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ABSTRACT

Feng [Phys. Lett. A 293 (2002)] obtained a kind of explicit exact so-
lutions to the one form of the Liénard equation, and applied these results
to find some explicit exact solitary wave solutions to some nonlinear partial
differential equations. In this work, exact solutions of the complex Ginzburg-
Landau equation with higher-order terms are obtained by seeking solutions
of another more generalized Liénard equation.



1 INTRODUCTION

Consider the Liénard equation

[ (2)al+g(x) = e(t), 1)

where f(x)x’ is the damping force, g(x) is the restoring force and e(t) is
the external force. Eq.(1) which is a generalization of the damped pendulum
equation or a damped spring-mass system, is also used as nonlinear models
in many physically significant fields when taking different choice for f(x), g(x)
and e(t). One can see that when f(z)= e(z?—1), g(z) ==z, and e(t)=0,
Eq.(1) leads to the Van der Pol equation and served as a nonlinear model
of electronic oscillation [1,2]. Moreover, some nonlinear partial differential
equations (NLPDESs) which arise from various physical phenomena can be
transformed to Eq.(1). During the past years, quite a good number of some
papers published where concerned with Eq.(1). Some authors were concerned
with Eq.(1) with the conditions f(x)=0, and g(x) is a polynomial of order 5,
and the results to Eq.(1) were applied to several NLPDEs.

Then an exact solution to the following special case of Eq.(1)

a”’(§) +1a(§) +ma’(§) +na’(§) = 0, (2)

where |, m, n are real coefficients, was obtained by Behera and Khare in
1980 in terms of Weierstrass function [3]. Exact solitary wave solutions were
presented by Kong in 1996 by a direct method [4], a more general solution
of Eq.(2) have been presented by Feng in 2002 [5]. The purpose of this work
is to study another special case of Eq.(1) for general solutions by a direct
method. Consider the following choice of

f@)=r+s2?  gx)=lz+mai+nz®, e(t)=0. (3)
We can get the following remarkable ordinary differential equation (ODE)

@(&) 7 @ (€)+s a2(€) a'(€)+] al€)+m a¥(€)+n a¥(€) = 0, (4)

where r; s, I, m and n are real coefficients, [ x m x n # 0

By means of the general solutions of Eq.(4), travelling solitary wave
solutions of the complex Ginzburg-Landau equation with higher-order terms
are presented in section 2. Section 3 gives a brief conclusion.

2 Exact solutions of Eq.(4) and its applica-



tion to CGLE with higher-order terms

Let

a(§) = /o(8), (5)
then by Eq.(4) we can get the following equation satisfied by ¢(¢)

20"(€)$() — ¢2(€) + 2rd/ (€)B(€) + 250/ (€)9°(€) + 41 $*(€) + 4mg’ (&) +

Ang*(€) =0 (6)
Next, we suppose the following transformation
G
3($) = B, (7)

where G(§) and F(§) are real functions. Using Eq.(7), we obtain the
following quadrilinear equation in F and G.
QGF[G&F—GF&]—F[—4GF§+2T‘GF+28G2](GgF—GFg)—(GgF—GFg)Q‘F
AGPF? + 4mG3F + 4nG* = 0. (8)
Further, we assume that

G(&) = ce?MEFo), (

F(&) = d+ ge?#&+éo), (9.b)

where d, g and §, are real constants.

Substituting Egs.(9.a) and (9.b) into Eq.(8), and collecting the coefficients
of different powers of e to zero, we obtain the following equations:

eHEHED) - P22k 4k + 1] = 0, (10.a)
eOk(E+80) + de?[(—2k% + vk + 20)g + c(sk +m)] =0, (10.b)

Then solving Egs.(10.a), (10.b) and (10.c), we obtain the following results

g = SlomEViE Tal], k=i iTOd), s = AnVEE
3 [—m=£ Vm? — 4nl], (11)

with m? —4nl > 0, r?> — 4l > 0, c and d are arbitrary constants.
Substituting Eqgs.(11) and (9) into Eq.(7), we have the following solution

cel—rE Vr2—dl)(¢+&9)

(&) = d+ & [~mt VmZ—dnlle(-rE VrZ-al(E+eo) (12)
under the constraint condition
§ = AmELVmEAND)  srr S ) (13)

