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Abstract

The strong stability problem for a fluid-structure interactive partial differential equation (PDE) is
considered. The PDE comprises a coupling of the linearized Stokes equations to the classical system
of elasticity, with the coupling occurring on the boundary interface between the fluid and solid media.
It is now known that this PDE may be modeled by a Cp-semigroup of contractions on an appropriate
Hilbert space. However, because of the nature of the unbounded coupling between fluid and structure, the
resolvent of the semigroup generator will not be a compact operator. In consequence, the classical solution
to the stability problem, by means of the Nagy-Foias decomposition, will not avail here. Moreover, it
is not practicable to explicitly write down the resolvent of the fluid-structure generator; this situation
thus makes it problematic to use the wellknown semigroup stability result of Arendt-Batty and Lyubich-
Phong. Instead, our proof of strong stability for the fluid-structure PDE will depend on an appropriate
usage of a recently derived abstract stability result of Y. Tomilov.

1 Statement of the Problem

In this paper, we show how a recently derived abstract operator theoretic result can be used to ascertain
the asymptotic decay of solutions for a so-called “transmission hyperbolic-parabolic problem”. A simplified
version of this model and its relevance to biological modeling is discussed [11]; see also [7] and [8] for related
PDE’s. Because of the non-compactness of the resolvent for the associated semigroup generator—see 4 below—
the classical stability treatments involving the Nagy-Foias decomposition and Lasalle Invariance Principle
are not applicable (see [10] and references therein). Nor does the resolvent of this fluid-structure semigroup
admit an explicit, working expression which might allow an appeal to now the wellknown abstract stability
results in [1] and [13]. Instead, we will use the recently derived stability result posted in [15] and [6] (in
Theorem 2 below; see also a precursor of this result in [5]). This stability result is formulated as a necessary
resolvent criterion; however, to use this result one does not actually need to know what the resolvent looks
like. The methodology for the use of Tomilov’s abstract stability result was first developed in [3].

We describe the partial differential equation (PDE) under consideration here: Let ¢ and €, be bounded
open sets, with smooth boundaries I'y and I';, respectively; these geometries are configured as in Figure 1:
On the “fluid portion” Q¢ of the geometry, we define the following spaces:

Null(div) = {u€ [L*(Qf)] : div u=0};
vV o= {¢ e [HY Q)P N Null(div) : div ¢ =0 and |y, = o} _

With respect to the “solid portion” s of the geometry, we define the following classic operators which
mathematically realize the 3-D system of elasticity (see e.g., [9]):



Figure 1: The Geometry of the Problem

1. For w = [wy, we, ws], the strain tensor {e;;} is given by
1 8w7 Gwl
i ——— : , 1<4,5<3.
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2. Subsequently, the stress tensor is described by means of Hooke’s Law:
3
oij(w) = A (Z €kk(w)> 0ij + 2pei(w), 1<14,5 <3,
k=1

where A > 0 and p > 0 are the so-called Lame’s coefficients of the system. Moreover, ¢;; denotes as

usual the Kronecker delta; i.e., 6;; =1 if i = j and 6;; = 0 if ¢ # j.

Letting
o(w)= (013 ())2 1, €(w) = (W),
then by virtue of Korn’s inequality, [H!(Qs)]*> may be endowed with the following inner-product,
equivalent to the usual [H'(£2;)]?>-norm:
(w7w)[H1(Qs)]3 = (6(10)70(11)))95 + (’LU,?I))QS : (1)

3. With this nomenclature, we denote the Hilbert space H (of wellposedness) as
Null(div) x [H(,)]® x [L?(92)]?;
+ (wo, Wo)q, + (w1,W1)gq, -

s

H =
() Ug
= (uo,to)q, + (e(wo), o (wo))g,

wo s
w1 w1 H
and (+,)q, denote the respective L2-norms on the two geometries.)

(Here, (-,+)q,
We will discern strong stability properties of functions [u(t),w(t), w(¢)] € C([0,T]; H) which solve the

following problem:



(ut, d)g, + (Vu, Vo), — {(o(w) - v,¢)r =0 on (0,00), for all ¢ € V;
divu =0 in (0,00) x Qf

u|Ff =0 on (0,00) x 'y

wyy — dive(w) +w =0 in (0,00) x Qs

we|p, = ulp on (0,00) x T's

[£(0), w(0), w:(0)] = [ug, wo, w1] € H.

