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Abstract

We present an almost sure limit theorem for the product of the partial sums of i.i.d positive random variables.
We also prove a corresponding almost sure limit theorem for a triangular array.
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1 Introduction and main results

Itis well known that the products of independent, identically distributed (i.i.d.), positive, square integrable random
variables (r.v.'s) are asymptotically lognormal. This fact is an immediate consequence of the classical central limit
theorem (CLT) and is sometimes termed the “geometric average” CLT as opposed to the classical “arithmetic
average” CLT.

In the present paper, we are interested in the limiting law of the products of sums or the “geometric average
of arithmetic averages” CLT for i.i.d. variables. It appears that their asymptotic behavior is rather similar. This
point was first argued by Arnold and Villa®er [1] who considered the limiting properties of the sums of records.

In their paper Arnold and Villager obtained the following version of the CLT for a sequeltg) of i.i.d.

exponential r.v.'s with the mean equal to one

>on_ log(Sk) — nlog(n) +n Do
V2n

asn — oo, whereS, =Yy +...+ Y, k= 1,2,..., andN is a standard normal r.v. Their proof was heavily

based on a very special property of exponential (gamma) distributions, namely the independence of ratios of
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subsequent partial sums and the last sum. It used also Resnick’s [2] result on weak limits for records. Rempata
and Wesotowski [3] have noted that this limit behavior of a product of partial sums has a universal character and
holds true for any sequence of square integrable, positive i.i.d. random variables. Namely, they have proved the

following

Theorem 1. Let (Y;,) be a sequence of i.i.d. positive square integrable random variablesEith) = u,

Var (Y1) = o2 > 0 and the coefficient of variation = o/u. Then
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The above result was swiftly extended by Qi [4] who has shown that wheli&ygris in the domain of
attraction of a stable lawl with indexa € (1, 2] then there exists a numerical sequerge(which fora = 2

can be taken as./n) such that
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wherel'(a + 1) = [~ 2% e "dux.
The purpose of the current note is to obtain an almost sure version of Theorem 1. It is well known that for i.i.d.
r.v.'s almost sure central limit theorem (ASCLT) holds under the same assumptions as CLT but in general, the mere
existence of the weak limit does not always imply the almost sure limiting result for the logarithmic averages. In
particular, the investigation of a general almost sure limit theorem seems somewhat more challenging. We refer
to the survey papers[5] and [6] or [7] for more details.

It turns out, however, that ASCLT holds for partials sums of i.i.d. r.v.’s in the setting of Theorem 1. Our main

result is the following

Theorem 2. Let(Y,,) be a sequence of i.i.d. positive random variables With;) = 1 > 0 andVar(Y;) = o2.

Denotey = o/u the coefficient of variation. Then for any real

1
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whereF(-) is the distribution function of the random variabg? .

In order to prove the above theorem we first establish ASCLT for certain triangular arrays of random variables.

In the sequel we shall use the following notation. bet, = >, 1/i ands; ,, = b7, + 03, b,



for k& < n with by ,, = 0if £ > n. Furthermore, letZ;, Z,, ... be a sequence of i.i.d. random variables with
zero mean and unit variance. We define a triangular akay,, X2, ..., Xnn 85Xk, = b nZ, and set
Sk,n = Xl,n -I—Xz,n +~~+Xk,n forl <k <n.

In this setting we establish an almost sure central limit theorem for the triangular(afgay).

Theorem 3. Let (X}, ,,) be the triangular array defined above. Then the following almost sure limit theorem
holds

1
VY, lim
n—oo logn

Z %I(Sk,k/Sk,k <z)=o(z) as. (1.2)
k=1

where®(-) is the standard normal distribution function.

2 Proofs

2.1 Auxiliary results

The following lemmas will be needed in course of the proof of Theorems 2 and 3. The first one is an obvious fact

about weighted averages.

Lemma 1. Let(z,) and(c,) be sequences of real numbers such that> z andcy +ca+-- -+ ¢, = a,, — 00

asn — oo. Then we have

n
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For the proof of this result see e.g., [8]. Our second lemma provides some alternative forms of calculating the

quantitiess,, ,,.

