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Abstract

Consider a non-relativistic Hamiltonian operator H in 2 dimen-
sions consisting of a kinetic energy term plus a potential. We show that
if the associated Schrodinger eigenvalue equation admits an orthogonal
separation of variables then it is possible to generate algorithmically a
canonical basis Q,P where P; = H, P,, are the other 2nd-order con-
stants of the motion associated with the separable coordinates, and
[QZ', QJ] = [R, P]] == O, [Ql,f)J] = (51] The 3 operators Q2,P1,P2 form
a basis for the invariants. In general these are infinite-order differen-
tial operators. We shed some light on the general question of exactly
when the Hamiltonian admits a constant of the motion that is poly-
nomial in the momenta. We go further and consider all cases where
the Hamilton-Jacobi equation admits a second-order constant of the
motion, not necessarily associated with orthogonal separable coordi-
nates, or even separable coordinates at all. In each of these cases we
construct an additional constant of the motion.



1 Introduction

In the paper [1] the authors considered a classical Hamiltonian H = H(x, p) =
>, 977p5 + V(x) where x = (21,...,2,), P = (p1,...,pn), such that the as-
sociated Hamilton-Jacobi equation H (x, g—i) = F is additively separable
in the orthogonal variables x. In that case there is an explicit canoni-
cal change of coordinates from the variables x,p with {z;,p;} = &; to
variables Q,P where P, = H, P,,---, P, are the other second-order con-
stants of the motion associated with the orthogonal separable z-coordinates,
and {Q;,Q;} = {P,P;} =0, {Q;,P;} = d;;. Thus the 2n — 1 functions
Q2+, Qn, P1,- -+, P, form a basis for the invariants. Each invariant (); can
be expressed as a sum of the form

Q= kiMk(xk,P» 0

see [2]. Through our new constructive approach we could say in advance
for exactly which separable metrics and potentials (); is a polynomial in
the momenta. We gave, in principle, a complete solution to this problem.
Moreover, we showed how to characterize each term My, in (1) by the Poisson
brackets {Mj, P;}. In this paper we extend our method to the quantum
regime in two dimensions.

We have a Schrodinger operator

H=L=A+V(x) (2)

where A, is the Laplace-Beltrami operator on a real or complex two-dimensional
Riemannian space and x = (x1, x2) are orthogonal coordinates on that space
such that the Schrédinger equation

HY = BV (3)

separates multiplicatively in these coordinates. We will show, in a formal
but explicit sense, that it is possible to generate algorithmically a canonical
basis Q,P where P, = H, P, are the second-order constants of the mo-
tion associated with the separable coordinates, and [Q;, Q;] = [P, P;] = 0,
(Qi, P;] = 65, 1 < 4,5 < 2. In general, the operators Q are of infinite
order. (See [3] where we introduced infinite-order conformal symmetry op-
erators for the time-dependent Schrédinger equation in one space variable.)
We pay particular attention to the issue of when this method yields finite or-
der differential symmetry operators. These questions of when a system with
two second-order constants of the motion, classical or quantum, (generated



by an orthogonal separation of variables) admits additional polynomial con-
stants of the motion are closely related to the concept of superintegrability,
[4,5,6,7, 8,9, 10, 11, 12, 13, 14].

This first paper is concerned only with the two-dimensional quantum case,
where no non-trivial R-separation occurs. However, we here also consider all
cases where the Schrodinger equation admits a second-order constant of the
motion, not necessarily associated with orthogonal separable coordinates, or
even separable coordinates at all. In each instance we construct an additional
constant of the motion. The second paper in this series will consider the
three-dimensional case where R-separation becomes relevant.

2 Two-dimensional separable systems
Consider the case of orthogonal separable coordinates in a general Rieman-
nian space, for which the Schrodinger operator has the form
1
Li=—+—7—
fi(z) + fa(y)

and, due to the separability, there is the invariant

H= (2 + 02 + v (@) + va(y)) - (4)

_ fo(y) 2 _ fi(z) 2
L= T+ fw O )~ Ry gy (O )
i.e.,
(L2, H] =0,
[15, 16, 17, 18, 19]. We have the operator identities
filx)H + Ly = 02 + vy (2), fo(y)H — Ly = 02 + va(y). (5)

We look for a partial differential operator M(H, Lo, x,d,) that satisfies
1

H M| =————<P(H, L»). 6
SR TE R AT o
where P is a given nonzero polynomial,
P(H,L) = ¥ o H LS ™
ik
and write it in the standard form
M(H, Ly, ,0;) = Y (Xjx(2)0s + X;u(x)) HI LS. (8)

Jk



Comment 1 [f M(H, Ly, x,0,) contained partial dervitives in x of order
> 2 we could use the first identity 02 = fi(z)H + Ly — v (z), recursively, and
rearrange terms to achieve the unique standard form (8).

Note that we have the operator identity
[H, X (2)0, + X(2)] = (9)
_
fi(z) + fo(y)
+(2/1 X'+ f1X)H +2X'L,) .

Thus the condition (6) is equivalent to the system of equations

X7, 42X, =0,

(X" +2X0, + (X" = 0| X — 20, X)

X]/tk - 1}1)(]'7]€ — 2’(}1)(]/'7]g -+ 2f1X]/'71,k -+ f{Xjfl,k -+ QX]/',kfl = Oéng.

Example 1 We look for an M of first-order: M = X ()0, + X (z) and take
P = apo+ a10H + ag1Ls. Then equations (6) reduce to
/ _ 2041,0 / 9 9 -0
f1($) = m, (C + aole)’ljl(l') + 050711}1(1') + a0 = U.
Condition (8 ) makes sense, at least formally, for infinite order differential
equations. Indeed, one can consider H, Ly as parameters in these equations.
Then once M (H, Ly, x,0,) is expanded as a power series in these parameters,
the terms are reordered so that the powers of the parameters are on the
right, before they are replaced by explicit differential operators. Alternatively
one can consider the operator M as acting on a simultaneous eigenbasis of
the commuting operators H and L, in which case the parameters are the
eigenvalues. In this view we can write

M(H, Ly, x,0,) = X(H, Ly, )0y + X (H, Ly, ) (10)

and consider M as a first order ordinary differential operator in z that is
analytic in the parameters H, Ly. Then the above system of equations can
be written in the more compact form

X" 4 4(vy — fLH — L)X 4+ 20, — flH)X = —2P(H, L,), X = —%X’.

