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Abstract

We give a rather general procedure by which one may invoke a recently derived operator
theoretic result in [15], so as to obtain strong stability of those Cp-semigroups which model
partial differential equations in Hilbert space. This procedure is illustrated here by means of
two concrete PDE examples. The novelty of adopting this new strong stability technique is that
one does not need to have an explicit representation of the resolvent.

1 Introduction

The intent of this note is to demonstrate the applicability of recently derived sufficiency criteria of
Y. Tomilov, for establishing the strong stability of Cy-semigroups (see [15]). In particular, we discuss
here the implementation of these abstract results in the context of ascertaining strong decays for
solutions of partial differential equations (PDE’s) under the influence of inserted dissipation. We
were first made aware of these stability results in [15], at the March 2005 AMS Sectional Meeting
(in Bowling Green, Kentucky), wherein Y. Tomilov himself presented these and newer results in the
“Special Session on Semigroups of Operators and Applications”. At the time of this meeting, Y.
Tomilov was not aware of any concrete PDE examples by which strong stability could be inferred
by the use of his criteria. The present paper is written to demonstrate that, aside from the intrinsic
worth of the results in [15], and their implications in operator theory, they can also be effectively
applied to general PDE models in order to show their strong stability.

Throughout, we dwell on the Hilbert space formulation of the said stability criteria in [15]: Let
H be a Hilbert space, and linear operator A : D(A) € H — H be the generator of a bounded
Co-semigroup {eAt}t>0 C L(H). Recall that this semigroup is said to be strongly stable if for all
x € H, one has B

lim etz = 0.
t—o0

In this connection, we have the following:

Theorem 1 (see Theorem 3.4 of [15]; see also Theorem 8.4 of [3]) Let {eAt}t>0 be a bounded
Co-semigroup in a Hilbert space H with generator A. If exists a dense set M C H such that,

lir(r)l+ VaR(a+iB; A)xr =0 for every x € M and every 3 € R,

then the semigroup is strongly stable.



We note that by virtue of this result, the strong stability of a semigroup depends upon the
behavior of the resolvent R(A;.A), as (positive) Re A tends to zero. This formulation of asymptotic
stability, in terms of the resolvent behavior of the generator, stands in contrast to the very well-
known results of [1] and [10], in which strong stability is determined by the spectrum of the generator,
as it appears on the imaginary axis.

We will give, in the next two sections, two concrete PDE examples for which one can use the
Theorem 1 to ascertain the strong decay of each respective PDE. The first example will involve
the wave equation on a bounded domain, with boundary dissipative (velocity) feedback inserted
in the Neumann boundary condition. The feedback, as it appears here, is locally supported. It is
well-known that unless the feedback control region is a “large enough” portion of the boundary (I'g
below), then the PDE will not be exponentially stable by means of such feedback. Lacking this
uniform stability for a general geometrical configuration, it makes sense to consider the question of
asymptotic decay. The problem of strong decay for boundary-damped waves has been studied for
decades (see [13], [14], [17], [7],[16]); the classical theme adopted for this problem (and generally
for all purely hyperbolic PDE’s under control) is to exploit the underlying weak stability of the
associated semigroup and the compactness of the resolvent. These ingredients will allow the use of
well-established stability tools, such as the Lasalle Invariance principle or Nagy-Foias decompositions.
We here, on the other hand, will proceed in an altogether different manner. In fact, the relatively
simple form of the boundary-damped wave model will serve as an appropriate setting so as to
demonstrate the algorithm by which the resolvent criterion Theorem 1 is to be used. One will see
that this methodology uses no information on the compactness properties of the resolvent; nor do
we particularly even need any explicit resolvent representation. These details are given below in
Section 2.

