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Navier-Stokes equations in nearly flat domains

Abstract

We consider the Navier—Stokes equations in a thin domain of which the
top and bottom are not flat. The velocity fields are subject to the Navier
conditions on those boundaries and the periodicity condition on the other
sides of the domain. The model arises from studies of climate and oceanic
flows. We show that the strong solutions exist for all time provided the
initial data belong to a “large” set in the Sobolev space H'. Furthermore
we show, for both the autonomous and the nonautonomous problems, the
existence of a global attractor for the class of all globally-defined strong
solutions. This attractor is proved to be also the global attractor for the
Leray-Hopf weak solutions of the Navier—Stokes equations. One issue that
arises here is a nontrivial contribution due to the boundary terms. We
show how the boundary conditions imposed on the velocity fields affect the
estimates of the Stokes operator and the (nonlinear) inertial term in the
Navier—Stokes equations. This results in a new estimate of the trilinear
term, which in turn permits a short and simple proof of the existence of
globally-defined strong solutions.

Keywords: Navier-Stokes equations; thin domain; global existence; strong
solution; global attractor.

AMS classification numbers: Primary 35Q30, 76D05, 37L05; Sec-
ondary: 76D03, 35B65, 35K55, 35K60, 35K50.
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1 Introduction

The main objective of this article is to present a theory of the longtime be-
havior of strong solutions of a special class of Navier—Stokes equations on thin
3D (three-dimensional) domains. Thin domains are encountered in the study
of many problems in fluid mechanics. For example, in ocean or great lakes
dynamics, one is dealing with the fluid regions which are thin compared to
the horizontal length scales. Other examples include lubrication, meteorology,
blood circulation, etc.

Several studies of the behavior of strong solutions of the Navier—Stokes equa-
tions on thin 3D domains have been published in the last fifteen years (see the
list of references). These works are a part of a broader study of the behavior
of various PDEs on thin n-dimensional domains, where n > 2. (See [31] for an
informative treatment of the recent literature on this issue.) In terms of this
broader context, the theory of the Navier—Stokes equations is of special interest
because of the close connection with the well known Global Regularity Problem
for the 3D Navier—Stokes equations and the related dynamical properties of the
global attractor in this setting, see Theorem 1.1.

Note that the Navier-Stokes equations on a domain  C R? are:
(1.1) Ou—vAu+ (u-V)u+Vp=f, V-u=0,

where v > 0 is the kinematic viscosity, u = u(t,x) is the unknown velocity
field, p = p(t,z) is the unknown pressure, f = f(¢,x) is a given body force.
For simplicity, it is assumed in the sequel, that the viscosity v is fixed, with
v = 1. One can easily obtain the results for a general v by the standard scaling
arguments. Of course the constants, that arise in this case, will depend on v.

One seeks solutions u(t,z) (t > 0, z € Q) of (1.1) that satisfy the given
boundary conditions with u(0,z) = u°(z), where v € H is a given initial ve-
locity field, and H denotes a suitable space of solenoidal vector fields in L?(£2)3.
For strong solutions, we require that ug € V! = H N H(Q)3.

Note that with suitable smoothness assumptions on 2 and with homogeneous
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boundary conditions, the Stokes operator A for (1.1) satisfies
(1.2) Au =P (—Au), for u € D(A),

where P is the Helmholtz-Leray projection, and D(A), the domain of A, is a
subspace of H?()?3 consisting of vector fields u on © that satisfy the boundary
conditions and V - u = 0 in 2. By applying the Helmholtz-Leray projection P
to (1.1), one obtains

(1.3) Ou + Au+ B(u,u) = F(t),

where B(u,u) =P ((u-V)u) and F = P f (see [5, 11, 21, 25, 40, 41, 42, 43, 44, 47],
for derivations of (1.3)). Let

L¥(L?) = L=(0,00; L*(2)*), C(R,L?) = C(R, L*(Q2)°),
and L>=(R, L?) = L>(R, L?(Q)?).

The body force f = f(t,z) is assumed to be in L°°(L?) with the norm:
def
(1.4) I fllzoez2y = [1flloe == esssup{||f(t)l|lL>(e) : t > O}

In the initial papers on the Navier-Stokes equations on thin 3D domains,
Raugel and Sell [33, 34, 35] considered the case where the domain satisfies:

Q=0 =Q x (0,¢),

with @ being a suitable bounded domain in R? and 0 < ¢ < 1. The boundary
conditions are: spatial periodicity in x3, where 0 < x3 < ¢, and either spatial
periodicity in (z1,22) € @ when @ is a rectangle, or homogeneous Dirichlet
boundary conditions when (@ is arbitrary.

The main results of [33, 34, 35] can be summarized as follows:

Theorem 1.1. For the Navier—Stokes equations on = €y, there is an e,
with 0 < g9 < 1, such that for each € with 0 < € < €¢, there exist “very large”
sets Ni(e) C L*°(L?) and No(e) C VY, such that: Whenever the data (f,uo)
belong to Ni(e) x Na(e), there exists a unique strong solution u(t) = S(f,t)ug
of (1.3) satisfying u(0) = ug, and u(t) remains in V*, for all t > 0.

Moreover, when f € H., where H. is a time-translation invariant set in
C(R, L?)NL>® (R, L?) that is compact in the topology of uniform convergence on
bounded sets in R, then the following hold:

(i) There exists a “robust” family of compact attractors A. for the strong
solutions of (1.3), which satisfies the Little Regularity Property [40]:

A. C H. x No(e) € H. x HY(Q)3, for 0 <e < gp.

(i) Each 2. is the global attractor for the Leray-Hopf weak solutions of the
Navier—Stokes equations (see [39, 9]).
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(iii) For each data (f,up) in ., the strong solution S(f,t)ug satisfies various
reqularity properties, including S(f,t)ug € H2(Q)3, for all t € R.

(iv) The family A, for e € [0,e0), is upper semicontinuous at € = 0, where
Ao s the global attractor for the reduced problem, the 2D Navier—Stokes
equations (1.7).

The argument used to obtain Theorem 1.1 is based on an averaging of the
Navier—Stokes equations in the thin direction. That is, set

1 €
(1.5) Miu=wv, where wv(xi,z2) = f/ u(zy, e, s)ds

€ Jo
and let w = u —v. With the periodic boundary conditions on €27, the mapping
M; is a projection on L?(Q4)3, and it commutes with the Stokes operator A.
Therefore, one can rewrite the equation (1.3) in terms of a system of the (v, w)-
equations:

(1.6) {3W+AU+B(U7U) = M, G(t),

Ow + Aw = (I — My)G(t),

where R(v,w) = B(v,w) + B(w,v) + B(w,w) and G(t) = F(t) — R(v(t),w(t)).
When one has (I — M;)F(t) =0, then {w = 0} is an invariant set for (1.6)
and v = v(t) is a solution of a related 2D-problem:

(1.7) O+ Av + B(v,v) = My F(t) = F(t).
The two key features underlying the proofs are:

(i) When w(t) is small, then the v-equation in (1.6) is a small perturbation
of the 2D Navier—Stokes equations (1.7). This means that one can exploit
2D Sobolev-like inequalities (see [1, 5, 41]) to estimate [[v(t)| g1 (q), for
example.

(ii) When ¢ is small, then the w-equation in (1.6) is “super-stable” in the
sense that, for the simplified problem where R(v,w) = 0, one has
(1.8)
|43 w(t)2aq) < exp(—C=2 )| A w(0)]2a(qy + C & (I — My)FI2,
for t > 0. Thus w(t) becomes small “very” fast. Since w(0) and F are to

be large, one needs to exploit the fact that the exponential term in (1.8)
decays very rapidly when ¢ is small.

The (v, w) equations in (1.6) and the commutativity of the averaging operator
M with the Stokes operator A play a central role in establishing Theorem 1.1.

There have been several generalizations of Theorem 1.1 to cover a variety of
boundary conditions on €2, see Temam and Ziane [45, 46]. Of special note is
the use of the free boundary conditions

(1.9) u-N=0 and (curlu)x N =0,
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which are equivalent the following joint Dirichlet-Neumann boundary conditions
on Q1:

%:%:0, when z3 =0 and x3 = €.
8$3 6.133
Also see [22, 27, 28] for related results. More recently, Iftimie [19] and Iftimie
and Raugel [20] obtained sharper results by using joint spatial-temporal Sobolev-
like inequalities. In addition, the theory of thin domain dynamics was extended
to a 2-fluids problem, such as air and water in a coupled atmospheric-oceanic
problem, in Chueshov, Raugel, and Rekalo, [6]. Another analytically noteworthy
step was made by Temam and Ziane in [46], where the physical domain is a
spherical annulus and one uses the free boundary conditions (1.9) to obtain
similar results.

(1.10) uz =0 and

In our study, we are concerned primarily with the Navier boundary condi-
tions on 0%

(1.11) u-N=0 and [D(u)N]tan = 0,

where N denotes the unit outward normal to 912, the deformation tensor is
given by Du = D(u) = 1(Vu + (Vu)"'), where the superscript “t” denotes
the transpose and the subscript “tan” refers to the tangential part of a vector.
The conditions were proposed by Navier [29] as an alternative to the no-slip
boundary condition for viscous fluids. Note that, for Q = i, the conditions
(1.11) on the flat top and bottom boundaries are the same as (1.10). We will
have need to refer to the two conditions in (1.11) separately. So we will use:

(1.12) w-N =0
and
(1.13) [D(u) N]gan = 0.

In the recent paper [21], Iftimie, Raugel, and Sell study the Navier—Stokes
equations on the domains:

(1.14) Q=0 = {(v1,22,23) €T* xR : 0 < w3 < eg(x1,22)},

where T? = R2/Z? is the 2D torus. The solutions, in addition to being spatially
periodic in (x1,z9), satisfy the Navier boundary conditions (1.11) on the top
and bottom boundaries.

Notably, by using the Navier boundary conditions in this more complicated
geometry, one encounters a problem of significantly higher complexity than seen
in the references cited above. For instance, one uses a suitably modified aver-
aging operator M; in place of M7 in (1.5). When ¢ # constant, one finds that,
in general, the terms v = ]\/4\111 and w = (Id — ]\/Zl)u do not satisfy the second
Navier boundary condition (1.13), even when u does. Hence the (v,w) equa-
tions (1.6), which play crucial roles in the earlier studies, are not available for
the problem on 2.
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In this article, we study the strong solutions of the Navier—Stokes equations
(1.1) on a more general domain than 9, namely, the domain Q = 3, where:

(1.15) Q3 = QF = {(w1,22,23) : (z1,22) € T?, h§(w1,72) < 23 < h§ (w1, 72)},

with e € (0,1], h§ = ho = €go, h§ = h1 = g1, and where gg, g1 are given C*
functions defined on T2. The Navier boundary conditions (1.11) are assumed
to hold on I'* =T" = I'§ UT'{, where

(116) F; :Fj :{(93171‘2,£173) : (Il,l'g) ETZ, I3:h§(I1,I2)} jZO,l,
are the bottom and the top of (23. To avoid irregular domains, we require that

(1.17) 9(2') 2L (g1 — go)(2') > co > 0, for all 2’ € TZ.

While our general approach to the problem is based on the one used in
[21], we also exploit an important property of the boundary conditions, see
Proposition 4.6. As a result, the methodology developed here, can therefore be
readily adapted for domains with different geometries (see [18]), or for variations
in the Navier boundary conditions (see [16]). For instance, it is no longer the case
that one is able to exploit the relationship (1.10), which holds on the bottom
where h§ = 0, as in [21]. Instead, by using Proposition 4.6, one establishes
basic properties on the general domain Q°, see for example, Lemmas 4.7, 4.8,
4.27, and 4.28. In addition to such generalizations, we need to make a more
indepth study of the connections between the Navier boundary conditions and
the Stokes operator (see the proof of Proposition 4.21), and the inertial term
(u-V)u in the Navier—Stokes equations (see the proof of Proposition 5.1). This
effort leads to a short and more transparent proof of the global regularity of
the strong solutions. There are two Key Features in our proof of the global
regularity:

(i) A good estimate of the nonlinear term
(1.18) ((u-V)u, Au) 2y, see Proposition 5.1.

What underlies the derivation of this estimate is a basic inequality of the
L2-norm of (Au + Au), where u € D(A) and A is the Stokes operator,
see Lemma 4.19 on page 26 and [15]. This results in an unexpected linear
differential inequality for the norm ||A%u(t)||2L2(QE)7 see (6.32).

(ii) The estimate of the term (1.18) includes the expression e[| A2 u(t) H%Q(QE).
Applying the Gronwall inequality directly will not yield good estimates,
due to the negative power of . We use instead the Uniform Gronwall
inequality in this case to obtain sharper estimates for ||A%u(t)|\%2(m) for
t > 1. This enables one to complete the proof of global regularity, as we
will see. This approach avoids the use of an exponential factor that arises
in the argument in [21].
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The paper is organized as follows. In Section 2 we present the functional
settings suitable for the Navier conditions and our thin domains. Section 3
consists of statements of the main theorems concerning the global existence
of strong solutions and the global attractors for both the strong solutions and
weak solutions of the Navier—Stokes equations. The proofs of these theorems
and a general discussion of the longtime dynamics of the Navier—Stokes equa-
tions, when the parameter ¢ is small, are given in Sections 6. We present in
Section 4 the key mathematical properties required for these proofs. (Some
of the technical arguments used to verify these properties are presented in the
Appendix, Section 7.) In particular, we prove fundamental inequalities of the
Poincaré-Trace class and variations of the classical Ladyzhenskaya and Agmon
inequalities. Also we develop here the theory of the boundary behavior of strong
solutions in the setting of the Navier boundary conditions. This theory is used
to study the Stokes operator, in particular, the uniform estimate for ||u|| g1 in
terms of ||A%u|| r2 (Uniform Korn Inequality), and the uniform estimate for
|lu|lz2 in terms of ||Aul||r2. The averaging operators needed in our analysis
and their properties, such as the generalized Poincaré inequality (4.82), are also
presented. The main nonlinear estimate is obtained in Section 5. In the proof,
we make use of the geometric interpretation of the Navier boundary conditions
found in Section 4.

2 Preliminaries

In this section, we present the functional spaces and operators which are impor-
tant to our study. This includes both the setting of general bounded, smooth
domains €2 in R? and the nearly flat domains Q = Q3, which are under consid-
eration in this article.

In this article, we make use of the following Hilbert spaces:

L*(X)* = L*(X,R*) and H™(X)® = H™(X,R*) = W™?(X,R"),

where m and k are positive integers, X can be , Q°, T, T?, etc.
Since we will focus on the domain €2¢, and since the constant k is understood
by the context, we will sometimes use the abbreviated notation:

(2.1) L? =L2(Q°)* and H™ = H™(Q°)*.
Thus the norms and inner products
(22) || : ”L2 = H ' ||7 || ' HHma <'a '>L2 = <'a '>7 and <'a '>Hm

refer to the convention described in (2.1).

2.1 General domains

We consider in this section an open, bounded, connected domain Q C R® with
C* boundary 02. We assume that the Navier boundary conditions (1.11) are
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satisfied on 0. Let
(23) Hy = i) L {uel?Q)?:V-u=00n, u-N = 0on 0}
Recall the classical decomposition

L*(Q)® = Hy @ H", where Hi* = {V¢: ¢ c H(Q)}.