(11)
The first equation (11) always has solutions for any fi,v;, say continuously
differentiable. Thus we can always construct M and it will be analytic in the
parameters H, Ly. (Of course, a basic question is for what choices of f;, vy, P
do solutions M exist that are polynomials in the parameters H, Ly?) Further
we have the result



Lemma 1 Let Vi (H, Ly, x), Vo(H, Lo, x) be a basis of solutions for the equa-
tion

(di o)~ (@) H L2> U(a) =0. (12)

dz?

Then Si(z) = U2, Sy(x) = U1 Wy, S3(z) = V3 is a basis of solutions for the
homogeneous equation

S" 4+ Aoy — fiH — Ly)S' + 2(v, — fIH)S = 0. (13)

Thus the general solution of the first equation (11) is a particular solution of
this equation plus an arbitrary linear combination of Si, S5, S5

Theorem 1 The general solution of the third order non-homogeneous ordi-
nary differential equation (11) can be obtained by quadratures from a basis
Uy, Uy of solutions of the second order homogeneous ordinary differential
equation (12).

PROOF: By the lemma, the general solution of (11) takes the form

3
X(H, Ly, z) = Z cxSk(H, Lo, x) + Xo(H, Lo, x)
k=1

where X is any particular solution of this equation. We review the standard
construction of a particular solution of the non-homogeneous equation from
a general solution of the homogeneous equation (13). This equation can
be written as a first order system if we set 7' = S",U = T". Then (13) is
equivalent to the system

d S 0 1 0 S
P T | = 0 0 1 T |, (14)
"\vU —2(v} — flH) —4(vy — f1H — Ly) 0 U
or J
—X = AX.
dx A
Then the invertible matrix
S1 Sy 53
B=| S S5 S
Sy Sy Sy

is a fundamental solution matrix for (14):

d
%B = AB.



(Note that det B is the cube of the Wronskian of ¥y and W5, hence a nonzero
constant.) We want a fundamental solution matrix S for the non-homogeneous
system

S5 0 1 0\ /5
L= 0 0 || 1|+
dv \ oW, — fIH) —A(vi— fLH—Ly) 0 )\ U _op

or J
dx
Thus we want a solution of
d 0 0 0
x —2P(H,Ly) —2P(H,L,) —2P(H,L,)

Set S(z) = B(x)C(x), so that

S'=B'C+ BC' = ABC + A,.
Since B’ = AB we have BC' = Ay or

C(a) = / B~ (z) Ayda + Co

where the constant zy and constant matrix Cy so that C is invertible. Then
S = BC is the fundamental solution matrix. Q.E.D.

Theorem 2 Let Wy (H, Ly +¢€,x),Vo(H, Ly + €, ) be a basis of solutions for
the equation

<dd—; +v1(z) — fi(x)H — Ly — e) U(z) =0, (16)
such that the Wronskian is normalized by
U0, — U0’ = 1.
Set
wi(H, Ly, x) = %\Pj(, H, Ly+e€,x) |e=o, wj(H, Ly, x) = V;(H, Lot€,2) |c=0, J=1,2.
Then
Xo(H, Ly, ) = ugwe — ugwy = u%@LQZ—j

is a solution of the nonhomogeneous equation

X" +4(vy — f1H — L) X'+ 2(v; — fi1H)X = —2. (17)



Recall that a basis for the solution space of the homogeneous equation is
(u1)?, (u2)?, usus.

Similarly, we look for a finite order partial differential operator N (H, Lo, y, 0,)
that satisfies

(H, N = Wlﬁ(y)P(H’ Ly). (18)
and write it in the standard form
N(H,Ls,y,0,) = 2}; (Yir(0)0y + Yir(y)) HILS. (19)
7,
Note the operator identity
[H,Y ()0, + Y (y)] = (20)

1 " 7/ Y 1
m ((Y —f- 2Y )@, + (Y 2U2Y U2Y)

+(2fY + f5YVH — 2Y'Ly).
Thus, (18) is equivalent to the system of equations

}/},/k + QY‘,k =0,

?J{,Ik = 20Y] ) — 03+ 202X+ Yk — 2Y 1 = —ay.

Then we write
N(H,Ly,y,0,) = Y (H, Ly, y)d, + Y (H, Ly, y) (21)

and consider N as a first order ordinary differential operator in y that is
analytic in the parameters H, Ly. The defining equations are

~ 1
Y”/+4(’l}2—f2H—|—L2)Y/—|—2(U2 f2 ) P(H L2) Y = —§Y/ (22)

Once we have obtained M and N, then we see that the operator Lsz =
M + N commutes with H:

1 1
—P(H, Ly) —
Ji+ fa ( 2) Ji+ fa
Thus we can view L3 as an infinite order differential symmetry operator for
H. In special cases this will be a finite order operator.

It is important to note that L3 is not just a function of H and L,. Indeed,
a straightforward computation yields

fo
it fo
$0 [La, Ls] = P(H, Ly) # 0.

[H, Ls] = [H,M]+ [H,N] =

P(H, Ly) = 0.

P(H.L)),  [Lo.N] = —*P(H, L),

frt /o

[LQ,N] =



Example 2 Let us consider the quantum Hamiltonian
H=0;+0, + .

