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BOX 454 Ngaoundéré Cameroon.
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ABSTRACT
We consider the complex Ginzburg-Landau equation form which describes

the femtosecond pulses propagation with higher-order time for narrow pulse
widths and nonlinear dispersion. Using the separation method, we obtained
under some specific constraint conditions the existence of dark soliton. In the
particular case of degeneracy, a generalized method, which is generally called
the projective Riccati equation method is used to construct new exact solu-
tions of the above mentioned equation based on a system of Riccati equations.
New exact travelling wave solutions are found which include bright soliton,
dark soliton, new solitary wave, periodic and rational solutions.

1



1 INTRODUCTION

During the past decade, experimental achievements have increased the in-
terest of the propagation of ultrashort pulses in optical fibers in the form
of optical solitons. Several authors have discussed the new processes which
present in the ultrashort pulse regime [1-3]. The possibility of compensating
for the temporal broadening of a short pulse in the anomalous-dispersion
regime of fibers by using nonlinearity ( thus forming a so-called bright soli-
ton) was pointed out by Hasegawa and Tappert in 1971 [4]. This predic-
tion was subsequently confirmed by several experiments [5]. At the same
time Hasegawa and Tappert proposed that in the normal dispersion regime
of fiber, dark solitons might propagate in the form of dips embedded in a
continuous-wave background [6]. It is well known that optical bright solitons
can be used for long distance communication to drastically increase the bit
rate of fiber transmission systems. Dark solitons are reflectiveness radiation
modes of the wave guides, which also have a localized shape similar to bright
solitons, but with complex envelope and non vanishing asymptotic.

In its original version, a soliton is a stable and localized nonlinear solution
of an integrable, purely dispersive systems such as nonlinear Schrödinger
(NLS) equation. However, in the past few years stable, localized solitary
solutions have been found to occur in driven dissipative-dispersive systems
such as the driven and damped NLS equation and the (quintic) complex
Ginzburg-Landau (CGL) equation. Generic equation with both dissipation
and dispersion and which describe systems near a subcritical bifurcations
to travelling waves. These dissipative-dispersive localized (DDL) solutions
share some properties with solitons, such as a fixed shape for the modulus and
interaction behavior in which shape and size are preserved during collisions
[7-12].

With the current interest of using solitons as pulse bits in long optical
fibers for communication purposes, it is important for us to re-evaluate the
practicality of using analytical techniques for predicting the behavior of such
bits. Since such pulses are near a pure soliton solution, it becomes fea-
sible to use analytical soliton techniques and the potentiality of obtaining
useful analytical results becomes very high [13,14]. The convenience of us-
ing a single master equation for describing complicated phenomena such as
ultrashort-pulse generation in laser systems is unquestioned [15]. This can
be done in certain limits that are valid for variety of laser systems. For
example, in order to increase the bit rates, it is necessary to decrease the
pulse width. As pulse lengths become comparable to the wave lengths, how-
ever, the standard NLS equation becomes inadequate, additional terms have
to be included and the resulting propagation is called as higher-order non-
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linear Schrödinger (HNLS) equation [16]. This equation includes effects like
third-order dispersion (TOD), self steepening (SS) and stimulated Raman
scattering (SRS). It is well known that TOD effects splitting-up of higher or-
der solitons. The inelastic Raman scattering is due to the delayed response
of the medium which forces the pulse to undergo a frequency shift which is
known as self-frequency shift (SFS). The effect of self-steepening is due to the
intensity-dependent group velocity of optical pulse, which gives the pulse a
very narrow width in the course of propagation. Many authors have analyzed
the HNLS equation from different points of view (Painlevé analysis, Hirota
direct method, inverse scattering transform, Bäcklung transformation and
conservation laws). There has been many literatures giving bright soliton
[17-24] solution and dark soliton [25-27] solution to HNLS equation.

