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ABSTRACT. In this paper we prove the following results concerning the product 
f1f2 of two concave functions f1and f2 defined in a non empty, compact, convex 
set K of Rn. The first result states that necessary and sufficient condition for the 
product f1f2 of two linear affine functions to be concave is that they are Gonzi. 
Finally the main result says that a necessary and sufficient condition for the 
product of two positive functions f1 and f2 to be concave is  that same associated 
linear function be Gonzi. As an application we prove that the minimax theorem 
for product of bilinear functions. 
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The condition to be Gonzi says that it has to satisfy 
 

0))y(f)x(f( ))y(f)x(f( 2211 ≤−−  
 

for each x, y ∈ K 
 
 

1. THE RESULT FOR LINEAR FUNCTIONS 
 

Consider two real, positive, affine, linear functions f1and f2 defined on a non-
empty compact, convex set K ∈ Rn where R indicates the set of real numbers. 

We wish to see under which conditions the product of them is a concave 
function. In order to see this, we have to have that for each ë ∈ [0,1] and any pair of 
points x, y ∈ K the following inequality holds. 

 
)y(f )y(f )1()x(f )x(f )y )1(x(f )y )1(x(f 212121 λ−+λ≥λ−+λλ−+λ  

 
By the linearity of f1and f2 performing the corresponding multiplications, we 

have 
2

212121
2 ë)(1(x)f (y)f ë)(1 ë(y)f (x)f ë)ë(1(x)f (x)f ë −+−+−+  

 
(y)f (y)f ë)(1(x)f (x)f ë(y)f (y)f 212121 −+≥  

                                                 
    1991 Mathematics Subject Classification . Primary 26A51; Secondary 26B25, 26D20. 
Key words and phrases. Convex functions, Gonzi property, Product of convex functions. 
1In honor to my grandchild Gonzalo Mesa Marchi. 
 

)1.1(



EZIO MARCHI 2 

 
Taking into account that 
 

1)(ë ëë)](1ë)[(1 2 −=−−−  
 

and performing some simple factorizations, we have that 
 

[ ] [ ] 0(x)f (y)f(y)f (x)f ë)-ë(1(y)f (y)f(x)f (x)f ë)-ë(1 21212121 ≥+−+  
or 

[ ] [ ]{ } 0 (x)f(y)f (y)f(y)f(x)f (x)f 1)ë(ë 221221 ≥−+−− . 
 

Since for ë ∈ [0,1], ë (ë � 1) � 0, then simplifying 
 

0
)yx(

))y(f)x(f(
  

)yx(
))y(f)x(f( 2211 ≤

−
−

−
−

 

 
for each pair x, y. 

The set of pair functions fulfilling 1.1 is called Gonzi class. The condition 1.1 is 
a necessary condition. Dividing by x-y in both terms and taking limit, we obtain that 

0(x)f (x)f '
2

'
1 ≤  for each x, which is also a sufficient condition. 

We have proved the following result. 
 
Lemma 1.1. A necessary and sufficient condition for the product f1f2 of two linear 
functions f1and f2 to be concave is that they have to be Gonzi. 
 

The proof of the sufficient condition is immediate from the comments given 
above. 

Given f1, we write by 
1fG  the set of all the functions to be Gonzi with f1. 

It is clear that such Gonzi class in non empty. Take for example let be K ⊂ R 
any compact convex set in the reals 

 
d cy   (x) f  b, ax   (x) f 21 +=+=  

 
where a and c have different signs. 
 
 

2. THE CASE FOR CONCAVE FUNCTIONS 
 

Now we consider the case where the functions under consideration are concave. 
We remind that f1 is concave in a non empty compact and convex set K ⊂ Rn if for any 
pairs of points x, y ∈ K and ë ∈ [0,1] the following equality holds: 

 
(y) f ë)- (1  (x) f ë  y) ë)- (1  x( f 111 +≥+λ  

 
We introduce 

)1.1(
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(y)f ë)(1(x)f ë(ë L ii
i
xy −+= )  

 
This function for any x, y is linear in ë. 
Given two concave positive functions (or the product to be positive at all the  

points), if we ask for the condition that for all x, y. 
 