—r+vr2—4l 21
3



Setting d=g in (12), and making use of equality @Tm = 1[tanh(kz)+1]
we obtain

$5(&) = = [1 + tanh[5(—r £ V12 — 4D (€ + &)]]. (14)
Therefore, from (12) and (13), we obtain
Theorem 1.

i) Suppose that s = Q(mﬁ ‘H =3 [—m+vm? — 4nl)], m*—4nl > 0,

r?—41 >0, ;[-mEvm? —4nl)] >0 and ¢>0, d>0 (c<0, d<0), then Eq.(4)
admits an exact solution )

H
cel (—rEVrZ-al) (e+60)} :

al®) =% | o v ) (15)
ii) In particular,
(a) for d = g[-m+Vm? —4nl], s = mj‘\;n;ii") - m—i-\/m2 4nl],

if m>0, 1>0, n<0, and 72 —41>0 or m<0,1<0, n<0and m?—4nl >0
then Eq.(4) admits the following exact solution

a(§) = H{ o [+ tanh[5(—r £ Vr? — W (E+&NHE. (16)
(b) for d=g[-m—vm? —4nl], s= 2(721—\/7 W—g—’;[—m—\/mQ — 4nl],

if m>0, 1<0, n<0, then Eq.(4) admits the following exact solution

as(€) = £{ —— = [T+ tanh[5(—r£ V1?2 — 40)(E+&)]]} 3. (17)
(c) for d= G[—mEvm? —4nl], s = Q(W;Fj\/iwn El—mEvm? — 4nl],

if m>0, 1<0, n<0, and m?—4nl >0 or m<0,1>0, n<0and r?—4l>0
or m<0, 1>0, n>0, m?—4nl >0 and 7r?—4l > 0, then Eq.(4) admits
the following exact solution

a4(§) = g [ Htanh[5 (—r £ v/r? — 1) (E+&o)]]} @, (18)
When r=0, then Eq.(4) is reduced to

a’(§) + sa*(§)a’'(§) +la(§) + ma’(§) +na’(§) =0, (19)
Taking into account Egs.(5)-(10.c) for r=0, and proceeding as in the pre-
vious manner, we obtain the following results

9= 5[— mi\/m2 dnl], k==+v-l, s= % ”\7/”14". (20)

We obtain exact solutions to Eq.(19) as follows:



— cel2V=1U(+€0)}
s(§) = a1 & Cmetv/m? dnl]et2VTEre)} (21.a)

cel—2V=I(E+£0)}
04(8) = Gt Tl T (21.0)
. s _ (mF2vm2—4nl) _ (mF2vm2—4nl)
under the constraint conditions s = :FT and s = jF_T
respectively.
Setting d = 5[—m £ +v/m? — 4nl], in Egs.(21.a) and (21.b), we obtain
$5(8) = — o (1 + tanh[v/=1(§ + &)]]. (22.a)
and
96(&) = =1 — tanh[v/=1(§ + &)]]. (22.b)
respectively.

Theorem 2.

Suppose that 1<0, m? —4nl > 0, Qll[ m++vm? —4nl] >0, and ¢>0,
d>0 (c<0, d<0), then Eq.(19) admits an exact solution

€

o2V HEO))
a5(€) =+ A+ [-m+ \/me{%/fl(@r&o)} ’ (23.&)
_ cel =2V T(E+60)} (3) 93
as(§) = + [d—i— & [—mt vVm2—4nllet= 2F(€+so>}} ’ (23.0)
_ (m F2 vVm2—4nl) _ (mF2 vVm2—4nl)
with the constraint conditions s = — T and s = “—— 77—
respectively.
If setting d = FH[—m + vm? —4nl], in Eqgs.(23.a) and (23.b), then
Eq.(19) admits the partlcular solutions
a7(§)=={- i\/ﬁ[l"‘tanh[\/ (&“fo)“]’ 2) (24.a)
and
ag={——— b [1 — tanh[v/=I(£ +&)]|} 2, (24.5)

When s=0, then Eq.(4) is reduced to

a"(€) +rd (&) + la(§) + ma®(€) + na’(€) = 0, (25)
Taking into account Egs.(5)-(10.c) for s=0, and proceeding as in the pre-
vious manner, we obtain the following results

g= —2m c, = %[ rE/r? — 4l (26.a)

81+3r(—r+vr2—4l)
_ 2 3l+r(—r+vr2—4l)
n=3m 21(161—9r2)+3r(81—3r2) (—r£v/r2—4l) (26.)
Then, the following exact solution is obtained

b}



¢ (f) . cel(—r£ Vr2—al)(6+€.0)}
. =

_ (2m)e  {(—rE VrZ-dl)(e+£0)}]
81—3r)(—r+v/r2—4l) c

with the constraint condition (26.b) and for r? — 4l > 0.

