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ABSTRACT

We consider the complex Ginzburg-Landau equation form which describes
the femtosecond pulses propagation with higher-order time for narrow pulse
widths and nonlinear dispersion. Using the separation method, we obtained
under some specific constraint conditions the existence of dark soliton. In the
particular case of degeneracy, a generalized method, which is generally called
the projective Riccati equation method is used to construct new exact solu-
tions of the above mentioned equation based on a system of Riccati equations.
New exact travelling wave solutions are found which include bright soliton,
dark soliton, new solitary wave, periodic and rational solutions.



1 INTRODUCTION

During the past decade, experimental achievements have increased the in-
terest of the propagation of ultrashort pulses in optical fibers in the form
of optical solitons. Several authors have discussed the new processes which
present in the ultrashort pulse regime [1-3]. The possibility of compensating
for the temporal broadening of a short pulse in the anomalous-dispersion
regime of fibers by using nonlinearity ( thus forming a so-called bright soli-
ton) was pointed out by Hasegawa and Tappert in 1971 [4]. This predic-
tion was subsequently confirmed by several experiments [5]. At the same
time Hasegawa and Tappert proposed that in the normal dispersion regime
of fiber, dark solitons might propagate in the form of dips embedded in a
continuous-wave background [6]. It is well known that optical bright solitons
can be used for long distance communication to drastically increase the bit
rate of fiber transmission systems. Dark solitons are reflectiveness radiation
modes of the wave guides, which also have a localized shape similar to bright
solitons, but with complex envelope and non vanishing asymptotic.

In its original version, a soliton is a stable and localized nonlinear solution
of an integrable, purely dispersive systems such as nonlinear Schrodinger
(NLS) equation. However, in the past few years stable, localized solitary
solutions have been found to occur in driven dissipative-dispersive systems
such as the driven and damped NLS equation and the (quintic) complex
Ginzburg-Landau (CGL) equation. Generic equation with both dissipation
and dispersion and which describe systems near a subcritical bifurcations
to travelling waves. These dissipative-dispersive localized (DDL) solutions
share some properties with solitons, such as a fixed shape for the modulus and
interaction behavior in which shape and size are preserved during collisions
[7-12].

With the current interest of using solitons as pulse bits in long optical
fibers for communication purposes, it is important for us to re-evaluate the
practicality of using analytical techniques for predicting the behavior of such
bits. Since such pulses are near a pure soliton solution, it becomes fea-
sible to use analytical soliton techniques and the potentiality of obtaining
useful analytical results becomes very high [13,14]. The convenience of us-
ing a single master equation for describing complicated phenomena such as
ultrashort-pulse generation in laser systems is unquestioned [15]. This can
be done in certain limits that are valid for variety of laser systems. For
example, in order to increase the bit rates, it is necessary to decrease the
pulse width. As pulse lengths become comparable to the wave lengths, how-
ever, the standard NLS equation becomes inadequate, additional terms have
to be included and the resulting propagation is called as higher-order non-



linear Schrodinger (HNLS) equation [16]. This equation includes effects like
third-order dispersion (TOD), self steepening (SS) and stimulated Raman
scattering (SRS). It is well known that TOD effects splitting-up of higher or-
der solitons. The inelastic Raman scattering is due to the delayed response
of the medium which forces the pulse to undergo a frequency shift which is
known as self-frequency shift (SFS). The effect of self-steepening is due to the
intensity-dependent group velocity of optical pulse, which gives the pulse a
very narrow width in the course of propagation. Many authors have analyzed
the HNLS equation from different points of view (Painlevé analysis, Hirota
direct method, inverse scattering transform, Backlung transformation and
conservation laws). There has been many literatures giving bright soliton
[17-24] solution and dark soliton [25-27] solution to HNLS equation.