Subsequently, by way of showing the generality of the algorithm outlined in Section 2 for the
Neumann boundary-damped wave equation, we demonstrate in Section 3 how the resolvent criterion
Theorem 1 may be used to infer the asymptotic decay of a PDE model which describes a 2-D
structural acoustic interaction (see; e.g., [11] and [5]). It is also wellknown that the solutions
of this PDE model will not decay exponetially (see [2]), and so a natural follow-up question is
whether the structural dissipation, which is inherent in the model, gives rise to strongly decaying
dynamics. What distinguishes this structural acoustics PDE from more classical (hyperbolic) models,
such as the wave equation, is the fact that the resolvent corresponding to its generator is not
compact; this circumstance is not unexpected inasmuch as this PDE constitutes a coupling of distinct
dynamics, with this coupling being accomplished via boundary (unbounded) interfaces (see [9] for
another nontrivial example of an acoustic-flow generator with noncompact resolvent). This lack of
compactness precludes the use of Nagy-Foias theory or the Lasalle Invariance Principle in order to
determine strong stability of this model. Instead, the asymptotic decay of the 2-D structural acoustic
dynamics in Section 3 was originally shown in [2], by an invocation of the aforesaid spectral criterion
condition in [1] and [10]. Alternatively, in Section 3, we demonstrate how one can systematically
proceed so as deduce strong stability of the structural acoustics PDE, by verifying the resolvent
limit in Theorem 1.

We should conclude our introductory remarks by pointing out that possibly one advantage of
using the resolvent criterion of Tomilov, vis-a-vis the the earlier approaches—e.g., Lasalle Invariance
Principles, Nagy-Foias or the spectral criterion in [1]-is that in working to show the pointwise limit
in Theorem 1, one does not actually need the explicit form of the resolvent; one only needs to
know the action of the resolvent. Since the algorithm we employ below seems fairly general, we
believe that Theorem 1 can be effectively used to determine stability properties of other, much
more complicated PDE’s, such as those which model systems of higher-dimensional elasticity and
thermoelasticity, shallow shells, multi-layer plates, fluid-structure interactions; etc. Given that the
resolvents of such models are extremely difficult to write down, in the main, it might in fact seem
preferable to adopt a methodology, such as that involving Theorem 1, which is independent of



explicit resolvent representations.

2 The Wave Equation with Neumann Boundary Damping

Let © C R” be a bounded open set (n > 2), with C2 boundary I' = 'y UT, and with T'y N Ty # 0.
We will also assume that T'g # @) (this is for convenience only). On this geometry, we consider the
following PDE in variable z(¢, z):

zit(t,x) = Az(t,x) in (0,T) x Q

2(t,€)p, =0 on (0,7) x I'y
8Z(‘(3€;£) = —xg(&)z(t,z) on (0,T) x Ty (1)

[2(0), 2:(0)] = [bo, 1] € H, () x L*(9),

where, above, HE (@) = {f € H*(Q) : flp, = 0}. Also, given a set S C Iy of nonzero measure, xg
denotes its characteristic function. That is,

1, ifees,
XS(&)_{ 0, 1f€¢5

The semigroup formulation for (1) is quite well-known (see e.g., [16]): in fact, on Hilbert space

H = Hp (Q) x L*(Q), (2)
we define A: D(A) C H— H by
0 I
A = { ~A —ANxgN*A ] ?
D(A) = {lfo. il € D(A}) x D(A}) : fo+ NxsN"Afi € D(A)}. (3)

Above: (i) the positive definite, self-adjoint operator A : D(A) C L?(Q) — L?(Q) is defined by
: 5 of
Af =—Af, with D(A)=4{f€ H*(Q): flp, =0 and 3 =0;. 4)
To
By the characterization of the fractional powers in [4], we have then D(Az) = H} ().
Also, the Neumann map N : L?(Ty) — L?(12) is given by

Ng=h<= Ah=0, with h|. =0 and ?

=9 (5)

To

By elliptic theory, one has that N € £(L2(T'g), D(A?)) (conservatively; see [8]). Consequently, AN €
L(L2(T,),[D(A?)])'). By the use of Green’s Theorem, one can show that N*A € £L(D(Az2), L2(T))
has the explicit characterization:
N*Af = flp, . forall f € D(A%) = H} (). (6)
By the Lumer-Phillips Theorem, one can show directly that A : D(A) C H — H generates a
contraction Co-semigroup {e’} _ . Thus, given initial data [¢, ;] € H, the solution of (1) may
be given as

{ ;(é)) ] At [ z(; } € C([0, T); H).