It is known to be associated with several symmetries, such as

1
by = ay’ b = {ay’xay - yaz}Jr - §y2,

1
62 = &Day + §y,

where {A, B}, = AB + BA s the anticommutator of two operators. The
occurence of Ly is obvious, because y is an ignorable variable for the Hamilto-
nian. How can we obtain {1 and 5, which are associated with the separation
of the Schriodinger equation in parabolic and shifted parabolic coordinates,
from our cartesian coordinate construction? The obvious separation in carte-
sian coordinates yields the additional second order symmetry

1

Let us now consider the defining equations for a symmetry in the following
form:

1 1
X" 4 d(x = 5 H = L)X’ +2X = (5H — L),

1 1
V" —A(GH — L)Y’ = ~(5H — Ly).

These equations have the solutions

11 y 1
X==(-H-1L y=2_2
2(2 2)7

The corresponding symmetry is thus finite and given by

1 1 1 1 1

We see that our construction yields reasonably easily the existence of {5 and
thereby £1. Note also that [0y, (1] = 2(s.

Example 3 We consider cartesian coordinates in flat space and assume that

the potential is separable in these coordinates. Thus we have fi(x) = fo(y) =
1

5 and

H =07+ 35 + vi(x) + va(y),



5@ (),

We look for a 3rd order constant of the motion Ls. Thus we have

L
Ly = Q(QE + v1 (7))

P(H,Ly) = > o H/L}

k<2
and M must take the form

~ ~ ~ ~ 1
M = (Xloax —|— XIO)H —|— (X()laz + XOI)L2 + (Xooax —|— XOOa X]k == —5 ]/k
Now condition (6) leads to the system of equations (labeled by the powers

(j, k) of H'L3)

) Xip = o,

) Xél + QX{O = Qqy,
) 2Xg = ag,
)

)

)

’ 23
—%Xﬁl) — U1X10 — 21)1X{0 + X(SO = (10, ( )

y —%Xg{ — U1X01 — 21)1X61 + 2X(/)0 = Qp1,

y —%Xél(l) — UlXQ() — 21)1X60 = Q-
These equations are equivalent to
X10 = agox + c19, Xo1 = 5002T +co1, Qo2 + 4agy = 20y, (24)
XéO = (Q’Qo.’L' + Clo)Ui + 20(201)1 + oo, (25)
1
2Xg0 = (504021’ + co1)v) + Qov1 + or, (26)
1

—§X6/6 — U1X00 — 2’(}1X60 = Q- (27)

In the following computation we rule out the trivial case vy a constant.
Then we have the following possibilities:

CASE 1: (0402 — 40(20).1' -+ (2C01 — 4C10) §é 0.

Then we can eliminate X(, from (25), (26), and solve the first order
differential equation for vy to obtain
Qo1 — 2aig

£
—1 + T 5
Qo2 — 4o ([3002 — 2ag0] + [co1 — 2¢10])

vi(z) =

where £ is a constant. ;From this we can solve (25) to get

(a1 — 2010)€ [c10(5 002 — 2a99) — Qag(cor — 2¢10)]

Xoo = [o10— “2a]a—
o0 = a0 —as0 (00 —200]z agy —4ag  ([5002 — 200]z + [cor — 2¢10))?

9

+d,.



Note that we must have cgg — 4agg # 0 for otherwise vi would be a constant.
Now we normalize our equations so that cgs — 4asg = 2 and translate in the
x coordinate to achieve coy — 2c19 = 0. Substituting these expressions for Xy
and vy into (27) and equating coefficients of powers of x we find the condition
cio = 0 Thus our solution s

age—4asy =2, co1 = c19 = 0, ago = (a1 —2010) (a0 — 2a20(ap1 — 2a19)) 5, 11 = 1+4a,

g1 — 2«
vi(z) = % <—1 + %) , Xoo = [a10 — ago(apr — 2an0)] © + d,
1
X0 = apo, X = 50027

CASE 2: (O[Qg - 40(20)1’ -+ (2001 — 4010) =0.
Then we have

2a10 — agr = 0, X9 = aoor + c19, Xo1 = 2X10, 4an = i,
and the remaining equations are
X(/)O = (062033' -+ ClO)/Ui —+ 206201)1 + o (28)

and (27). Assume first that agy # 0 Then we can normalize so aag = 1 and
translate in x to achieve c;o = 0. Then we substitute (28) into (27) and solve

for Xoo to get

1 1
Xoo = —= @00 + 501"z + 0] + v’ + 2v1v1@ + dvp + 21001 |
1

Computing X{,, from this expression and substituting back into (28) we obtain
a fourth-order ordinary differential equation for the potential:

1 3
—of (L4 5) + o (Goffe + of = So)+ (29)

V" (o + vl + 402 + 201001 — 8v10)) — v} (v + 4v;y + o) = 0.
If asg = 0 we have
cor = 2 = apgr = ag; =0, Xop =0,
Xoo = c1ov1 + a0z + dp,

as well as equation (27). Substituting the expression for Xoy into (27) we
obtain a third-order ordinary differential equation for the potential:

1
" / / /
§C10U1 + 30101)1’01 + a2V + doUl + 20(10’01 = —Qqo-

10



If c19 # 0 then we can normalize so cig = 1 and add a constant to vy so that

dy = 0. Then the equation for the potential simplifies to:

l m / / _

5 Ui + 3vyv1 + aqorv; + 2009V + g = 0. (30)
Finally, if c10 = 0,10 # 0 we can normalize so a9 = 1 and translate in

x to achieve dy = 0. Then we find the potential

agp | 1
=9, 31
w(r) =224 & (31)
A very similar computation, with the same polynomial P(H, Ls) yields
the possibilities for vy(y), and the construction of the operator N. Then

L3 = M + N is a third-order quantum constant of the motion.

Example 4 We look for third-order invariants where the manifold is a space
of revolution, with x as an ignorable coordinate. Then we can take fi(x) = 0.
The solutions for vi(x) are essentially reparametrizations of the solutions of
the preceding example. Note, however, that asy = 0.