We treat a variation of this decomposition below.
The Green formula: We use here the Euclidean structure on R?, where

u-v and Du : Duv is the scalar product of the matrices: Du and Dv. For
u € H%(QF)? and v € H'(QF)3, one has

/ Au-vdr = / [-2(Du: Dv) + (V- u)(V -v)] dz
(2.4) @ @
+ 69{2((DU)N) v —(V-u)(v-N)}do.

Equation (2.4) is proved by means of a straightforward integration by parts, see
[21, 42, 47], for example. The variational form of the Navier—Stokes equations
under the Navier boundary conditions, is based on (2.4).

When v and v are divergence-free, u satisfies the Navier boundary condition
(1.11), and v satisfies the slip condition (1.12), the boundary integral in (2.4)
vanishes, and one has

—/Au~vdm=2/(Du:Dv)dx.
Q Q

One defines the bilinear form
(2.5) E(u,v) = 2/ Du : Dvdx, for u,v € H(Q)3.
Q

Note that E(-,-) is bounded in H'(Q)3 and

Furthermore, E(u,u) = 0 if and only if u = a + b x = for some a,b € R3. In
this connection, we define

(2.7) Z Qet {u=a+bxx satisfying u- N = 0 on 99, for some a,b € R®}.

By restricting to a subspace V of H!'(Q)? that is orthogonal in L%(2)3 to

Zy, the Korn inequality (see e.g. [42]) implies that there is a constant C' > 0
such that

(2.8) [}y < CIEwu) |32,  forallueV,
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which shows that F(-, ) is coercive in V. For the Navier-Stokes equations, we
also require that V' C H;, where H; is defined in (2.3). In particular we set

(2.9) V=v'¥L gy nH N Z =1 N H,

where Z3- denotes the orthogonal complement of Zy in L?(2)3, and

(2.10) H¥ gzt

For the vector fields satisfying both Navier boundary conditions, we define the
space

(2.11) V2L (e H2(Q)® N V' (1.11) holds on 99}

The (related) Helmholtz-Leray Projection associated with the Navier
boundary conditions is denoted by P, and it is the orthogonal projection of
L?(Q)? onto the space H.

This brings us to the Stokes operator A. Since the bilinear form E(-,-)
satisfies (2.8), one can use the compact imbeddings

Ve H -V

where V1 is the collection of all bounded linear functionals on V!, with the
Lax-Milgram theory, to define the domain D(A) and the Stokes operator A. For
a functional w € V!, we denote the value of w at v € V! by the nonsymmetric
form w(v) = ((v,w)). From the Riesz Representation Theorem, it follows that
there is a bounded, linear, one-to-one mapping B € L(V, V1) of V! onto
V1! such that

(2.12) E(v,0) = ((v,B%)), forallv,v € V'
One then uses the identity (2.12) to define
D(A) = {veV': Bve H}.

The Stokes operator A is the restriction of B to D(A), i.e., Au = Bu, for all
u € D(A). One also obtains the compact imbeddings:

(2.13) D(A) — Ve H «— VL

As a result of the Lax-Milgram theory, see [41], for example, one knows that
the operator A is a positive, selfadjoint operator on H, and that A has compact
resolvent. By using (2.4), one readily obtains

E(u,v) = —(Au,v)12(q), forallue VZand v e V%
With v € V! one has Pv = v, and

E(u,v) = (P(-Au),v)12(q), foralluec V2 and v e V!
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From the regularity theory for the Stokes operator, see [42], one finds that
(2.14) VZ=D(A) and Au = P(-Au), for u € D(A).

Moreover, the fractional powers A" are well-defined, for all r € R. We let
V2 = D(A"), for r > 0. One has V! = D(Az) and

(2.15) A2 u)32 ) = E(u,u) = 2||Dull}sq), forue V™.

2.2 The Domain Q3 = QF°

The considerations of the last section apply to the Navier—Stokes equations on
the nearly flat domain Q3 = Q°, for each ¢ € (0,1]. One of the main problems
we face in this article is to show that various constants, such as the constant C
appearing in (2.8), can be chosen to be independent of ¢, see (4.31), for example.
Because of this and the periodicity condition, necessary modifications are made
for the definitions of the spaces V! and H described in (2.9) and (2.10). First
of all, we characterize the space Zy defined by (2.7).

Lemma 2.1. A vector field u belongs to Zy if and only if u = (a1,a2,0) satis-
fying

(2.16) (a1,a2)-Vag;(z') =0 for all 2’ € T?, and j =0,1.

Proof. Let w = a+b x x be in Zy, where a, b € R3. Because of the periodicity
in 2/ € T?, one finds that b = 0. Let a = (ay,a2,a3) and set @ = (ay,az). Since
a-N = 0onT, it follows that, see (4.21),

(217) a3 = E(a' Va gj) on Iy, for both j =0, 1.

We now integrate the last equation over the torus T? to obtain

a3:/ CLgd.’ElZE/ (a-Vayg;)dx'.
T2 T2

Since |1, 0; gjdx’ = 0, for i = 1,2 and j = 0,1, one finds that az = 0. Further-
more, relation (2.16) is valid.

Conversely, assume that u = (a1, ag, a3) with ag = 0 and (2.16) holds. Then
(2.17) is valid and one has u- N =0 on I'. Hence, u € Zj. O

The above lemma gives
(2.18)  Zy = {u=(a1,a2,0) € R® : (a1,a2) - Vag; = 0on T? j=0,1}.

If u = (a1, a2,0) is in Zp, then by subtracting one equation from the other
in (2.16), one obtains

(a1,a2) - Vag(a') = 0, forall 2’ € T2
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Therefore where

(2.19) Z1 2L {1 = (a1,02,0) € R® : (a1,a2) - Vag(a') = 0, for all 2’ € T2}.

Note that we can consider Zy and Z; as subspaces of L%(Q¢)?, for any € € (0, 1].
By virtue of the Uniform Korn Inequality (see Proposition 4.12 and Re-

mark 4.15 below), it turns out that the space Z; is more appropriate for our

study as € — 0. Therefore, we make the following important assumption:

Domain Assumption: We assume throughout that
(2.20) Zy=2.

With this Domain Assumption, the spaces H, V! and V2 for the domain
Q3 = Q° are defined by (2.10), (2.9) and (2.11), the same way as for the domain
Q.

For the discussion on the Domain Assumption, see Remark 4.16.

Remark 2.2. For domain g, see (1.14), which is studied in [21], the Domain
Assumption is satisfied.

Remark 2.3. When Z; # {0} there is a scalar field ¢ = ¢(z’) on T? such that
g(z1,22) = dlagx1 — ay x2), for all 2’ = (z1,22) € T2.
If ¢ = const, then dim Z; = 2. Otherwise, one has dim Z; = 1.

We note that there is an alternate, but fully equivalent, way to view functions
or vector fields on the domain 3. One begins with the unbounded domain

Q4 = {((El,.’tz,irg) S RS : h()(l’l,xg) < x3 < hl(il,xg)}.

A vector field u = u(z’,z3) on €y is then restricted to be periodic in z’ =
(x1,72) € R?, ie., u(a’ + n',x3) = u(a’,23), for all n’ € Z2. Thus the vector
field is defined on Q3. Our choice of the factor group T? = R?/Z? = (0,1)2
is made only to simplify the notation. Other geometries, such as rectangles,
parallelograms, or equilateral triangles also arise in this way, when one replaces
Z? with other tilings of the plane R?, see for example, [33, 23, 30].

Remark 2.4. For u € H'(Q3)%, with D(u) =0 one hasu =a+b x x, x € Qy,
as a vector field on 4. Due to the periodicity of u, the vector b must be zero.

The Ubiquitous C. We will use the symbol C' to denote a local variable in the
sense that it may change from line to line, sometimes more often. We interpret
C as a positive “constant”, independent of €.

3 Main Results

The Main Results, which we present here, consist of The Main Theorem on
global existence, with two corollaries, along with two theorems on the global
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attractors for the problem. For the remainder of this article we let (f, ug) denote
the data of the Navier—Stokes equations (1.1) on 3 = Q°. We assume, in the
following Theorem 3.1, Corollary 3.2 and Corollary 3.3, that that f satisfies

Forcing Function Assumption I: f(t) is orthogonal to Z; in L?(2¢)3,
i.e. f(t) € Zi, for all t > 0.

Next we let
(31) K = K(pv%ra 8) = (kO,pv kl,qv KO,T7 Kl,s )7

where ko p, k1,4, Ko, and K; ¢ are positive parameters, and p,q,r,s denote
nonnegative numbers. In the Main Theorem stated below, we assume that the
data (f,ug) satisfy:

[Mauollfe < kope?, Nuollipn < ki e '™,

(3.2) s
IMaPf% < Ko,pe (1= Ma)(P )% < Kfge™ e,

where M, is an orthogonal projection on L?(QF)3, see (4.67). Also, we define

(3.3) m|2 EE (k2P + k2 '), i) S (K, e + kD, ),

(3.4) 02 2L (K2, " + K3, %),

The quantities |7|? and |[¢|? are used later as e-dependent measures of the
size of ug and f, respectively. With ¢; > 0 given by the Uniform Korn Inequality
(4.12), we define a by

(35) da = Ci.

Theorem 3.1 (Main Theorem). LetK, |m|?, |m|2, and |€|2 be given as above,
where p, q,r, s are arbitrary nonnegative numbers. Then there are g1 € (0,1] and
R(Q) > 0 such that if 0 < e < &1, and

(3.6) im|2 + |02 < RE,

and the data (f,ug) € L>(L?) x V! satisfy (3.2), then the Navier-Stokes equa-
tions (1.1) has a unique, strong solution u(t) on [0,00) satisfying u(0) = ug.
Moreover, there are positive constants D? and D3, which do not depend on e,
such that one has

(3.7) lu(®)|[Fn < e7' DY (Imf2 + [¢2), forall0 <t <1,
(3.8) lu@®) |7 < e DT (e Im|Z +1¢|2), for allt > 1,

69 [l

IN

e ' DZ(Im)? + |€), forall1 <t <2,

t
(3.10) / HU(T)”%{Q dr < et D% (6*2at\m\§ + \€|g), for all t > 2.
t—1
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The next two corollaries of the Main Theorem are of special interest. First,
we set p =g =r = s = 0 and obtain the following generalization of a result in
[21]. The corollary specifies the largest size of the data, obtained by our theory,
so that the global strong solutions exist. Note that the inequality (3.11) imposes
a smallness condition on K = K below.

Corollary 3.2. Let Pp=q=T=8= 0 and K = KO = (]C()v()7 1431707 K(),o, K170).
Assume that

(3.11) Kol> = kg o+ ki o+ K§o+ Kio < RS,
Suppose 0 < € < &1 and (f,ug) € L=(L?) x V! satisfy

IMauollZs < k5o luollfn < kige™

(3.12) ~
IM2P fl% < KGoo (1= M) (P )% < Kige™

Then the strong solution u(t) exists for all t > 0. Moreover, fort > 2, one has

(3.13) lu(®)|[F < e ' D} (e_mt(kg,o + k%,o) + Kg,o + K12,0)7

t
(3.14) / () e dr < 7D (7 (5 + ko) + Ko+ K.
t7

Next we set r = s = 1 and p = ¢ = 0. The goal is to obtain a better estimate
for ||u(t)||%:, for large ¢, which is independent of ¢, see (3.17). This corollary
will be used when we study the behavior of the global attractor for small € > 0.
The hypotheses used here insure that the expressions MsP f and (I — M2)(P f)
can be large, but not too large - in appropriate norms, as € — 0.

Corollary 3.3. Letr =s = 1, p=q= 0 and K = Kl = (k‘o707 kl,Ov KO,l, K171).
Let Ko and R3 be given by Corollary 3.2. Assume that 0 < e < g1,

(3.15) kg,o + k%,o + E([(0271 + K1271) <R3,

and (f,ug) € L>®(L?) x V! satisfy

510 Pwls < o luolly < Koe™

IMaPfI5 < Kgpe, (- M) S < Kiy

Then the strong solution u(t) exists for allt > 0, and the relations (3.13), (3.14)
hold, with e(K§ , + K3 1) replacing (K§ o+ K3 ). In particular there is Ty > 1
such that for t > Ty, one has

(3.17) lu(®)[3: < 2D2 (K2, + K2,),
t

(3.18) / () e dr < 2D (3 + K2).
t7

Remark 3.4. It should be noted that, while the entries in Ko may be small -
due to inequality (3.11) - the entries Ky and K71 in Ky may be (very) large
for small € > 0 - due to (3.15). Indeed, for arbitrarily large Ky and Kj 1, there
is e2 € (0,e1] such that (3.15) holds for all € € (0, eq].
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Remark 3.5. Another application of the Main Theorem occurs with » = s =
p = 1. In this case, the inequality || Ms uoH%Q(QE) < k3 9, which appears in (3.16),
is replaced by [[Mzuo||72(q.) < kg 1. The rationale behind this assumption is
that the term Msug does not depend on 3, see (4.67) and (4.59). Therefore,
for small € > 0, one has

M2 uol|72(qey = CellMauoll7amey < kg e

If small € > 0 is chosen so that k‘g’le < k%,m then one can invoke Corollary 3.3
with || Mo u0||2L2(T2 = Ce~!. Thus, in this application, ||Ms u0||2L2(T2) may be
chosen to be very farge.

Next, we describe several aspects of the theory of global attractors of the
weak and strong solutions of (1.1). First, we denote by C'L* the space L (R, L?)N
C(R, L?), endowed with the ucbs-topology, that is, the topology of “uniform

convergence on bounded sets” of R, see [35] and [40]. The norm of any function

fin CL* is defined by
def
£ lloo == sup | £(£)]] z2-
teR

In the following Theorems 3.6 and 3.7, we assume that:

Forcing Function Assumption II: The forcing function f belongs to a
set H = H., where H, is a compact, time-translation invariant subset of C' L,
and f(t) is orthogonal to Z; in L2(0%)3, i.e. f(t) € Z{, for all t € R.

One then obtains a family of equations:
(3.19) ou—vAu+ (u-Viu+Vp=f; V.-u=0, where f € H.

Reference is made below to the concept of the global attractor of the Leray-Hopf
weak solutions of the Navier—Stokes equations, in the sense of [39], also see [9]
and [41].

Denote by M the set of data (f,up) € H x V! such that the strong solution
u(t) exists for all ¢+ > 0. The constant d% > 1, which is used below, arises in
Lemma 6.1.

Theorem 3.6 (Attractor I Theorem). Let p,q,r,s, the vector K and € be as in
in the Main Theorem 3.1. Assume that

(320) MBI < Ko< - M)EDIE < KL

holds uniformly for f € H. Let

(322) By ={ueV': |ulfp < e 'DI0E and |ullf. < dF[€2}.

(321) By = {ue V' Mol < K, and Julfn < K e,

Then the set H x Bf is contained in M, the orbit v (H x By) is a bounded set
in H x VY, and the omega limit set X. = w(H x Bg) is a nonempty, compact,
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invariant set in M that attracts H x Bg. Furthermore, the set K. is a subset
of H x (Bf NV?2).