In the case of a laser with a fast saturable absorber, the original equations
can be reduced to a single CGL equation. It has been realized [28] that
the simplest case of cubic CGL is not adequate for a realistic description
of any actual system. The quintic nonlinearity is essential for ensuring the
stability of soliton-like pulses [28]. Another restriction is that the spectral
filtering in the CGL equation model is limited to a second-order term and
can describe only a special response with a single maximum. It has been
seen that the gain spectrum is usually wide and might have several maxima.
It is clear that higher-order filtering terms are essential both for making
the model more realistic, and for describing more involved pulse generation
effects [29]. Thus a quintic nonlinearity term has been added to investigate
the corrections caused by nonlinear amplification (absorption) and nonlinear
refraction, resulting in new interesting solutions [30]. Deissler and Brand [31]
have studied numerically the effect on nonlinear gradient terms on the DDL
solutions of the quintic CGL equation. Yomba and Kofané have investigated
analytically the quintic CGL equation with higher order terms [32]. Li et
al [33] presented an exact analytical soliton-like solutions for femtosecond
laser pulse including TOD, nonlinear dispersion and SFS and by employing
numerical methods they proved the stability of the soliton-like solution under
perturbations of amplitude, white noise and chirp.

In this paper we present new exact analytical solutions including dark
soliton solution of the resulting equation for the propagation of femtosecond
(e.g. 100 fs) pulses. More new solitary wave solutions are obtained in case of
degeneracy, by expressing solutions of the equation as a polynomial in two
elementary functions which satisfy a projective Riccati equation method.

For an optical system, including bandwidth-limited gain and higher order
effects, when the period of the perturbation is small compared to amplifiers
spacing, a so-called distributed model can be used. The related equation
for the propagation of femtosecond pulses is governed by the generalized



equation of the form:

EZ — ZUEt _pEtt — q|E|2E — 5E — )\Egt — M(|E|2E)t — I/E(|E|2)t = O7 (1)

where E(t,z) is the slowly varying envelope of the electric field, z is the
normalized propagation distance and t is the retarded time. The model
parameters ¢ and ¢ are real constants; p, q, A\, u, and v can be complex.
The corresponding effects of the model parameters can be found in [33].

This paper is organized as follows. In section II, we first follow the method
of separation of E(z,t) into the amplitude a({) and nonlinear phase ()
to construct an exact solution that describes Eq.(1). In section III, the
degeneracy of Eq.(1) is investigated and analytical solutions are presented.
Conclusion is given in section IV.

2 Exact Analytical soliton-like solutions of fem-
tosecond solitary laser pulse form system

The above generalized version of complex amplitude has been considered here
for purpose of analyzing various new exact solutions from the point of view
of separation method. Since, the chirped soliton solutions of Eq.(1) have
already been reported in [33], we may only present here new solutions.

To apply the separation method, we express E(z,t) as follows:

E(z,t) = a(§)eO e, (2)

where £ is the retarded time defined by ¢ = t — vz. Substituting that
ansatz into Eq.(1), one can separate the complex envelope equation into real
and imaginary ordinary differential equations:

vag+py(age— (1/)€+K)2a) —pi(wgga—l—Q(l/}E—kK)ag) —J(@/J§+K)a+qra3+5a+
Arlaze _3(w§+K)¢gga—3(¢g+K)2a£] Y [¢3£a+3¢£§a§+3(¢5+[()a55 - (@ng‘{’
K)*a]+3p,a¢0° — p1;(¢ + K)a® +2v,a¢a® = 0, 3.a
and

(Ve +Q)a+pi(age — (Ve + K)%a) +0r(Yeea+2(e + K)ag) +oag + gia® +
/\i[ag,g—3(1/}€+K)¢&a—3(¢§+}()2a§]+)\T[¢3§a+3@/}55a5+3(@/}5—|—f()a§§—(¢€+
K)al4+3p;aea’+p1, (e +K)a’+2va¢a® = 0, (3.b)
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Let