With the dynamics {eAt} +>0 0 hand, we are out to show the following:



Theorem 2 The resolvent of the generator A, defined in (3), satisfies the following limit:

lim+ Va

a—0

=0 for every [fo, f1] € H and every 8 € R. (7)

Rla + i A) [ jﬁf }

\

In other words, by Theorem 1, the semigroup {eAt}t>o is strongly stable.

In the course of proof below, we will see that the case 8 = 0 can be dealt with rather easily (as
there will then be no coupling between real and complex solution parts). Accordingly, we assume
throughout that 3 # 0.

2.1 The Proof of Theorem 2
With A = a + 0, we look at the equation

(M — A) { z‘l’ } - [ jZ‘lJ ] € D(A%) x L2(Q),

where, of course,

20 fo
=R(\; .
o -row| 7]
Component-wise, we have then
Az —21 = fo;
)\21 + AZQ + ANXSN*Azl = f1~ (8)

This gives the single equation,
M2+ Azg + MANYgN*Azg = f1 + Mfo + ANxgN* Afy.

Decomposing this equation into its real and imaginary parts, with zyp = Re zg + ¢ Im 2y, we have then

(a2 — B%)Rezg + ARe zg — 208Im 29 + aANxgN*ARe zg — BANxgN*Alm zy = Re F,, in [D(AZ)]
(% — %) Im zg + AIm 2o + 208Re 20 + € ANYgN*AIm 2y + BANxgN*ARe zp = Im F,, in [D(Az)],
9

9)

where

F, =Re fi+aRe fo—FIm fo+ ANxgN*ARe fo+i (Im f; + GRe fo + alm fo + ANxgN*Alm fy) .
(10)

Step 1 (A priori bounds for the damping mechanism) To start, we multiply the first equation in
(9) by —aIm zg, and the second by a Re 2. Integrating both subsequent relations and adding yields

= (ImFy,aRez)p2q) — (Re Fo,alm20) 12 - (11)
Estimating the right hand side of this relation, we have then
af (||N*A Re 20/|22 (g, + | N*AIm zo|\i2(s)) 42028 (||Re 20]22(qy + [Tm zo||iz(m)

< Cslllfo, Allls (12)

where the constant Cg is independent of 0 < o < M. In arriving at this inequality, we used the
following basic contraction semigroup estimate: Given Banach space X, if A: D(A) C X — X is



the infinitesimal generator of a contraction semigroup, then for all A = a+ i3, with a > 0, we have

the estimate 1

IR Al < = (13

(see p. 11 of [12]).
Step 2 (a priori bounds in a lower topology) We will use the estimate (12) to show the following:
Lemma 3 For a > 0, the solution [v/aRe zo, /alIm zg] obeys the following estimate:
| [V Re 20, V& Tm 20] | 2 gy 26y < Co 1o Fille (14)

where the constant C' is independent of 0 < a < M (say).

Proof of Lemma 3:

Case 1. 3% is in the resolvent set of A: D(A) — L*(2). In this case, we multiply both equations
of (9) by /aR(B?; A), so as to have
VaRezy = aR(G%A) (a2 Rezg —2a8Imzy + aANxgN*ARezyg — BANxgN*Alm zgp — Re Fa) ;
Valmzy = \/ER(HQ; A) (a2 Imzp + 2a0Rezyg + aANxgN*Alm zg + BANxgN*ARe zg — Im Fa) ,
whence we obtain the estimate (14), upon an invocation of (12).