Assume in addition that K and € satisfy
(3.23) d3 1012 < min(kj, €, k7 ,e7),

where d3 is a fived positive number. Then . = K. is an attractor of the strong
solutions of (3.19) in H x V1, and the basin of attraction B(2l.) contains the
set H x Bj. Also, one has

(324) W cIHx{ueV: ulfn < DI (G, 4 K
Moreover, . is also the global attractor for the Leray-Hopf weak solutions and

the globally defined strong solutions.

One might expect, as is the case in other theories, that for small € > 0, the
H'-bound on the global attractor 2. may be independent of ¢. Indeed, this is
the case when the body forces have appropriate sizes (r = s = 1) as shown in
the following theorem.

Theorem 3.7 (Attractor II Theorem). Let r = s =1 and let positive numbers
Ko and K11 be given. There is €3 > 0 such that if ¢ € (0,e3] and the property

(3.25) IM2 P fI5, < Kgae, (- M)(P S35 < Kiy,

holds uniformly for f € H, then the global attractor 2. for globally defined
strong solutions exists and satisfies

(3.26) A C H x {u eVl : |lul} < D?(KZ, +K12)1)}.

Remark 3.8. A related theory of the global attractor for the nonautonomous
Navier—Stokes equations appears in [35].

4 Fundamental Issues

In this section we present a number of basic lemmas which form the building
blocks for the general theory of global existence and longtime dynamics of the
Navier—Stokes equations on 23 = ¢, as is developed in Section 6.

4.1 Auxiliary Inequalities

We present here auxiliary inequalities for thin domains. Our objective is to
derive the explicit dependencies on the parameter €. The proofs of these lemmas
are given in the Appendix.

Lemma 4.1 (Poincaré - Trace I). Let r € [1,00) and ¢ € WHT(QF). Then

(4.1) 19l Lr ey < Cer ||l irr,) + Celldsdlir@ey, 4 =0,1,
(4.2) 6]l ry < Ce™ ||y + Ce*~ T [|836]| 1 (e -
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In particular, for ¢ € H'(QF), we have
(4.3) 9l 220y < C€%||¢||L2(rj) + Cel|030|| L2 (<), J =01,
(44) el < CeFdlaar) + C e 956l
Lemma 4.2 (Poincaré - Trace I1). Let r € [1,00) and ¢ € W (Q°) satisfying
ha(2)
(4.5) /ho(w/) (', y3) dys = 0, for ' = (x1,22) € T2,

Then one has

(4.6) 10l Lr(0s) < Cell0s¢]l - (ae),
(4.7) 6]l -y < Ce' ™7

In particular when r = 2, one obtains
(4.8) [8l[12(05) < Cel|03¢]| L2(0)>
(4.9) I8llz2(r) < C<211056]| 2 ().

Lemma 4.3 (Ladyzhenskaya Inequality). Let ¢ = o(z1,22) be independent of
the third variable. Then one has
1/2
el zae) < Ce™3 [l@lltatan el iqe) -

Lemma 4.4 (GLNS! Inequality). For ¢ € H'(Q2F), one has
2/3 _1 1 1/3
(410)  [9llzsar) < CeH 015 0n) {eH Il r2(0r) + 21050020y | -

If in addition, ¢ satisfies f}z)l((z,l)) d(2' y3)dys = 0, for all ' = (x1,72) € T?,
then one has

(4.11) 9lls ey < Cll9ll (a0,
and in general
(4.12) I8y < C* "2l for2<r<6.
Lemma 4.5 (Agmon Inequality). Let ¢ € H?(QF), then
Z1i1/4 1/2

16l (ae) < Ce™2 (18]l fatae) Il o)
(4.13) 2 s
{I16l1z2(@e) + 190l 2ae) + €210a0u0l 20y} -
If, in addition, [, l(g:‘; ) é(x',y3)dys = 0 for all ' € T2, then

(4.14) [[ll ey < ClOs6] faoe 16]l e (1058]| 0y 2| sl 2 0e)) 2.

I Garliagdo-Ladyzhenskaya-Nirenberg-Sobolev
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4.2 Boundary Behavior

In this section, we interpret the Navier boundary conditions and show how
they yield new estimates in the context of thin domains. In particular, we first
examine the interactions between the two Navier boundary conditions, (1.12)
and (1.13), and the normal and tangent vector fields along the boundary I'. We
also present the proof of a uniform Korn inequality, see Proposition 4.12.

In this paper we use notation 9/97 where 7 € R3, 7 # 0, to denote the
Gateaux derivative with respect to vector 7. For example, one has

Oou .1
9 = flzll% E(u(m—&—hT) —u(x)).

If |7| = 1, then this is the usual directional derivative.

4.2.1 General Properties

We present here a reformulation of the two Navier boundary conditions (1.11)
in terms of directional derivatives on the boundary I'. Let 23 = €2 be given as
above. It should be noted that in the following result, we do not require that
either of the vector fields N or 7 be normalized, that is, |[N| =1 or |7| = 1.

Proposition 4.6. Let O be an open subset of T? x R! such that T = 00N O is
nonempty. Let N and7 be nonvanishing vector fields belonging to C*(QeNO, R?)
with the property that the restrictions N ’1‘ and ?|F are respectively, normal to
and tangent to T'. Assume that u belongs to C*(Qf N O,R3) and satisfies the
slip boundary condition (1.12) on I'. Then one has

ou ~ ON

— N+ — . u=0, I.

or a7 on

If, in addition, u satisfies the second Navier boundary condition (1.13), then
one has

(4.15)

ou . ON
—_— T =U- —

(4.16) N 5

on T.

Proof. By taking the derivative 0/07 of equation (1.12), we immediately obtain

(4.15). Assume next that u satisfies (1.13) so that on I, one has [(Du)N]-7 = 0.
One then obtains

. N 9 .
0= (Vo)N -7+ (Vu)iN 7= 2L .5 L N (Vu)7,
ON
on I', which in turn yields
(4.17) M 2 9 F_0, on T
ON orT

Therefore (4.16) follows from (4.15) and (4.17). O
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When u = (u1,ug,us) satisfies (1.12) on I', one has:
(4.18) ug =€ <u1 0195 + u2 829]-) on Iy, for 7 =0,1.
It follows that
(4.19) lug| < Ce(Jur| + |uzl), on T.

One now obtains the following Poincaré-like inequality, even though us does
not satisfy the Dirichlet boundary condition on the top or bottom, nor does u3
satisfy the zero vertical average condition (4.5).

Lemma 4.7. Let u be in H'(QF)? and satisfy the slip boundary condition (1.12)
on I'. Then one has

(4.20) lusllz> < Cellullg.
Proof. By using (4.3), (4.19) and (4.4), one obtains
lusllz= < Ce?llus]|2qry + Celldsusl| 12
< O3 ||(ug, uz)| L2y + CellOsus|| 2

< Ce? (7 |(un, wa)llpaqary + CeF 9(ur, )l 20y ) + CellOsuslns,

which implies (4.20). O

In our study the boundary conditions, we need extensions of the normal
and tangential vectors from I';, for j = 0,1, to the whole domain ©°. For the
extension of the (outward) normal vector field we use:

(4.21) N = N¥(z) = N7/|N7|, where N7 = (=1)7(d1h;, D2hj, 1),

for j = 0,1, where z € T? x R. For the two tangential vector fields on I' and
their extensions, let

(4.22) 799 =743 /|F83| where 74 = €' + 0;h; €3, fori=1,2, j=0,1,

where {el, e?, €3} is the standard basis of R?. For each j € {0, 1}, on the surface
I';, the two vectors 717 and 727 form a basis of the tangent space. Note that
the vector fields in (4.21) and (4.22) on Q° are independent of x3. From the
formulas above, we have, for ¢ = 1,2 and j = 0, 1, the following estimates of the
Euclidean norms over (2°:

(423) ‘VNJL |VTi7j|7 |63 _N1|7 ‘63+NO|7 |€i —Ti’j

< Ce,
It is convenient in some cases to use an orthonormal frame field

(4.24) {o!, 0%, o*} = {o!, 0%, N}
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with ¢! = ¢!, 62 = ¢%J and N = N7, on each surface I, for j = 0,1, of T.
The orthonormality refers to the relation o*(x) - 0™(x) = &), in R3, for all
x € I'. There are many ways of constructing such a frame. Here is one. We
begin with the pair 7! =717 and 72 = 727 on I';. Define

ol =71, 52 =724~7 andset of =35%/[g"| fork=1,2,
where v is chosen so that ¢! -52 = 0. Explicitly, v = — (71 -72)|71|72 = O(?).
Similar to Lemma 4.7, we obtain in the following weak Ponicaré inequalities
for a couple of particular entries of Vu, where u satisfies the Navier boundary
conditions.

~

Lemma 4.8. Assume that u belongs to H*(QF)? and satisfies the Navier bound-
ary conditions (1.11) on T'. Then one has:

(4.25) |0sui]l L2 < Cellu|| g2, fori=1,2.

Proof. We prove the inequality for the case ¢ = 1. The argument for i = 2 is
similar and is omitted. Using (4.3) with j = 0 (the case j = 1 also yields a
similar result), we have

(426) ||83’LL1 ||L2 S 057 ||83’LL1 ||L2(1"0) + C€||8333u1 HLz.
In order to estimate Hf)‘gulHLz(po), we write

8371,1 Vu1

(
=
= ( (e =710)- NO = ((Vu)'m10 - N°
= ( flel — 710  NO — ((Vu)NO) - 710,

Let 7 = 710 and N = NV in (4.16), we have ((Vu)N?)-71:0 = ((VNO)710).4 on
I'y. Then thanks to (4.23), the Euclidean norm satisfies: |0su;| < Ce(|Vu|+|u|)
on I'. Together with (4.26) and (4.4), we obtain:

|05usllze < Ce - e(e™ 2 lullmr + 2 ullaz) + Ce| V2ull 2 < Celull 2,
hence we obtain (4.25) with ¢ = 1. O
Remark 4.9. In the case g9 = 0 as in [21], one has d3u; = 0 on I'y. Then
(4.25), with 4 = 1 immediately follows from (4.26).

4.2.2 Uniform Korn Inequality

When € = 1 the domain Q¢ becomes

(4.27) Q' = {(y1,92,93) € T> xR : go(y1,92) < y3 < g1 (y1,92) }-

This domain is also considered as a dilation of the domain Q¢ by using the
change of variables y = (z1, x5, 123), for z € Q°.
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First, we recall the Korn inequality for the fixed domain 2. The proof can
be found in [4, 42, 47], for example. According to Remark 2.4, the null space of
D(-) in HY(Qf)3 is

(428) Zy = {u = ((Ll,az,ag) € R?)} - L2(QE)3.

Proposition 4.10 (Korn inequality for Q!). There is ¢* > 0 such that if u €
HY(QY)3 and is orthogonal in L*(Q) to the space Zs, then

(4.29) ||Du||L2(Ql) < ||UHH1(£21) < c*||Du||L2(Q1).

Corollary 4.11 (Korn inequality for individual Q¢). There is C > 0 such that
if u € HY(QF)3 satisfies the slip condition (1.12) on T and is orthogonal in
L2(QF) to the space Zs, then

(430) ||u||?_[l(Q€) S C€_4||Du||2L2(Qg), fO’f’ O < € S 1.

We will prove this corollary below. Since the factor Ce™* in (4.30) is un-
bounded, when ¢ — 0, our next objective is to prove a uniform Korn inequality
on the domain Q3 = Q°. The proof of the next result is given below, as well.

Proposition 4.12 (UKI: Uniform Korn Inequality). There are numbers g €
(0,1] and ¢ > 0 such that

(4.31) e |lull?n < E(u,u) = 2||Dul22 < 2|jull%, for 0 < e <ey,

and for all w € H*(Q°)3 that satisfies the slip boundary condition (1.12) on T
and that is orthogonal in L*(QF) to the space Z1 (see (2.19)).

We define a mapping ®. : L?(Q') — L?(Q°) by
(4.32) d.p = @, for ¢ € L2(Q), with o(z) = é(y),

where z € QF and y = (v1, 22,6 '23) € Q. Thus ®. is an isomorphism of
L?(QY) onto L?(9°). Note that the L?-norms satisfy

(4.33) 617201y = 192 @l 7201y = €7 lell72(00-
Of course, one has ¢ € H(QF) if and only if ¢ € H*(Q2!), and
(4.34) o = dip, Do = op, D3 = edsp,

where 9; denotes 0/0y; for i =1,2,3.
We will use below the notation V = (91, 0s,03) and Vo = (91, 02), and set

- - N 1 - .
(81 v; + 8j ’Ui), (D ’U)iJ = = (6761"361‘ v; + 675j’38j ’Ui),

(4.35)  (Dv);, = 5

N | =

fori,j =1,2,3, where d;, 3 is the Kronecker symbol, for k£ =1, j.
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By using (4.34) and (4.33), one obtains

Vel = IVa@llizae) + 1105 0ll72(0r)

(4.36) - o
= e (V2 Iz (1) + 721105 6l 22(ar))-

Hence it follows that
(4.37) v P2y < IVellizge) < et IV Ol 72(0n)-
Proof of Corollary 4.11: Let v = (v1, v2,v3) = - (u1,uz, cuz). That is,
0(y1, Y2, y3) = (w1, u2,eus)(y1, y1,€y3), v € D,
or equivalently,
w(zy, T, 23) = (v1,v0, tv3) (21, 20,6 '23), 2 € QF.
One can verify that v L Zs in L?(Q), that d;u; = 5,;fuj, for 4,5 = 1,2, and
Osug = 5_2531)3, Osuj = 5_153,1)]-7 Ojus = 5_15]-113, for j =1,2.
Hence by using (4.33) one finds

(4.38) IVullZe (e < e 2IV0llZ2(qn),

~ _ 1
”DU”i2(Ql) =€ 1{ Z Z||8iuj+8jui||2m(ﬂs) +54||33U3||2L2(Qs)

(4.39) W‘Ilf
+e? Z 1”831@‘ + 8ju3||%2(95)} < €_1||Du||%2(ﬂs)_
j=1,2

Combining with the Korn inequality (4.29) in !, one obtains
HVUH%Z(QE) < 5_3||V'U||%2(Ql) < CE_?)HD’U”%Q(Ql) < C€_4||Du||%2(gg).
Similarly,

[ullF2ey < e Hvll7eary < Ce™H[Doll72(qry < Ce™?||DullF2(ge -

Therefore one obtains (4.30) O

The first step in proving the inequality (4.31) is the following estimate of a
boundary integral:

Lemma 4.13. Given 8 > 0, there is a positive constant C(f3), which does not
depend on e, such that one has

(4.40) < BIVulizae) + CB)llulliz(oe)

/F ((Vu)u} - Ndo
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for any ¢ € (0,1] and for all w € H'(QF)? that satisfies the slip boundary
condition (1.12) on T'. Consequently,

(4.41) [Vul|72iqey < 4 Dullfz(oe) + CollullZz (o0
where Cy is a positive constant which does not depend on ¢.