In the case of a laser with a fast saturable absorber, the original equations
can be reduced to a single CGL equation. It has been realized [28] that
the simplest case of cubic CGL is not adequate for a realistic description
of any actual system. The quintic nonlinearity is essential for ensuring the
stability of soliton-like pulses [28]. Another restriction is that the spectral
filtering in the CGL equation model is limited to a second-order term and
can describe only a special response with a single maximum. It has been
seen that the gain spectrum is usually wide and might have several maxima.
It is clear that higher-order filtering terms are essential both for making
the model more realistic, and for describing more involved pulse generation
effects [29]. Thus a quintic nonlinearity term has been added to investigate
the corrections caused by nonlinear amplification (absorption) and nonlinear
refraction, resulting in new interesting solutions [30]. Deissler and Brand [31]
have studied numerically the effect on nonlinear gradient terms on the DDL
solutions of the quintic CGL equation. Yomba and Kofané have investigated
analytically the quintic CGL equation with higher order terms [32]. Li et
al [33] presented an exact analytical soliton-like solutions for femtosecond
laser pulse including TOD, nonlinear dispersion and SFS and by employing
numerical methods they proved the stability of the soliton-like solution under
perturbations of amplitude, white noise and chirp.

In this paper we present new exact analytical solutions including dark
soliton solution of the resulting equation for the propagation of femtosecond
(e.g. 100 fs) pulses. More new solitary wave solutions are obtained in case of
degeneracy, by expressing solutions of the equation as a polynomial in two
elementary functions which satisfy a projective Riccati equation method.

For an optical system, including bandwidth-limited gain and higher order
effects, when the period of the perturbation is small compared to amplifiers
spacing, a so-called distributed model can be used. The related equation
for the propagation of femtosecond pulses is governed by the generalized
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equation of the form:

Ez − iσEt− pEtt− q|E|2E− δE−λE3t−µ(|E|2E)t− νE(|E|2)t = 0, (1)

where E(t,z) is the slowly varying envelope of the electric field, z is the
normalized propagation distance and t is the retarded time. The model
parameters σ and δ are real constants; p, q, λ, µ, and ν can be complex.
The corresponding effects of the model parameters can be found in [33].

This paper is organized as follows. In section II, we first follow the method
of separation of E(z,t) into the amplitude a(ξ) and nonlinear phase ψ(ξ)
to construct an exact solution that describes Eq.(1). In section III, the
degeneracy of Eq.(1) is investigated and analytical solutions are presented.
Conclusion is given in section IV.

2 Exact Analytical soliton-like solutions of fem-

tosecond solitary laser pulse form system

The above generalized version of complex amplitude has been considered here
for purpose of analyzing various new exact solutions from the point of view
of separation method. Since, the chirped soliton solutions of Eq.(1) have
already been reported in [33], we may only present here new solutions.

To apply the separation method, we express E(z,t) as follows:

E(z, t) = a(ξ)ei[ψ(ξ)+Kt−Ωz], (2)

where ξ is the retarded time defined by ξ = t − vz. Substituting that
ansatz into Eq.(1), one can separate the complex envelope equation into real
and imaginary ordinary differential equations:

vaξ+pr(aξξ−(ψξ+K)2a)−pi(ψξξa+2(ψξ+K)aξ)−σ(ψξ+K)a+qra
3+δa+

λr[a3ξ−3(ψξ+K)ψξξa−3(ψξ+K)2aξ]−λi[ψ3ξa+3ψξξaξ+3(ψξ+K)aξξ−(ψξ+
K)3a]+3µraξa

2−µi(ψξ+K)a3+2υraξa
2 = 0, (3.a)

and

(vψξ +Ω)a+pi(aξξ− (ψξ +K)2a)+pr(ψξξa+2(ψξ +K)aξ)+σaξ + qia
3 +

λi[a3ξ−3(ψξ+K)ψξξa−3(ψξ+K)2aξ]+λr[ψ3ξa+3ψξξaξ+3(ψξ+K)aξξ−(ψξ+
K)3a]+3µiaξa

2+µr(ψξ+K)a3+2υiaξa
2 = 0, (3.b)
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Let

ψξ = Ba+D, (4)

taking into account (4) into Eqs.(3.a) and (3.b) respectively, then yields

λra3ξ − 4Bλiaξξa + [pr − 3(D + K)λi]aξξ − 3Bλia
2
ξ + [−6B2λr + 3µr +

2υr]aξa
2 +[−3Bpi−9B(D+K)λr]aaξ +[v−2pi(D+K)−3λr(D+K)2]aξ +

[−σ(D+K)+ δ+λi(D+K)3− pr(D+K)2]a+B[−2(D+K)pr−σ+3(D+
K)2λi]a

2 + [−B2pr + qr + 3B2(D+K)λi− µi(D+K)]a3 +B[B2λi− µi]a
4 =

0, (5.a)
and

λia3ξ+4Bλraξξa+[pi+3(D+K)λr]aξξ+3Bλra
2
ξ+[−6B2λi+3µi+2υi]aξa

2+
[3Bpr−9B(D+K)λi]aaξ+[σ+2pr(D+K)−3λi(D+K)2]aξ+[vD+Ω−λr(D+
K)3−pi(D+K)2]a+B[v−2(D+K)pi−3(D+K)2λr]a