Case 2. 32 is an eigenvalue of A. Here, we will make use of a classic operator theoretic estimate:
Namely, there is a positive constant M* such that one has the inequality,

*

M
[R(=s; A)llp2(0) < 7 for all —s e p(A), s>0 (15)

(see; e.g., p. 115 of [6]). Now, since the eigenvalues of A are at most countable (as A~! is compact),
then there is surely a parameter 6, with 0 < § < Hﬁ—;/[ (where constant M* is as in (15)) and with
(3% — § being in the resolvent set p(A).
From (9), we then have

(ﬂQ —8—A)Rezy+6Rezo = a?Rezg — 2afImzg + aANYgN*ARe zg — BANYgN*Alm zo — Re F,,

(62 —6—A)Imzy+6Imzg = a?Imzg + 208Rezg + aANYgN*Alm 29 + BANxsN*ARe 29 — Im F,,
or
(I+6R(3%—8;A))Rezo
R(G* —6; A) (a2 Rezp —2a8Imzg + aANxgN*ARezg — BANxgN*Alm zp — Re Fa) ;

(I +6R(B* — 6; A)) Im 2
= R(B*-6;4) (a2 Imzp +2a0Rezp + «ANxgN*Alm zg + BANxgN*ARe zp — Im Fa) .

Since, from the estimate (15) and the choice of parameter ¢,

OM*
||(5R(ﬂ2 — 67A)”£(L2(Q)) < m <1,

we have then
VaRezg = Va [I—l— SR(B% — 6;A)]_1 R(B* — 5; A) (oz2 Rezg — Qaﬂlmzo)
+/a [I +6R(B* - 6; A)} - ’R(ﬂ2 —6;A) (tANxgN*ARezg — BANxgN*Almzg — Re F,);

Valmzy = o [T+ SR(B* — 6;A)]71 R(G* —6; A) (a2 Im 2o + 28 Re 20)

+va [T+ 6R(52 - 6 A)] " R(B> — 6; A) («ANxgN* ATm 29 + BANxgN* ARe 2 — Im ),



from which the estimate (14) follows, upon another usage of (12). O

Step & (a priori bounds in finite energy topology)

Proposition 4 For o > 0, the solution [/a Re 2z, /aIm 2] obeys the following estimate:

H [\/C_MA% Re 2, \/EA% Im zo] ‘

< Cy o, Al (16)

L2(Q)XL2(Q)
where the constant C is independent of 0 < o < M (say).

Proof of Proposition 4: We multiply the first equation in (9) by aRe zg, and the second by
alm zy. Integrating these relations and adding gives

1 2 1 2 * 2 * 2
« <HA2 ReZOHLQ(Q) + HA2 ImZOHL2(Q)) + a2 (HN ARGZ(]”Lz(S) + HN AII’IIZ()HLZ(S)>
= a(F-a?) (HRezOHQLQ(Q) + HIszHiZ(Q)) + (Re Fu,aRe 20) 20y + (Im Fo, aIm 20) 2 () -
Invoking the estimate in Lemma 3 now yields the desired conclusion. O

Step 4 (Conclusion of the proof of Theorem 2: show that the weak convergence implied in (16)
can be improved to strong convergence) From Proposition 4,

lir{)l+ VaRezy = 2z (say) weakly in D(A%);
lir{)l+ Valmzy = 2z (say) weakly in D(A?). (17)

In consequence, since A% € L(L?(Q)) is compact, we have further

lil%l+ VaRezy = 2z} strongly in L*();
lim+ Valmzy = 2z strongly in L*(Q). (18)
a—0

Moreover, since N*Af = f|, for f € D(A?), and the inclusion H=(T'g) — L2(Io) is compact, and
as N € L(L%(I'g), D(A?)), we then have that

lirf)l+ VaATNxgN*ARezy = A?Nyg 2% |p, strongly in L*();
o—
lir{)l+ \/EA%NXSN*AIm 20 = A%NXS z; |p, strongly in L*(Q). (19)

Furthermore, from the estimate in (12), we also have for 0 < o < M,

H\/E (a2 Rezg — 2a8Im zg + ¢ ANxgN*ARe 2) H[D(A%)],
< Gy (Vaa |Re zoll s ) + vaa [im 2ol s ) +av/a IN*ARe zo]| s s,
< VaCs|[fo, Ailllg:

[[Va (e Imzp + 2a8Re zg + a AN x g N* Alm z) ||[D(A%)],
< Cp (\/504 [T 20 12y + Vaa[Re 2o p2q) + ave HN*AImZoHLz(S))
< VaCs|[fo, filllg -