Proof. We use here the normal vector N7 given by (4.21). Note that one has
1+ |V3h;[2 N7 = NJ. The integral of the left term in inequality (4.40) is
rewritten as

[y Nar= 3 [ ()5

j=0,1
Next we apply the relation (4.15) to the integrand on the right with 7 = v and
N = NJ for j = 0,1, to obtain
/{(w)u}.Nda =-> / w- {(VN?)u} da’
r j=0,17T?

(442) = / (u%@%ho + u%@%ho + 2U1U28182h0) dZL'/
T2
- / (u%@fhl + u%@%hl + 2’LL1U28162h1) dx’.
T2

Define the 2 x 2 symmetric matrix-valued function ¥¢ = ¥ = ¥U;,(a’, z3), for
i,j =1,2, by

1
\Ilij(:zz’, 133) = % ((1‘3 — ho)aiajhl + (h1 - Ig)aiajho)

—h
= 8i8jh0+ 3 0

&Ojg.

Let @ = (u1,u2). By means of a straightforward calculation, one finds that
equation (4.42) can now be rewritten as:

/{(Vu)u}~Nda:/ w-Yu dz’—/ u- 9T dx’
(4 43) N T2 Z3:h0 T2 Ig:hl
' 0
- [ 2 (@ v de
. 923 (u- 97) dx

Notice that one has |¥;;|,|0s%;;| < C. With the Hélder inequality and using
L? = L*(QF), one finds that

< Cllullzzo IVl cage) + CllullZz e,

/F (Vu)u} - N do

which implies (4.40), by using the Young inequality.
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To prove (4.41), we note (as in [21]) that the definition of Du yields
21D oy = IVulisn+ 3 [ (@)@ o
1<i,j<3 7§

By integrating the last term by-parts twice and using the slip boundary condi-
tion (1.12), one obtains

/ (05 uj)(0j u;) dox = / (V-u)?de + /{(Vu)u} - N do.
1<4,5<3 /8¢ € T

Since [,,.(V-u)*dz > 0, it then follows from inequalities (4.40) (with particular
value = 1/2) that

||Vu|\2Lz(Qa) < 2||Du||%2(95) + ’ /F{(Vu)u} : Nda.’

IN

1
2||DU||%2(QE) + §||VU||2L2(QE) +C ||U||2L2(Qs)-

Thus (4.41) follows. O
The main step used in the proof of UKI is the next lemma.

Lemma 4.14. Given (8 > 0, there exist €g € (0,1] and C(5) > 0 such that
(4.44) [ullZ: < BVullZ: + CB) [|Dull7e,

for all e € (0,e0] and for all u € H(Q°)3 N Zi- that satisfies the slip boundary
condition (1.12) on T'.

Proof. Fix 8 > 0. Suppose on the contrary, that there are sequences ¢,, € (0, 1]
and u,, € H'(Q")3N Zi-, with €,, — 0, as n — 00, and u- N = 0 on dQ°" such
that

(4.45) [unllZzieny > BIVURlZ2(@eny + 71D unlZe(gen)-

By multiplying equation (4.45) by €, and using the relations (4.33) and (4.37),
one obtains:

(4.46) ||Un|\%2(91) > BV UTLH%Z(Ql) + Be,%)|0s vnH%Z(Ql) tn ||Dvn||%2(91),

where v, = O Luy,.

Without loss of generality, we assume ||v,||z2(g1) = 1. Then (4.46) becomes:
(4.47) 1> 3V, |72 (01 + Ben?|0s |72 (01 + ”HﬁUnH%z(Qly
It follows that the sequence ||y || g1 (q1) is bounded and that

||53 Un||L2(Ql) — 0 and ”f)vn“L?(Ql) — 0, as nm — 0o.
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Since )

= 1D on 221y > 521105 0,3l 7 201y
we see that
(4.48) S vn73||%2(91) — 0, as n — oo.

Consequently, there are subsequences, which we relabel as ¢, and v,, and a
vector field v € HY(Q')3, such that v, — v strongly in L?(Q') and weakly in
HY(QY). Furthermore, one has [v]|z2(0r) = 1 and dzv =0.

Let T = I‘O U I‘l, where T' o and F1 are the bottom and top boundaries of Q!.
Then v,, satisfies

(449) Un,3 = €7L(UTL,1 o1 g; + Un2 O gj), on Fj, j= 0,1,
From (4.49), one obtains
||”n,3||L2(f) < CEn(an,l”Lz(f) + ||ﬁn,2“L2(f))-

Next from inequality (4.4), with e = 1, one finds that

lvn3ll 2@ < Cen Y (lonill 2y + 105vnll L2 ()

i=1,2

Hence ||vn$||L2 — 0, as n — oo, and subsequently v3 = 0 on I. Since
d3v = 0, one has vs = 0 in QL. Since | Dy, v, || 12 @) — 0, as n — oo, one has
(’911)2 +82v1 = 311)1 = 821)2 = 0. Since one also has v3 = 0 and (’931) =0, we
obtain 0; v + (‘3 wv; =0, for i, j = 1,2, 3, which implies that Dv=0. According
to Remark 2.4, v = a € R®. Thus v = (a1, az,0) on QL.

We will now show that v € Zi-. Fix @ = (a1, a2,0) € Z1, see Lemma 2.1. By
assumption, one has (uy,a)r2(q-) = 0. This implies that v, = <I>E_1un satisfies
(Un, @) 201y = e~ Huy,, a)r2(qs) = 0. The last equation holds in the limit and
one obtains (v,d)z2(q1) = 0. Thus one has v Lj2(q1) @, or v € Zi-.

Next we show that v € Z;. By taking the difference of the two equations in
(4.49), one obtains:

et (vn(916) = vnslo0)

= (vn,1 0191+ Vn202 g1>

Un,1 01 go + Un,2 02 90)

y3=g1(y’) a ( ys=go(y’)

We assume for the moment that the left hand side of the equation above tends
to 0 in L?(T?) and lim,, . v, ; = a; in L?(T?), for i = 1,2. It follows that the
right hand side goes to a10g; + a20g2 in L?(T?) as n — oo. and consequently,
one has

a-Vag(y') = a1019(y) + azda9(y’) = 0, for all y € T?,
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where @ = (a1, az) This implies that v € Z;, see Lemma 2.1. Since v € Z; ﬂny
one has v = 0, which contradicts the fact that the norm [|v||z2(q1) is 1.
In order to complete the proof of this lemma, we note on one hand that

g1(y’) _ 2 ,
/ Byvns(ys) dys| dy
g90(y’)

Cen? 103 vn3]2(0n)

22 [ onaon) = mmalon WPy’ = & [

IA

which goes to zero as n — oo thanks to (4.48). On the other hand, using trace
estimate (4.4) on Q' we have

[vn,i = aillL2(r2) < Cllong — aall 2 < Clllvn,i — aill 2oy + 10svn,illL2@1)),

which goes to zero thanks to the fact that v,, — v = (a1,as2,0) and 53% — 0in
L?(QY) as n — oo. O

Proof of Proposition 4.12: The right-inequality of (4.31) is trivial. We will
combine Lemmas 4.13 and 4.14 to prove the remaining left-inequality. Fix
so that Cy 3 = %, where C5 is the positive constant in Lemma 4.13. Let g be
a positive number as in Lemma 4.14 for such value of 3. Let € € (0,g]. One
combines (4.41) and (4.44) to yield

IVullZz < 4| Dull7 + Callull7: < 4l|Dulz + Co2(BlIVullZ: + C(B)||Dul|7:)
1
< 4| Dul|72 + 5HVU|I%2 + C||Dul|75.
Hence one has

(4.50) [Vul2. < C||Dul?..

Now that we have (4.50), applying Lemma 4.14 again gives
lullz2 < BlIVulz: +C(B) [Dullz: < CDul..
Thus we obtain ||u|%,, = ||ul|3: + ||[Vul]3: < C||Dul3.. O
Hereafter, the positive numbers gy and ¢; which appear in UKI (Proposi-

tion 4.12) are fixed.

Remark 4.15. The UKI (4.31), in general, does not hold for v € H*(Q°)3 N
(Z5-\Zi") that satisfies the slip condition (1.12) on I'. Indeed, consider go(x1,z2) =
sin(2mz1) and g(z1,22) = 1. One has Vago(z1,22) = (27 cos(27z1),0) and
Vag(z1,72) = (0,0). Hence Z; = R? x {0} and

Z():{(C_L,O)IE'VQQO ZO}Z{O} x R x {O}

For € € (0,1], let u®(z) = (1,0, 2me cos(2mz1)). Then one has u® € HY(QF)3 N
(Z3- \ Zi"), and u® satisfies the slip condition (1.12) on T, and even V - u® = 0
on Q¢. Simple calculations give ||uf]|2, > ¢ and ||Dul|?, = Ce3. Therefore
lul|2, > C.||Duf||3,, where C. = Ce™2 — oo as € — 0.
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Remark 4.16. We now discuss the possibility of Domain Assumption (2. 20)

For our convenience, let ZZ, i = 0,1, be the projection of Z; to R?, ie., Z; =
Z; % {0}. Then the Domain Assumptlon is simply Zo = 2;. Let

(4.51) E; = span {Vagi(z'), 2’ € T}, i=0,1,

(4.52) E = span {Vag(a'), 2’ € T?}.
Then one has
(4.53) Zo=E+NE:=(Ey+E)*Y, Zy=E*-

The Domain Assumption hence is equivalent to E= Eo + E;. Note that one
always has E C Eg + E;. There are three cases (with some overlap) wherein
the Domain Assumption holds. R

Case (1): Either Ey = {(0,0)} or E; = {(0,0)}, i.e. go = const or g; = const.

Case (2): dim E =2, ie. E =R2.

Case (3): dim E = 1 and this is not Case (1). Thus E = Ey = Ey and is a
one dimensional space.

Remark 4.17. More on the Uniform Korn Inequality on thin domains can be
found in the article [26] by Lewicka and Mueller.

4.3 Properties of the Stokes Operator

We prove the “uniform equivalence” with respect to small € between the norms
|Azu|| and |ju/| g1, and between the norms || Aul| and ||ul|g2.

Lemma 4.18. For all & € (0,£0] and u € D(A2) =V, one has

(454)  2ulln > 2| Vuls > 21 Dull = Bu,u) = | A¥ulZ > e Julld,
In addition, one has

(4.55) c ||A%u||2L2 < ||Au|)32, for allu € D(A) = V2.

Proof. Inequality (4.54) follows directly from inequalities (2.6) and (2.15), and
the Korn inequality (4.31). Now, for u € D(A) and u # 0, one has

1
1AZullZ> = (Au,u) < [[Aul allullzz < [|Aullallull

< ¢ V2| Aul g2 || A% ]| 2,

by the Korn inequality (4.31). Hence 01/2||A%u||,;2 < ||Au|| 12 and (4.55) follows.
O

For the relation between Au and Aw, we recall an inequality from [15]:
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Lemma 4.19 ([15]). Let u € D(A), then
(4.56) ||Au+ Aul|r2 < Ce||Vullrz + Cllullr2 < Cllullg:, for0<e<1.
For the relation between ||Au||r2 and ||u||z2, we have the following:

Lemma 4.20. There is an €1, with 0 < €1 < €q, such that for 0 < e < &7 one
has

(4.57) lul% < 4Aule +C a3, for all ue D(A).
The proof of this technical lemma is given the Appendix. Finally one obtains
Proposition 4.21. For 0 <e < ey, one has
(458) O ulfe < [Auls < 3ful}e,  for allu € D(A),
Proof. On one hand, one has
JAul2e = IP (—Au) |22 < |Aulzz < 3Juls,  for ue D(A) = V2,

On the other hand, by combining Lemmas 4.19 and 4.20, the Korn inequality
(4.31) and inequalities (4.54) and (4.55), one has

ulls = [l + 1V2ull2 < llull3n + C(1Aul?s + ull %)
< Cllull}p + C(Aull? + || Au+ Aulf?.)
< Cllul3n + CllAull}z < C|IDull?2 + C|| Aul3
< CllAzul}, + C)|Aull}: < C||Aulf3.,

which implies (4.58). O

4.4 Averaging Operators

In this section we examine three related averaging operators My, My and M3,
each involves an averaging in the “thin” direction, that is, along the x3-axis.

4.4.1 The operator Mg
The operator M : L?(Q°) — L?(2¢) is defined by setting

1 h1($17332)
4.59 p(z1,22) = (Myo)(x) = 7/ ¢(x1,x2,8)ds,
(4.59) ( ) = (Mo ¢)(x) 291 72) Droer o ( )

where ¢ € L?(QF) and @ = (x1,22,23) € Q°. One can verify that M, is an
orthogonal projection on L?(2¢). Hence

(4.60) 1Mo 6l172 + 16 = Mo dllZ> = 9],  for all ¢ € L*(QF).
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For our convenience in the subsequent computations, we define the 2D vector
field 1 = (31,12) on T? x R by

—h hy —
xs3 OVgg:Vth— 1— T3

Y = (1,2) = Vaho + Vag

(4.61) 1
= %{(1'3 - hO)Vth + (hl - Ig)Vgho},

where Vs denotes the 2D gradient operator. Explicitly, each component of 1 is
Vi(x1, 29, 23) = {($3 — ho) 9ig1(z1,w2) + (h1 — x3) 31‘90(3317962)}7 fori =1,2.

9
As a result, one readily obtains the estimate

(4.62) [Vl Lo ey < Cle,

where C' depends only on gy and g;. Note that
1
(4.63) Y|, =Vahj, forj=0,1, and 831 = EVQg.
J

Since g(z') > ¢ > 0, for 2’ € T2, see (1.17), it follows that when gy and g; are
C™*! functions, one has

(4.64) 059z <O, [[Votplloe < Ce, [Vl < C(m), m =2,

where C' and C(m) are positive and do not depend on ¢.
Using the function v, one easily describes the partial derivatives of My¢ as
follows:

Lemma 4.22. Let ¢ € HY(Q°) and let ¢ satisfy (4.61). Then one has:
(4.65) 0; My ¢ = Mo(0; ¢) + Mo(2p; 039), fori=1,2.

Proof. For i =1,2, we have

0; 1
0; Mo = — ggM0¢ + Mo (0; ¢) + 5{¢}$3:hlaihl - ¢‘$3:hoaih0}-

Next note that

h1
Oy, Oi 1 =0, _, Diho = : 05(¢th;) dag
h1 . .
= / (%’83 ¢+ ¢%> drz = EQ{MO(% 030) + %Mo ¢>},
ho g g

which in turn implies (4.65). O

Applying Lemma 4.22 recursively, we obtain the following:
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Lemma 4.23. Let m € N. Assume that g9 and g1 are C™ functions and
¢ € H™(QF). Then one has:

(4.66) 1Mo ¢l < C(m)|[ Sl e,
where positive number C(m) is independent of .