2+[−B2pi+qi−3B2(D+
K)λr+µr(D+K)]a3−B[B2λr−µr]a4 = 0, (5.b)

by assuming that Eqs.(5.a) and (5.b) admit a solution of the form

a(ξ) = η tanh kξ. (6)

Substituting Eq.(6) into Eqs.(5.a) and (5.b) and equating different powers
of e, we obtain ten algebraic equations. We do not present them in detail here,
but discuss their solutions. In general, these ten equations will determine ten
parameters of problem. Seven of them (K, Ω, v, B, D, η and k) describe
the characteristics of the dark soliton-like solution. The other three will give
compatibility conditions for Eq.(1). By directly solving the ten equations,
one can obtain the following relations

η = Bek; D = (2−e2B4)pr+3eB2pi+B
2e2qr

3[(2−e2B4)λi−eB2λr]+e2B2µi
− K; v =

2pi(D+K) + 3λr(D+K)2 + (B2λr − µr)η
2; Ω = −vD+ pi(D+K)2 +

λr(D +K)3 + [B2pi − qi + 3B2λr(D +K)− µr(D +K)]η2,

k2 = (D+K)[σ−λi(D+K)2+pr(D+K)]−δ
qr−B2pr+(D+K)(3B2λi−µi)

> 0; e = 3|λ|2
µiλr−µrλi

, (7)

where K is arbitrary constant and B verifies the following equation

λr[9|λ|4B4+9|λ|2(µrλr+µiλi)B2+2(µiλr−µrλi)2] = 0. (8)
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The following constraint conditions should be verified

2νr = B4e3(B2λi−µi)−4λr−8eλiB
2

B2e2
+ 5B2λr − 2µr;

2νi = B4e3(−B2λr+µr)−4λi−8eλrB2

B2e2
+5B2λi−2µi; (9)

σ = B2e2(B2λi−µi)[λi(D+K)3−pr(D+K)2+δ]−3(D+K)[qr−B2pr+(D+K)(3B2λi−µi)][(D+K)λi−pr]
e2B2(D+K)(B2λi−µi)−[qr−B2pr+(D+K)(3B2λi−µi)]

;

qi = 3eB2pr+(e2B4−2)pi

e2B2 + 3[(e2B4−2)λr−3eB2λi]−e2B2µr

3[(2−e2B4)λi−3eB2λr]+e2B2µi

[
qr + 3eB2pi−(e2B4−2)pr

e2B2

]
.

The following particular case is obtained if λr = 0

η = −3 λi

µr
Bk; D =

(9λ2
iB

4−2µ2
r)pr+9λiB

2(µrpi−λiqr)

3λi[3λiB2(3λiB2−µi)−2µ2
r]

−K;

v = 2pi(D+K)−µrη2; Ω = −vD+pi(D+K)2+[B2pi−qi−µr(D+K)]η2;

k2 = µ2
r

9λ2
iB

2

(D+K)[σ+pr(D+K)−λi(D+K)2]−δ
(D+K)(3λiB2−µi)+qr−B2pr

> 0, (10)

where K is arbitrary constant and B verifies the following equation

λi[9λ
2
iB

4−9λiµiB
2−2µ2

r] = 0, λi 6= 0. (11)

The following new constraint conditions should be satisfied

νr = 4
3
µr + 3

2
λiB

2

µr
(µi −B2λi); νi = B2λi − µr −

2µ2
i

9λiB2 ;

σ = (B2λi−µi)[(D+K)2(pr−λi(D+K))−δ]+(D+K)[qr−B2pr+(D+K)(3B2λi−µi)][3(D+K)λi−2pr]
[qr−B2pr+(D+K)(3B2λi−µi)]−(D+K)(B2λi−µi)

;

qi =
(9λ2

iB
4−2µ2

r)pi−9λiµrprB2

9λ2
iB

2 + 2µr

3λi

(9λ2
iB

4−2µ2
r)pr+9λiB

2(µrpi−λiqr)

[3λiB2(3λiB2−µi)−2µ2
r]

. (12)

