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3.3 Numerical convergence and performance studies

3.3.1 Convergence studies

We observe that canonical theory for finite element methods for parabolic reaction-diffusion
problems such as (1) applies; see for instance [9, 15]. For linear basis functions this theory
predicts second order convergence in the L2-norm, that is, the error between the true solution
u and the numerical approximation in the semidiscretization uh(·, t) satisfies

‖u(·, t) − uh(·, t)‖
L2(Ω)

≤ C h2, as h → 0,

with constant C independent of t for any fixed λ. To check the asymptotic behavior of the
error, we compute the observed order of convergence of the finite element method

p(u) := log2

(

‖uh − uh/2‖
L2(Ω)

‖uh/2 − uh/4‖
L2(Ω)

)

, (17)

One has analogous definitions for p(v) and p(w) with respect to the approximations to v
and w, respectively. This estimated order of convergence is expected to tend toward the
value 2 as the spatial mesh becomes finer. Since we actually have two sources of errors,
from the spatial discretization and from the time discretization, in order to observe the
expected order of convergence, the spatial error should dominate the time error. Therefore,
in these convergence studies for the semidiscretization we choose the tolerances in ode15s

as RelTol = 10−12, AbsTol = 10−14. Table 1 shows the computed approximated values
for p(u), p(v), and p(w) at t = 1 for studies with λ = 106 for the type 1 initial condition;
very similar results were observed for the other types of initial conditions. It can be seen
that the estimated convergence orders are about 2 for all three species approximations uh,
vh, wh for all types of initial conditions. We note that when measured in the L2-norm,
the convergence is already very good for smaller values of N , even though this means that
fewer than 8 nodes are placed inside the internal layer of width ε = λ−1/3. This reflects the
very smooth behavior of the solutions outside of the internal layer combined with the small
impact of an error inside a thin layer in the L2-norm.

Table 1: Convergence order estimates t = 1 for type 1 initial condition.
N p(u) p(v) p(w)

129 2.027513 2.028129 2.028091
257 2.006831 2.006986 2.006957
513 2.001704 2.001743 2.001736
1025 2.000425 2.000435 2.000434
2049 2.000106 2.000108 2.000108
4097 2.000048 2.000026 2.000018
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3.3.2 Performance studies

To gauge the numerical efficiency of the automatic time step and method order selection
implemented in MATLAB’s ode15s, Figure 13 plots the history of time step ∆t vs. time t
and the automatically selected method order k vs. time t. Here, we use the problem with
type 3 initial condition, λ = 106 and N = 1025, using RelTol = 10−3 and AbsTol = 10−6.
In Figures 13 (a), (c), and (e), we see that the time step is required to be very small initially
to handle the initial transient but then grows significantly. This means that initially more
time steps are taken and later, when the solution tends to steady-state, it is possible to use
fewer, larger time steps. We note that even for the type 1 and type 2 initial conditions,
small time steps are necessary initially to resolve the rapid transition from q ≡ 0 to q > 0.
Figures 13 (b), (d), and (f) show the method order k that is chosen by ode15s; we see
that it is fairly high after the initial start-up period. This allows us to conclude that the
ODE problem is fairly smooth and not too stiff for the values of λ considered here. These
results explain our insistence on using a sophisticated ODE solver with automatic time step
selection, which made simulations for a problem with transient layers much more efficient.

Finally, we return to the comparison of our code using MATLAB to using the software
package FEMLAB 2.3 directly. In order to get a fair comparison, we selected linear finite
elements, a Jacobian obtained by automatic differentiation, and the same number of nodes
in FEMLAB. Moreover, we insisted that FEMLAB 2.3 use its default ODE solver, which is
ode15s, and chose the same tolerances RelTol = 10−3 and AbsTol = 10−6. Both MATLAB
and FEMLAB studies are performed under the Linux operating system on a computer with
a Pentium 4 CPU running at 3.2 GHz (cache size 1024 kB) with 1 GB of memory.

Table 2 shows the performance results for λ = 103 in the first row and for λ = 106 in
the second row. Tables 2 (a) and (c) show that the ODE solver uses the same number of
time steps for both cases of λ and for all values of N in each case. The larger value of λ
requires about three times as many time steps as the smaller one. While the number of time
steps agrees exactly, we have confirmed that not exactly the same solutions are computed by
both methods. Based on the fact that the same number of time steps are used, we can fairly
compare the observed wall clock times in seconds reported in Tables 2 (b) and (d). Again, the
timings for each case of N are three times larger for λ = 106 as for λ = 103. Within each case
of λ, the observed times grow linearly with N ; this corresponds to the complexity of O(N)
of Gaussian elimination with fixed bandwidth. This is expected for our ordering of variables
in the ODE system, as discussed in Section 2; it was not originally expected for FEMLAB’s
ordering of variables and demonstrates clearly that the professional-grade package performs
a re-ordering of the equation that is as good as our custom ordering. Comparing the timings
for our code to FEMLAB 2.3, we observe that our code is about a factor 3 faster in every
case. This factor suffers slightly as N grows larger.

We also compared the memory used by our code and by FEMLAB 2.3 by monitoring
manually the Unix command top during the simulations. For the case of λ = 106, we find
that our code requires 14 MB for N = 1025 and 138 MB for N = 8193, while FEMLAB 2.3
needs 25 MB and 230 MB, respectively. For both codes, we notice a memory increas of about
a factor 8 from N = 1025 to N = 8193, as expected. Comparing both codes, we see that our
code uses significantly less memory, about 40%, than FEMLAB 2.3. The same behaviors are
observed for the case of λ = 109, where we find that our code requires 50 MB for N = 1025
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Figure 13: History of (a), (c), (e) the automatically selected time step ∆t vs. t and (b), (d),
(f) the automatically selected method order k vs. t of the NDFk method for (a), (b) type 1
initial conditions, (c), (d) type 2 initial conditions, and (e), (f) type 3 initial conditions.
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and 430 MB for N = 8193, while FEMLAB 2.3 needs 93 MB and 770 MB, respectively. We
used N = 1025 here just to compare the memory usage, even though the approximation may
not be reliable, as the layer of width ε = λ1/3 is not resolved in this case. In all cases, we
point out that we cannot predict the memory usage by the codes, because both of them use
MATLAB’s ode15s, which continues to allocate memory internally to store the solution at
all time steps.

Table 2: Performance comparison of our code and FEMLAB 2.3 for simulations for 0 ≤ t ≤
10. (a) and (b) Simulations for λ = 103. (c) and (d) Simulations for λ = 106.

Number of time steps taken
N our code FEMLAB

1025 144 144
2049 145 145
4097 144 144
8193 144 144

Observed wall clock time in seconds
N our code FEMLAB

1025 3 24
2049 7 34
4097 17 48
8193 36 94

(a) (b)
Number of time steps taken

N our code FEMLAB
1025 361 361
2049 363 363
4097 363 363
8193 359 359

Observed wall clock time in seconds
N our code FEMLAB

1025 11 75
2049 26 100
4097 67 167
8193 143 317

(c) (d)
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