Indeed, for any constant §, fi(x), fo(y), vi(x),v2(y) are solutions of (11),
(22) for H, Ly and some functions X,Y if and only if

le(x) = fi(z) =4, fz(y) = fo(y) +0, v1(z) = vi(2), T2(y) = va(y),

H=H, Ly=1Ly+0H

also satisfy (11), (22). Thus we can set § = 3

and read off the solution for
fi(z) =0 from the previous example with fi(x) = 5

1
5

Example 5 We look for third-order invariants where vi(x) = 0. Then the
equations for fi(x) reduce to two:

1
(504021' —f- COl)f{” —|— 20(02]0{/ — 2(0[011' —|— QCOQ)f/ — 40[01f = —4CY10, (32)

"

31 3
3o f + 5(5040290 +co1)f — a0 — an f + Oéozﬂ]% = (33)

These coupled equations are difficult to solve in general. Two obvious solu-
tions are

fila)=Ar.  file)= 3+ B

where the relation between A, B and the other parameters can be determined
by substitution into the equations.

11



Comment 2 For any constant 6, fi1(x), f2(y),vi(x),va(y) are solutions of
(11), (22) for H, Ly and some functions X,Y if and only if

fi(z) = [i(2), faly) = faly), 01(z) = vi(2) +0f1(2), 0a(y) = va(y) +0f2(y),
H=H+06, Ly= Ly
also satisfy (11), (22).

3 Comparison with the classical case

We review the corresponding classical case as treated in [1]. The Hamiltonian

has the form

Py toi(a) +oa(y)
H=b= ="t (34

and, due to the separability, there is the invariant

fa(u) (P2 +vi(x)) — fr(x) (] + va(y))
fi(z) + fa(y) '

We look for a function M (H, Ly, x, p,) which satisfies

LQI

1

HM)=——"—464#¥/—. 35
UMY = e T R (35)

The condition has the form

, , oM oM
(@) + F@H) 5 + 2,5 = 1. (36)
Note that

pi =Ly + fi(z)H — vi(x). (37)

We consider x to be a function of the independent variable U = p? and write

(36) in the form
dM 1 dx

dp,  —vi(z) + fi(x)H ~ dU’

The solution is
M(H7 L27px) = / U/_ldpz

where
U(z) = p2 = —vi(z) + fi(z)H + Lo,

12



and we consider U'~' = g—g to be a function of U = p2. As shown in [1] the
possible functions M that are polynomials in p, are exactly those that arise
for systems in which x can be expressed as a function of p,, Ly, H in the form

B yH +§

where (Q is any nonconstant polynomial and «, 3,7,d are constants with
la| + |B] # 0. If @ has order m then M will be a rational function of the
momenta p,, py; it is the function M = (vH + 0)™M that is a polynomial.
Note that M satisfies

(vH +0)™
filz) + fay)

It is hard to directly compare this p,-based formulation of the classical
system with our quantum formulation, because in the quantum case it is
unclear how to express the operator of multiplication by x as a function of
the operator d,. However, it does make sense to formally expand M in the
form

{H, M} =

,7,k=0

and then use (37), recursively, to reduce this expression to the standard form

[e.o]

M(z,pe H, L) = 3 (Xju(@)ps + Xju) H'LE = X (2, H, Ly)p,+X (2, H, L)
) " ) (38)
We determine M = Xp, + X by requiring that
~ 1
{H,M} = mP(H, Ly). (39)
where P is a given nonzero polynomial,
P(H,Ly) =Y «; H' LS. (40)

j?k
This is equivalent to the system of equations
X]/',k =0,
VX — 200X, + 211X+ fIXGok + 22X = oy,

or, in terms of the functions X (z, H, Ls), X (z, H, L),
2001 — fill = Lo)X'+ () = flH)X = =P(H.Ly), ~ X'=0.  (41)

13



Comparing equations (11) and (41), we see that our classical construction
of constants of the motion carries over directly to the quantum case only for
quantum systems such that X” = 0. This quantization condition is seldom
satisfied. To be precise, let us consider solutions X (z, H, Ly) of (41) that are
analytic in the variables (H, L) in a neighborhood of (0, 0).

Theorem 3 Formal solutions X (x, H, L) of the classical equations (41)
also satisfy the quantum equations (11) for the following metric components
and potentials:

__B e
) = s Al = i (42)
_nmrton oy T E0
vy (z) = @+ 9)° B, fi(z) =+ 5)° B2, (43)
vi(7) = B, fi(z) = Ba, (44)
vi(z) = aqz + G, fi(z) = asx + [s. (45)

PROOF: Suppose X(z, H, Ly) # 0 satisfies the classical equations corre-
sponding to the metric and potential functions f;(z), v1(x), and set

F(x,H,Ly) = vi(z) — fi(z)H — Lo.
Then X will also satisfy the quantum conditions (11) provided X" =0, i.e.,
X(l’, H, LQ) = A(H, LQ).Z'Q -+ B(H, LQ).Z' + C(H, Lz),

where A, B, C are analytic functions of the variables (H, Ls) in a neighbor-
hood of (0,0). Then the condition (41)

2(2Az + B)F + (A2* + Bz + ¢)F' = —P(H, L), (46)
where P is a nonzero polynomial, has the solution

—(3 A3+ 1Ba? +Cx) + D
Pl H, L) = — S50 22 — (o) = A H — L, (41)

where D = D(H, Ly).

If we choose (H, Lo) = (Ho, Lo), (Hy, L) where Ho # Hj in the common
domain of definition of A, B,C and such that |A| + |B| + |C| > 0 at these
points, then we can solve the equations

F({L‘, HOaLO) = ’l}l(l’> _fl(x>H_L07 F(:L’,H(I),L()) = 7]1(1’) _fl(x)H_Lé)

14



for vy (), f1(z) to get expressions of the form
_ Py(z) _ Py(x)
Q(z)’ Q(z)’

where Pj, P,, ) are polynomials in x without a common factor. From (47)
we have

vy () fi(x)

Q) [—A—;ﬁ _ %ﬁ _CPx+D| = [Pi(z) = Po(a)H — Q(x)Ls] (48)

x [A%' + 2ABa® + (B2 + 2AC)2* + 2BCx + C?| .