)(L  and  )(L 2
xy

1
xy λλ  

be Gonzi in ë then we have 
 

0))ì  (L  )  ë ((L  ))ì  (L ) (ë(L 2
xy

2
xy

1
xy

1
xy ≤−−  

 
for ë, µ ∈ [0,1]. From here replacing we have 
 

]}+λ+λ (y) f µ)- (1  (x) f [µ - (y)] f )- (1  (x) f{[ 1111  
 

0  (y)]} f µ) - (1  (x) f [µ - (y)] f )- (1  (x) f{[ 2222 ≤+λ+λ  
or 

0  (y)] f- (x) [f µ) -( (y)] f- (x) [f µ) -( 2221 ≤λλ  
 

and simplifying by (ë � µ)2, we have a necessary condition that f1 and f2 be Gonzi. 
By the Lemma 1.1 we have that 

)(L )(L 2
xy

1
xy λλ  

is concave. Or in other words: 
 

))y(f )1()x(f ( ))y(f )1()x(f ()(L )(L 2211
2
xy

1
xy λ−+λλ−+λ=λλ  

 
)y(f )y(f )1()x(f )x(f 2121 λ−+λ≥  

 
But on the other hand, since both functions are concave and positive 
 

y)) )- (1  x ( (f y) )- (1  x ( f 21 λ+λλ+λ  
 

))y(f )1()x(f ()(L )(L 11
2
xy

1
xy λ−+λ=λλ≥  

 
(y) f (y) f )- (1  (x) f (x) f   (y)) f )- (1  (x) f ( 212122 λ+λ≥λ+λ  

 
Then we have proved 
 
Theorem 2.1. A necessary and sufficient condition for the product of two positive 
concave functions f1and f2 to be concave is that the associated linear functions 1

xyL  and 
2
xyL  be Gonzi in ë for each pair x, y ∈ K. 

 
The proof of the sufficient condition is immediate. 
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The class of such positive concave functions to be Gonzi is non empty. 
Take for example the concave func tions. 
 

xc  (x) f       xa  (x) f 21 ==  
Remember that 

)ya)(1()xa()(L1
xy λ−+λ=λ  

 

)yc)(1()xc()(L2
xy λ−+λ=λ  

 
Therefore we have that 
 

])(L)(L][)(L)(L [ 2
xy

2
xy

1
xy

1
xy µ−λµ−λ  

 
)] )yc( )1(xc( [ ] )ya( )1( )xa( [ λ−+λλ−+λ=  

 
)]y)1(x( c[ )]y)1(x( a[ λ−+λλ−+λ=  

 
0)y)1(x( c a 2 ≤λ−+λ=  

 
which holds if a and c have different signs. 
 In a similar way it is possible to obtain an analogous result for positive convex 
functions. 
 First we have  
 
Lemma 2.3: A necessary and sufficient condition for the product f1 f2 of two linear 
functions f1 and f2 to be convex is that be Gonzi, with the condition that in the Gonzi 
property, the sign is opposite. 
 
 From this lemma, and working as before it is possible to derive the next result. 
 
Theorem 2.4: A necessary and sufficient condition for the product of two positive 
convex functions f1 and f2 to be convex is that the associate linear functions 1

xyL  and 
2
xyL  be Gonzi but with the reverse sign, in λ and each pair x, y ∈ K. 

 
 

3. SOME APPLICATIONS 
 

This section deals with some simple applications of the result obtained in the  
previous sections. 

Consider the finite zero two person game 
 

}A ;J ,I{ 11 =Γ  
where 
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RJ x I:A1 →  
 

I = {1, ..., n} and J = {1, ..., n} are the strategy sets of both players and Al the  
respective payoff functions l : 1, 2 here R indicates the reals. Then we remind that the 
set of mixed strategies are 

 









=≥→= ∑
=

m

1i

m 1)i(x ,0)i(x ;RR:xI
~

 

 













=≥→= ∑
=

n

1j

n 1)j(y ,0)j(y ;RR:yJ
~

 

 
Then the mixed extension is given by 
 

}E ;J~,I~{~ ll =Γ  
 

where El is the standard expectation function and J~ ,I~  are the sets of mixed strategies 
of both players. 

Therefore the minimax theorem tells you that there always exists a saddle point 
vll J~ x I~)y,x( =  such that 

 
J~ x I~)y,x(         )y,x(E)y,x(E)y,x(E llllllllll ∈∀≤≤ . 