According to the results (7)-(12) along with (2) and (6), we can derive
the dark soliton solutions for Eq.(1) as follows:

E(z, t) = η tanh k(t−vz) exp i[ψ(t−vz)+Kt−Ωz], (13)

where ψ(t− vz) is obtained after integrating (4) as

ψ(t− vz) = D(t− vz) +
Bη

k
ln(cosh(k(t− vz)). (14)
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3 Degeneracy of Eq.(1) and its solutions

The degeneracy of Eq.(1) is obtained by choosing the following assumption
ψξ = 0 =⇒ ψ = ψ0. (15)

Then ordinary equations (3.a) and (3.b) are reduced to

λra3ξ + (pr − 3λiK)aξξ + (3µr + 2νr)aξa
2 + (v − 2piK − 3λrK

2)aξ + (δ −
σK−prK2 +λiK

3)a+(qr−µiK)a3 = 0, (16.a)

λia3ξ + (pi + 3λrK)aξξ + (3µi + 2νi)aξa
2 + (σ + 2prK − 3λiK

2)aξ + (Ω−
piK

2−λrK3)a+(qi +µrK)a3 = 0, (16.b)

The particular solutions of the degeneracy of Eq.(1) may be obtained if
we proceed in a similar way as presented in the previous section.

3.1 Dark soliton solutions

The dark soliton solutions read

E(z,t)=η tanh k(t−vz) exp i(Kt−Ωz+ψ0), (17)
where

η2 = − 6λr

3µr+2νr
k2 > 0; K = pr(3µr+2νr)−3λrqr

6λr(µi+νi)
; v = 2λrk

2 + 2piK +

3λrK
2; Ω = piK

2+λrK
3−(qi+Kµr)η

2; k2 = σ+2prK−3λiK
2

2λi
> 0, (18)

with the following constraint conditions

λr(3µi + 2νi)− λi(3µr + 2νr) = 0;

qi = pi

3λi
(3µr+2νr)+

µr+νr

µi+νi

[
pr

3λi
(3µr + 2νr)− qr

]
; (19)

δ = σK + prK
2 − λiK

3 − (qr −Kµi)η
2.

This degeneracy includes the following two important subcases
first subcase pr = qr = δ = λr = µr = νr = 0 which leads to one form of

NLS equation written as:
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iEz + σEt + piEtt + qi|E|2E + λiE3t + µi(|E|2E)t + νiE(|E|2)t = 0, (20)

the solutions are obtained as follows

η2 = −6λi

µi
k2 > 0; K2 = 2k2; v = 2piK; Ω = piK

2 − qiη
2; k2 =

σ
8λi
, (21)

The constraint conditions are

νi = −µi; qi = pi

3λi
µi. (22)

Second subcase pi = qi = σ = λi = µi = νi = 0 the following real equa-
tion is obtained as

Ez − prEtt − qr|E|2E − δE − λrE3t − µr(|E|2E)t − νrE(|E|2)t = 0. (23)

Then, we have

K = 0; Ω = 0; η2 = − 6λr

3µr+2νr
k2 > 0; v = 2λrk

2;

k2 = δ
2pr

> 0 (24)

The constraint condition is

qr = pr

3λr
(3µr+2νr). (25)

Now, if we return again to Eqs.(16.a) and (16.b) and choose the following
relations

λi = 0, 3µi+2νi = 0, 2piK+σ−3λiK
2 = 0, (26.a)

and
pr−3λiK = 0, qr−µiK = 0, δ−σK−prK2+λiK

3 = 0. (26.b)

Taking into account (26.a) and (26.b) into (16.a) and (16.b), then yields to

λra3ξ+(3µr+2νr)aξa
2+(v−2piK−3λrK

2)aξ = 0, (27.a)

(pi+3λrK)aξξ+(Ω−piK2−λrK3)a+(qi+µrK)a3 = 0, (27.b)

It is easy to see that Eqs.(27.a) and (27.b) become

8



aξξ+
−2piK−3λrK2+v

λr
a+ 3µr+2νr

3λr
a3 = 0, (28)

under the constraint conditions

λi = 0; νi = −3
2
µi; δ = 0; σ = 0; pr = 0; qr = µi

3λr
(λr−pi); qi =

µr + 2
3
νr − µr

3λr
(λr − pi); K = 1

3λr
(λr − pi); Ω = 1

27λ2
r
(λr − pi)[(λr − pi)

2 −
18piλr−3(λr−pi)(3λr−pi)+v. (29)

With this satisfied, Eq.(1) is now reduced to

Ez−ipiEtt−(qr+iqi)|E|2E−λrE3t−(µr+iµi)(|E|2E)t−(νr+iνi)E(|E|2)t =
0, (30)

In order to obtain new formal solutions for Eq.(30), under the constraint
conditions (29). We will follow the method presented by Yan [34].