Consequently,

lim \/a(oz2 Re zg — 2a61Im zg —|—aANXSN*ARezo) = 0 strongly in [D(A%)}/;
a—0
lil%l+ Va (a®Imzy + 2aBRezg + €ANxgN*AlImz)) = 0 strongly in [D(A%)}’. (20)

In addition, we apply the operator \/EA_% to both equations in (9). This gives relation

VaAI Rezg = —/aA™3 ((a® — %) Rez — 2a3Tm 2y + aANxgsN* ARe 2
—BANxgN*AImzy — Re F,) (21)

VaAz Imzg = —/aA™2 ((a? — B%)Im zo + 203 Re 29 + AN x g N* ATm 2o
+BANxgN*ARez —Im Fy,).

Now,

2
H\/aA% Rezp — A%z;‘

L2()

— (A%z:, \/aA% Rezp — A%z:)

= (\/EA% Re 2, \/EA% Rezg — A%z:>
L2() L2(Q)

= —(Va[(a®—pB*)Rez —2a8Im 2z + «ANxgN*ARe 2] , v/aRezg — z:)LQ(Q)

+ (Va[BANxsN*Almzy + Re F,] ,/aRe zg — z;f)LQ(Q) - (A%z:f, VaA? Rez — A%z:)m(ﬂ) ,
after using (21). Thus, using the strong convergences posted in (18), (19), (20), and the weak

convergence posted in (17), we have

. 1 1.2
lim ||vaAZ Rezg— A%z}
a—0t

= 11151Jr {B (ﬁ\/a/r% Re zp — ﬂAiéz;f, VaA? Rez — A%z:

L2(©)

>L2(Q)

+6 (VaAt NxgN* ATz — A} NygN* Az, aAt Rezo - A%Z;f)mm)

+ (ﬁQA—%z: + BAY N gN* Azt JaA® Rezg — A%z;f)Lz(Q)

— (\/a (a2 Rezp —2a8Imzy + aANxsN*ARezy — Re Fa) VaRezy — z:)LQ(Q)
- (A%z;f, VaA® Rez — A%z;f) }
L2(Q)
= 0. (22)

We can repeat the very same argument for the difference \/EA% Imzg — A%z;‘. In short, we have

1iI?(()l+ VaRezy = 2z strongly in D(A%);
o—
lir{)l+ Valmzy = 2 strongly in D(A?). (23)

Taking moreover, the limit of both sides of (21), and using the strong convergences in (23), (18),
(19) and (20), we have that the limits 2z} and 2z} satisfy the coupled equations

= A733%2 + BAT NxgN* Az}

= A3 — BAT Ny gN* Az,



which can be rewritten as

(3 —A)zr = —PBANygN*Az};
¥ = BANxgN* Az (24)

Therewith, we can multiply the first equation by —z;, the second equation by 2}, and integrate, so
as to have
* * (12 * *(12
[N* Az L2y + IN" Az |72y = 0. (25)

This essentially concludes the proof: In fact, the relations (25) and (24) imply that 2z solves (3* —
A)z; =0, with 2= v, =0, 2flp, =0 and 2|5 = 0 (where again, § C Ty, and T.NT, #0). By

elliptic theory, then necessarily lim,_ g+ v/aRe zg = 2z} = 0. In the same way, lim,_,o+ v/aIm zy =
zf = 0. Combining these conclusions with the first relation in (8) now verifies the limit in (7). The
proof of Theorem 2 is complete.

3 The Structural Acoustics Model

Again, Q C R" is a bounded open set, with C? boundary I' = I'; U Ty, and with T'; N Ty # 0. We
will also assume that boundary portion I'y is nonempty and flat. On this geometry, we consider the
following PDE system in variables [2(t), z:(t), v(t), ve(t)]:

