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Drop Tolerance | Runtime (s) in Matlab | Maximum iterations per solve

1074 4291 15

5x 1074 2841 30
1073 2390 50

2 x 1073 2151 70

3x 1073 1985 110

4% 1073 1917 430

5x 1073 1864 2070

Table 2: Computation details for TFQMR

multi-phase flow problem may change that performance. The major concern with GMRES is
that running it without restarts is impractical due to memory concerns, as it requires storing
a set of orthonormal vectors. Restarting helps with this, but affects the convergence rate,
and can even induce stagnation of the method. TFQMR avoids this issue, as it does not use
as much storage as GMRES, but as we have seen, it can also stagnate.

6.2 Spectral properties

Since the coefficient matrix is large and sparse, we investigated the spectral properties of
this matrix. In the following figures, we show some graphs of the pseudospectra, where we
consider the only 20 largest magnitude eigenvalues.
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The pseudospectra is significant because: The eigenvalues of a matrix operator A are the
roots of the characteristic polynomial for A. If A is highly non-normal, analytic functions of
A such as polynomials are very sensitive to small perturbation of A. The closer the smallest
(in magnitude) eigenvalue is to 0, and the more non-normal the operator. From the above
two graphs, we see the high singularity of the coefficient matrix. These two graphs show that
how the contour lines for different values of € approach a set of disjoint small regions around
the eigenvalues of coefficient matrix.

6.3 Krylov Subspace Reuse

When solving a nonlinear problem using a Newton-Krylov method, a sequence of linear
systems must be solved to calculate an update to the Newton step. Therefore, it seems
promising to try using a Krylov subspace reuse method to speed up the convergence of the
iterative method. During this workship, we compared a Krylov reuse method, [9], with
ordinary GMRES preconditioned with an incomplete LU decomposition.

The method developed in [9] could be applied to the solution of sequences of general
matrices without assuming these matrices are pairwise close or convergent, hence this method
should be very adaptive especially for our problem which has pairwise close matrices. In
addition, the methods discussed in this report should be adopted to get different subspaces,
based on the computed information from the matrix and the context of the problem.

Before describing the Krylov reuse method, recall the Krylov Subspace (for a linear system
Az =) is
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K7 (b) = span{b, Ab, Ab?,....Ab"}.

The Arnoldi recurrence in GMRES leads to the following relation, which we denote as the
Arnoldi relation
AVm = m+1ﬂma

where V,,, € C"*™ and H,, € Clmt)xm ig ypper Hessenberg. Let H,, € C™ ™ denote the
first m rows of H,,,.

In the previous simulations, the Krylov spaces generated during each solve of the linear
system are discarded after each linear solve. In this section, we describe a strategy to save a
subspace of the Krylov vectors to reduce the number of iterations for solving the next system.
The basic idea about recycling the Krylov subspace is that we pick the recycled subspace,
and during each cycle, we minimize the residual over this subspace, keeping the orthogonality
with the image of this space in the Arnoldi recurrence.

We know there are the other ways of solving the sequence of linear problem, but most of
the other techniques have more strict solution requirements. (i.e. require that the systems
are available simultaneously).

A good mechanism is needed to find the best vectors to keep. In general, we truncate
when we lose orthogonality, and will result in a suboptimal correction. Basically,the worst-
case bound on the convergence is reduced by improving the spectrum. The method used in
this workshop, GCRO-DR, is combination of GMRES-DR and GCRO to solve the sequence
of the linear systems. After computing the i** system of the equation, GCRO-DR retains k
approximate eigenvectors, as follows:

Vi = [0, Y2, -]

In our results, we found that the GCRO-DR improves the computation, even for a small
sequence of linear systems by significantly reducing the number of matrix-vector products
when compared with GMRES.

Also, when the dimension of the recycle subspace increases, the elapsed time decreases, so
the dimension of the subspace does effect our result. Since we only tried the three phase case,
which means that the size of the systems may not be big enough. The difference between
the GRCO-DR and GMRES is small , but as the size goes up, the advantage of the invariant
subspace we selected grows [9].

’ Tolerance ‘ GMRES ‘ Krylov Reuse

1073 45 34
2140.27 2013.8

1074 45 52
2073.93 2031.67
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This algorithm did not work well when the tolerance was set at le”4. We have two
possible reasons for this unexpected result, one is the size of the sequence of the system. The
GRCO-DR method may perform better with a larger number of systems to solve. Another
idea is that by including more information about the problem itself, we could make small
changes to accommodate the algorithm. Both of these possibilities are worth considering in
future work.

7 Conclusion

In this paper, we began by describing (from first principles) a compressible, three phase
fluid model with incompressible rock described by a coupled system of nonlinear PDEs. The
system of coupled nonlinear PDEs that describe fluid flow are discretized spatially using a
finite volume technique on a structured, rectangular grid. The state variables (pressures
and saturations) are defined at node centers and the fluxes represent connections from one
node to another. We tried different linear and nonlinear solvers to speed up the calcula-
tions. For linear solvers, we tried GMRES, BICGStab and TFQMR methods coupled with
an ILU preconditioner. We investigated the spectral properties and compared a Krylov reuse
method with GMRES. The preliminary results for this technique look promising. For non-
linear solvers, we tried a Newton method, Inexact Newton method and Broyden line search
techniques. The inexact Newton method saved 50% percent of the linear iterations when
compared to the exact Newton method for a three phase model. Finally, we consider a op-
timization problem with respect to the numbers of injectors, producers and placements to
maximize profit for a given oil field.
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