Let m = order (). Then the order of the polynomial dependence in x on the
left-hand side of (48) is m + 3, whereas the order in = on the right-hand side
is > m + 4, but the coefficient of this term is proportional to A%2. We have a
contradiction unless A = 0. Thus (48) becomes

Qx) —?ﬁ _ CPx+D| = [Pi(2) — Py(x)H — Q(z)Lo] (Bx+C)?. (49)

Case 1: order @ > max order (Py, P»)

This implies BP = 2B%L,. If B = 0 then (49) implies CP = 0, hence
C' = 0. This is impossible, since X # 0. Hence B # 0 and P = 2L, B. Thus,
we can write F' in the form

L,C?P + D
F(x,H, LQ) = 4L§(P;'_i——2[126Y>2 — LQ = ’01(1‘) — Fl(x)H — L2.
This will be in the desired form
B —~vH
Fle. H Ly) = ———— — L
(l’, ) 2) (£E+Oz)2 2

provided C' = a/2,P = Ly, D =
constants.

Case 2: order () = max order (P, P»)
Then there are constants oy, as, az with as # 0, |ag|+ |az| > 0, such that

B8 — 3vH — 30%Ly, where o, 3,7 are

PN

mrﬂmH—%Mﬂﬂz—%BP
If B=0 then CP =0, so C'= 0, which is impossible. Hence B # 0 and

P 2
B = = where R = —a—3(041 —agH — azls).

15



Thus condition (49) becomes

1
—5Q@)R |P’2® + 2RPCx — 2RD| = [Py(x) — Pa(x)H — Q(x)Lo] (Pz+RC)>.
(50)
There are two possibilities:

i) RC =pBP ii) —2DR= R*C*

For possibility i) we have
—%Q(m)R [P%Q +28Px — 2RD} = [Pi(z) — Po(2)H — Q(x)Ly] P*(x + 3)%,

so we must have R2D = P, a polynomial in H, L, and —Qﬁ—ﬁx—i—% = Ra+S,
where R, S are linear in H, Ly. Thus we obtain

+9 + 6
)~ S~ L= |20 | - [ o,
For possibility ii) we have simply vy(x) = 51, fi(z) = fa.

Case 3: order () < max order (Py, P»)
Then we must have B = 0, so (49) becomes

Q(z) [-CPz + D] = [Py(z) — Py(z)H — Q(z)Lo] C*.
This implies P = (—a; — asH)C where |a;| + |az| > 0. Thus

—CPx+D B

F(z, H, Ly) = >

vi(z) = fi(z)H — Lo,
so D = (B; — foH — Ly)C? and

v1(z) = aqx + [y, fi(x) = agx + fo.

QE.D.
Operators M associated with (42,43,45) are first order, whereas case (43)
is infinite order. These are the only pairs (v;(z), f1(z)) such that the classical

functions M = X (x, H, Ly)p, correspond exactly to the quantum operators
M = X(z,H, Ly)0, — %X’(x, H, Ls).

Comment 3 Noncanonical versions of operators constructed in this paper
can also provide insight into the structure of invariants for a given problem.
For example, consider the classical harmonic oscillator H = p? +p§+x2+y2,

16



fi = fo= %, v = 22,19 = y%. The classical constant of the motion that

follows from our construction can be written as [1]

D + 1T Dy + 1Y
) — log(=*—>)

£:A7[+Nzlog( : :
Pz — 1T py_zy

This suggests that the corresponding quantum operators should be H = —9?% —
82 + 2% + 9% and

L=M+N =log ((~0; +2)(~0: —2) ") ~log (=0, +)(~0, — 1))
=log ((=0; +2)*(=0, —)*(@ —2* = 1)7(0) —v* + )7)

= log ((agy —xy — {x0, — Y0, ) (0 — 2* — 1)_1(35 +y? + 1)_1) ,
where

[H,L]=0, [H M]=—|HN]=—4.

This is, in fact, correct. Note that since —0%+x?, —3§+y2 commute with H,
this suggests that 8§y —xy, x0y —y0d, commute with H, also correct. Indeed,
since [a®, H] = —4a® for a = —0, + x, we can use the formal identity

[F(S), H] = F'(5)[S, H]
with S = (a*(0? — z* — 1)71), F(S) = log(9S) to obtain
[M,H] = [F(S),H] = —4.

Similarly [N, H] = 4. Thus the operator M = log ((=0, + x)(=0, — x)™!)
defines a canonical set, although it is not written in canonical form.

4 A new approach to the classical case

Consider again the classical separable Hamiltonian in two dimensions:
oI — pa 4} +vi(z) + va(y)
=L, =
fi(z) + fa(y)
Due to the separability, there is the invariant

_ L)@+ (@) — Ai@)(p) +va(y))
fi(@) + fa(y) ’

(51)

L,

and there are the relations

Py =—vi+ fiH + Ly, pzz—vz—i-sz—Lz-

17



In our earlier work we constructed functions L/, L), satisfying the canonical
commutation relations

{Li’ Lj} = {L;’ L;} =0, {Li’ L;} - 52]

However, due to the form of construction it is difficult to detect the presence
of invariants that contain terms such as p,p,. One can obtain only powers
of these invariants from the canonical invariants. Thus we search for these
invariants directly, starting out with the classical case.