Ztt = Az in (O,T) x Q
zlp, =0 on (0,T) x I'y

o)
8—j . = on (0,T) x Ty

[2(0), 2:(0)] = [, ¢1] € D(A%) x L2(Q)
{ v = —Av — Ay, — Zt‘Fo on (0,7) x Ty

1 26
[0(0), v¢(0)] = [thg, ¥4] € D(A?) x L*(To) 20

Here, the operator A : D(A2) ¢ L2(Ty) — L%(Ty) is any positive definite, self-adjoint operator on
L?(T'g) (and so its fractional powers are well-defined). Also, the non-negative parameter 7 is in the
range 0 < 7 < 1. Like the wave equation of Section 2, this PDE enjoys a semigroup formulation (see
[2]). In fact, using the operator theoretic definitions given in (4) and (5), and with Hilbert space H
now defined as .
H = D(A7) x L*(Q) x D(A%) x L*(Ty),

we have that the PDE system (26) can be associated with the following generator A : D(A) C H —
H:

0 I 0 0
—A 0 0 AN |
0 0 0 I )’
0 —-N*A —-A -—A"

D) = {iowsn vl € [Dlah)] x [p@h)]

~6o+ Nvy € D(4) and &'y +4, € D(A")} (27)



(where again, 0 < n < 1). It is shown in [2] that A : D(A) C H — H generates a Cp-semigroup of
contractions {e4'},_ . Thus given initial data [¢, ] = [¢g, 1, %0, ¥1] € H, the solution of (26) is
given by a

—

Z) | _ al| @ .
{U(t) } —e [ z ] e (o, 7); H).

The task here is to show the following:

Theorem 5 The resolvent of the generator A, defined in (27), satisfies the following limit:

fo
lir(r)l+ VaR(a+i3;A) 51 =0, for every [fo, f1,90,91] € H and every § € R. (28)
a— 0

91

In other words, by Theorem 1, the semigroup {eAt}t>o 1s strongly stable.

As in the proof of Theorem 2, we take 8 # 0 below, as the case § = 0 is easy.

3.1 Proof of Theorem 5
Given [fo, f1,90,91] € H where 8 € R\ {0}, we consider

20 20(A) fo
2| _ | ) | oy h a4
w | = w0y | = R(\; A) o | where A\ = a + i3. (29)
U1 U1 (/\) g1
This gives
Azg—21 = fo
Az1 + Azg — ANvy = fi;
Avg —v1 = go;
Moy + N*Az + Avg + ANy = gy, (30)
or
N2+ Azg — MNvy = fi + Afo — ANgo;
)\21)0 + AUO + )\Anvo +AN*Azg = g1+ Ago + N*Afo + Ango.

Distinguishing between real and imaginary parts (with zp = Re zg+14Im 2y and vg = Rewvg+iImvy),
we have then the following coupled system:

(a® — 62) Rezp + ARezp — 2a8Im zg — « AN Revg + BAN Imvg = Re F,; (31)
(? — ﬂ2) Imzp + AIm 29 + 2a8Re zg — BAN Revy — € AN Imvg = Im F,; (32)
(a2—ﬁQ)Revo—l—ARevo—2aﬁImvo+aN*ARezo—5N*AImzo+aAnRev0—ﬁAnImvo:ReGa;(33)
(o? 762) Imuvg + AImuvg + 2a8Revg + aN*AIm zg + BN*ARe zg + aA" Im vy + A" Re vy = Im G, (34)
where
F, = Refi+aRefo—pFImfo—ANRego+i(Imfi +F5Refo+almfsy— ANImg);
G, = Regl—l—aRegO—ﬁImgo—l—N*ARefo—i—AnRego
+i (Im g1 + BRego +almgy + N*AIm fo + A" Im go) . (35)



We now: multiply (31) by —aIm zp; multiply (32) by o Re zo; multiply (33) by —a Im vp; multiply

(34) by aRewg. Integrating and adding the four consequent relations give now

2
L2(Fo))

+20°0 (||Re 20l[72(q + [1tm 20]|72(qy + IRe vol|72(ry) + ||ImU0||2L2(FU))

o ([areul,, +[A*mol

L2(To)

= 202 [(Imvo,N ARezo)Lz( T'o) — (Rewvg, N* AIsz)LQ(F )} (ReFa,Imzo)LQ(Q)

+a [(Im Fo,Rez0)p2() — (ReGa,Imwg) 1oy + (Im Ga,Revo)Lz(Fo)} .