. _ —2m
Setting d = e We get

(27)

0s(€) = — SR tanh[§(—r £ VP — 4)(€ + £)]](28)

with the constraint condition (26.b).
Therefore, substituting (27) and (28) into (5), we can get the following in

Theorem 3.

. . 9 3l+r(—r+vr2—4l) 2
Suppose i) that n = 3m 2A(161—9r2)+3r(81—3r2) (—r£v/r2—dl) > | 40,
8l+3r(__7,2im\/7ﬂ2_4l) >0, and c¢>0,d>0 (c¢<0, d<0), then Eq.(25) admits the
following exact solution
t))
_ cel (—rEVr2—4l)(64+60)}
ag(f) =+ (=2m)ec el (—rEVr2—al)(6+€0)} ’ (29)

(81—3r)(—r++/r2—4l)

where ¢ and d are arbitrary constants.
3l+r(—r+vr2—4l)
1(161—97r2)+3r(81—3r2) (—r+£+/r2—4l)’

—2m
814+3r(—r+v/r2—4l)

ii) In particular, if d =

¢, n=3m’;

_ 8I4+3r(—rE£virZ=4l) >0 r2—41>0

4am

then Eq.(25) admits exact solution

ao(€) = +{— VN 1 4 tanh [ (—r4v/r2 — A1) (E4€,)]]}2)(30)

When r=s=0, then Eq.(4) is reduced to Eq.(2) taking into account Eqgs.(5)-
(10.c) for r=s=0 and proceeding in the same manner as above, we have the
following results:

N ) )
with 1<0, ¢ and d as arbitrary constants.
Substituting (31) into (9.a), (9.b) and (7), we have the following solutions
of Eq.(2):

{2v=1(e+€0)}
¢9(€> - dfC%ce{Q\/jl(&+éo)}' (32&)
{—2v=T(6+€0)}
¢10(£) = d—i%ce{_Q‘/jl(GfO)} . (32b>
Setting d = —7;¢, we obtain



$11(§) = —%[1+tanh[\/—_l(§+£0)]]. (33.a)

and

$12(§) = — 2 [1—tanh[v=I(£+&,)]]. (33.6)
Solutions (32) and (32) are the solutions found by Feng [5].
Other solutions are obtained by assuming the solutions of the form

G = beF 54‘50 F = d—|—f€k(£+£0)—|—g€2k(£+£0). (34)

Hence, if substitute the proposed solutions (34) into Eq.(8) for r=s=0
and collecting the coefficients of different powers of e to zero, we obtain the
following equations:

35.a
35.b
35.c
35.d
35.e

~—~

ek E+&) o 22 (k2 +41) = 0,

eEH) - oW2d(—k2 f+2mb+-4Lf) = 0,

KEH) 202 [ —5dgh® +21( f*+2dg) +2mbf +2nb%] = 0,
(
(

~~

e
ePkE+80) - 2b2g(—k2 f4-2mb+4lf) = 0,
eBk(E+&o) - p2 2(/€2+4Z) —0.

Solving these equations for bdgf # 0 yields

—~ T~ —
S N N N

g=ma i b=—Af k=£2V-0, (36)
with [ < 0, f and d are arbitrary constants. Substituting (36) into (34)
and (7), we can get after some arrangements the following solutions:

_4 fde{%ﬁ(&r&o)}

— — :
<d€{ 2F<s+50)}+f\/w) +df<1_2\/%>e{—zm<s+go>}
4 fge{-2v/71(E+0))

A 2 N .
m2—16n — — m2—16n — —
<d+f\/%e{ 2ﬂ<s+f0>}> +df<1,2¢3ngl>e{ 2V =T(6+60)}

with [ < 0, m? — 16nl > 0, d and f are arbitrary constants.
2
Setting f = m, and d = /2210 in (37.a) and (37.b), we see that these

solutions are reduced to the same solution as follows:
4\/3m 16nlsech2r(€+£o)
¢15(§) - L Jim ) .
2+<71+m>sech V=I(E+HE)
It is important to say that solution (37.a) in the special case of f=m

and solution (38) obtained for f =m and d = @/% in Egs.(37.a) and
(37.b) were found by Feng [5].

