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H{wuhph Srlqw ri frqyh{ vhw lq d Kloehuw vsdfh
P1 Fdqwlvdql dqg H}lr Pdufkl

Lqwlwxwr gh Pdwhpäwlfd Dsolfdgd Vdq Oxlv1 Xqlyhuvlgdg gh Vdq Oxlv1 Hmìuflwr gh
Orv Dqghv <831 8:33 0 Vdq Oxlv/ Dujhqwlqd1 h0pdlo= hpdufklCvlqhfwlv1frp1du

Devwudfw= Wklv vkruw qrwh ghdov zlwk wkh fkdudfwhul}dwlrq ri dq h{wuhph srlqw ri
frqyh{ vhw lq d Kloehuw vsdfh zklfk dsshdu dv vroxwlrqv ri olqhdu lqhtxdolwlhv1

Nh| zrugv= Frqyh{ vhw/ h{wuhph srlqw/ Kloehuw vsdfh1
��@h@U|ih�3@|�L? Lu i |hi4i TL�?|t�

Ohw M eh d Kloehuw vsdfh/ A d vhw ri lqgh{hv/ i@ � *| 5 Aj � M dqg iK � *| 5 Aj � -1
Iru d v|vwhp j ' i@ � % � K � *| 5 Aj/ ghqrwhv wkh vhw ri vroxwlrqv ri ihdvleoh vrox0

wlrqv 8 Ej�/ wkdw lv wr vd|=
8 Ej� ' i% 5 M*@ � % � K � ( | 5 Aj

Gh�qlwlrq= D srlqw % 5 8 Ej� lv d e%|oe6e RJ�?| ri 8 Ej� li lw lv lpsrvvleoh wr
uhsuhvhqw % dv d plggoh srlqw d vhjphqw zlwk lwv h{wuhph srlqw ehorqjlqj wr 8 Ej�
dqg erwk gl�huhqw wr %1

Wkhruhp= % 5 8 Ej� lv d h{wuhph srlqw ri 8 Ej� li dqg rqo| li=
d, Wkhuh h{lvwv d vxevhw 7 � A vxfk wkdw i@ � *| 5 7j lv dq ruwkrqrupdo frpsohwh

v|vwhp dqg @ � % ' K � iru doo | 5 71
ru
e,Iru hdfk ? 5 � / wkhuh h{lvw d vhw A � / 7 � � A � dqg dq hohphqw % � 5 8 Ej�>

j � ' i@ � % � K � *| 5 Aj/ vxfk wkdw=
l, 8 Ej� � 8 Ej � �
ll, i@ � *| 5 7j lv dq ruwkrqrupdo frpsohwh v|vwhp1
lll, @ � % � ' K � / iru doo | 5 7 �

dqg E% � � � 	 
 frqyhujhv wr %1
Qrwh= Wkh frqglwlrqv l, fdq eh uhsodfhg e| l*, 8 Ej � � � 8 Ej�1
�hLLu
+Qhfhvvlw|, Ohw % eh dq h{wuhpdo srlqw ri 8 Ej�/ dqg dvvxph wkdw hyhu| vhtxhqfh

E% � � � 
 � vxfk wkdw iru hdfk ? lw yhul�hv l,/ ll, dqg lll,/ grhv qrw frqyhujh wr %/ wklv
zrxog lpso| wkdw vxfk vhtxhqfhv gr qrw dffxpxodwh wr %/ wrr1
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Ohw U ' i| 5 A*@ � % ' K � j1 Wkhq @ � % : K � iru | 5 A � U1
Li i@ � *| 5 Uj grhv qrw frqwdlq dq ruwkrqrupdo frpsohwh v|vwhp/ wkhuh h{lvwv dq

@ 5 M/ @ 9' f vxfk wkdw @�@ � ' f iru doo | 5 A 1
Vlqfh e, lv qrw ixo�oohg wkhuh h{lvwv d edoo � E%c B� vxfk wkdw li % 5 � E%c B� wkhq

@ � % : K � iru hdfk | 5 A � U1
Ohw wkh ydulhw|

T � ' i% 5 M*@ � % ' K � c | 5 Uj
T � lv qrw M vlqfh wkdw i@ � *| 5 Uj lv qrw frpsohwh1 Ehvlghv � ' %n@ 5 T � ehfdxvh=

@ � E%n @� ' @ � %n@ � @ ' K � iru doo | 5 U1 Fdoolqj b� ' %nb@ lw uhvxowv b� 5 T � dqg b�
lv d rqh0glphqvlrqdo ydulhw| frqwdlqhg lq T � zklfk ghwhuplqhv d vhjphqw lq � E%c B�
zklfk kdv wr % dv d plggoh srlqw/ wkhuhiruh % zrxog qrw eh h{wuhpdo1

+Vx!flhqf|,
4 �

� fdvh, Vxssrvh wkdw d, lv ixo�oohg/ wkdw lv wr vd| wkhuh h{lvwv d 7 � A vxfk
wkdw i@ � *| 5 7j lv dq ruwkrqrupdo frpsohwh v|vwhp dqg @ � % ' K � iru hdfk | 5 71 Li
% ' �

� % � n �� % � iru vrph % � c % � 5 8 Ej� wkhq K � ' @ � % ' �� @ � % � n �� @ � % � � �� K � n �� K � ' K �
dqg @ � % � ' @ � % � ' K � iru | 5 7 dqg wkhuhiruh @ � E% � � % � � ' f iru doo | 5 7 +frpsohwh,1

Wkhq % � ' % � ' % dqg % lv h{wuhpdo ri 8 Ej�1
5 �

 fdvh, Dvvxph wkdw wkhuh h{lvwv d vhtxhqfh E% ! �? � � zkhuh iru hdfk ?/ wkhuh
h{lvw d A " / 7 " � A " vxfk wkdw i@ # *| 5 7 " j lv d frpsohwh ruwkrqrupdo v|vwhp dqg
@ # % " ' K # dqg E% " �? � � frqyhujhv wr %1

Iru hdfk ? lv ydolg zkdw lw zdv suryhg wkh 4 $
# fdvh,/ wkdw lv wr vd|/ li % " '%

& % % " n %
& % & " wkhq % " ' % % " ' % & " 1 Ehfdxvh *�4' ( ) % * ' %c % fdqqrw eh ri wkh irup

% ' +
, % + n +

, % , zlwk % + c % , 5 8 Ej� dqg % + 9' % , 9' %1

Uhihuhqfhv
^4` Exujhu/ Hzdog= Lqwurgxfwlrq wr wkh Wkhru| ri Jdphv1 Suhqwlfh0Kdoo1 Hqjohzrrg

Fol�v124<961
^5` Ndoprjdur�/ D1Q1 dqg V1Y1 Irplq= Hohphqwrv gh od Whruðd gh Ixqflrqhv | gho

Dqdolvlv Ixqflrqdo1 Plu 4<:51
^6` Od|/ V1U1= Frqyh{ Vhwv dqg Wkhlu Dssolfdwlrqv1 Mrkq Zloh| 4<;51ê
^7` Dvlprz/ O1 dqg D1M1 Hoolv= Frqyh{lw| Wkhru| dqg lwv Dssolfdwlrqv lq Ixqfwlrqdo

Dqdo|vlv1 Dfdg1 Suhvv 4<;31
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