We construct a function

I/ = A(l’7y7LlaL2)p$py+D(:L‘7y7L1aL2) (52)

such that {H,L} = 0, but {Ly,L} # 0. The condition {H,L} = 0 is
equivalent to the system of equations

Da: = —%AféH — Ay(—?]g + ng — Lg) + %Avé
1 1
= —(—1)2 + ng — L2)§8y[(—v2 + ng — LQ)EA:I (53>
D, = _%Af{H — Ay(—vi + f1H + Lo) + %A'Ui
= —(—'Ul + le + LQ)Eaz[(—’Ul + le + LQ)EA]
The integrability condition for this system is
Are (_Ul + f1H + L2) + %Aw(_vi + f{H) + %A(_UY + f{/H) (54>
= Ay(—ve+ ol = Ly)+3A,(—vy + o) + 5A(—vs + fiH),
or, equivalently,
(—v1 + ALl + Ly)20,[(—v1 + fLH + Ly)20,D] (55)

= (—vg + foH — Ly)20,[(—vs + foH — L3)20,D).

In terms of new coordinates z, ¢ such that
dz
dz

this last equation is

= (—U1+f1H+L2)_%, = (_U2+f2H_L2)_%>

dy
dy
with general solution D = DM (& + §) + D@ (z — §), where DM, D) are
arbitrary functions. Then

(o1 + fiH + Lo)?(—vs + foH — Ly)2 A= DY (& +§) — DP(& - §).

Thus for any separable metric and potential we can always find invariants
of the form (52). Moreover, a straightforward computation yields {L,, L} =
2(Dypy — Dyp,). Thus any invariant L, such that D is nonconstant as a
function of x,y, is independent of Ls. A major question here is when are
such invariants polynomials in the momenta?
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Example 6 Consider the harmonic oscillator
H = pi + p + w2 +9).
Here vy = w22, vy = W22, fi = fo = % A solution for L is L = PPy +wiry.
Consider the anharmonic oscillator
H = pi +p, + W’ (42” + ¢).

42,2 . 2.2 e 1 - 7o
Here vy = 4w*x®, v = w2y, fi = fo = 5. A solution for L is

A
L = py(zpy — yps) — w?2y® = —ypapy + SH — oLy~ 222y

Another difficulty with the canonical functions that we have computed
is that, due to the form of their construction, they can’t directly express
invariants with cross terms, such as yp, —xp,. The missing class of invariants
is of the general form

L= B(z,y, L1, Ly)p, + C(x,y, L1, Lo)p, (56)

such that {H,L} = 0, but {Ly, L} # 0. The condition {H,L} = 0 is
equivalent to the system of equations

C,+B,=0, (57)
1 / /
Cy(—v2 + foH — Lo) + QC(_UQ + [2H)+

1
By(—vi + fiH + Lo) + 53(—01 + filH) =0

In terms of new coordinates z, 7 such that

dx 1 dy 1
o= (coit il + Ly) 72, d—z = (—v2 + ol — L2)"2,

we have

(036 — 035)B =10,  (0zz — 035)C =0,

B:(—U1+f1+L2)§B, C:(—U2+f2—L2)%C,

with general solutions

[un

B =BY(z+7) + B (& -§),C = BY(E+§) - B (@ —),

where B, B are arbitrary functions. Thus for any separable metric and
potential we can always find invariants of the form (56). Moreover, a straight-
forward computation yields {L,, L} # 0, for L # 0. Again it is important to
know when such invariants are polynomials in the momenta.
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Example 7 Consider the harmonic oscillator
H = p + p + w2 + ).

Here vy = w?3?,v5 = W22 fi = fo = % A polynomial solution for L is

A

L= YPx — TPy -

Example 8 We set C = 0,f, B = —0,f and look for solutions of the form
f=X(x,H, L)Y (y, H, Ly). The necessary and sufficient conditions for this
are )

(mvr+ il + L) X"+ S (—v) + fIH) X' = CX, (58)

1
(—Ug + ng — LQ)Y” + 5(—1); + féH)X/ = CK

where C' = C(H, Ly). Consider the case of flat space where fi = fo = %
Then the condition for the x-equation takes the form

1 1
(—v1 + ) X" + 5(—@1 + fH)X' =CX, A= §H+ Ly,

with a similar condition for the y-equation. If we look for a solution of the
form X = Xy + A Xy with 0,C' = 0 we find two cases:

1., B 1,
v =2¢9(z) — O2® + 2K, X = g(z)+ Mz, (60)

where
-3 +C$2—2K /+C.Z'/—C =0.

5 Quantum version of the new approach

We consider orthogonal separable coordinates in a general Riemannian space,
for which the Schrodinger operator has the form

1 2 | 42
H:mzﬁaﬁ?@ﬂ@+@+mm+wwn. (61)
and the separability invariant is
_ fa(y) 2 0 () — fi(z) 20
= i B ) T i g (%),
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We have the usual operator identities
file)H + Ly = +oi(w),  fa(y)H — Ly =0 +waly),  (62)
and look for a partial differential operator Z(H , Lo, x,y) that satisfies
[H,L] =0. (63)
and [Ly, L] # 0. We require that the invariant take the standard form

E(Ha L27 €z, y) = Z (Aj,k(xa y)azy + Bj,k(xa y)&v + Cj,k(xa y)ay + Dj,k(xa y)) H]Lg

Gk
(64)
Using the operator identities
S Gl
i+ 2 fi+ /s
!/ !/
O, H = HO, — =214

Ji+ fo fi+ 1o

fife fov
OyLo = Lo0y — H+ )
? ? fi+ fo fi+ fo

fifs Jivg
8, Ly = Lydy + H— ,
v e fi+ fa fi+ fa

we see that

(fr(@) + fo(y))[H, Az, y) 0y + B(2,y)0: + C(x,y)0y + D(z,y)] =
(Agz + Ay + 2By, + 2C;) 0y + (Byy + Byy — 24,09 + 2D, — Av})0,
+(24,fo + Af3)0.H — 24,0, Ly + (Cop + Cyy — 24,01 + 2D, — AV))D,
+(2A, f1 + Af))OyH +2A,0, Lo + (Dyy + Dy — 2B,v; — 2Cyvs — Buj — Cv))
+(2B.f1 +2C, fo + Bf{ + Cf3)H + (2B, — 2C}) L.