(37.a)

¢13(5> =

$14(§) = (37.b)

(38)




Therefore by (32.a), (32.b), (33.a), (33.b), (37.a), (37.b) and (38), we can

get

Theorem 4.

Suppose that (i)l < 0,n >0, m > 0,, then Eq.(2) admits exact solutions

all(f) =

a12(5) ==+

+

— 4 pge{—2v=1(e+€0)}

— N2 N
(de{*2\/fl(§+€o)}+f\/w> +df<1_2\/w> el-2vTT(E+0))

— 4 pge{—2v=1(e+¢0)}

—_— 2 —_—
<d+f\/%e{*2\/fl(£+£o)}> +df<1—2\/%> el-2vT(E+€0))

where f and d are arbitrary positive constants.

In particular if f = m and d =

12m?2

Eq.(2) admits exact solutions

a13(§) -

+

1/2
4\/dm2 16nl SGChQr(§+§O) ]
)

2+(— %>sech2\/—7(§+fo
that (ii) [ < 0, m > 0 and 3m? — 16nl = 0, ¢ and d are arbitrary positive

V3m2—16nl

constants, then Eq.(2) admits exact solutions

2Vl Y2

cel—2vTerey 12
in particular if d = —%;c, then solutions of Eq.(2) are reduced to
a6(€ i\/ (1 + tanh/—I(§ + &), (42.a)
CL17 :l:\/ ]_ — tanh Vv — (f + 50) (43b>

We can apply theorems I, II, IIT and IV to seeking travelling solitary
wave solutions to some NLDEs. It is well-known that the theory of solitary
wave solutions plays an important crucial role in mathematical physics and
represent especially realistic physical phenomena in physical experiments and

nature.

q11/2

q1/2

\/EmE=ionl 100 p >0, m > 0, then

(40)

,(39.a)

, (39.0)



For example, consider the generalized Ginzburg-Landau equation for com-
plex function A(x,t) in one-dimension space has the following form [6,7]

At =cA + (bl + icl)Axx — (bg — ZCg)|A|2A — (b5 — ZC5)|A|4A + (pr +
is) (AP A) o+ (g, +ig) (AP A (44)
where b, ¢, p, and q are real constants. If the last two terms on the right-
hand side are neglected, Eq.(44) reduce to cubic-quintic complex Ginzburg-
Landau, whose dynamical behaviors have extensively been investigated [8-
12]. However, there is little corresponding study in the presence of the higher-
order terms  (p, + ip;)(|A|*A), and (g, + ig;)(]A|?).A. Noting that the
model parameters are generally dependent on selected physical systems. For
propagation of nonlinear light pulses in optical systems, A(z,t) is the complex
envelope of electric field, t is the normalized propagation distance, and x is
the retarded time. ¢ >0 (<O0) represents linear gain (loss), ¢; is group
velocity dispersion (GVD), ¢3 is nonlinear Kerr effect, b; describes the
effect of spectral limitation due to gain bandwith-limited amplification and
(or) spectral filtering, bs accounts for nonlinear gain [ and (or) absorption]
processes, bs; and c¢; describe the saturable effects of nonlinear gain
[and (or) absorption| and nonlinear refractive index, p, is the nonlinear
dispersion term, ¢, and ¢; are nonlinear gradient terms which result
from the time-retarded induced Raman process usually, p; and ¢, are
neglected in optical transmission systems because they are much more smaller
than p, and ¢;. Analytical solutions of Eq.(44) were found [13, 7, 14].
Exact analytical solutions of Eq.(44) can be found by seeking solutions
in the form

A(x,t) = a(€)eWPOFTKe=Qt] (45)
where a and ¢ are real functions of & =x —wvt | v is the velocity of
propagative wave solution. Substituting (45) into (44), we obtain an equation
for two coupled functions a and ¢ Separating real and imaginary parts,
we get the following set of two ODE’s:

—biage + (2K ¢y — v)ag + bipga+ 2Kbyarh, + c1ibeea + 2c1tpeae + pipea® +
(b1 K? —e)a+ (bg + p;K)a® + bsa® — (3p, + 2q,)a’a§ =0, (46.a)

crage + 2Kbiag — clwga + (v — 2K crape + bibeea + 2byibeae + prwfa?’ +
(Q—aK*a+ (c3+p.K)a® + csa® — (3pi + 2¢;)a*a-€ = 0, (46.D)
Let

Y'(§) = D+ Ba*(§), (47)



where D, and B are constants. Substituting (47) into (46), then yields

—brage + (2K c¢; — v+ 2¢1D)ag + (4ey — 3p, — 2q,)a*ae + (b1 D* + 2Kb, D +
bK? —¢)a+ (20,DB + 2Kb, B + p;D + bs + p; K )a*+
(b1 B*+p;B+bs)a® = 0, (48.a)
crage+ (2Kby +2b1 D)ag + (4by + 3p; +2¢;)a*ag + (—c1 D* + (v—2K ¢y ) D —
aK?+Q)a+ (—2c:DB + (v — 2Ke¢y)B + p, D + 3 + p. K)a’+
(—c1 B*+p,B+cs)a® = 0, (48.b)
Case 1

In order to make the left-hand side of (48.a) equal to zero identically, we
set

— — _ _bs — _pi(3PT+2q7‘) — _ b3 __ __2b3
by =0,e=0, B= oo G = — ,D=-K o V= =k,

v = £ (3p,+2,), (49)
Using (49), (48.b) becomes

a’(§)+sa’(§)a’ (§)+la(§)+ma’(§)+na®(§) = 0, (50)
by (50), taking

= 3Z+2q r=0,1 :b[(K+§)_§b)2_K2+§], m=L(p,K+cs)—L(p+
SENK +2), n=2—(p+ o), (51)
in (19), according to theorem II, we have
Theorem 5.

I)Suppose that 1<0, m? —4nl >0 %[—m +vm? —4nl] >0, and

c¢>0, d>0 (¢<0, d<0), then Eq.(50 ) admits an exact solution in the form
(32), where (&) 1is expressed as (47), a(&) is described as a;(€),
ag(§) in (23.a) and (23.b) and s, I, m and n in (23.a) and (23.b) are the
same as (51).

II) Suppose that d = £[—m £ vVm? —4nl], 1<0, m* —4nl > 0,
5 [—m £ vm? —4nl] > 0, then Eq.(50) admits exact solutions in the form
(32), where (&) is expressed as (47), a(&) is described as a7(€),
ag(§) in (24.a) and (24.b) and s, I, m and n in (24.a) and (24.b) are the
same as (51).

Case 2

Another case is obtained if we make the left-hand side of (48.b) equal
zero identically, then we have

10



¢ =0,B=—a p =200t p_ g ma o [P (59)
p Cs C5

- 4c
utilizing (39), (35.a) becomes.
a"(&)+ra (§)+sa*(€)d (&) +1a() +ma®(§) +na®(€) =0, (53)
where
r= %7 s = 3[%0;;2%7 l= ﬁa m = _Z_i? n= Z%(pipr_CSbl) - Z_? (54)
Case 3
If taking into account relation (52) with s=0 ie ¢ = —22, then

we obtain the following equation

a’ (&) +rd (&) + la(é) + ma(€) + na®(€) = 0. (55)
Letting
T:%a l:iam:_lg—?a n:%(pipr_c5bl>_g_ia (56)

and using theorem 3, we obtain

Theorem 6.

. . 2 3l+7"(—7":|:\/r27—4l) 2
Suppose i) that  n = 3m” g vy T 420,
—2m > 0, and ¢>0, d>0 (c<0, d<0), then Eq.(25) admits

814+3r(—r+v/r2—4l)
exact solution in the form (32), where  9(§) is expressed as (47), a(&)

is described as ag(€) in (29) and r, I, m and n in (29) are the same as (56).

.o . . . 72m
ii) In particular, if d = S )

_ 2 3l+r(—r+vr2—4l) _ 8l43r(—rtvr2—4l) 2
n=3m 21(161—972) 437 (81—3r2) (—r+/r2—4l)’ 4m >0, Al =0,

then Eq.(25) admits exact solution in the form (32), where (&) s
expressed as (47), a(§) 1is described as aj(€) in (30) and r, I, m and n in
(30) are the same as (56).