In effect, in [35], Conte et al presented a general ansatz to seek more
new solitary wave solutions of some nonlinear partial differential equations
(NLPDEs) that can be expressed as a polynomial in two elementary func-
tions which satisfy a projective Riccati equations [36]. Recently, Yan devel-
oped Conte’s method and presented the general projective Riccati equation
method. Several authors used the Yan’s technique to solve many NLPDEs
[37,38]. The key idea of Yan’s method is to extend the projective Riccati
equation in a more general form:

κ′(ξ) = εκ(ξ)τ(ξ), τ ′(ξ) = R+ετ 2(ξ)−mκ(ξ), ε = ±1. m, R = constant.

(31)

We know from [34,37,38] that (31) admits the following solutions
Case 1 when ε = −1, R 6= 0

κ1(ξ) = R sech(
√
Rξ)

m sech(
√
Rξ)+1

, τ 1(ξ) =
√
R tanh(

√
Rξ)

m sech(
√
Rξ)+1

,

κ2(ξ) = R csch(
√
Rξ)

m csch(
√
Rξ)+1

, τ 2(ξ) =
√
R coth(

√
Rξ)

m csch(
√
Rξ)+1

, (32)

Case 2 when ε = 1, R 6= 0

κ3(ξ) = R sec(
√
Rξ)

m sec(
√
Rξ)+1

, τ 3(ξ) =
√
R tan(

√
Rξ)

m sec(
√
Rξ)+1

,

κ4(ξ) = R csc(
√
Rξ)

m csc(
√
Rξ)+1

, τ 4(ξ) = −
√
R cot(

√
Rξ)

m csc(
√
Rξ)+1

. (33)

The relations (32) and (33) satisfy
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τ 2(ξ) = −ε
[
R− 2m κ(ξ) + m2+ri

R
κ2(ξ)

]
, (34)

with
ri = −1 for (κi, τ i) with i=1, 3, 4
ri = 1 for (κi, τ i) with i=2 (35)
Case 3 when m = 1, R = 0
κ5(ξ) = C

ξ
= Cετ 5(ξ), τ 5(ξ) = 1

εξ
. (36)

C is a constant. Based upon the above analysis, we assume that Eq.(28)
has the following two solutions

Type I when R 6= 0
a(ξ) =

∑n
j=1 κ

j−1(ξ)[Ajκ(ξ)+Bjτ(ξ)]+A0, (37)
where κ, τ satisfy (31) and (34).

Type II when R = m = 0,
a(ξ) =

∑n
j=0A0τ

j(ξ)], (38)
where τ satisfies
τ ′(ξ) = τ 2(ξ). (39)
By balancing the highest-order linear term aξξ and the nonlinear a3 in

(28), we obtain n=1. According to the above mentioned method, we assume
that (28) has the following form of solutions with R 6= 0

a(ξ) = A0+A1κ(ξ)+B1τ(ξ), (40)
where A0, A1 and B1are constants to be determined later. κ(ξ) and

τ(ξ) satisfying (31) and (34).
With the aid of Mathematica, substituting (40) along with (31), (34) and

(35) into (28) and collecting all terms with the same power in κj(ξ)τ i(ξ), j =
0, 1, 2, 3, 4; i = 0, 1. Setting the coefficients of these terms κj(ξ)τ i(ξ)
to zero yields a set of over-determined algebraic equations with respect to
A0, A1, B1, R, v and m.