Thus the condition (63) is equivalent to the system of equations

Opa Ak + OyyAj ke +20,B; 1, + 20,C 1, = 0, (65)

8MBJ»,;€ + 8yyBj,k — QaijJgUQ + 28ij7k — Ajﬂlﬂ)é +
(20, Aj 1 fo+ Aj1xfs) = 20,A5 51 =0, (66)
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6MCJ»,;€ + 8yy0j7k — QaZAj7k1)1 + 28yDj7k — Ajykvi—l—
(20, A1 1 f1 + Ajfl,kf{) +20, A1 =0, (67)
8MD]-7;§ + anyij — 28mBj,kv1 — QaijJﬂ)g — Bijvi — CijUé (68)
+(20,Bj -1 f1+20,Cj1 1 fo+Bj—1p f1+Ci11.f2) +(20: Bj jy-1—20,C} 1) = 0.

In terms of the general symbolic operator

L(H, Ly, z,y) = A(x,y, H, Ls)0yy + B(x,y, H,Ly)0, + C(z,y,H, Ls)0,
+D(x,y, H, Ly), (69)
the conditions are
A + Ay +2B, +2C, =0, (70)
By + Byy — 2A,00 + 2D, — Avy + (2A, fo + Afy)H —2A,Ly =0, (71)
Coz + Cyy — 2A,v1 + 2D, — Avy + (24, f1 + Af))H +2A, L, =0, (72)
D,, + D, — 2B,v, — 2Cyvs — Bv| — Cvy (73)
+(2B.f1 +2Cy, fo + Bf{ + Cf3)H + (2B, — 2C,) Ly = 0.

Consider the special case of conditions (70,71,72,73) such that A = 0.
Then there is a function G(x,y, H, Ly) such that

B =-0,G, ¢ =0,G,
and the determining conditions simplify to

1) Gmwy + Gwyyy =0,

1
1
Qnyyy +2G v + Gy — (2Gyy fo + Gy f3) H + 2G Lo,

The first determining equation means that
G(z,y) = K(z,y) + F(z) + J(y)

where F,J are arbitrary and K is harmonic: K,, + K, = 0. This repre-
sentation is unique in K, F, J, up to the addition of the harmonic separable
function K (x,y) = 4(2*> — y*) + bz + cy + d. Alternatively, we can write

G(z,y) = z1(x + 1y) + zo(x — iy) + F(x) + J(y)

where 2, z9 are arbitrary analytic functions. Then only condition 2) remains
to be satisfied.
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Example 9 If we make the ansatz G = X(x, H, L)Y (y, H, Ly) then, in
addition to the well known angular momentum invariant given earlier, we
find the following polynomial invariants:

X:(i—FLg)cosx—i—s(quﬁH), Yz(i—l—Lg)COShy—f-t(l'f—gH), (74)

B sinx aq L sin x Qo
v(e) = 23(:0523: cos?x’ Silx) = 2Sﬁcoszal: cos?x’
sinhy by sinh y by
=2t , = =2t ,
va(y) cosh®y  cosh®y J2(y) gcoshQ y  cosh®y
1,1
D= —5(1 + Lo) (tcosz(l 4+ EH) + scoshy(1 + GH)).
L = —2x(y* +4Ly)0, + 2y(2* — 4L5)0, + 2* — o/*, (75)
1, s 1, W by
Ul(l')zgl' +?7 fl(x):pa U2(y):§y _'_?7 f2(y):E

Example 10 Again we consider the special case of conditions (70,71,72,73)
such that A = 0 where now we require

G(z,y) = —2log(X(z) + Y(y)) + F(z) + T (y) = K(z,y) + F(z) + J(y)

where F, J are arbitrary and K 1s harmonic. Then the harmonic requirement
on K implies that

K= —2log(X +Y) + F(z) + J(y)

where
(X')? = %X4 + §X3 + X2+ 26X + ¢,
v — vy By oy osy o
X" = %X3+§X2+7X+5, Y = —%Y3+§Y2—7Y+6.
Further,
~ 1 X/l/ ~ 1 Yl/l
F = - - -
(:L') 3 X, ) J(y) 3 Y/ Y

and the metric and potential terms have the solution

— X =X B X

— f H =
Ul fl 24(X,)2 )
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LY = 2Y3 Uy Y —

vy — fol = 24(Y")2

Here, o, 3,7,9,¢ and
a=a+a® H,b=b"+6® H, by = b0 H, = 0" 40> H, 10 = 0§+ H

are parameters. The remaining condition is

1 1
§F””+2F”(Ul_le_LQ)‘i'_F/(’Ul_f{H)_5J””_QJH(UQ_fQH_LQ)_J/(’Ué_féH) =
1 a a 9 X/// Y///
+F' (o) — fiH) = J'(vh — f3H).

The simplest family of solutions is obtained by setting F = F,J = J and
a=0=a=b=0.

6 The general case

Now we consider the general case of conditions (70,71,72,73). Then there are
two functions F'(z,y, H, L), G(x,y, H, Ly) such that

1 1
A= 0, F, B = —éazny — 0,G, C= —éamyF +0,G,
and the determining conditions simplify to

1
1) 2G:vyyy+§Fzyyyyy+2Fzyyy ('02_f2H+L2)+3Fzyy("]§_f2H)+ny(Ug_ élH) =
1
—2G$$$y+§ mmmxwy+2Fa}a}my(vl_le_L2)+3mey(vi_f{H)'}_Facy(Ui,_ {/H),

1 1
2) éFx:c:vxyy + 2Fx:vyy(vl - f1H> + Fx:vy(vé - féH) + észxx +

2Ge(v1 — f1H — Ly) 4+ Go(vy — fiH) =
1 1
_§meyyy - 2mey('z}2 - sz) - szyy('”i - f{H) + §nyyy +
2Gyy(va — fol + La) + Gy(vy — f3H).