Case 4

If we impose equality between the coefficients in the left-hand side of
(46.a) and those in the left-hand side of (46.b), then we obtain the following
relations:

— — ( i T')(3 r+2qr+3pi+2 1) _ Q(b —C ) o
by = —a = e é1;(1)5—(165) . , D= 5pr+2;+p3i+2q1' - K, v =
_ (pi—pr)(3pr4-2¢-r+3p;i+2q;) (b3 —c3)
(5pr+2¢r+pi+2q;) (bs—cs) ’
_ bs—c _ (pi=pr) (3pr+2gr+3p;i+2¢;) (b3 —c3) 2(bg—c3)
B= pi—pi’ }=—¢ (5pr+2qr+pi+2qi)(b5_c53) ; [5pr+2qi+pi+2qz‘ — K. (57)
Taking into account Eq.(57) into Eq.(48.a), we have
a’(§) +rd (&) +sa*(§)d'(§) +1a(§) +ma’(§) +na’(§) = 0, (58)

11



letting

r = 4(b3—c3) _ A (3Pr+2qr+3pi+2¢;)(bs—cs)
5pr+2¢r+pi+2q; (5pr+2¢r+pi+24;) (pr—pi)
l — (pi_p'r)(3pr+2QT+3pi+2Qi)(b3—03)2 —¢ 8(b5—C5)
2(5pr+2¢r+pi+24:)% (bs—cs) (pr—pi)(Bpr+2qr+3pi+2¢;) |’
m = |bs + (3pr+29r+2¢i—pi)(c3—bs) 8(bs—cs)
3 2(5pr+2qr+pi+2q;) (pr—pi) (3pr+2¢r+3pi+2¢;) |
(b5 —c5) (3pr+2qr1-249; —5pi) 8(bs—cs)
[65 + 8(pr—pi) (pr—pi) 3pr+2¢r+3pi+24;) (59)

Relations (53), and (58) are of the form of the Liénard equation (4) with
r, s, 1, m and n given by (54), and (59) respectively. Therefore, making use
of Theorem I, we obtain

Theorem 7.

i) Suppose that s = 2(mijj\/7ﬂn) 3 [—m £ v'm? — 4nl], m* —4nl > 0,

r? =41 >0, 1[-m=* Vm? —4nl]  and ¢>0, d>0 (c<0, d<0), then Eqs.(53)
and (58) then admit exact solution in the form (32), where P(€) s
expressed as (47), a(§) 1is described as a;(§) in (15) and 1, s, ], m and n
n (15) are the same as (54). and (59).

ii) In particular,

(a) for d = &[—m+v/m? —dnl], s = 220l Sl g /m? —dnl),
if m>0, 1>0, n<0, and 72 —41>0 or m<0 1<0, n<0 and m? —4nl >0
then Eq.(53) and (58) admit exact solution in the form (32), where  9(¢)
is expressed as (47), a(§) 1is described as a2(€) in (16) and r, 1, m and n
n (16) are the same as (54). and (59)

(b) for d=g5[—m—+vm?2 — 4nl], s 2(m’;i\/—“:’ff") S [—m—+v/'m? — 4nl],
if m>0, 1<0, n<0, then Eq.(53) and (58) admit exact solution in the form
(32), where  9(§) is expressed as (47), a(§) is described as a3(€) in
(17) and r, I, m and n in (17) are the same as (54). and (59)

(c) for d = g[-mEvm? —4nl], s = mZH) E[—mEvm? — 4nl],
if m>0, 1<0, n<0, and m?—4nl >0 or m<0,1>0,n<0and r?—4[>0
or m<0, I>0, n>0, m?—4nl >0 and 7r?—4l >0, then Eq.(53) and (58)
admit exact solution in the form (32), where  1(§) is expressed as (47),
a(¢) is described as  a4(€) in (18) and r, 1, m and n in (18) are the same
as (54). and (59)

Case 5

In order to make the left-hand side of (46.a) equal to zero identically, we
set

_ _ _ b _ _ pi(3pr+2¢r) _ b _ 2
bl—O,e—O,B——i,cl——T,D——K—ﬁ,v——p—fcl,
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v=3-0p +24,), ¢ =—3pi (60)
Using (60), (46.b) becomes

@(€) +1a(€) + ma*(€) + na(€) = 0, (61)
by (61), taking

s=0,1r=01=[K+2)?-K+2], m=_(pK+c)— (b +
GO AD), =8 - 35 e+ o), (62)

in (19), according to theorem IV, we have
Theorem 8.