Remark 1 The fluid variational relation in (2) is the weak formulation of the following coupled Stokes
flow-elasticity system, with inhomogeneous Neumann boundary data:

u—Au+Vp=0 on (0,00) x Qy;

divu =0 in (0,00) x Qf

ulp, =0 on (0,00) x I'y

?:a(w)-u—pu in (0,00) x [y (3)
v

wy — divo(w) +w =0 in (0,00) X Qs

wi|p, = ulp on (0,00) x Ty
[u(0),w(0),w:(0)] = [ug, wo,wr] € H.

In fact, because of the “hidden regularity” enjoyed by the displacement w—i.e., o(w) - v|_ € L%(0,T; H-z (Ts))
(see [4])-one can justify that weak solutions of (2) are classical solutions of (3), in the sense of distributions.

Because of the recent wellposedness result in [4], we have continuity of the solution map in the space H
of wellposedness; i.e.,
[’LL(), Wo, wl] cH= [’Lb(t), U/(t), wt(t)] € C([O, T]a H)

In fact, this problem admits (a nonpedestrian) semigroup formulation: To wit, as in [4] we define the
operator A: V x [H2(I')]3 — V' by

(A(u, 2),0) oy = (Vu, V¢)L2(Qf) —(0(2)-v,¢)p, forallpeV

We subsequently define the operator A : D(A) C H — H by

() —A(’LL(),O'(’w()))
A | wo = w1 ;
wq div(wo) — wo
D(A) = {[uo,wo,un] € H:ug €V, [A(ug, o (wp)), wr,diva(wo)] € H, wuolp, = wilp }. (4)

It is shown in [4] that A generates a Cp-semigroup of contractions {eAt} >0 on H. Thus the weak solution
to (2) is given by -

u(t) Ug
wt) | =e* | wy | €C([0,T);H).
we(t) w

From (2), we readily see that this semigroup is dissipative; in particular, for all 0 < s < ¢, we have

u(s) 2 u(t) ] 2 ¢ ,
w(s) = w(t) +2/ |Vul|” dr. (5)
wt(s) H wt(ﬂ 11la s



This dissipation naturally gives rise to the question of strong stability; recall that a Cy-semigroup {eAt} >0 C

L(H) is said to be strongly stable if for every x € H, lim;_.o, e**x = 0. Moreover, one can easily infer that
zero is not an eigenvalue of A : D(A) C H — H, as defined in (4). Thus our problem of asymptotic behaviour
for the fluid-structure dynamics avoids the issue of “steady states”.

As we said at the outset, the definition of the domain D(A) means that the resolvent R(A;.A) is not
compact as a mapping into H. Nor does R(\;.A) admit of an explicit representation. Thus, the usual
stability solutions outlined in [10], [1] and [13] are not applicable. Instead, we will appeal to the following
operator theoretic result:

Theorem 2 (see See Theorem 8.7 of [6]; see also p. 75-76 of [15]) Let A generate a Cy-semigroup of
completely non-unitary contractions on a Hilbert space H. If there exists a dense set M C H such that

11151+ VaR(a+ip; A)x =0 for every x € M and almost every 3 € R,
o—

then the semigroup is strongly stable.

(We recall that a contraction Co-semigroup {e*'} _ is completely non-unitary (cn.u.) if H has no
nontrivial reducing subspace for eA() on which () is unitary.)

Through the agency of this abstract result, we will show the following:

Theorem 3 The fluid-structure semigroup {eAt}t>0 generated by A: D(A) C H — H (as defined in (1))
1s strongly stable. B

2 Proof of Theorem 3

2.1 A Preliminary Result

The proof will follow the algorthim devised in [3]. In what follows, we will have need of the following elliptic
operator A: D(A) C [L?(9,)]® — [L?(Q2)]3, defined on the solid portion of the geometry €,:

Rw = —divo(w) +w; D(A) = [H2(Q,) N HE(9,)]°. (6)

By Korn’s inequality, A is positive definite and self-adjoint, with compact resolvent.
To justify the invocation of Theorem 2, we must first show the following:

Proposition 4 The contraction semigroup {e**} C L(H) of the generator defined in (4) is completely
non-unitary.

Proof of Proposition 4: Let H, denote a subspace of H on which {e“*} is unitary. Then by Stone’s
Theorem iAly is self-adjoint. Thus, if A is a (real) eigenvalue of Z'A\Hu, corresponding to eigenfunction
[, wo, wq] in H,, we have from (4) the following relations:

—(VReuo, V)2, + (0(Rewo) -v,d)p =

(Im’LLO, V¢)L2(Qf) - <O’(IH1U()) v, ¢>F5 =

Rewq
div(o(Rewp)) — Rewy
—div(oc(Imwg)) + Im wq

A(Imug, Vo) p2q,) for all (real-valued) ¢ € V; (7)
A (Re o, V¢)L2(Qf) for all (real-valued) ¢ € V; (8)
Almwy and Imw; = —ARewp; 9)
AImwq; (10)

)

ARew;.