Lemma2. s2 , =2n —by,.

Proof. Observe that

n n k—1 n
ng,n :szg,n :bl,n+222%:bl,n+22$ :2n—b1,n.
i=1 k=2 1i=1 k=2

In the sequel we write<” for the inequality “< " up to some universal constant.



Lemma 3. Let &;,&,,... be a sequence of zero mean, uniformly bounded random variables.

E(&:&) < (k/1)° foranyl < k <l and some > 0. Then
1 1
— ) - a.s.
logn ]; k&c —0 S

Proof. Let us set
1 1
Hn = @ kz::l Eﬁk

Note that

n 2 n
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k=1

k=1 1<k<i<n

By our assumptions, the first term above is bounded. As to the second term, we have

n

5 l n
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E Y < E T\ < E e ] < E 7 < logn,
1<k<i<n 1<k<i<n =1 k=1 =1

which implies

Eu? < (logn)™'.

Now, definingn;, = exp(k®) for somes > 1, we obtain
Ep;, < k°

which entails
oo
ZEN?% < 09,
k=1

and via Borel-Cantelli lemma we have

Mn, — 0 as.

Notice that

1 3
0gnk+1:(1+k) —1 as k— o.
log ng, ko

Let k& be such that, < n < ngyq, then

Assume that
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which implies

lim p, =0 a.s.
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2.2 Proof of Theorem 3

Lete > 0, observe that

lim — E E(X? (| Xkn| = €spp)) = lim
n—oo STL n k=1 n—oo S’VLVL k=1

N 9 ev2n 9 ev2n

and using Lemma 1, we obtain the Lindeberg condition for the triangular &iay,). Thus we have the central

limit theorem:

D
Sn,n/smn — N as n— o

which is equivalent to

Ef(Sn,n/Sn,n) - Ef(N) as n— oo

for any bounded Lipschitz-continuous functignin view of the above, in order to establish the validity of (1.2)

it suffices to show (see, e.g., Berkes and Dehling 1993)

n

fim = lo;n ; % (f(Sk/skk) —Ef(Skk/skk)) — 0 as.

Note that forl > &

Sip— Sk = (X1 + by Xo + -+ by X)) — (b1p X1 + bopXo + - - + bppXk) =

= bk—i—l,lSk' + (bk+1,le+1 + -+ blan)-



DenotingQx = f(Sk.x/skx) — Ef(Sk.x/skx), forl > k we have

B = oo (152, 5 (51))
k,k Sl
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Sk,k Sl 11
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By the Lipschitz property of and the Jensen inequality we have
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for somel < ¢ < 1/2, which entails

IE(QrQ)| < (?)6,

and thus by Lemma 3 is sufficient for (1.2). Finally, we are in position to prove our main result.

2.3 Proof of Theorem 2

LetCy, = Si/(nk). Observing

1 Sk 1 «— 1
Ck - 1 ( - 1) = Xk,n = 7571,71’
YV2n Z fy\/Qn — wk V2n = V2n

we see that (1.2) is equivalent to




Note that in order to prove (1.1) it is sufficient to show that
1 X1 1 &
im —— I — < = S. .
¥, lim 1°gNnZ=:1 n1<7@;1ogck_x> d(zr) as (2.2)
To this end note that by the law of the iterated logarithm, at least for sufficiently kange have
|Cy — 1] = O((log(log k) /k)'/?)  as.

Sincelog(1 + z) =z + O(z?)  for|z| < 1/2, thus

n

> log(Cr) =Y (Cr = 1)
k=1

= k=1

n

< Z(Ck —-1)2 < Zlog(log k)/k < log(logn)log(n) a.s.
k=1 k=1

Hence for almost every and any= > 0 there existy = ng(w, €) such that fom > ng

I(W\}%;(Ok—lkx—s) <I<%}%;bgck<x> <I(%}%;(0k—1)<x+s>

and thus (2.1) implies (2.2).
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