Applying the basic contraction semigroup inequality in (13), we obtain, for 0 < a < M,

o A7 e o)

2 2 2
+20° (uRezoan@ + ltm z0l132 g + [RevoF2(ry) + ImeolFaqr, )

< C5|Hf07f1790791]”i1‘

+ HAz Im 0‘

L2

Proposition 6 The component [Re zg,Im zg] of the relation (29) obeys the estimate

HI:\/_RGZO,\/_ImZO]HLQ(Q)XLz(Q) Cﬁ"[f()vflagOagl]HH’

where Cz may depend on (3, but not on o, 0 < < M.
Proof of Lemma 6: From (31) and (32), we have

(BQ —A)Rezy = a’Rez —2a8Imzy — aAN Revg + BAN Imvg — Re Fy;
(5% — A)Im 2y a?Im zg + 203Re zy — BAN Re vy — 0 AN Imwvg — Im F,.

If g% € p(A), we have then,

Rezy = R(BQ; A) [a2 Rezg — 2a8Im zg — AN Revy + SAN Imvg — Re Fa] ;
Imzy = R(ﬂz; A) [a2 Im zp + 2a8Re zg — BAN Revg — AN Imvg — Im Fa] .

(37)

(38)

Multiplying both sides of these expressions by 1/, and employing the estimate in (37), we obtain

the estimate in (38).

On the other hand, if ﬁ 1s an eigenvalue of A, then as noted in the proof of Lemma 3 above,

there exists a 6, 0 < § <

1+M* (where again positive constant M* is that which appears in (15)),

such that 3% — 6 € p(A), and I + 6R(B* — 6; A) € L(L*(Q)) is boundedly invertible. Applying this

operator to (39) (similar to what was done in Lemma 3) we obtain

VaRe z

-1

Va [I+68R(6% -6 A)]
—Va [I+8R(B* - 6; A)]

- R(ﬂ2; A)Re Fy;

-1

Valm z

Va [I+6R(6° - 6;A)]
—Va [ +6R(5° - & A)]

T R(B% A)Im F,.

10

R(G?; A) [042 Re zg — 2a81Im zg — a AN Revg + BAN Im 110]

R(G% A) [a2 Im zg + 2a8Rezg — BAN Revg — cAN Imvo]

(40)



Estimating the right hand sides of this relation, by the use of (37), gives the estimate in (38). O
We now use the estimates in (37) and (38) to obtain the weak convergence of [\/azg,/awvy:
Multiplying the first equation (31) by aRezp; (32) by almzy; (33) by aRevp; (34) by aImwvy;
integrating each and adding the consequent relations, we obtain
2
LZ(FO))

1 2 1 2 1 2
a(H/ﬁ Re zg Lo +HA5 IszH 2 )+HA2 RevoH

L2(To)
n 2
&Qmmmﬂ LWQ
0

= 2af [(ReUO,N*AIm 20)2(r,) — (Imvg, N"ARe ZO)LZ(FO):|

+ HA% Imv()’

|47 )

L2(Ty)

2 2 2 2
+a(? - a®) (IRez0lF2q) + ITm 20l 20 + [Revoll3(ry) + Imvollfe(r,) )
+a [(Re F, Re zo)LQ(Q) + (Im F,,, Im zO)LQ(Q) + (ReGy, Re UO)LQ(FO) + (Im Gy, Im vO)LQ(FO)] .
(41)

Using the Sobolev Trace Theorem and the inequality ab < % + %, we can estimate the first term
of the right hand side by

2a0

(Imwvg, N*ARe ZO)LZ(FO) — (Rewp, N*ATm ZO)L2(I‘O)’

1 1
< aCs (||Imv0||L2(FO) ‘AzRezOHLQ(Q)+||Revo||L2(F0) )A2Imzo‘L2(Q))
< aCpg HAgImvoH ’A%Rezol +HAgRev0H ‘A%Imzo)
L2(To) L2(Q) L2(Q)
a L 2 2 2
< g (lames]l g mal, ) e o (Ja%m voH AT e, )
L2(Q) L2(Q) L2(Ty) L2(Ty)
< & (Jarreal), , +[armal, )+ ol frsmanli, (42)

after using the estimate (37). Applying now (42) to the first term on the right hand side of (41),
and also the estimates (38) and (37) to handle the other terms thereof, we have now the following
uniform bound:

Proposition 7 For 0 < a < M, the component [\/azy,/avy] of the relation (29) satisfies the
estimate

H [\/aA% Re z, \/aA% Imzo] H 22 + H {\/_Az Re vy, \/_/P Imvo} H[L2(Fo)]2
< Csllfos f1,90, 91l g - (43)

Conclusion of the proof of Theorem 5: From Proposition 7, we have the existence of [z
[D(A2)]2, [vF,vf] € [D(A2)]? such that

\/C_JZRG 20
VaRewy

In addition, since A~2 € £(L%(2)) and A~2 € L£(L3(Iy)) are compact operators, these and (44)
yield that

€

’l"’ Z]

a) — 2z Valmzo(a) — 2z weakly in D(A%);

(
() — vf, Valmuy(a) — v weakly in D(A%). (44)

VaRez(a) — zF, Valmzy(a) — zf strongly in L*(Q);
—

VaRewvg(a) vF, VaImuvg(a) — v} strongly in L*(T). (45)
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With these convergences, the estimate in (37), and the relations (31)-(32), we can proceed just as
we did at the end of Theorem 2 (cf. the limit in (22)), so as to have the strong convergences

lim aA? Re zp(a) = A%z:; lim aA? Imzo(a):A%zz* in L*(Q). (46)

a—0t a—0t

Moreover, the D(A?)-strong limits [z}, 2] and limits [v¥, v}] (strong in L2(I'), but at present weak

in D(A2)) satisfy the following coupled system (from (31)-(34)):

(ﬁ2 A)z; = BANv in [D(A?)]; (47)
(8 = A)z; = —BANv; in [D(A?)]; (48)
(BA — Dt = —BAT'N Az — AT v in L3(Ty); (49)
(BPA — Dy = BAT'N*Azr + A" vt in L2(T). (50)

Multiplying the first of these equations by —z¥, the second by 2%, the third by —Av? and the fourth
by Av?, integrating and adding the consequent relations, we have

2 12

E

=0. (51)

L2(To) L2(To)

Thus, from (47), (50) and (51), we see that z* satisfies (6% — A)z} =

0
consequently by elliptic theory, z = 0. Likewise 2z = 0. These limits, combined with (46), give
then

0z, _ | (0
o | =0and 2} =0;

lim /aA? Rezp(a) =0 and lim VaAz Imzp(a) =0 in L*(Q). (52)

a—0t a—0t

Moreover, (45) and (51) give
hr{)l VaRewvg(a) =0 and lirgl+\/almvo(a) =0 in L*(Ty). (53)

With this convergence in mind, we multiply the equation (33) by aRevy and (34) by aImwvy.
Integrating and adding the subsequent relations give now

@ (HA% RevoH2

1 2
3 3 2 2
L2(T) + HA2 IvaHH(FO)) o (”RMOHWW * HIvaHLZ(Fo))

2
LQ(F0)>

= af? (HRevOHiz(FO) + ||ImUO||2Lz(FO)) —a? [(N*ARezO,ReUO)LQ(FO) + (N*AImzo,ImUO)Lz(FO)}

+a? (HA% R€U0H2

+ HAg Im Uo)
L2(To)

+Oé,6 [(N*AIIHZO,RGUO)LQ(FU) — (N*ARGZO,II'HUO)LQ(FO):I
+a {(Re Gaz,Revo) 2,y + (Im Ga,ImUO)LQ(FO)} .

Invoking the limits in (52) and (53) to estimate the right hand side of this expression, we have finally
the strong convergences,

lim \/_A2 Rewvg(a) =0 and lim \/EA% Imwvo(ar) = 0. (54)

a—0t a—0

The convergences in (52) and (54), and the first and third relations in (30), now complete the
proof of Theorem 5.
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