Ve = Ba+D, (4)

taking into account (4) into Egs.(3.a) and (3.b) respectively, then yields

Araze — 4BNagea + [pr — 3(D + K)Ailage — 3BNag + [—6B*\. + 3p, +
2v,)aga® + [=3Bp; — 9B(D + K)\Jaags + [v—2p;(D + K) — 3\, (D + K)*a¢ +
[—o(D+K)+ 5+ MN(D+K)?—p.(D+K)*a+ B[-2(D+ K)p, —o +3(D +
K)*\Ja*> + [—B?*p, + ¢ + 3B*(D + K)\; — 1;(D + K)]a® + B[B?*\; — u;]a* =
0, (5.a)

and

Aiaze+4BAagea+[pi+3(D+K)\ Jage+3BAai+[— 632)\i+3ui+2vi]aga2+
[3Bp, —9B(D+K)\]aag+[0+2p,(D+K)—3\; (D+K) Jag+[vD+Q—\.(D+
K)?—p;(D+K)*a+Blv—2(D+K)p;,— (D+K)2A la?+[—B?*pi+q;—3B*(D+
K)A 4, (D+K)|a® —~ B[B2A, —p1,Ja* = (5.0)

by assuming that Eqgs.(5.a) and (5.b) admit a solution of the form

a(§) = ntanh k€. (6)

Substituting Eq.(6) into Egs.(5.a) and (5.b) and equating different powers
of e, we obtain ten algebraic equations. We do not present them in detail here,
but discuss their solutions. In general, these ten equations will determine ten
parameters of problem. Seven of them (K, 2, v, B, D, n and k) describe
the characteristics of the dark soliton-like solution. The other three will give
compatibility conditions for Eq.(1). By directly solving the ten equations,
one can obtain the following relations

_ . _ (2—e?BY)p,+3eB?p;+B2%e3q, . _
n= Bek’ D = 3[(276234?)\2‘7€BQ§T]+€2BZQ/»LZ- - K v =
2pi(D + K) + 3\ (D + K)? + (B2)\, — p, )n?; Q=—vD+pi(D+K)*+

(D + K) + [B; = i+ 3B°A(D + K) — i, (D + K},

2 _ (D+K)[o—Xi(D+K)%+pr(D+K)]—6 . 32
s = g 7723 v B L v v (7)
where K is arbitrary constant and B verifies the following equation
A I BN (11, A4, 0) B 42( A = 1, 20) ] = 0. (8)
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The following constraint conditions should be verified

BIBNi—py) A0 -8\ | 52y 9

v, = B2a2
4.3(_p2 8o, B2
9y, — BB ,\ngz);zp\l S\ B spay o) (9)

_ B?(B?Xi—;) Ni(D+K)? —pr (D+K)?+6]—3(D+K) [gr — B?pr+(D+K) 3B Xi —p )| [(D+EK)Ni —pr] |
o e2B2(D+K)(B2X\i—p;)—gr—B2pr+(D+K) (3B2 X — ;)] !
_ 3eB2%p,+(e2B*—2)p; 3[(e2B*—2)\,—3eB?)\;]—e?B?p,. 3eB%p;—(e?B*—2)p,
O e2 B2 + 3[(2—e2BY)X\;—3eB2 X\, |+e2 B2, |17 + e2 B2

The following particular case is obtained if A\, =0

_ _aXnL. _ (9A2B*—20)pr+9Xi B2 (1, pi— Nigr) :
n=-3Bk D= sxi[sxfo(:sxiBLqup2u%1 = - K
v=2p;(D+K)—pn* Q=—-vD+p(D+K)*+[B*p;—q—p,(D+K)n%
E2 — _#i  (D+E)o4p(D+K)-Ni(D+K)*)-3 (10)

T 9AIB2 (DHK)(3NiB2—p;)+¢r—B2pr
where K is arbitrary constant and B verifies the following equation
N[N B =9\, B> —2p2] = 0, )\ # 0. (11)