Proof. Thanks to (4.60), we have ||[My |2 < ||¢|lL2. For m = 1, it follows
from (4.62) and (4.65) that

IVMo 2 <[V ¢llre + Cel|0s ¢l 2 < Clidlan,

and hence (4.66). For m > 2, inequality (4.66) is proved by induction; we omit
the details. O

4.4.2 The operators M, and M3

The other two averaging operators of interest, My and Mz, map vector fields
into vector fields. For u € L?(02)3, we define the vector fields

v = (v1,v2,v3), U= (v1,v2), and U= (vy,vs,0),
and the operators
(4.67) Mou=v and Msu=wv,

with v; = Mop(u1), v2 = My(uz), and v3 = T- 1, where 9 satisfies (4.61). Since
M3 = My and M2 = Ms, both My and M3 are projections in L%*(Q¢)3. Note
that M, is an orthogonal projection.

Lemma 4.24. Letu € L*(Q°)3. Assume that V-u =0 in Q° and that u-N =0
on T'. Then the vector field v = Mzu defined by (4.67) satisfies both V-v =0 in
Qf andv-N =0 onT'. In addition the 2D vector field U satisfies the g-divergence

property:
(4.68) Vy - (97) =0, on T2

Proof. Thanks to (4.63), one finds for j = 0,1, that U3‘F_ = U - Vah;, hence
v+ N =0onI'. We will show that

(4.69) Vo T = T (évg g).

Since éVg (97) = V2-1+7- %Vg g), the equation (4.68) is a consequence
of (4.69). Also V- v = 0 follows (4.69) and the fact that

(4.70) D33 =T - (évg g).
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To prove (4.69), we note that for ¢ = 1,2, one has

1M 0;
81-M0(ui) = 81(%/}1 U; dS) = Mo(@iui) — ggMO(Ui) + [BC]“
0

where

1
[BC], = % [ui|w3:h1 (3zh1) - ui|m3:h0 (8,h0)]
Hence )
VQ U= -0 - ;Vgg + Mo(alul + 5‘2u2) + [BCh + [BC]Q
Since V - u =0 in ¢, one has

hy

1
M()<81U1 + aQUQ) = —M0(83U3) = —% Osus ds
ho
1
= 75[’113’%%:}” - U3|$3:h0] = [BC]g

Since u - N = 0 on I, one has [BC|3 + [BC]y + [BC]2 = 0, which completes to
proof of the lemma. O

Note that if u is in H'(€2¢)2, then the Euclidean norms on R? satisfy:
(4.71) lvs| < Cefu], |Osvs| < o], [Vaus| < CelVal,
thanks to (4.62), (4.70) and (4.64). Combining this with Lemma 4.23, we have

Lemma 4.25. Let m =0,1,2,..., suppose go and g1 are C™ 1 functions. Let
uw€ H™(Q%)3, v=Mu and w = u —v. One has

(4.72) [l s wl[gm < C(m)ljullzm,

where C(m) are independent of €.

4.4.3 Basic inequalities

We now derive some auxiliary inequalities for v = M3u and v = Myu with
w=wu—vand @ = u—70. We assume here that u € H'(Q¢)> N H;(QF), see
(2.3). Thus u satisfies the slip boundary condition (1.12) on I and V- u = 0
in Q°. We will also refer to the 2D vector fields ©w = (uy,us), © = (v1, v2), and
w = (w1, wsz). Note that w = (w1, ws, us — v3) and W = (wy, ws, us).

Lemma 4.26 (Ladyzhenskaya inequalities). One has:

Z1yon1/2y 1/2
(4.73) ol < C ™4 jul 22 lull 77,
If in addition, u € H*(QF)3, then

(4.74) IVollze < Ce Rl full 2.
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Proof. From Lemmas 4.3 and 4.25, one has

(4.75) Illzs < Ce~ ol L2 Nml? < C e ull 4l 3

By (4.71), one has

(4.76) lvsllzs < Cellvllps < C e full 2 [lull 7,

which implies (4.73). Similarly, when u € H?(Q¢)3, then Lemma 4.3 implies

_ _1 1/2 1/2
V0]l e < C e % ull e llull 12,

_ 3 2 1/2
IVavs]lps < Cel|Vatll s < Cetulljfelull .

From (4.71), one obtains

10sesllzs < C [lls < CeHlull 2llully,
which implies (4.74). O
Lemma 4.27 (Poincaré Inequality). One has
(4.77) [wl[r2 < Cel Vw2 < Cellullpr and @]z < Cellul|a
Proof. By (4.8), we obtain
(4.78) [w]| L2 < Cel|Osw]| 2 < Cel[Vwllr> < Cellul| g

For ws, we first use (4.3) with j = 0 to obtain
/ lws|? de < C’e/ lws(z', ho(2'))|? dz’ + CEQ/ |0sws]|? d.

B T2 Qe
Since v+ N =0 on I', we have uz3 =u-Vahj on I';, for j = 0,1, and
(479) w3 =uUz — U - Vghj = (ﬂ - 5) . Vth, on Pj7 for j =0,1.
Now |Vah;| < Ce onT'; and by (4.9), it follows that

/ lws (2, hj(2'))|?da’ < CE/ |0sT0|? dix.
T2 Qe

Taking j = 0, we thus obtain

(4.80) ws]|3: < Ce?||057]22 + Ce?||Osws|2: < Ce?||Vw||3e,

which implies (4.77) for w. Since @W3 = ug, the inequality for @, follows from
(4.78) and (4.20). O
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If in addition, u € W1 (Qf), for r € [1,00), then equation (4.79) implies
that |w| < C|w| on T, and therefore (4.7) yields:

(4.81) w| ey < C e/ 05w| 1 (ge).-

For Vw, we obtain the following weaker form of Poincaré inequality which
serves us well for our current studies. Except for the use of the Poincaré-Trace
Lemma 4.1 the proof is the same as that in [21].

Lemma 4.28 (Poincaré Inequality). Assume in addition that uw € D(A). Then
one has:

(4.82) (IVw| 2 < Cellu| ge.

Proof. The first step is to estimate ||0;w;| 2, for 4,5 = 1,2. One has J;w; =
O;juj — O;v;. Using Lemma 4.22 with ¢ = u;, one obtains d;v; = My(d;u;) +
Mo (v;05u;). Therefore, one has

Oiwj = ¢ — Mo(¢;03u;), where ¢ = (I — Mp)0iu;.
Since My is an orthogonal projection, one has
10wjl[72 = @l T2 + 1Mo (vidsuj)lIZs < 1ll72 + vidsu;Za-
Now (4.8) implies that ||¢[|2, < Ce?||03¢]|3.. Since
93¢ = 05(0;uj — Mo(0;u;)) = 030;u;,
one obtains (see (4.62), (4.64), and (4.60))
10iw; |2 < C 2 (10305u5ll72 + 105u5ll72) < Cc®[JullZe.

Since V - w = 0 in QF, one has d3ws = —0,w1 — Ows. Therefore, one has
|03ws|| 2 < Cel|ul|fr2 as well. For d;ws with ¢ = 1,2, we note that (4.3) implies
that

(483) \|8iw3\|L2(QE) < 06%“81"(1}3“L2(Fj) + Ce||638iw3HLz(Qs), for j = O, 1.

For the trace term on I'j, one has wy = wy(a’, h;(z")), for k = 1,2,3, where
2’ = (x1,22) € T2 Since w- N = 0 on I', one has ws = W - Vah; on I';, for
7 =0,1. Hence one has

O;ws + Osws aih]‘ = 0;,w - Vth + (({93@ . Vghj)(aihj) +w - V28ihj.

By using the trace inequality (4.4) on I" and the standard L°°-bounds on deriva-
tives of h;, one readily obtains:

03w OihjllL2r;) < 08{ |O3ws][r2 + \ﬁ||3333w3||L2}7

1
v
1 _ _
ol + VeIl 0, 12 },
1
NG
@l + VE 05712 }

||6Zw . Vth”LQ(Fj) < 08{
(05 - Vahy)(0ihj)| L2(r,) < 082{ 0570]| 2 + \@||8333W||L2}7

_ 1
@ - Vadihy |,y < 05{$\
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for j = 0,1. Taking j = 0 and summing up, one obtains

(4.84)  [|0sws| > < C{e(|[w]L2 + [|0:0]| L2 + |05ws]| L2 + [|030;ws]|L2)
+ (1|05l 2 + [19305w3 ] 12 + (830, 12) + €% (| 03850 12}

Hence
|0;ws|| L2 < Cellu| 2.

Finally, by Lemma 4.8, ||Osw;| 2 = ||Osuil|r2 < Cellul| g2, for i = 1,2. The
proof is complete. O

Lemma 4.29 (LGNPS? Inequality). One has
(4.85) [w][ze < Cllwlg,
and, more generally, for g € [2,6],
(4.86) lellze < Cea™% flwl .
Assume in addition that w € D(A), then one has
(4.87) IVwl||pe < Cea % ||ul|gz  where q € [2,6].
Proof. Combining (4.77) and (4.10), we obtain (4.85). Using interpolating
inequalities, we have (4.86). Inequality (4.87) is derived similarly thanks to
(4.82). O
Lemma 4.30 (Agmon inequality). Assume u € D(A). Then
(4.88) lwll o < Ce?[lul g2

Proof. Combining (4.14), (4.77) and (4.82)

1/4 1/4
el < Cem#{elogull}  llwlz{ellosw] + £dswl] + £Gs03w] §
< C)0sw 2 w3z (195wl 2 + el 9sdw]|2)

< Cet||Baw||}a |ul| ¥ < Ce? |l ge.

We obtain (4.88). O

5 Nonlinear Term

The main goal of this section is to obtain the following estimate for the trilinear
term in the study of the Navier—Stokes equations.

?Ladyzhenskaya-Garliagdo-Nirenberg-Poincaré-Sobolev
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Proposition 5.1. For any ¢ € (0,1], u € D(A) and 8 > 0, one has
(5.1) [{(u- V)u, Au)| < BllullFr + Ce|fullmllullfr + Coe™ ulls llulls,
where C > 0 is independent of B and €; and Cg > 0 is independent of ¢.

Hereafter we fix € > 0 such that e; < g, Lemma 4.20 and Proposition 4.21,
hold. As a consequence of Proposition 5.1, Lemma 4.18 and Proposition 4.21,
one obtains

Corollary 5.2. For any ¢ € (0,e1], u € D(A) and 8 € (0,00), one has

[{(u- V)u, Au)| < B Aull7> + Ce? || A ul|L2 || Aul|7

(5.2) e I
+ Cpe lullze [AZu]z2,

where C > 0 is independent of B and €; and Cg > 0 is independent of ¢.
One first has the following simple estimates:

Lemma 5.3. Let u € D(A) and v = Mau, w = u — Mzu. Then
_ 1
0|Vl || z2 < Ce™ 5 |[ull Yo l|ull [l s

1/2 1/2
10Vl |2 < Cllull % lull ] a2

Proof. Use Holder’s inequality and the estimates of ||v]| 4, ||[Vv| L+ and ||Vw|| s

from Lemma 4.26 and Inequality (4.86).

Proof of Proposition 5.1: Let u € D(A) and u = v+ w, where v = Mzu. We
write the trilinear term as

(5.3) ((u-Vu, Au) = Iy + I — {(v- V)u, Au),

where Iy = ((w - V)u, Au) and I = {(v- V)u, Au + Au).
Estimate of Ij. From (4.88), Proposition 4.12 and Proposition 4.21

1
(5-4) ol < llwllz l[ullrllull 2 < Ce® [lull g [l
Estimate of I;. By Lemmas 4.19 and 5.3:

(1] < Cllv - Vul| g2 (ellull g + [[ull£2)
< C(llv- Vol +[lv - Vwl[z2)(ellull ar + [Ju]l =)

1 1/2 1/2 1/2 3/2
< Ce lul 22 [l 2 lull 12 + Cellull 1ol 32 ] gy

_1 3/2 1/2 3/2 1/2
+ Ce™ 2 |l V2 Nl g ullyg + Cllull 322 Nl o5l g2

=hi+Lio+ 13+ 1.
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By using the interpolation inequality |ju||g1 < C Hu||1L/22||uH}j[/22 for I 1 and I 3,

with the Young inequality and ||u||g1 < ||u]| g2, one obtains

1
Cedullpellullm llull e < allull%e + Caellull2ellull?:,
1/2 1/2
Cellul 5 [l 2l %e,

_1 —
Ce 2 lullZ:llulle < allullf: + Coe™ lullL:,

I
Ii o
I3
I 4

IN

A

IA A

allullFz + Co llullze ulm-
Summing up the four inequalities yields
1 _
(5.5) L] < 3allullze + Celull g |ullfz + Coe ™ ullZe ullF-

For the next step we examine the term —((v - V)u, Au). By integrating by
parts, we obtain

(5.6) —{(v-Vu,Au) = I + I,
where

3
ou
I = /Qg Z Orvi0;u;O0pu; dx and I3 = /F(v -Vu) - N do.

ki,j=1

Estimate of 5. Here we follow the argument used in [21]. By using u = v+w,

one has
3

2= / Y Ocvi(iv; + 0iw))(Ov; + Bwy) da

Q° k=1

3
212,1 + Z / 8kvi8ivj8kvj dl‘,
QE

i,5,k=1

where

3
Irq = Z / (8kviaivjakwj + akviaiwjakvj + ak’l}iai’wjakwj) dr.
k,ij=17%°
Note that
L] < c/ Vo2 [Vl + Vol [Vel?de
QE

< ClIVlZa IVl zz + ClI Vw24 Vol 2

Next by using Lemma 4.26 with (4.77) and (4.87) with ¢ = 4, one obtains

_1 1
(5.7) 12,1 < Ce™2 ol |[v]l e (ellullr2) + C (e [[ullzr2)? 0] 122
: 1
< Ce? [l |lulle.
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Continuing, we define I3 o by the equation

3 2
E 8kvi8ivj6kvj dr = E 8kvi8ivj8kvj dx + 1272.
i, k=17 i k=17

With (4.68), elementary calculations give
2
‘ Z 8kvi &-vj 819’1)]‘ dx‘
ig k=15

= ‘ div@{@lvg Oavy + (81112)2 + (821}1)2} =+ (611}1)3 + (62112)3dl‘
QE

= ‘ div@{@lvg Oavy + (811]2)2 + (82111)2 + (811}1)2
Qe
+ (621]2)2 — O1v1 82’1}2} dx

< c/ 16| V52de < Cllo] 12|V 2.
QE

Applying Lemma 4.26 to ||[Vo||3, yields
2
1
(5.8) Z Okv; 0,05 Opvj dx| < Ce™ 2 ||u| g2 ||ul| g ||w| pr2-
i.gk=1"
In the expression for I o, each of the terms: 0yv;, O;v;, or Oyv; is either O5vyy,,

or Opvs, for some m = 1,2, 3. Since |93v3| < C|v| and |9p,v3| < Ce(|0] + |V29))
for m = 1,2, one has

Is| < C/QJW +elVaa)) Vol da
< Cllollz2 | Vollis + Cel Voll7a ]| Vol 2.
Applying Lemma 4.26 gives
(5.9) [T22] < Ce™ % ju e Jull e ull a2 + Ce* fulliplul s
Combining (5.7), (5.8) and (5.9) gives

1 _1 1
(5.10) 12| < Ce? |lull s [[ull3 + Ce™ = lull e [[ull a2 |ull 2 + Ce=|ull [l e
: _ 1
< aflullfp + Cae™ JulfallulF + Cellull g 7.