We now: (i) take ¢ = — Rewp in (7); (ii) take ¢ = — Reug in (8); (iil) multiply both sides of (10) by — Rewy
and integrate; (iii) multiply both sides of (11) by Im w; and integrate. Upon an addition of these relations,
we then have,

IV Rewl, + ¥ muol3, =0 (12)

(in obtaining this relation, we have also implicitly used (9) and the fact that uo|. = w1 ). By Poincaré’s
inequality, we have then that

Rewug =Imug = 0. (13)
In turn, from (7) and (8) and the definition of D(A) we have that
oc(Rewg) - v = 0 onTlg;

o(Imwy) v = 0 onT,. (14)

In turn, since w;|p = 0 from the definition of D(A), then using (9), (10) and (14), we have that Rewq
satisfies \

(AQ—A)RewO = 0 in Q;
Rewg = 0 on Iy,

where A: D(A) C [L?(Q,)]® — [L?(9s)]? is as defined in (6). From elliptic theory we have consequently that
Rewp = 0. In turn, from (9) and the fact that A # 0, we have that Imw; = 0. In the same way, Imwy = 0
and Rew; = 0. These consequences and (13) now complete the proof of Proposition 4. O

As {eAt} >0 18 c.n.u., we can now apply Tomilov’s resolvent criterion. In fact, we shall invoke Theorem
2 with therein, M = H and 3 € R2\ S, where

S = {6 € R: 3% is an eigenvalue of A : D(A) C [L?(,)]® — [LQ(QS)]S} (15)

(so S is a countable set).

2.2 Proof proper of Theorem 3

Step 1 (A priori bounds for the damping mechanism)
With A = a + i3, where 8 € R>\ S, we look at the resolvent equation

ug fo
()\I — ./4) wo = go € H. (16)
w1 g1

Since B = 0 is an easy case, as then there is no coupling between real and imaginary parts, we also assume
throughout that § # 0. By Theorem 2, it is enough to show that

Tim_/a[[uo(a + iB)), wola +i8), wi(a + i) = 0. (17)

Componentwise, (16) gives the following relations:

A (uo, ¢)Qf + (Vu, V¢)Qf — (o(wp) - v, ¢>7%><% = (fo, (b)Qf for every ¢ € V;
aRewy — fImwy —Rew; = Rego € [H'(Q)]*;
almw + fRewo —Imw; = Imgy € [HY(Q)]%;

My + wo — diva(wy) = g1 € [L*()]%. (18)



Subsequently distinguishing real and imaginary parts gives then

(aReug — BImuy, ¢)Qf + (VRewuo, V¢)Qf —(o(Rewo) -v,¢)p. = (Re fo, qS)Qf for every ¢ € V§(19)
(aImug + B Reuo, (b)Qf + (VImug, V(;S)Qf —(o(Imwp) -v,¢)p = (Im fo, qS)Qf for every ¢ € V(20)
(@® + 1) Rewp — 2aB3Imwy — 5% Rewy — divo(Rewy) = Regi +aRegp— BImgo; (21)
(@® + 1) Imwg + 203 Rewy — 6% Imwg — divo(Imwy) = Img; +almgg+ SRego. (22)

(Part 1) We now multiply (21) by —(3Im wg, multiply (22) by 5 Rewy, and integrate the two subsequent
relations. Integrating by parts and adding the two gives

2087 |Imwo||g, + 203” |[Rewollg, — B (c(Rewp) - v, Imwo)y., + B (o(Imwy) - v, Rewo), = FM,  (23)
where

F) = _3(Reg, +aRegy — B1Im go, Imwy), + B (Imgy +alm gy + B Re go, Rewo)q_ - (24)

Using the second and third relations in (18) to rewrite the boundary terms in (23), we have then
20°3% |[Imwollg,, + 20% 6% [[Re w5,
t+a(o(Rewoy) - v,Rews —aRewp + Rego)p_ + a(o(Imwy) - v, Imwy — aImwg + Im go)
= aFWV. (25)

