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Introduction and the Formulation

The important notion of equilibrium points was introduced by Nash (8), for n-
person games in normal form and its existence was proved in the same paper. However
the existence of equilibrium points in n-person games with complete information in
extensive games was prove in a different context which might be consulted in the
excellent books by Burger (1), Kiihn (2), Myerson (6) and/or Van Damme (11).

In a recent note we have studied the existence points of E-points in n-person
games in extensive form with complete information. The reader with interest might read
(4). There, we have given a sufficient and necessary condition for the existence of E-
points, which generalize equilibrium points.

In another non published paper Marchi (5) introduced the notion of friendly
equilibrium points and proved an existence theorem under general condition. All this
material is provided in normal n-person games. Olivera in (9) has extended the friendly
equilibrium points un the context of Garcia Jurado (3), who consequently extended at
this time the proper and perfect equilibrium points due to Myerson (6) and Selten (10).

In this note we are going to prove a general theorem concerning the existence of
friendly equilibrium points in extensive games with complete information.

Consider n-person extensive game with complete information, given by the set
of players ieN = {1, ..., n} and the “chance” player i,. The set of the nodes of the
rooted tree is G . The rootis A. G 1s partitioned in the sets G, i€ Nand G, , then

G = 9 G uG,

The end points of the tree areE,,...,E . We do not need explicitly such points.
For eachge G, , 1eN we express by o¢;(g) all the edges emaning from g. Let
itp, (g,0;, (2)), the corresponding assigned probability.

A complete plan for player i€ N is a strategy, namely ac; ={6,(2)}, € Z;.

Now a 6=(0,,...,6,) € X = }%Ei determines a distribution of probability at the

end points of the tree. Therefore we have if at each end point we have the payoff
function, the expectation function is complete determined and their expectations are

called by abuse of language, payoff functions. They are written as



A (6,,..,6,)=A.(06,,6_,)

where 6_, =(6,,...,6,,,0,,,,....6,) as is usual in non cooperative theory of games.

i+lo°"

Now for each player ieN we consider a string of different playersf'(i) =1,

f*(i),...,f " (i). Then a friendly equilibrium point is a point such that

A.(6)>A.(6,,6-1) Vi Vo, e £ =Q'(0)
A, (©)2A,, (0,,0-) Vi Vo, ,eQ%(0)
A, (©2A (c,.61) Vi Vo, e Q% (o)
[0} r(?)
where QF (o) = {xi eQ(0):A (0)2A = (ci,E_l)J r>k>2
(i) (i

First we are going to give an example that an equilibrium point is not a friendly
equilibrium point.

Consider the simple following tree

Where G, ={A},G, ={g,.2,}. The point o=(01,062)={(,,l,),m,}is an
equilibrium point under the condition of the payoff functions a, 2a,andb, 2b,.

However if a, =a,and b, >b,the point o is not friendly equilibrium point with the

friendly structure f' (1) =1,f*(1) =2,f'(2) = 2.
In such a case the point 6 =(6,,6,) ={(l,,1;),m,} is a friendly equilibrium point: this
is easy to see since it is an equilibrium point and

Qf(8)={(ll,13), (11714)’ (12’13)’ (12714)}



Now introducing the notation n(g,o;(g)) for the node ending at the edge o, (g)
emaning from ge G,, and for a ¢ we write
A(9) (0;(g).0"")
the payoff in the truncation game I', with root g and 6"&%® s the restriction of & in
Ui o -

Next we present the result of this paper

Theorem: Any n-person extensive game with complete information and any friend
structure has always a friendly equilibrium point.
Proof: We prove it by induction on the length of the tree. Let A be the length of

the tree. If A=1. Then if A€ G, there is nothing to prove. If Ae G, then it is clear

that choosing a point

A.(6) = A, (c),) Vo.ex

G 2,
A, (G)ZAL () V o,€ Qo))
Af,i(i)(Gi)ZAf,i(i)(Gi) Vv 0,€ Qf (o))

then it is friendly equilibrium point. Such a point is evident that exists.

Now we assume that for A <A(I") — 1. The theorem is true and we will prove that

itis true for A(I'). Consider the root A and then all the games T" , , ) if i€ N and by

abuse of notation also for i=i,. Since MT,, , 4,) is <AMI)~1, then by induction

o . ey . Ao (A) e
principle it has a friendly equilibrium point, G .Now if i=1, we have

— (A, o5, (A)

A(0)= T p, (0, (A) A, (Ao )

—nAG, (A) (A, (A) )
c )

2 52,0, A 0.6, o

—1(A,G;, (A)

—n(Ag;, (A)
> £ p, (0, (A) Al (A).6 ren®y )

)., (o

=A.(6,,6-) Vi Vo, € X,



The same inequalities appear for the players in the friendly structure. Therefore
it is a friendly equilibrium point.
Now if i#1, consider the game having length one, rooted by A and where the

payoffs at the end of c,(A) are

AA) ©6,A)6" "y for jeN

Then by choosing a oi (A) such that

— (A, i (A)) (A, 6;(A))

A,(A) (0i(A),0 )2 A, (A) (6,(A),6 ) V 6,(A)

AL Q) @A) 2AL @A) 6,0.8" ) Ve (A) e QXA

Af(?) (A) (Ei(A)’gﬂ(A,;a(A))) ZA% (A) (Gi(A)’Eﬂ(A,ui(A))) V o, (A) € Q? (Ei(A))

where the QF are referred to this game of lenght one, then we have constructed a

ceX. Now we will prove that such a point is a friendly equilibrium point, in the entire

game.
For player i we first have
- = —n(A,0i (A))
A, (0i,0-1)=A;(A) (6,(A),c )

— —1(Aci (A) —1(A0i (A))
=A,(A) (ci (A),(G" NCE )’i)
> AL (A) (Ei (A), (ETI(A,ca (A)))i’ —n(Aci (A)))-i )
— Ai (A) (Gi (A), (Gn(A,;i (A)) )i ’ (ET](A,Gi (A) )-i )
=A,(0,,0-1) Voel

for
Ay (0,6-)=A, (A) (Gi(A),s" ")
(@) (i)

— —n(A,ci (A)) — (A0 (A)
= ) (o™ @

— —n(A.ci (A) —n(Aci (A)
2A, (A) (m(Ax(c” NG ))



—A, (A) (oi (A), (6" 4™ "y j
(@)
=A, (0,,64) Vie Q%0) Vk=1,.r
(i)
where Qi“(g):Q!‘(ai(A))va Qf(N(A,6,(A)) with V disjoint union. The first
ci(A)

inequality in the previous sequences is due to the fact of choosing the point o (A) and

. —n(A; . . yep e . .
the second one is due to the fact that o " is a friendly equilibrium point in
T aoan-

For j#1i we have
—n(A.0i (A)
Aj(GJ, -i)=A;(A) (i(A).0 )

(A,0i (A) —1(A,i (A)
ci (A), (o ). (0" )_j)

( (A). (o —n(Ai <A>>)J’ (En(A,mm»)j)
G.i)

=A (o, Vo€ X,

—n(Ac;(A)

We have used the fact that ¢ is an equilibrium point in Fn IS The

same hold for their friend structure.

Therefore the theorem is proved.

In this way we have obtained a rather powerful tool for decision making under
competition.

Finally, we would like to say that it is possible to extend the friendly equilibrium
points in extensive game with perfect information, when the friendly structure depends

on the node.
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