Estimate of I3. The boundary term is

ou
I :/b-—da, where b = (v - V)u.
=0 ox (v-V)
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Next we express b and v in terms of the orthonormal frame field {o!, 02, N}
on I, see (4.24), using v- N =0 on I':

b=bWo' 4562+ BN and v = oMol + 0P
Since b*) = b - o*, one has |[b(*)| < |b], for k = 1,2,3. Using the boundary
relation (4.16) and the estimates in (4.23), one finds, for k = 1,2, that
ON

ou
k) _k
bR gk 2ok

ON
Also, thanks to (4.15) one has
b3 = (v-Vu)- N = [(Vu)] - N = —u- [(VN)v]

= —u-[(VN)(oWo! + 0P e?)] = < <1>§N + @ gNQ)

bk 4 .

< Clbl fule < Celo] [Vul ul

Thus
Oou ON ON

(3) < (3) < - - < .

‘b N o < B0 [Tul < C ul o (‘aw‘*‘w‘) Vul < Celullv||Vul

Therefore
L) < Ce / ol [u] [Vl dor < Celloll oo 2oy [ Vel o oo,
I
By using u = v + w, we have

[I3] < CE(H”H%‘*(F) + [[vllza@yllwll @) (VO L2 0y + VWl L2(r))-
It follows from (4.71) and (4.73) that

[Vl Laqry < Cllollpaqry < Ce™H{[B]l pagaey < Ce™F|ful )2 ||ul /-
Applying (4.81) with » = 2 and r = 4, one has
lwllz2ry < Ce? |Vl g2y, wllzar) < Ce¥ ||Vl agae.

Using (4.81) with r = 4, then the interpolation inequality and (4.87), with ¢ = 2
and ¢ = 6, yields

[wllzsy < CetlldswllLeer) < Cet|sw] 2 |0swll7s' < Cellul .
It follows that

15| < Ce {e ull gzl + (™ Hlul 2l ) Elull ) }
x {e Hull + ¥ ulle }
_ 1 1/2 1/2
< Ce{e M fullzallullan + el 2l ul a2 |

1 1
x {eHlullm + e flullae }

1/2
< Cem 3 ||ufl g2 |lul3 + Cellull |

3/2
|37 ()] g2

1/2 1/2
+ Ce |l g2 |l g ull = + Ce2ull 1o ull 1

=131+ 132+ 133+ I3,.

Jull3e
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We have for I3 ;:
Ly < Ce 2 |[ull g [ull s Jull > < allullaz + Cac™ ullF[lullF
The other terms are easily bounded by
Iz + Ina+ Ina < O |Jull g |ul 32
It follows that
(5.11) I3 < alullz2 + Coe™ llullZalfull s + Cc*[lul s [1ullF72-

Combining the equations (5.3), (5.6), with the estimates (5.4), (5.5), (5.10)
and (5.11), we obtain (5.1). The proof is complete. O

6 Global Solutions and Longtime Dynamics

We now turn to the proofs of the Main Results described in Section 3. However,
we first recall the definitions and the resulting properties of Leray-Hopf weak
solutions and maximally defined strong solutions for the Navier—Stokes equa-
tions (1.1). For more information, see [2, 5, 10, 11, 40, 41, 43, 48]. We will refer
to the spaces H, V! = D(A2), V2 = D(A), and V! here, see (2.9)-(2.11). The
norm || - || and inner product (-,-) used in this section are in the space L?(F).
As usual, we assume that f satisfies the Forcing Function Assumption.

A function v = v(t) : [0,00) — H, is a Leray-Hopf weak solution of the
Navier-Stokes equations (1.1) with v(0) = vg € H, if the following properties
hold:

e One has v € L>®[0,00; H) N L _[0,00; V).

e One has dv/dt € L{ [0,00; V1), for some ¢ with 1 < ¢ < cc.

loc

e There is a subset € in [0, 00), with the complement [0, 00) \ € having zero
Lebesgue measure, such that 0 € €; and for tg € €, allw € V! and t > ¢,
the function v satisfies

<U(t)_v(t0)’w>+/t E(v(s),w)ds+/ (B(v(s),v(s)),w) ds

to

(6.1) !
:/ (f(s),w)ds.

to

Moreover, v(t) is strongly continuous (in L?()) from the right at every
to € E.

e For all tg € € and all t > tg, the function v satisfies

(6.2) IIU(t)H2+2/t E(v(s),v(s)) ds < IIU(to)H2+2/ (f(s),v(s)) ds.

to
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It follows from these properties that a weak solution v also satisfies:

e v € C[0,00; Hy,), where H,, denotes the Hilbert space H with the weak
topology.

o dv/dt € L?OC[O,OO;V_l), and v € C?[0, 00; V1), for some 6 > 0.

loc

A function v = v(t) is a strong solution of the Navier-Stokes equations
(1.1) on the interval I = [tg,T1), where 0 < tg < T; < oo, provided that the
following hold:

e one has ty € € and v(tg) € V1;

e the function v is the restriction of a Leray-Hopf weak solution to the
interval [;

e the solution v satisfies

(6.3) ve C(LVYNLE(I; V?).

loc

A strong solution v(¢) of (1.1), on an interval [tg, Tp), is said to be maximally
defined if either Ty = oo, or v(t) has no proper extension, as a strong solution,
to an interval [to,T1), where T7 > Tp. When v is a maximally defined strong
solution on [tg, Tp) and Ty < oo, then one has:

(6.4) lim [|A%v(t)]|? = oo.

t—T,

As noted in [41], the following properties of a maximally defined strong
solution v on [tg, Tp) follow from this definition:

(i) one has

(6.5) dv/dt € L2 [to, To; H);

(ii) v is a mild solution in the spaces H and V!, i.e., the Variation of Constants
Formula:

(6.6) U(t)Ze_A(t_tO)v(t())+/t eI f(s) = B(v(s), v(s))] ds,

is valid in these spaces, for ty < t < Tp; and there exist 6y > 0, ; > 0
such that

(iii) v satisfies v € CL%[to, To: H) N CEY (tg, To; VY).

loc loc
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6.1 Proof of the Main Theorem

We will use here the notation of Sections 2 and 3. We begin with the following
lemma which gives energy estimates for the strong solutions of the Navier—
Stokes equations that satisfy the relations in (3.2). Note that the expressions
|m|2, |m|2, |¢|2 and a appear in (3.3), (3.4), and (3.5).

Lemma 6.1. Assume that 0 < ¢ < &g, the data (f,ug) € L>°(L?) x V! satisfy
(3.2), and let u(t) denote the corresponding mazimally defined strong solution
of (1.1). Then there are constants d2 > 1 and d5 > 1 which do not depend on
€, such that:

(6.7) ()17

t
(6.8) / lAtun) s dr
t

di(e > m|2 +[€]2),  fort>0,

IN

IN

da(e72m|? 4 1¢)?), fort > 1.

Proof. Because it is needed later, we begin the proof by seeking an estimate for
a Leray-Hopf weak solution u = u(t), with u(0) = ug € H. It follows from (6.2)
that

(6.9) 2/0 1Az u()|* dr < ||uo||2+2/0 (f(r), u(r)) dr.

Next we set U = Mou and @ = u — 0 = (I — Ma)u. Since u(t) € V', almost
everywhere, and P and Ms are orthogonal projections on L?(QF), one has

(fru) = (I = Mo)P £, @) + (MaP f,5).
By using (4.77) and ||9||z2 < ||u| g1, one obtains
(f)] < C(ellullm (T = Ma)P flloc + 1 [IMP ]l c)
< Sl +C (211 = Mo)P FI% + M £11%,),
and relations (4.54), (3.2)—(3.4) imply
610) |(f.u)] < GlAulP +C (K7, 4 K27 < llAbulP +CJef2

By combining this with (6.9) one obtains the following inequality for the Leray-
Hopf weak solutions:

t
(6.11) / IASu()|2dr < uoll? + ¢ Cs |62, fort >0,
0

where the positive number Cj is independent of €.

In the case of the strong solution u = u(t), where ug € V!, one takes the
scalar product of equations (3.19) with u, and uses (6.5) to obtain (u,dyu) =
Ldiy||? (see [41], Lemma 37.9, or [43]) and

2dt
1d

1
5 llull? + 4%l < |(f, )l
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It then follows from (6.10) that
d 1
(6.12) Dl + bl < ol

By using |[Azul? > aillull3: > 2aljull3. and the Gronwall inequality, one
obtains

(6.13) u(®)]? < e 2 uol® + C |€]3, for t > 0.
Next we use (4.77) and (3.2) to estimate
(6.14) [luol[7> = | Mauol|Z> + [luo — Mauo||Z> < k5, €” +C e luollFn < C'lmlZ.

The existence of the constant d? > 1, as well as the validity of inequality (6.7),
follow immediately from (6.13) and (6.14). For ¢ > 1, by integrating the in-
equality (6.12) from ¢ — 1 to ¢, and using (6.7), one obtains

¢
1 —2a(t—
/t ) [AZu(s)|P ds < Jlu(t = DI* + C €2 < di(e™*V]m|2 + 102) + Ce2.
Hence the inequality (6.8) follows. O

A key feature in our proof of the Global Existence Theorem is the use of the
Uniform Gronwall Inequality, see [8] and [41], Appendix D.

Lemma 6.2 (Uniform Gronwall Inequality). Let y, g, and h be functions in
LY([0,T),R), where 0 < T < oo. Assume that y is nonnegative and absolutely
continuous on [0,T) and that

6.15 iy t) < g(t)y(t) + h(t), almost everywhere on (0,T).
dt

Then for 0 <t <T and T = max(0,t — 1), one has

(6.16) y(t) < (i /Tty(s) ds+/:h(5) ds) exp(/:g(s) ds).

Next let 0 < € < €1. One takes the scalar product of equation (1.1) with Au
noting that (Au, dyu) = 4 |Azu||? (since (6.3) holds), and use Corollary 5.2,
with 0 = %, and the Young inequality to obtain

1d, 1
5 ATl + [ Aull* < [((u- V)u, Au)| + [(f, Au)]

1 1.1 _ 1
< SlAul? + C ¥ abull | Aul? + C (1P £+l A% ull?).

This implies that there are positive constants Cy and C;, which do not
depend on ¢, such that

d
(6.17) AP + [ Au]® < Coe*[[A2ul | Aul® +,
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where h = C} (||IP’ 12+ 5’1Hu||2||A%u||2>. Note from (3.2) and (3.4) that

IPflI3 < M2 fI2 + (1 — Ma)(P £)IIZ

6.18
(015 < K3,er+ KR < e,

Denote R? = d?(|m|? + |¢|?). One has from (6.7) that
(6.19) lu(®)|> < RZ, forallt>0.

Combining this with (6.8) and (6.18), one obtains

t
(6.20) / hs)ds < Coe (102 + B2(mf2 +162)). for0 <t <1,
0

t
(6.21) / h(s)ds < Coet (J02 + B2(e > mi2 +[¢2)), fort>1,
t—1

where Cy > max(d?,d3) > 1 is a constant which does not depend on . We
define

(6.22) d3 =2(1+ Cy).

Also we fix Ry > 0 so that

2d2 1
2 2 < min (=2, —).
(6.23) RQ—mm(d%’le’g)

Main Assumption: We assume that K-vector K satisfies

(6.24) B2 2L og (|m|g + |z|§) < R3.

We note that R2 = R3 (2d3)~! is the constant mentioned in the statement of
the Main Theorem. Since 2d3 R? < d?R? it follows from (6.23) that
di

d? -~
2 2 1 p2 o op2 o
(6.25) Rs_2ngE_2d%Rz_

Lemma 6.3. Assume that 0 < ¢ < &1 and the Main Assumption (6.24) holds.
Let (f,ug) satisfy (3.2). Then the corresponding strong solution u(t) of (1.1)
satisfies

e g (Iml2 + 1412), foro<t <1,
e 1d3 (e2%m|2 + |€|2), for allt > 1.

(6.26) |4z u())? < {
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Proof. Without loss of generality, we assume (f,uo) # (0,0). Hence R2 > 0.
Let v = u(t) denote the maximally defined strong of (1.1), with «(0) = ug, and
let [0, T') denote the interval of existence of u. Note that (4.54) and (6.22) imply
that

(6.27) HA%uOH2 < 2llugl|Fp < 287 oM < 27 m|2 < e R < e 1R,

We claim that

(6.28) |AZu(t)|)? <e 'R, forallte0,T).

Indeed, if (6.28) fails, then there is a Ty, with 0 < Ty < T, such that
||A%u(1f)|\2 <e 'R, for 0 <t < To,

142 u(Ty)|* = =" R2.

It follows from (6.23), (6.24) and (6.29) that

(6.29)

—

(6.30) Coc?||A%u(t)] < CoRy < =,  for0<t<Th.

[\V]

Consequently, the inequalities (6.17) and (6.30) imply that
d 1
(6.31) %HA%u(t)H2 + §||Au(t)||2 < h(t), for 0 <t < Tp.

From (4.55) and (3.5), one has ||Au|? > ¢i||Azu|?> = 4a||A2ul®. Hence in-
equality (6.31) implies that

(6.32) %||A%u(t)||2 +oa | Abu@®)? < h(t),  for0<t<Th.

Assume that Ty < 1. For ¢ € (0,Tp], by using the Gronwall inequality, (6.27)
and (6.20), as well as (6.25), one finds that

|AZu(t)|

IN

t
e 2| A2 uo||? + / h(s) ds
0

(6.33) 5*1(26*2M|m|§ + G2 4+ Cx(Im|2 + WI?))

IN

IN

. 1 15
L3 (f? + |2 = 5ot R,
Since Eg > 0, relation (6.29) then implies that Ty > 1.

When T > 1, one sets g(t) = —2a, y(t) = ||A2u(t)||? and uses the Uniform
Gronwall Inequality for the differential inequality (6.32), the estimates (6.8),
(6.21), and (6.25) to obtain

t t
\M%mWSZJM%®W@+[1M$@

< d3(e 2 mf2 + [02) + Co et (162 + (72 mf2 + 1012))
< e71df (e mf2 + J6]2),

(6.34)
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for 1 <t < Tp. Since |m|? < |m?, it follows from (6.23) and (6.24) that
1 ~
—e 'R,

1 — ~
1Az u(To)||* < &g (Il2 + 1412) = 3

which contradicts the relation (6.29). Therefore (6.28) holds true. This in turn
implies that T = oo, see (6.4). Subsequently, the estimates in (6.26) follow from
(6.33) for t < 1 and (6.34) for ¢t > 1. The proof is complete. O

Proof of Main Theorem: The inequalities (3.7) and (3.8) follow from (6.26)
and (4.54) with D} = ¢ ' d2. The estimates (3.9) and (3.10) are obtained by
integrating the differential inequality (6.31) and using the inequalities (6.26),
(6.20), (6.21), (6.25) and (4.54). O

Corollaries 3.2 and 3.3 are now direct consequences of Theorem 3.1.