(i) Suppose that [ <0, n >0, m >0,and d >0, f >0 then Egs.(61)
and (62) then admit exact solution in the form (32), where WY€) s
expressed as (47), a(§) 1is described as a11(§) and a12(§) in (39.a) and
(39.b) respectively and 1, m and n in (2) are the same as (62).

In particular, for f=m,d =4/ 3"”322;126”, <0, n>0, m>0 then
Eq.(61) and (62) admit exact solutions in the form (32), where — ¥(§) is
expressed as (34), a(§) is described as a;3(§) in (40) and I, m and n in
(2) are the same as (62).

(ii) suppose that I <0, n >0, m >0, and ¢ > 0, d > 0 then Eq(61)
and (62) then admit exact solution in the form (32), where WY€) s
expressed as (47), a(§) 1is described as a13(§) and a14(§) in (41.a) and
(41.b) respectively and 1, m and n in (2) are the same as (62).

In particular if d=-7jc, then Eq(61) and (62) admit exact solution in the
form (32), where P(§) s expressed as (47), a(§) is described as
ai5(§) and  a16(§) in (42.a) and (42.b) respectively and 1, m and n in (2) are
the same as (62).

3 Case of degeneracy of Eq.(19)
If D=B=0 and if ¢ =0, then Eq.(46.a) and (46.b) are reduced to

—blagg + (2K61 — U)ag + (b1K2 — E)CL + (bg +p2~K)a3 + b5a5—

(3pr + 2¢,)a”ag = 0, (63.a)
crage + 2Kbiag + ( Q — a1 K?)a + (c3 + p.K)a® + csa®+
(3pi + 2g:)a’ae = 0, (63.0)

Imposing equality between the coefficients in the left-hand side of (63.a)
and those in (63.b), we have the following relation

Clz_bl,U:—4Kb1,Q:—g’K:b3;c3

pr—pi’
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_ _ _ 3pr __ 3pr+2q-+3p;
bs = ¢, @p = — 5=, q; = —PATEE (64)

Taking into account (64) in (63.a), we obtain

a’(&) +rd (&) + la(€) + ma®(€) + na®(€) = 0, (65)
where
r=-2K,1=%— (bs—co)® "y — —p’(b3 ) p—_b (66)
bt (pr—pi)®’ b1(pi—pr) b1’ ]
then theorem 6 can be used for 1 = 0 to determine the solution of
Eq.(65).

Another case is obtained when ¢, # — 3” ~ then we have

1= —b,v=—4Kb,Q = —¢, K = =@ b — ¢ ¢, = — 220430 (G7)

pr—pi’ 2
Taking into account (67) in (63.a), we obtain

a’(&) +rad (&) + sa*(€)d' (€) + la(&) + ma®(§) +na® () = 0, (68)
where
r = —2K § = 3pr+2qr ] = (bS c3)? _ pi(b3—cs) _ b5 (69)
b1 1 p1)27 by (p 7p'r) ’
Then Theorem 7 is used for w = to determine the exact solution of
Eq.(68).

Another case is obtained by taking the left-hand side of Eq.(63.a) equal
to zero identically, thus we have the following relations

b3

bl = 07 € = 07 b5 = 07 qr = _%pﬂ q; = _%p’m K = T p v =
2K01. (70)
Then Eq.(63.a) is reduced to
a’(&)+la(é)+ma(€)+na®(€) = 0, (71)
where
=2 _ b _a_ b o (72)
e ap?’ a api’ c1”’

Then Theorem 8 is used for ¥ =0 to determine the exact solution of

Eq.(71).
4 Conclusion

In this work, the explicit exact solitary wave solutions in the form a(¢ )e“msHK z=t]
¢ =x —ot for the complex Ginzburg-Landau equation with higher-order

terms have been derived by seeking solutions for a new class of Liénard
equation. The method used can also be easily extended to the nonlinear
Schroedinger equation with higher-order terms.
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