Const : −2piK−3λrK2+v
λr

A0+
3µr+2νr

3λr
[A3

0−3εRA0B
2
1 ] = 0, (41)

κ(ξ) : −2piK−3λrK2+v
λr

A1 + 3µr+2νr

3λr
[3A2

0A1 − 3εRA1B
2
1 + 6εA0B

2
1m]−

εAR = 0, (42)

τ(ξ) : −2piK−3λrK2+v
λr

B1+
3µr+2νr

3λr
[3A2

0B1−εRB3
1 ] = 0, (43)

κ(ξ)τ(ξ) : 3µr+2νr

3λr
[6A0A1B1+2εmB3

1 ]+εmB1 = 0, (44)

κ2(ξ) : 3µr+2νr

3λr
[3A2

0A1 +6εmA1B
2
1 − 3ε

R
A0B

2
1(m

2 +ri)]+3εmA1 = 0, (45)

κ2(ξ)τ(ξ) : 3µr+2νr

3λr
[3A2

1B1−εB
3
1

R
(m2 +ri)]−2εm

2+ri
R

B1 = 0, (46)

κ3(ξ) : 3µr+2νr

3λr
[A3

1−3εm
2+ri
R

A1B
2
1 ]−2εm

2+ri
R

A1 = 0. (47)
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With the aid of Mathematica, solving Eqs.(41)-(47), we get the following
results

Case 1 ri = −1 or ri = 1
R = 2piK+3λrK2−v

2ελr
, A0 = 0, A1 = 0, m = 0, B2

1 = −6λr

3µr+2νr
, (48)

Case 2 ri = −1

R = 2(2piK+3λrK2−v)
ελr

, A0 = 0, A1 = 0, m = 1, B2
1 = −3λr

2(3µr+2νr)
, (49)

Case 3 ri = −1

R = 2(2piK+3λrK2−v)
ελr

, A0 = 0, A1 = 0, m = −1,

B2
1 = −3λr

2(3µr+2νr)
, (50)

Case 4 ri = −1

R = v−2piK−3λrK2

ελr
, A0 = 0, B1 = 0, m = 0,

A2
1 = −6λ2

r

(3µr+2νr)(v−2piK−3λrK2)
, (51)

Case 5 ri = −1

R = 2(2piK+3λrK2−v)
ελr

, A0 = 0, A2
1 = −3(−1+m2)λ2

r

4(3µr+2νr)(v−2piK−3λrK2)
,

B2
1 = −3λr

2(3µr+2νr)
, (52)

Case 6 ri = 1

R = v−2piK−3λrK2

ελr
, A0 = 0, B1 = 0, m = 0,

A2
1 = 6λ2

r

(3µr+2νr)(v−2piK−3λrK2)
, (53)

Case 7 ri = 1

R = 2(2piK+3λrK2−v)
ελr

, A0 = 0, A2
1 = −3(1+m2)λ2

r

4(3µr+2νr)(v−2piK−3λrK2)
,

B2
1 = −3λr

2(3µr+2νr)
. (54)

Thus from (32), (33), (40), (2) and (15) and results (48)-(54), we can derive
many families of exact travelling wave solutions of Eq.(30)

Family 1. Dark soliton solutions

E1(z, t) =
√

−3(v−2piK−3λrK2)
3µr+2νr

tanh
[√

v−2piK−3λrK2

2λr
(t− vz)

]
exp i(Ωz−

Kt+ψ0) (55)
Family 2. Singular dark soliton solutions

E2(z, t) =
√

−3(v−2piK−3λrK2)
3µr+2νr

coth
[√

v−2piK−3λrK2

2λr
(t− vz)

]
exp i(Ωz−

Kt+ψ0). (56)
Family 3. Bright soliton solutions
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E3(z, t) = −
√

−6(v−2piK−3λrK2)
3µr+2νr

sech
[√

−v−2piK−3λrK2

λr
(t− vz)

]
exp i(Ωz−

Kt+ψ0) (57)
Family 4. Singular soliton solutions

E4(z, t) = −
√

6(v−2piK−3λrK2)
3µr+2νr

csch
[√

−v−2piK−3λrK2

λr
(t− vz)

]
exp i(Ωz−

Kt+ψ0) (58)
Family 5. Periodic wave solutions

E5(z, t) =
√

3(v−2piK−3λrK2)
3µr+2νr

tan
[√

−v−2piK−3λrK2

2λr
(t− vz)

]
exp i(Ωz−

Kt+ψ0) (59)
Family 6. Periodic wave solutions

E6(z, t) = −
√

3(v−2piK−3λrK2)
3µr+2νr

cot
[√

−v−2piK−3λrK2

2λr
(t− vz)

]
exp i(Ωz−

Kt+ψ0) (60)
Family 7. Periodic wave solutions

E7(z, t) =
√

−6(v−2piK−3λrK2)
3µr+2νr

sec
[√

v−2piK−3λrK2

2λr
(t− vz)