6.2 Longtime Dynamics

We include here a brief introduction to the theory of infinite dimensional dy-
namical systems, as this theory is used in the context of the Navier—Stokes
equations. While most of the material presented here is based on [41], other
references, such as [3, 12, 31, 32, 44], are very useful

Let H = H,. denote a subset of
CL>® = L™®(R,L*)NC(R,L?) = L=(R, L*(Q°)) N C(R, L*(Q%)).

We say that H satisfies the Holder property if there are z, s € (0, 1] such that
for every f € H, there is a positive constant L = L(f) such that

(635) ||f(t1) — f(tz)”LQ S L ‘tl — t2|z, for all tl, t2 eR with ‘t1 — t2| < S.

For f € CL*, we define the time-translation f; by f.(¢t) = f(r +t), for all
7, t € R, and we define the norm || f||~ as

(6.36) 110 2L sup || £(£)]] 12
teR

We will be using the metrizable topology of uniform convergence on bounded
sets (the ucbs-topology) on C'L*°. Thus one has f™ — g (in this topology) if
and only if, for every bounded set I C R, one has

sup || f"(t) —g(®)||lr= — 0, asn — oo.
tel

We note that, with this topology, the mapping (f,7) — o(f,7) = f, defines
a (two-sided) flow on C'L*°, see [41]. We say that J is a (time translation)
invariant subset if one has f. € H whenever f € H and 7 € R, that is to say,
H is an invariant set for o.
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Next we consider the family of Navier—Stokes equations given by (3.19),
where H is an invariant set in C'L*° with the Holder property. We assume
further that H is a compact set in the ucbs-topology. For example, if in addition,
one has

HC LR, H (2°))NCR, H (Q)),

for some r with r > 0, and

sup sup || f(t)|| g 0e) < 00,
fET teR

then - because of the compact imbedding H"(£2.) < L?(£2.) - it follows from
the Ascoli-Arzeld Theorem that H is a compact set in the ucbs-topology. For
example, H may be a quasi periodic minimal set, see [40].

6.2.1 Skew Product Structures

With f € H, the basic existence and uniqueness theorem for strong solutions
applies to each of the equations in (3.19), see Theorem 64.4 in [41]. In particular,
for each vg € V! and each f € H, we let s(f,t)vy represent the maximally
defined strong solution of (3.19) that satisfies s(f,0)vg = vg. Set To = To(f, vo),
where T € (0, 00] and [0, Tp) denotes the interval of definition of s(f,¢)vg. The
strong solutions v = v(t) = s(f,t)vy have additional properties. In particular,
they are Lipschitz continuous functions of the data ( f, vg), uniformly on bounded
intervals, see Theorem 64.8 in [41]. As noted above, the topology on H x V'?
is the product topology with the ucbs-topology on H and the strong topology -
that is, the H'-norm topology - on V1.

The semiflow generated by the maximally defined strong solutions of (3.19)
is denoted by 7(t) = w¢(¢), where

(6.37) (7)) (f,v0) L (£, s(f, o), for 7 € [0, To (£, vo)).

Next define X1 by:

(6.38) st = {(f,UQ,T) € H x Vx[0,00) : 7€ [O,To(f,vo))},
and recall that

(6.39) M = {(f,vo)eﬂ-(le : To(f,vo):oo}.

The proof of the following result is standard, see for example, Section 6.5.3
in [41] or [40].

Lemma 6.4. The following hold:
(i) The semiflow mapping
[ (fa UO>T) — 7T<T)(f7 UO) = (f‘r7 S(f, T)UO)
is a continuous mapping of X into H x V' with w(0)(f,ve) = (f,vo).



Navier-Stokes equations in nearly flat domains 45

(ii) The set =t is an open set in H x V! x [0, 00).

(iii) Whenever one has 7 € [0, To(f,v0)) and o € [0, To(fr, s(f,T)vo)) then one
has T+ o € [0, To(f,v0)) and

(6.40) s(f, 7+ o)vo = 5(fr, o) s(f, )vo.

In other words, whenever the right-side of equation (6.40) is defined, then
the left side of (6.40) is defined and equality holds.

(iv) One has m(t) M C M, for allt > 0, i.e. M is a positively invariant set
in H x V1.

This brings us to two very important concepts. A continuous mapping ¢ :
(—00,T1) — V! is said to be a negative continuation of the strong solution
s(f,t)vo provided that ¢ satisfies: (1) ¢(0) = vo, (2) Ty = To(f,ve) > 0, and (3)
for all 7 € (—o0,T1), ¢ satisfies

(6.41) s(fr,)o(7) = (T + 1), for all t € [0,T1 — 7).

A global solution through the point (f,v9) € M is a continuous mapping
¢ : R — V1 such that: (1) ¢(0) = vy and (2) ¢ satisfies

s(fr, (1) = P(T + 1), for all 7 € R and all ¢ € [0, c0).

It is important to note that, when a negative continuation ¢ of a solu-
tion s(f,t)vg exists, it need not be unique. This lack of uniqueness is a major
complication that arises in infinite dimensional dynamical systems. Neverthe-
less, it is convenient to adopt a notational convention here: For 7 < 0, we set
s(f, T)vg := ¢(7). In this way, (6.41) reads

s(fryt) s(f, 7)vo = s(f, T + t)vo, for all t € [0,T7 — ).

For any global solution ¢, s(f, 7)®(0) = s(f, 7)vo = ¢(7) is defined for all 7 € R,
and it satisfies:

(6.42) s(fr,t) s(f,T)vo = s(f, T + t)vo, for all 7 € R and all ¢t > 0.

Remark 6.5. One uses the Holder property for H to show that, under appro-
priate conditions, a mild solution for (3.19) is a strong solution, as well, see [41],
Theorem 42.9.

6.2.2 Hull and Omega Limit Set

Let K be any subset of M. We define the (positive) orbit of K and the
(positive) hull of K as

VH(K) £ (r(K and HY(K) = 77 (K),

t>0
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that is, H*(K) is the closure of the orbit 4+ (K) in 3 x V. The omega limit
set of K is et
w(K) == () H* (n(7) K).
>0

An example, which arises below, is K = H X Eo, where Eo is a nonempty,
bounded, open set in V1. In this example, v+ (K) is a bounded set in M, that
is to say, there is a constant b > 0 such that for all (f,u) € v+ (K) one has
lu|lgr < b. In this example, w(K) is a nonempty, compact, invariant set for x,
that is, (6.43) holds, with X = w(K).

6.2.3 Invariant Sets

Assume for the time being that, there is a single datum (g,v) € H x V!, with
the property that the strong solution s(g,t)v satisfies

sup [|AZs(g,t)o|? = p* < oo.
t>0

It follows then that for every r > p, the set
K=K, ={(fvo) e XHx V" :sup ||A%s(f,t)v0H2 <r?}
t>1

is a nonempty, compact positively invariant set for the semiflow 7 = 7(t) and
K, C M. Since s(f,t) is a compact operator for ¢t > 0, the set K, has compact
closure. Furthermore, the omega limit set X = w(K,) is a nonempty, compact,
invariant set, that is to say,

(6.43) m(t) K =X, for all ¢ > 0.

The identity (6.43) implies that for every (f,vo) € K, there is a global solution
v(t) = s(f,t)vo; v is defined for all ¢ € R; and (f-,v(r)) € X, for all 7 € R.
Since X C M, it follows that for all (f,vg) € K, the global solution s(f,t)vg
satisfies (6.42).

We need the following result. The proof of this lemma in the case that 3 is
a quasi periodic minimal set appears in [40]. This proof uses the mild solution
formulation (6.6). Since the argument for the more general case considered here
is essentially the same, we will not include the details.

Lemma 6.6. Let H be a compact, invariant set in CL°° with the Holder prop-
erty. Let X be a bounded set in H x V', and assume that K is an invariant
set for the semiflow w(t). Let K denote the closure of K in 3 x V. Then
K is a bounded, invariant set, and one has KX C H x V2. Moreover, for ev-
ery (f,vo) € X, the global strong solution s(f,t)vq is both a mild solution and a
classical solution of equation (3.19) in V2" = D(A"), for everyr with0 < r < 1,
for all t € R. Furthermore, K is a compact, invariant set in 7 x V2", for each
r with 0 < r < 1. In addition, one has

(6.44) s(f,Jvo € CEUIT(R; V) N C(R; V?).

loc
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6.2.4 Attractors

A set 2 in M is said to be an attractor for the semiflow m on M provided that
e 2 is a compact, invariant set in M, and
e there is a bounded neighborhood U of 2 in M, such that 2 attracts U.

To say that 2 attracts U, we mean that
d(m(t)U, ) — 0, as t — oo,
where d(B,2l) is defined, for every bounded set B in M, as
d(B,2) =inf{e >0 : B C N.(A)},

and N.(2) is the e-neighborhood of 2 in the (H x V1)-topology. See [41],
Chapter 2, for additional information. A short history of the concept of the
“attractor”, with references, is in [41], pages 53-59.) The concept we use here
is widely accepted because, when 2 is an attractor - in the sense used above -
then 2 has two very important stability properties:

e 2 is Lyapunov stable, and
e 2l is asymptotically stable,

see [41], Theorem 23.10. Because of the stability properties, an attractor is
“robust” under small changes in the parameters of the model, see [41], Section
2.3.6. While the attractor 2 is robust, this does not mean that the corresponding
solution s(f,t)vg on 2 is either boring, or non-chaotic, or even non-turbulent.

For any attractor 2 in M, we define B(2l), the basin of 2, as the collection
of all (f,v9) € M such that d(w(t)(f,vo),A) — 0, as t — oo. We say that an
attractor 2 is a global attractor for 7(f) when B() = M, see [41].

The theory of global attractors for the Navier—Stokes equations is still being
developed. In 2D, both the weak solutions and the strong solutions of the
Navier—Stokes equations on suitable bounded domains have global attractors,
see [3, 5, 8, 25, 36, 37, 41, 44], for example. In 3D, the weak solutions of the
Navier-Stokes equations has a global attractor, see [39, 7]. In the case of the
strong solutions, the existence of global attractors is known for thin-domains,
as is noted in Section 1 and is shown below.

How does one find the global attractor for the weak solutions of the 3D
problem? Since the weak solutions are not known to be uniquely determined
by the data (f,vg), when vy € H, one is led to the technique of treating each
weak solution ¢(t) = S(t)vp as a point in a suitable function space, see [38]
and [39]. In the case of the Navier—Stokes equations, the appropriate function
space is the Fréchet space LZ [0,00; H). This induces a semiflow 7, (7) on
H x L2 _[0,00; H), where

loc

Ww(T)(f7<P):(fTa<Pr): for 7 >0,
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and ¢, (t) = ¢(7+t). The global attractor «,, is a nonempty, compact, invariant
subset of H x L2 _[0,00; H), see [39]. Let (f,¢) € 2, where ¢ is a global weak

loc

solution of (3.19) that satisfies

(6.45) e L®(R,H) N LE (R, VY.

loc

It is important to note that if (f, ) € 2y, then ¢, is a global solution of the
shifted equation in (3.19), where f is replaced by f,. By using the methodology
of Foias and Temam [9], one can readily show that the weak solution satisfies
the continuity property: ¢ € C(R, H,,), where H,, denotes the Hilbert space H
with the weak topology.

6.3 Proofs of Attractor Theorems

In the proofs of the two Attractor Theorems, we will use the notation and
assumptions which are stated in Section 2 and in Subsection 6.1. Recall that
we require that the Main Assumption (6.24) is to hold uniformly for f € K.

Proof of Theorem 3.6: Let K, &1, R, D? and D3 be given by Theorem 3.1.

It follows from Theorem 3.1 that H x Bf is a subset of M, the orbit 41 (3 x
Bg) is bounded in Hx V1, and consequently, the omega limit set K. = w(H x Bg)
is a nonempty, compact, invariant set for the semiflow = on M. Also, one has
K. C H x Bf, by (3.8) and (6.7). By virtue of Lemma 6.6, K. C H x V2.

Now, we assume that (3.23) is satisfied. We define d3 = max(D?,d3, Cscit),
where Cj5 is the positive constant in (6.11). Due to (3.23), there is 6 > 0 such
that

(6.46) §+d3|0)2 < kg, and &+ d3 |2 < k7 e
Let
(6.47) Bs = {u e V' : |ull?: < d+Dic 42 and ||lul|2. < §+d3|¢?}.

Let ug € V! satisfy (3.2). Then there is a T} > 0 such that the strong
solution u(t) = s(f,t)ug belongs to Bs, for all t > T;. Indeed, let T} > 1 such
that d3 e=2°T1|m|2e~! < §. Then for t > T, it follows from relations (3.8) and
(6.46) that

lu@lFn < (DY e [mf2+ DY [€2)e™" < (5 +df [62)e™" < ki e
Likewise, (6.7) and (6.46) imply for ¢ > T} that
IMou@)|? < lu)l® < die™ T mi2 +df |02 <0+ d3 |62 < k§, <.
Now fix 7 so that 7 > T} > 1. Then
w(T +1t) = s(f, 7+ t)uo = s(fr, t)u(r)
is in Bs, for all ¢ > 0. Note that the set B; is an open set in V! and

Hx Bf CH x Bs C H x Bjg.
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Since K. attracts the open neighborhood H x By, it follows that 2. get K

is an attractor for m in V!, and the basin of attraction B(2l.) contains H x B,
and (3.24) holds since 2. = K. C H x Bf. See [12, 41, 44], for more details.

Next let u = u(t) be any Leray-Hopf weak solution with u(0) = ug € H. Tt
follows from (4.54) and (6.11), that there is C5 > 0 such that

I 1 C
(6.48) f/ w(s)|3n ds < —|luol? + =2|¢|2, for all t > 0.
t 0 Clt C1

Let p > 0 be arbitrary and |lugl|2, < p?. Set To = p? (c16)"'. Then one
has

=/ " 5) By ds < 5 BIUE < min(i2, =10, 12 o),
Hence, the set
{t €[0,T] : [[u(®)l[3 < min(k?,e"F9, k5 ")}
has positive measure. Thus there is a 7 € [0, T3], where
lu(r) |3 < min(k?, e k3, ") and (£ u(r)) € H x B.

For every such 7, the Main Theorem 3.1 implies that v(t) = S(f-,t)u(r) is a
strong solution of (3.19), for all ¢ > 0, and it satisfies (6.26). By using these
relations, the proof that 2. is also the global attractor of the weak solutions, is
straightforward, see [21], Theorem 7.1. We omit the details. O

Proof of Theorem 3.7: Let r = s = 1. We invoke Theorem 3.6 with p = ¢ = 0.
Let K = K; = (ko,0, k1,0, Ko,1, K1,1) with k(%,o + k%,o < RZ. Then there is
g3 € (0,e1] so that

2 2

kgo ki
2 0 20
ds = dj

(649)  0< (K§,+ K%)= < min ( R} — kg o—kio)-

is satisfied for all € € (0,e3]. Note that (6.49) implies (3.15) and (3.23), and
(3.25) is (3.20). Hence the existence of the attractor 2. and the estimate (3.26)
follow from Theorem 3.6. O

6.4 Reduced Problem

The global existence Theorem 3.1 and the existence of the global attractors 2.,
for small € > 0, is only the first chapter in the theory of the longtime dynamics
of the Navier—Stokes equations over thin 3D domains. In the next chapter, we
examine an important feature of the attractor, viz. the robustness, or upper
semicontinuity, of the attractor at ¢ = 0, see for example Theorem 23.14 in [41].
This study, which includes a description of the Reduced Problem at ¢ = 0, will
be presented in a sequel to the current article, see [17].