The following new constraint conditions should be satisfied

_ 4 3 \; B2 2y . _ D2 203 .
Vr—gﬂr‘*’iu_r(ﬂi_B Ai); vi=B )‘i_:ur_g,\iB%

(B2Xi =) (D4 K)? (pr =i (D+K)) =8|+ (D+K)[gr — B*pr+(D+K) (3B i —11,)|[B(D+ K)Xi—2pr] |

7= [4-—B2p, +(D+K) 3B\ 1)~ (D+K) (B2 —1;) ’
o (9A?B4_2Ng)pi_9>\il%pr32_|_2ﬁ(9)\?34_QN%)pr+9)\iB2(Mrpi_>\iQr) (12)
4 = 922B2 3\ [BX;B2(3)\; B2 —p;)—212]

According to the results (7)-(12) along with (2) and (6), we can derive
the dark soliton solutions for Eq.(1) as follows:

E(z,t) = ntanh k(t—vz) exp i[p(t—vz)+ Kt—Qz], (13)

where 9 (t — vz) is obtained after integrating (4) as

Y(t —vz) = D(t —vz) + % In(cosh(k(t —vz)). (14)



3 Degeneracy of Eq.(1) and its solutions

The degeneracy of Eq.(1) is obtained by choosing the following assumption
e =0= Y = 1. (15)

Then ordinary equations (3.a) and (3.b) are reduced to

Meaze + (pr — 3NiK)age + (3u, + 2v,)aga® + (v — 2p; K — 3N K?)ag + (6 —
oK —p.K*+NK*a+ (¢, — 1, K)a® = 0, (16.a)

Niaze + (pi + 3N K)age + (3u; + 2vi)aga® + (o + 2p, K — 3N K?)ag + (Q —
pil? = A KP)a+ (q; + p, K )a® = 0, (16.0)

The particular solutions of the degeneracy of Eq.(1) may be obtained if
we proceed in a similar way as presented in the previous section.

3.1 Dark soliton solutions

The dark soliton solutions read

E(z,t)=n tanh k(t—vz) exp i( Kt—Qz+1,), (17)
where
o= gkt > 0 K = ORI 0 = 20K 4 K

BAK2 Q= pi KN — (gt Ky, )% k2 = SRR 5 (18)
with the following constraint conditions

(31 + 2v;) — \i(3p,. + 2v,) = 0;
= B 20) 5 [ B+ 20) — ] (19)

§=0K +p.K?— NK? — (g, — Kp,;)n?.

This degeneracy includes the following two important subcases
first subcase p, = ¢, = 0 = A\, = p, = v,, = 0 which leads to one form of
NLS equation written as:



iE, + 0B+ pi By 4+ G|EPE + X\iEsy + 1, (|EPE) + v E(|E?), = 0, (20)
the solutions are obtained as follows

o= =Sk > 0 KP =2k v = 2piK: Q= piKP - gy K=
8_)\2"

The constraint conditions are

Vi = —i; G = B - (22)

Second subcase p; = ¢; = 0 = \; = p; = v; = 0 the following real equa-
tion is obtained as

EZ — p’l’Ett — qT|E|2E — (SE — )\T’E?)t — ,LLT(|E|2E)t — VTE(|E|2)t =0. (23)
Then, we have

—_— . —_— . — 6)\T . JE— .
K=0;, Q=0; n*= _3ur+2urk2 >0; v=2\k?%

B =2>0 (24)

- 2pr

The constraint condition is

@ = 35 (3p,+2vy). (25)

Now, if we return again to Eqgs.(16.a) and (16.b) and choose the following
relations

i =0, p;+2v; =0, 2p;K+0—3\NK? =0, (26.a)
and
p,—3NK =0,  ¢—u,K =0, 0—0cK—p,K*+\K?=0. (26.0)