 
We remind to the reader that the expectation func tion El is a bilinear function.  

Given El, let for µ, ë ∈ [0,1] 
 

)z,y(E )1()z,x(E )(L llz,l
xy λ−+λ=λ           for a fixed J

~
z ∈ , 

 
from here we have 

])z,y(E)z,x(E[ )()(L)(L llz,l
xy

z,l
xy −µ−λ=µ−λ  

 
 Now consider two bilinear functions 21 E ,E  which are expectations of two 
different or equal zero-sum two person bi-matricial games defined over the same set of 
strategies I, J, then they are going to be Gonzi in the first variable, that is to say in 

I~y,x ∈  for fixed J
~

z ∈  if they fulfils  
 

( ) ( ) 0)z,y(E)z,x(E  )z,y(E)z,x(E 2211 ≤−− . 
 
 Such a class of pair functions is not empty. Indeed, consider the example 
 

)j(b )i(a)j,i(E  ),j(b )i(a)j,i(E 222111 == . 
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For this, we have that the Gonzi condition is given by 
 

( ) ( ) 0)j(b  )i(a  )i(y)i(x  )j(b  )i(a  )i(y)i(x
i j

22

i j

11 ≤











−












− ∑ ∑∑ ∑  

or 

( ) ( ) 0)j(b  )j(b   )i(a  )i(y)i(x  )i(a  )i(y)i(x
j

2

j

1

i

2

i

1 ≤



























−








− ∑∑∑∑ . 

 
 Now take the simple example )i(a  )i(a 12 λ= , 0>λ  and 
 

0)j(b  )j(b
j

2

j

1 ≥



















∑∑  

 
that it is obvious that there are interesting cases for which 1E  and 2E  are Gonzi. Thus 
the product  

)z,x(E  )z,x(E 21  
is concave in x, for fixed z. 
 Similarly for the second player we can have the condition, by virtue of which the 
product of  

)y,z(E  )y,z(E 21  
 
is convex in the variable y, for each z. Thus using Nikaido-Isoda theorem, for which the 
reader might refer to Burger [1] or Parthasarathy and Raghavan [8], by standard 
procedures we get  
 
Theorem 3.1: Given two zero-sum two person matricial games defined on the same  
strategies sets, with the payoff functions 1E  and 2E . If they are Gonzi in the first 
coordinate for any fixed the second and Gonzi in the second coordinate with the reverse 
sign, for any fixed the first coordinate, then the minimax theorem holds true. That is to 
say, there exists a saddle point )y,x(  such that 
 

)y,x(E  )y,x(E)y,x(E  )y,x(E)y,x(E  )y,x(E 212121 ≤≤  
 
for each )y,x( . 
 This is easily generalized by the following more general minimax theorem. 
 
Theorem 3.2: Given two non-empty, convex, compact sets 21 K ,K  in euclidean spaces, 

and two continuous real functions  1F  and 2F  defined on the product 21 KK × , such that 
they are concave in the first coordinate for fixed the remaining one and convex in the 
second coordinate for any fixed first coordinate. 
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 Then, if the associated linear functions 2
xy

1
xy L ,L  of 1F  and 2F  are Gonzi in λ  

for each pair 1Ky,x ∈  for fixed second coordinate, and the associated linear functions 
corresponding for the second coordinate are Gonzi with the reverse sign in the second 
coordinate for any fixed one, then it holds the minimax theorem for the product. 
 In other words, there exists a saddle point 21 KK)y,x( ×∈  such that  
 

)y,x(F  )y,x(F)y,x(F  )y,x(F)y,x(F  )y,x(F 212121 ≤≤  
 
for each 21 KK)y,x( ×∈ .  
 As a second application, we have that for two given convex functions 1f  and 2f  
in the interval buxya <<<< , if 1f  and 2f  are Gonzi, then they satisfy 
 

 x-u 
(x) f f - (u) f f

y -x 
 (y) f f - (x) f f 21212121 ≤  

or 

 x-u 
(x) f (x) f - (u) f (u) f

y -x 
 (y) f (y) f - (x) f (x) f 21212121 ≤  

 
for all such points. 
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