Some aspects of the Reduced Problem, including the role of the related
2D g-Navier-Stokes equations, appear in [21]. In the forthcoming article, [17],
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we describe the limiting behavior in H!, rather than the L? theory which is
treated in [21]. In order to treat the Reduced Problem at e = 0 properly, it
is appropriate - if not essential - that one reformulates the dynamics of the
problem in the dilated domain !, rather than in the thin domain Q°. This
reformulation is included in [17].

6.5 On the Uniform Gronwall Inequality

In the setting of the Navier—Stokes equations, the Uniform Gronwall Inequality
has been used to study the the solutions of the v-equation (not the u-equation)
that arise in the analysis of Theorem 1.1, see [33, 34, 35]. In this case, it is
shown that

d 1 1
(6.50) Z147e@1* < ClAzo@®]" + h(t),

where k£ = 3, a nonlinear differential inequality. Furthermore, the inequality
(6.50), with & = 4 is also a common feature arising in the study of the 2D
Navier—Stokes equations, with either periodic or Dirichlet boundary conditions,
see [41] for example. The reader should compare this with (6.31), where one
has k = 2, a linear differential inequality.

As far as we know, the first application of the Uniform Gronwall Inequality
for the study of the global regularity and ultimate boundedness of solutions
of the (full) u-equations of the Navier-Stokes equations on a thin 3D domain
occurs in this article. It is interesting that the simplest form of the differential
inequality, where k = 2, arises in this 3D problem with the Navier boundary
conditions. We do not know of any other such example, be it in 2D or 3D, of
Navier-Stokes equations, with either periodic or Dirichlet boundary conditions,
with this feature.

7 Appendix

In this Appendix we attend to the “loose ends”. In particular, we present here
the proofs of Lemmas 4.1, 4.2, 4.3, 4.4, 4.5, and 4.20. Note that the proofs of
Lemmas 4.1-4.5 are meant for the general hg with ||ho|[yw1.(12) < C(ho). We
use the notation Q3 = (0,1)% below.

Proof of Lemma 4.1: For 2/ = (x1,72) € T?, and ho(z') < 23,93 < hi(2'),
one has

(7.1) Mﬂwﬁ=¢WWﬁ+/m%fodW3

Ys
For j =0,1, let y3 = h;(z’) in (7.1),
@3

Mﬂw9:¢@VMf»+/ D5, 25) dz,

ho (x’)
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hence

T3

(7.2) |o(a', x3)[" < Clo(a’, hy(2))]" + C(Sg(x'))r’lfh - |03¢(a”, 23)|" dzs.

Integrating (7.2) in variable x = (2, x3) over Q° yields
/ |p|"dx < C’/ |p(x, hj(x"))|"dx" + {—:T71C’/ / 1030 (2', 23)|"dz3 dx
Qe Qe € Jho(x')
< gc/ |¢($’,hj(x’))|rda:/—|—5r0/ 1056 (2", 25) " dzs dar’
T2 Qe

Hence [|0]]7 o) < Cel[@]lLrr;) + Ce™[|030| - (0s) and (4.1) follows.
Now, let

hi(z') — z3 x3 — ho(2')
/ _ / _
770(3: 71'3) - Eg(l‘/) ) 771(93 ,$3) Eg(.’l?/>
For j = 0,1, one has
! / / ! / ! hl(l‘/) / /
el (@) = &' Dol @) = = [ oo o )0 s) s
which easily yields
/ !/ hl(m/) 1 / /
|¢('T aho(ﬂt ))| S C ) I |¢($ ay3)| + |83¢(£L' ay3)| dy?n
ho z’
/ ANYES h1(I/) —1 / r r—1 / T
lp(a’, hy(a")]" < C o [o(@, ys)|" + "7 |030(x", y3)|" dys.
ho z’

Integrating over T? gives

(7.3) / |¢(x’,hj(x’))|rdx’§g/ |¢|de+cer—1/ 00| dz.
T2 Qe Qe

Since

ol = 3 [ 166 @1+ WahPae’ <€ [ lote' el
j=0,1

the inequality (4.2) follows from (7.3). O

Proof of Lemma 4.2: Integrating (7.1) in y3 from hg(2’) to hy(2’) and using
(4.5) yields

hl (12/)

cg(e)pla5) = 0 + / / "0 23) dzs dys.

ho(z’) Jys



52 Luan T Hoang, George R Sell

Hence
hl(l")
co(@)|6(x', 33)]| < eg(a’) / 10s6(a’, 23)| dza,
ho((z")
hl(w')
6, 23)| < / 10s(2”, 23)| dzs,
hQ(I,)
and
hl(l’l)
(7.4) (e’ z3)]" < (eg(a’))™? / 10500 )
ho ZE/)

Integrating over 2°,

hi(z’)  phi(a’ )
/ |¢|rdx S/ / / T 1|63¢($ Zg,)|rd23 d$3 dl‘
2e T2 Jho(z') ho(w')

hl(x )
< Ce” / / |030(2', 23)|"dz3 da’
T2 Jho(z')

:Csr/ 105¢|" da.
e

Thus (4.6) follows. For j = 0,1, letting x5 = h;(2’) in (7.4) and integrating
over T2, one obtains

/T? |p(', hy(2"))|"dx" < C'ET_l/Q |03¢|" dx.

and hence (4.7) follows. O

Proof of Lemma 4.3: This is a direct consequence of 2D Ladyzhenskaya’s
inequality (see [24]):

1/2

”90”114 T2) < C”@” Tz)H‘PHHl (T2)"

for any p € H(T?). O

Proof of Lemma 4.4: Note that (4.11) follows from (4.10) and (4.8); and
(4.12) is obtained by using interpolating inequalities and the estimates (4.8),

(4.11). We now prove (4.10). Recall the anisotropic Sobolev inequality from
[13, 14, 45] for domain Qs:

3 1/3
(75) Iellzses < eo I {lellzan + 1uelzan } -
i=1

Let ¢ € HY(QF). Let ¢(y) = ¢(x) where

x3 — ho

(7.6) T1 =Y, T2=1yY2, x3=ho+(e9)ys or yz= o
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Then ¢ € H'(Q3). Note for i = 1,2, that
Oy, = 0i¢ + 039(0iho + y3£0ig), Oy,p = €936
One has

_1
lollr2(@s) < Ce™2[|8] 200,
_1 .
||8 190||L2(Q3) < (Ce 2 ||V¢||L2(QE)7 1= 1727
_1
10ys0llL2(0q) < Ce™2e||030| 12 ().

From (7.5), one obtains

2/3 1/3
e ol < e Holman ) {eHI0laan) + 22 10s0llnnar)}

Thus (4.10) follows. O

Proof of Lemma 4.5: First, one notes that (4.14) follows directly from (4.13)
and (4.8). Hence it suffices to prove (4.13). We recall the anisotropic Agmon
inequality from [45]. There is an absolute constant C such that for ¢ € H?(Q3),
one has

(7.7)

3
1/4
el < Cllel oty TT (10500 2ll2 (0 + 1059l 2@s) + el 2(0s)

i=1

)1/4

Let ¢ € H?(QF). Using the same change of variables as in (7.6), one obtains

Dys Oy = 29703059,
0y, 0y, 0 = 0;0;¢ + 030;¢(0;ho + y3€0:9) + 03¢0(9;0iho + y3€0;0;9)

+ {8183¢ + 8383(]5(81h0 + ygs&-g)}(&-ho + y3581'g), . =1,2.
It follows that

_1 _1
10y Oys 01l L2(Qq) < Ce™ 2103050 L2 (055 110y, By, 01l L2() < Ce™ % |l 2020
for i = 1,2. Then (7.7) yields

1 1/4 1 1/4 1 1/4
I8l <0r) < C{e Mz} {e Ml | {e 6l }
_1 _1 _1 5 1/4
x {eHglliae) + e Helldsdliaaey + e 20000l ey | -

Hence (4.13) follows. O

Proof of Lemma 4.20: Lemma 4.20 can be proved by modifying the proof
of Proposition 3.7 in [21]. However we present below another proof which is a
special case of the result in [16] when the friction coefficients on both of top and
bottom boundaries are zero.
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First, integration by parts yields

10|Vul*>  du
2 — A 2 / - — —— . Au
Qa|V u| dx /le u|*dz + F(2 N N )d

Let Iy denote the integral on the boundary. For each j € {0,1}, let N = NI
defined in (4.21), 71 = 757 defined in (4.22), and 75 = N x 71. Then on each j,
the corresponding set {71, 7, N} is an orthonormal frame on I';. One also has,

(7.8) IV7il, V7|, [VN|, |V2n1|, |V?r|, |[V2N| < Ce in T? x R.
Using the above orthonormal frame, one has

1ovul 10 |oul 19 |oul® 10 |oul*

2 ON 20N |ON 20N |0 20N |01

0%u ou 0u ou 0%u ou

= ONON oN T oNon or | ONom om
=Js+J1+ Jo.

Consider Js. Let Yi(x), Y2(x), Y3(x) be orthonormal and ¢ be smooth. Then

¢
oy, = (V9 Vi = Zamﬂ@l,

3 2¢ 3 3

Z Z ROV )Yk = > OkOIY; 1Yk + 0160kY;1Y,

j=1 7,k,0l=1

3 3 3
= Y 0h0YiY; Z 000k (Yi1Yik) — > 010Y;.10Y;
j.kl=1 j.k,1=1

Since ijl Y; 1Yk = 01 we obtain

3. 92
% %
;ayjayj_mwro aY(V Y;).

Let Y1 =7,Ys =75, Y3 = N, we derive

ou

0%y 0%y 9%y ou Gu
87’2

anvon ~ 2 Gran Y anan) {8N

(V N) (V Tl) V'Tg)}.

ou
or
It follows that

ou 0%y 0%y ou

Js=tu o5 = GG ot anon) ON

J3,

with [J5] < Ce|Vul|?.
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Now consider J; and Jy. Let 7, 7" be tangential unit vectors to the boundary.
Taking the directional derivative 9/07" of the identity

ou _oN
oN T or
on the boundary gives
0%u ou ON _ du ON 0’°N

(7.9) aran TYan e Tar o T o

For 7,7" € {71, 72}, it follows from (7.9) and (7.8) that

(7.10) Ou_ | < cs(iwul + ul
) 5N 7| S CellVul + Ju)).
One has 92 5
i T 5
p— N
= V(%) 4 {(VP)- N},
where (VZu) - N is the matrix (Zk 1 Ok0ju; Nk> . Note that
1,J= 17273

{(V*u) - N}t = Z MOju; Nyt = {(V?u) - T}N,

kj=1
Pu__ Pu (ﬁ _ 87N)
ONOT O91ON ON 0T
We obtain for i = 1, 2,
0*u  Ou or; ON. Ou du  Ou ,
7= oran on VUGN T an) I

ON 9Or,’ O 87’18N oT;
with |J!| < Ce|Vu|?. Combining the above identities, we derive
P / u  Ou N / O?u  Ou i
= —_— - — a0
7 Jo9rnON or | Jp 0mON O
0%u 0%u Ou

O o+ J
onon T onon) Nt
=L+L+1s+J

where J = [.(J] + J5 + J4) do satisfies
7] < 05/ Vul?do < C|[Vul%e + C2[ V2.
r

To estimate I;,I> and Iy we need the integration by parts on I' which is es-
tablished in Lemma 7.1 below. Using Lemma 7.1, we have Iy = I + Io + I}
with

Ju (9u

I
|4 81

ou Ou
87’2 3]\7

do < CE/ |Vu|? do.
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We need to estimate I; and I,. First, considering I;, one has

u .@_( O%u .T)(@.T +(ﬂ.7)(@.7)

onoON or,  ‘omoN Yor YV ‘omoN  *on 7
0% ou 0%u ON

onan Mg, N = gran N gk

It follows from (7.10) that |Js| < C(e|Vu|? + ¢|Vul|). Using Lemma 7.1 again,

Ou ON du 9 ON ,
- Fm'{N(U'a*ﬁ)}dU— FafNﬂ—ﬁ{N(u- a—ﬁ)}da+J47
where
Ju ON
"< —— IN(u — < 2/
| Jal < CE/F ‘8]\7 {N(u 87’1)} do < Ce F|Vu| |u| do
Also,
ou 0 ON
o9 Lo < .
/F N g N %)}‘ dUﬁCE/F|Vu|(|Vu|+\u|> do
Therefore,
o?u  Ou
1| = - . < 2 :
i ‘ r 010N  0m do| < OE/F(IV“‘ + [Vul u) do

Similarly, one obtains
L] < CE/(|Vu|2 + 1Vl [u]) do
I

Summing up

ol < Ce [ (9l +[uf) do
r
Combining with the trace theorem (see (4.4)), we have
IV2ullZ < |AullZs + Lo < |Aull7z + Crllullfp + Coe?[[VPulZ:.

For small € such that Coe? < 3/4, one has ||[V2ul|2, < 4||Au||3. + C||ul/?., and
therefore

lullfe < 4llAulZ + Cllulifn.
This completes the proof of Lemma 4.20. O

What remains to be proved is the following integration by parts on the
boundary.
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Lemma 7.1. For two smooth vector fields u,v on I' and a tangential vector
field a(x) to T, we have

ou(x) dv(z)

A1 . = —
(7.11) - Daln) v(x)do L Ba(n) u(z) do
—Z/ (x) - v(x d(aH) d(aH-)}dm’
T2 xl ! dl‘g 2Hd ’
7=0,1
where Hj = \/1+ |Vah;|?, for j =0,1. Consequently, for i = 1,2, we have
ou(x) ov(x) /
7.12 -v(x)do + ~u(x)do| < Ce u - v| do.
)| [ @+ [ 2 @) Ju-l
Proof. We first have

8u($).vx o — _ 6v($)-uw . P o)) do
| Geta) V@) Sy @) +/F8a(1:)(() (2)) do.

Denote F = u(z) - v(z). One has

OF ()
- Pa(o) do = Z . (01Fay + O2Fas + 03Faz) (2’ hy(2")) Hj(x") da’

-y /Tr d—leac e ))—agFalhj)al

7=0,1
+ (iF(x’ hj(@')) = 95 Foah; )as + 05 Fag | H(a') da.
dl‘Q R

Integration by parts gives

aF d ,
_ Z /T dxl () + - (axH;) } o
+ Z / O3 F a3 —a181h a282h )H dr’.

7=0,1

Sincea-N =0 yields as — a101h; — ax02h; = 0, we have

(7.13) aF S Z/Tz dxl (a1 H;) + dd (agH)}d ,

thus (7.11) follows.
For a = 7;, i = 1,2 one has from (7.8) that \dizl(alHj)L |£(a2Hj)| < Ck¢,

hence (7.13) yields
‘/ (@ do‘ SCE/ |F| do,
67‘1 fl}' T

and finally we obtain (7.12). O
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