Taking into account (26.a) and (26.b) into (16.a) and (16.b), then yields to
Araze+ (3, +2v,)aga® +(v—2p; K =3\, K?)ag = 0, (27.a)
(pi+3NK)age+(Q—p; K? =\ K?)a+ (g +p,K)a* =0, (27.0)

It is easy to see that Eqgs.(27.a) and (27.b) become



—2p; K —3)\. K2 3p,+2v,
Qg+ —PEAm T g M= g = (), (28)

under the constraint conditions

N=0; vi=-3pu; 0=0 0=0; p,=0; ¢=5-(M\—p); G=
ot 3ve— e —pi)i K=g-(A—pi); Q=g (A —pi) (A —pi)? =
18pi A — 3(Ar — i) BN — i) + 0. (29)

With this satisfied, Eq.(1) is now reduced to

E.—ipiEy—(g:+iq:) |[E[*E—= A Esy— (p,+ip,) (| B[ E) o= (vy+ivi E(|E[?), =
0, (30)

In order to obtain new formal solutions for Eq.(30), under the constraint
conditions (29). We will follow the method presented by Yan [34].

In effect, in [35], Conte et al presented a general ansatz to seek more
new solitary wave solutions of some nonlinear partial differential equations
(NLPDESs) that can be expressed as a polynomial in two elementary func-
tions which satisfy a projective Riccati equations [36]. Recently, Yan devel-
oped Conte’s method and presented the general projective Riccati equation
method. Several authors used the Yan’s technique to solve many NLPDEs
[37,38]. The key idea of Yan’s method is to extend the projective Riccati
equation in a more general form:

K (&) = er(&)T(€), T(&) = R+em?(&)—mr(€), e = £1. m, R = constant.

(31)
We know from [34,37,38] that (31) admits the following solutions
Case 1l whene=—-1, R#0
R sech(VR¢) /R tanh(V/R¢)
51(6) " m sech(vVRE)+1’ 1 <€) " m sech(vVRE)+1’
52(6) _ _R csch(VRE) T2<f) _ VR coth(VRg) (32)

m csch(vVRE)+1’
Case2 whene=1, R#0

m csch(vRE)+1’

_ R sec(VRE) _ VR tan(vVR§)
I€3<£) T m Sec(\/ﬁé)+l7 7'3<€> - m\ﬁsec(\/ﬁﬁ-i_l’

_ R csc(VRE) _ VR cot(VRE)
KV4(£) " m csc(VRE)+1’ T4<§) T m csc(VRE)+1 (33)
The relations (32) and (33) satisfy



() = —¢ |[R—2m k(&) + “FR(6) | (34)
with

ri=—1 for (k; 7;) with i=1, 3,4

ri=1 for (k;, 7;) with i=2 (35)
Case3 when m=1 R=0

rs(§) = § = Cers(§),  75(8) = & (36)

C is a constant. Based upon the above analysis, we assume that Eq.(28)
has the following two solutions
Type I when R # 0

a(§) = 325y K HO[A;E(S) + By (§)]+ Ao, (37)
where k, 7 satisfy (31) and (34).

Type I when R =m =0,

a(§) = 7o Ao (6], (38)
where 7 satisfies
7'(€) = T3(§). (39)

w

By balancing the highest-order linear term a¢e and the nonlinear a” in
(28), we obtain n=1. According to the above mentioned method, we assume
that (28) has the following form of solutions with R # 0

a(§) = Ao+ A1k(§)+B17(§), (40)

where Ay, A; and Bjare constants to be determined later. x(§) and
7(€) satisfying (31) and (34).

With the aid of Mathematica, substituting (40) along with (31), (34) and
(35) into (28) and collecting all terms with the same power in x7(£)7%(¢), j =
0, 1, 2, 3, 4; i =0, 1. Setting the coefficients of these terms x7(£)7%(€)
to zero yields a set of over-determined algebraic equations with respect to
A(), Al, B17 R, v and m.