]
exp i(Ωz−

Kt+ψ0) (61)
Family 8. Periodic wave solutions

E8(z, t) =
√

−6(v−2piK−3λrK2)
3µr+2νr

csc
[√

v−2piK−3λrK2

2λr
(t− vz)

]
exp i(Ωz−

Kt+ψ0) (62)
Family 9. combined formal soliton-like solutions

E9(z, t) = {
√

−3(−1+m2)(v−2piK−3λrK2)
3µr+2νr

sech

[√
2(v−2piK−3λrK2)

λr
(t−vz)

]

m sech

[√
2(v−2piK−3λrK2)

λr
(t−vz)

]
+1

+

√
−3(v−2piK−3λrK2)

3µr+2νr

tanh

[√
2(v−2piK−3λrK2)

λr
(t−vz)

]

m sech

[√
2(v−2piK−3λrK2)

λr
(t−vz)

]
+1

} exp i(Ωz−Kt+ψ0) (63)

Family 10. combined formal soliton-like solutions

E10(z, t) = {
√

−3(1+m2)(v−2piK−3λrK2)
3µr+2νr

csch

[√
2(v−2piK−3λrK2)

λr
(t−vz)

]

m csch

[√
2(v−2piK−3λrK2)

λr
(t−vz)

]
+1

+

√
−3(v−2piK−3λrK2)

3µr+2νr

coth

[√
2(v−2piK−3λrK2)

λr
(t−vz)

]

m csch

[√
2(v−2piK−3λrK2)

λr
(t−vz)

]
+1

} exp i(Ωz−Kt+ψ0) (64)
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Family 11. combined formal periodic wave-like solutions

E11(z, t) = {−
√

−3(−1+m2)(v−2piK−3λrK2)
3µr+2νr

sec

[√
− 2(v−2piK−3λrK2)

λr
(t−vz)

]

m sec

[√
− 2(v−2piK−3λrK2)

λr
(t−vz)

]
+1

+

√
3(v−2piK−3λrK2)

3µr+2νr

tan

[√
− 2(v−2piK−3λrK2)

λr
(t−vz)

]

m sec

[√
− 2(v−2piK−3λrK2)

λr
(t−vz)

]
+1

} exp i(Ωz−Kt+ψ0) (65)

Family 12. combined formal periodic wave-like solutions

E12(z, t) = {−
√

3(−1+m2)(v−2piK−3λrK2)
3µr+2νr

csc

[√
− 2(v−2piK−3λrK2)

λr
(t−vz)

]

m csc

[√
− 2(v−2piK−3λrK2)

λr
(t−vz)

]
+1

−

√
3(v−2piK−3λrK2)

3µr+2νr

cot

[√
− 2(v−2piK−3λrK2)

λr
(t−vz)

]

m csc

[√
− 2(v−2piK−3λrK2)

λr
(t−vz)

]
+1

} exp i(Ωz−Kt+ψ0) (66)

When m = ±1 then we have the following solutions
Family 13. new soliton solutions

E13(z, t) =
√

−3(v−2piK−3λrK2)
3µr+2νr

tanh

[√
2(v−2piK−3λrK2)

λr
(t−vz)

]

± sech

[√
2(v−2piK−3λrK2)

λr
(t−vz)

]
+1

exp i(Ωz−

Kt+ψ0) (67)
Family 14. new periodic wave solutions

E14(z, t) =
√

3(v−2piK−3λrK2)
3µr+2νr

tan

[√
− 2(v−2piK−3λrK2)

λr
(t−vz)

]

± sec

[√
− 2(v−2piK−3λrK2)

λr
(t−vz)

]
+1

exp i(Ωz−

Kt+ψ0) (68)
Family 15. new periodic wave solutions

E15(z, t) = −
√

3(v−2piK−3λrK2)
3µr+2νr

cot

[√
− 2(v−2piK−3λrK2)

λr
(t−vz)

]

± csc

[√
− 2(v−2piK−3λrK2)

λr
(t−vz)

]
+1

exp i(Ωz−

Kt+ψ0) (69)
Family 16. Rational solutions: When setting the solutions of Eq.(28) in

the form of (38), we obtain the following rational solutions for Eq.(30)

E16(z, t) =
[
±

√
−6λr

3µr+2νr

1
t−(2piK+3λrK2)z

]
exp i(Ωz−Kt+ψ0) , (70)

where v = 2piK + 3λrK
2.
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