Now we show that there are always solutions for these equations in
which A # 0, for any vy, vs, f1, fo. Set G = 0 and make the ansatz F' =
X(z, H, Ls)Y(y, H, Ly) where X’Y’ # 0. Then equations 1) and 2) become

1

1) 5/\((1)3;(5)4_2/]((1)3;(3) (vz—f2H+L2)+3X(1)y(2) (v;—f;H)+X(1)y(1)(vg’— TH) =
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1
5‘)((5):);(1)_1_2‘)((3):);(1)(Ul_le_L2)_|_3X(2)y(1) (Ui—f{H)—i—X(l)y(l)(vf— "H),

1 1
2) 52((4)3)(2) + 52((2)3)(4) +2XDYD () + vy — fLH — foH)+
YWy - fH) + XDV ()~ fiH) =

Variables separate in these equations and we have

1
la) 5?((5)—0—2/1’(3)(’Ul—f1H—L2)—|—3X(2( —fH)+XY (W= fH) = aXD,

1
1b) §y(5)+2y(3) (v2—foH+La)+3Y (v — fy H)+ YW (v — f3 H) = oY1V,

where « is a constant. Similarly, if X®Y® £ 0 we have the separation
equations

1
2a) 2)((4)+2X(2 (v, — fiH — Ly) + XY (v} — fIH) = X?,

%y(“) +20% (02 = foH + Lo) + Y (v — f3H) = —6Y®

These equations are consistent if « = §=0. Nowset X = X", Y =)'. We
have a solution of equations (70,71,72,73) whenever X'Y’ # 0 and X and Y
satisfy the ordinary differential equations

2b)

X" +4X' (vy — f1H — Ly) +2X (v} — fi{H) = 0 (76)

Y" +4Y"(vy — foH + Lo) +2Y (vy — foH) = 0, (77)
essentially the same as the third order homogeneous ordinary differential
equation (13).

Now suppose that X'Y’ = 0, but X’ # 0. Then we have v}, — fAH = 0 so
vh, f5 are constants. Further, X satisfies the ordinary differential equation

1
SX" 42X (01 = il — L) + 3X'(v} — f{H) + X'(of — f{H) = 0.

Finally, if X =Y =1 we have v§ — fYH = v/ — f/H = a(H), corresponding
to oscillator potentials.
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7 Lie form and nonorthogonal separation in
two dimensions

We know that if a Hamiltonian
2 ..
H="Y ¢"pip;
ij=1

admits a constant of the motion L that is quadratic in the momenta

2
L= Z aijpipp {H7 L} =0 (78)

1,7=1

and if the roots of the determinant |a” — \g”/| are distinct, then the eigen-
forms define new (separable) variables x1, x5 and the associated Schrédinger
operator can be written in Liouville form

1
= fi(@1) + fa(zo)

However, it may be that the roots of this determinant are equal. In this
case H cannot be put into Liouville form, but rather Lie form, which for a
suitable choice of variables (non-separable) is

(aml’m + a’m’m + 0 (:L‘l) + 02(1'2)) :

1 1 1
H=———(0,,+=-K ) ~U'(y). 79
B (Pt 5EW) 45U (79)
The associated quantum constant is
L =0, —2yH + U(y). (80)

How can we calculate a third invariant? We look for a quantum constant
of the form

L'=M(H,L,y)0,+ N(H,L,y).
Applying the condition [H, L'] = 0, we see that the functions M and N are
of the form
M= L (81)
2H —U'(y)’
1 fU'K-2K'H+ K'U' +4B'H* + 4B'U'H + B'U"
2 / VL +2yH —U((2H —U')?

Here we have used the formal relation

O, =+/L+2yH - U.

26
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According to our operational calculus, these relations make sense if we expand
in an (ordered) power series in H, L or when the operators are applied to a
simultaneous eigenspace of H and L, as explained earlier. Note in particular
that if we consider the free Hamiltonian then L’ has the particularly simple

form By)
Yy

-0 [ =Y gy,

NI A

While this appears to be only a formal expression it is useful for obtaining
concrete results.

L (82)

Example 11 . Consider the zero potential case K = U = 0, B(y) = y*
We can formally evaluate the integral in the expression for L' by integrating
by parts, and then multiply by 3H to obtain

L' =2(L+2yH)"*(—L +yH) — 3H9, (83)
This expression can immediately be interpreted as the differential operator
. 1
_ _ 3 2 2
L=20,(-L+yH)—30,H=-20, + T (6y0,0, — 30,0.)

which can be verified to commute with H. Indeed, if B(y) is a polynomial
then, through integration by parts, we can always uncover a symmetry oper-
ator of finite order. In this particular example the Hamiltonian also admits
a second order symmetry operator

3ry + %yg

0,0y,
x + y? Y

' 3
2 2
N =ad?+ 50; —

and [N,Ll — L. However, for general polynomial B(y) the corresponding

invarian L cannot be obtained as a commutator of other finite differential
moariants.

It is clear from the method of the example that if one takes U(y) as a
constant and B(y) and K (y) as polynomials then, as before, we can generate
explicit finite order differental operators that commute with H. In any case
it is always possible to give a formal series in H and L which can be taken
to represent an infinite differential operator.

There is one remaining possibility for a quadratic constant of the motion
(78) in two dimensions: the constant may be associated with nonorthogonal
separation of variables. In two dimensions there is only one case: separation
in light cone (null) coordinates, [19]. For this case the Hamiltonian takes the
form

H:azai_'_f(’g)
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and there is a first-order symmetry operator d,, so 0,, is a second-order
constant of the motion. In addition there is a quadratic constant

i odf
L_Maz+§/z£dz.

where M =i(z0, — 205).
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