of
large viscosity constant v—this remains a challenging open problem. Some attempts to find
singular structures in the Oldroyd-B model have been done, as in [25], [29], where the energy
is nevertheless assumed to be infinite. To this end, we are attempting to study the following

intermediate system:

u+(u-Vju = —-Vp+rvAu—- AV (Ve Vo), (6.31)
Vou = 0 (6.32)
o+ u-Vip = —-9, (6.33)

where (6.33) is viewed as an equation with linear decay, with the basic energy law
14 (Iull® + AIVl?) = —v[[Vul? —~[Ve|. (6.34)
2dt
Actually, this system (6.31) to (6.33) is considered to be a bridge connecting Oldroyd-B model
in finite and infinite cases. We are going to investigate this system on the existence of global
weak solutions, as well as global classical solutions in both small initial data and large viscosity
case. In addition, the properties of axisymmetric solutions will also be studied.
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