Moreover, we take @ = aRew in (19); we take ¢ = aImw in (20). Integrating in space and adding the
subsequent relations, we then obtain,

o? [[Reuo|3, + o [[mug |3, + o |V Reu|l3, +a ||V Imuo|3,

—a(o(Rewy) - V,Reu0>rs —a(o(Imwp) - v, Imug)p = FO(CQ), (26)

where
F® = a(Re fo,Re uo)q, + B (Im fo, Imug)g, -
Adding the relations (25) and (26) and using the boundary condition w1 | = uo[p_, we have
a|[VImug|g, + o[V Reuglq, +20°8° [Imwollg, +20°8% [Rewolg, + o [Reug|[5,, + o [Tmuo|s,,
= a((o(Rewo) - v,aRewo — Rego)p. + (o(Imwyp) - v, aImwy — Im go)1._) + oF (M) 4 B2 (28)

Now to estimate the first term on the right hand side, we can refer to the abstract trace result in Théorem
1, p. 307 of [2], in order to justify the following estimate:

lo(®ewo) vy r.

IA

C (IRewoll, g, + l[divo(Rewo) |, )
= C (HRewOHLQS + H(a2 + 1)Rewy — 208 Imwy — 32 Rewy — Reg1 — aRego + 6ImgoHQS) , (29)

where we have also used the relation (21).

Moreover, we also use the following basic result from semigroup theory: Given Banach space X, if
A:D(A) C X — X is the infinitesimal generator of a contraction semigroup, then for all A = a+ i3, with
a > 0, we have the estimate .

IR Al < = (30)



(see; e.g., p. 11 of [14]).Using the estimates (29), (30) along with the Sobolev Trace Theorem, we have now
|a (c(Rewp) - v,aRewy — RegO>FS| < CsI[fo: 90, 1)l - (31)
In the exact same way, we have

lo(tmwo) vy .

IN

¢ (Imwoll, g, + dive(tmwo)|g, )

C (||Rewo||17QS + || (@* + 1) Rewg + 208 Rewg — A2 Imwy — Im gy — aTm go —ﬁRegoHQS) ; (32)

which along with (30) gives rise to
|a (e(Imwy) - v, a Imwy — Im go)r | < Cs [|[fo, g0, 91151 - (33)

Combining (28) with (31), (33) and the resolvent estimate (30), we have finally the following estimate for
the gradient of the fluid component:

! ||VImUOH?zf + |V RGUOH?zf +2026° [Im w5, +2025% |[Rewollg,, + o HRGUOH?zf +a? HImUOH?zf
< Csl[fo,90:91) |5 - (34)

This estimate and Poincaré’s inequality gives, in turn,

Lemma 5 Given initial data [foy,g0,91] € H, the fluid variable of the quantity in (16), with 8 € R*\S,
satisfies the estimate
Valullg, + vVellVullg, < Csll[fo, 90, 1]l - (35)

where Cg is independent of a (small).
Step 2 (a priori bounds in a lower topology).
The estimate (35) can in turn be used to derive the following:

Lemma 6 For a > 0, the elastic component [Re wq, Imwg] of (16) obeys the following estimate:

|[\/aRew0,\/aImwO]HQS < Cﬁ ||[f0790791]”H; <36)

where the constant C' is independent of o (small).

Proof of Lemma 6: We define the elliptic operator D : [L2(T,)]? — [L?(Qs)]® by Df = g if and only
if g satisfies

—divo(g)+¢g = 0 on Q;
glp, = f onls.

By elliptic theory, see e.g., [12], we have D € L([L2(T')]3, [H=(Q,)]?). Accordingly, we have for any H'-
function w on Q,
—divo(w) +w = Aw — AD(w|FS). (37)

Applying the expression (37) into the relation (21) we have

(52 — A)Rewp = —AD(Rewo\FS) + a® Rewy — 2a8Tmwy — (Reg; + aRegy — BImgp).



Multiplying both sides of this relation by aR(ﬂZ;A) Rewyp, and subsequently integrating, gives now
a||Re wOH?zS = —a (R(ﬁQ; A)AD(Rewlp ), Re wo)Q + a (o Rewy — 23 Imwy, R(3* A)Re wo)
- (R691 + aRegg —ﬁlmgo,R(ﬁ2;A) Rewo)ﬂs . (38)

To handle the first term on the right hand side of (38), we use again the third relation in (18) to have

“R(8% A)AD(Rews|p. ) = %R(ﬁQ;A)AD([aImwO ~ Tmaw — Imgoly. ).