Const : 72piK*/\3’T)‘TK2+vAo+3“gj\rfyr [A3—3eRA\B?] = 0, (41)

k(€) : _QpiK_;’:"“KQJ“”Al + 3“512” [3A2A; — 3¢RA, B? + 6eAgBim|—

€eAR =0, (42)
T(g): AR Ko g 32 (3 AR B —€eRBY] = 0, (43)
k(E)T(E) - 3’”“” [6AqA1 By +26mB3]—|—6m31 =0, (44)
RAE) s et [3A2A1+66mA1B2 3¢ Ao B (m?+1;)] + 3emA; = 0, (45)
K2(E)T(€) : %[w& _ef(m )] -2 B) = 0, (46)
K3(E) —3“7:“;2” [A3 —3eltn Jr“A 1 B —2e™ Jr“A =0. (47)
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With the aid of Mathematica, solving Eqs.(41)-(47), we get the following
results

Case 1 1"7;:—21 or r;=1
R=2EuICor 4y =0, Ay =0, m=0, B}=gz=%  (48)

Case2 r; =—1

_ 2(2pi K+3)\ K% —v) _ _ _ _ —3\r
R = 14 o , AO—O> Al—(), m—l, B%_W’ (49)

Case 3 r; =—1

R— 2(2p; K+3\-K2—v)

AOIO, A1:0, m:—l,

[ )
2 =3\
Bi = 2(3p,+2v,)? (50)
Case 4 r; = —

—2p; K—3\. K2
R:—v pZEATgT ,A():O, Blzo7m:O,

2 _ —6)2
Al T (Bu,t2vr)(v—2p; K—3X\-K2)? (51)
Caseb r,=—1
_ 2(2ps K430\ K% —v) _ 2 —3(=14+m?)\2
R=== eAr , Ag=0, A7 = 4(3p,+2v, ) (v—2p; K—31 K2)’
2 =3\
By = 4oy (52)
Case 6 r;, =1
R - vi2pil§>\:‘3)\7‘K27 AO — 07 Bl — 07 m = 07
2 _ 612
A1 T (Bpyt2vr)(v—2p; K—3A\-K?2)’ (53)
Case7 r; =1
_ 2(2ps K430\ K% —v) _ 2 —3(14m?)A\2
R=== Ar , Ag=0, Al = 4(3p,+2v) (v—2p; K—3X K2)’
B% = —2(3;:5?51”). (54)

Thus from (32), (33), (40), (2) and (15) and results (48)-(54), we can derive
many families of exact travelling wave solutions of Eq.(30)
Family 1. Dark soliton solutions

— — 9 K — 2 _ 99 K — .
Bi(z,t) = \/ 3 325:521/9;er ) tanh [ vo2p KoK (f vz)} expi(Qa—

Kt+1) (55)
Family 2. Singular dark soliton solutions

Kt—+1,). (56)
Family 3. Bright soliton solutions

11



Es(z,t) = —\/*6(”*2“[(73)"“[(2)36011 [¢—M(t - vz)} expi(z—

3, +2v
Kt+1,)
Family 4. Singular soliton solutions

r

T

(57)

Ey(z,t) = —\/6(”_2piK_3)‘TK2)csch [\/—%—_?’Aw(t - vz)} exp i(Qz—

3, +2v,
Kt+1)
Family 5. Periodic wave solutions

(58)

Es(z,t) = \/3(”_2piK_3’\rK2) tan [\/— —U_2pi§;3/\rl(2 (t— UZ)} expi(Qz—

3p,+2vy
Kt+1)
Family 6. Periodic wave solutions

(59)