Using wi|p = uo|p , Lemma 5 and the resolvent estimate (30), we have then
IR(8% A)AD(Rewolr )|, < Co (IVually g, + 1for g0, 1l - (39)

Applying this estimate to the right hand side of (38), followed by use of Lemma 5 and the estimates (30),
ab < 6a? + Csb?, give now

al[Rewolle,, < Cp.s ll[for 90, 91131 - (40)
By these same means, we can use (22) to obtain also
2 2
a. < Csll[fo, 90, 91]ll - (41)

O

Step 8 (a priori bounds in finite energy topology) Multiplying (21) by aRewp, and subsequently inte-
grating gives

a(o(Rewo), e(Rewo))q, + a(Rewo, Rewp)q =
—a{o(Rewyp) - v,Rewo)r + af? HReonés
-« (042 Rewg — 2aBImwy — Regy — aRegg + ﬁImgO,Rewo)Q‘ . (42)

Using the third resolvent relation in (18), we have

a{o(Rewo) - v,Rewo)p = ( (Rewp) - v,Imug — almwy + Imgo)p_; (43)

8
applying the estimates in (29), (35) (36) and (30), we have then

}Oé (Rewo) - v, Rewo) p } < da HReonHl .1 CB& |Hf0790,g1]||H
Applying this estimate to the right hand side of (42) and subsequently invoking estimate (36) gives now,

a(o(Rewo), e(Rewn))g, + a (Rewo, Rewo)g, < [fo, 90, 91]a

where in the last step we have also used the equivalence of the H'-norm with the inner product given in (1).
The analogous steps will give us a priori energy bounds for Imwg. That is, we can multiply both sides of
(22) by aImwy to obtain the relation

a (o(Imwyp), e(Tm wO))QS + a (Im wp, Im UJU)QS =
—a {o(Imwy) - v, Imw0>rs +aB? ||Imw0\|?25

—a (a2 Imwy + 2aBImwy — Img; — alm gy — ﬁRego,Imwo) (44)

Qs °

Subsequently, we estimate the right hand side of this expression by using the second resolvent relation in
(18), and then (29), (35) (36) and (30). In sum, we have shown the following:



Proposition 7 For a > 0, the solution component [Re wq, Imwg] obeys the following estimate:
H I:\/a Re wo, \/&Im wO] ”LQ.; < Cﬁ || [fOu 90, gl] HH ’ (45)

where the constant C is independent of o (small).

Step 4. Conclusion of the proof of Theorem 3.
We first note that the a priori bounds we have obtained imply that \/a Reug and v/a Im ug each converge

to zero strongly in [H* ()] °. In fact, letting « tend to zero in (28), we have after using the estimates (29),
(32) (35) and (45),

1i151+\/aReuo = 0 in [Hl(Qf)]3§
li%lJr\/C_JéIIHUQ = 0 in [Hl(Qf)]3 (46)

(we also implicitly used Poincaré’s inequality).
Next, we use the elliptic operator defined in (6) so as to rewrite the relation in (21) as
(ﬂ2 — A) Rewy = —AD(Rew0|FS) + a?Rewgy — 2afImwy — Reg; — aRe go + £Im go.
Using the fact that § € R\ S and the third relation in (18) we have now

VaRewy = —%’R(BQ; A)AD([Imug — aTmwg + Im golp_)

—h/&R(/BQ; A) [a2 Rewg — 2afImwy — Regy — aRegg + 5Imgo} .
Using now the second limit in (46), the apriori bounds (45), the fact that Imwo| € {H% (I‘s)} — [L*(T)] °

with compact inclusion, and the compactness of R(BQ;A), we have now

lim v/aRewy = Ostrongly in [LQ(QS)]S . (47)

a—0t

Using in the same way the relation
(62 —A)Imw, = —AD(ImwO\FS) + o Imwg + 203Rewy — Im g1 + aIm go — BRe go,

from (22), we will have

ali,%lJr Valmuwy = Ostrongly in [L*(Q,)] 7 (48)
Combining (47) and (48) with the second and third relations of (18) give, in turn,
01351+ VaRew; = Ostrongly in [L2 (Qs)]3 ;
allr%)l+ Vvalmw, = Ostrongly in [L? (QS)]3 . (49)

Finally, we appeal to the elastic energy relation (42). Letting « tend to zero on both sides of (42), while
using (43), (29), (45), (46) and (47), we have finally

lim /aRewy = Ostrongly in [HI(QS)]3 . (50)

a—0t

In the same way, letting « go to zero on both sides of (44) gives

lim /aImwy = Ostrongly in [H' (QS)]3. (51)

a—0t

The relations (46), (49), (50) and (51) now establish the limit (17). The proof of Theorem 3 is now
complete.
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