Eg(z,t) = —\/3(”’2’”}(73’\’“1(2) cot [\/——”*QI’Z'K*B')‘TKQ (t — vz)] expi(Qz—

3, +2v, 2\

Kt+1) (60)
Family 7. Periodic wave solutions
E7(z,t) = \/_6(“_325:@;3’“[(2) sec [\ / —”‘2“’2(;3“(2 (t — UZ)} expi(Qz—
Kt+1,) (61)
Family 8. Periodic wave solutions
Eg(z,t) = \/_6(”_325:%_1?“[{2) csc [ —”_21’1[2(/\:3”” (t — vz)} expi(Qz—
Kt+1,) (62)
Family 9. combined formal soliton-like solutions
wech \/ W(tv@}
Eo(z,1) = \/73(71+m2)(072p,‘K73)\TK2) { " i
9(2 ) { o2 m sech |:\/2(v2pi§T3MK2) (t—vz) | +1

R _
tanh \/w(t_m)

™

\/—3(1}—2piK—3>\TK2)

3p,+2v I o K— 2
r s m sech \/%”m(tfvz) +1

Family 10. combined formal soliton-like solutions

csch

r

o K — 2
\/2(1; 2plf§ 3 K )(t—vz):|

}expi(Qz—Kt+1,) (63)

+

o —3(14+m?2)(v—2p; K—3\-K?2)
E10(27 t) - {\/ 3/'1/7”—"_21/7‘ 2(v—2p; K—3Ar K2)
m csch \/#(t—vz)

ar

2(v—2p; K—3Ar K2) (t’uz):|

coth \/ )
\/—3(@—2;)1-1(—3,\,,1(2) T

3/.1 +21/ _ o 2
20, N csch{\/ Atk ()

+1

T

12
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Yexpi(Qz—Kt+1,) (64)



Family 11. combined formal periodic wave-like solutions

Cop K- 2
i - \/_%Twm(t_vz)
—14m?2)(v—2p; K—3\. K?)
E z, t = \/
11 { 3'“r+2'/r 2(v—2p; K —3Ar K2) *
m sec —ZT(t—vz) +1

tan \/7—2(1)72“1;73/\”{2) (t—vz)
\/3(v—2piK—3)\rK2) r

3u,+2v o e - 2
T i m sec \/_2(1} 2p,LI§ 3Ap K )(

T

}expi(Qz—Kt+1,) (65)
t—vz)|+1

Family 12. combined formal periodic wave-like solutions

o K — 2
csc \/7—2(1) QP’I;: 3Ar K >(t7vz)
Bz, t _{ —14m?)(v—2p; K—3\. K?) " .
12 3p,2v, 2(v—2p; K—3Ap K2)
m csc —’A—T(t—vz) +1

v—2p; K—3Ar K2) (t—vz):|

2(
cot \/— 5y
\/3(v—2piK—3)\rK2) { "

3pr+2vr op K — 2
T2, mcsc{\/w(th)

}expi(Qz—Kt+1,) (66)

+1

T

When m = +1 then we have the following solutions
Family 13. new soliton solutions

2(v—2p; K—3Ap K2) (t—vz)}

tanh{ N
Ei3(z,t) = \/*3(%2%1(73)%}(2) \/

- expi(z—
St 2 + sech \/—2@72“{\(;3%[{2)(15—1),2) +1 P (
Kt+1) (67)
Family 14. new periodic wave solutions
3(v—2p; K—3\K?2) tan[\/_z(ﬂ_%ii_wﬂ)(t_vz)} .
Fu(z,t) = \/ T expi(Qz—

+ sec +1

2(v—2p; K—3Ap K2
\/_ (v Pz)\ T >(t—”UZ)

T

Kt+1,) (68)
Family 15. new periodic wave solutions
22 K=K

Spp+2vr \/7 200-2pi K=8ArK2) (y oy

ar

Kt+1)) (69)
Family 16. Rational solutions: When setting the solutions of Eq.(28) in

expi(Qz—

+ csc +1

the form of (38), we obtain the following rational solutions for Eq.(30)

Fre(z,t) = [i [ =5 ti@pﬂ(i&rmz} expi(Qz — Kt + 1) | (70)
where v = 2p; K + 3\, K2
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