Spontaneous superconducting islands and Hall voltage in clean superconductors
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We study a clean superconductor in the Hall configuration, in the framework of a purely dissipative
time-dependent Ginzburg-Landau theory. We find situations in which the order parameter differs
significantly from zero in a set of islands that appear to form a periodic structure. When the pattern
of islands becomes irregular, it moves in or against the direction of the current and a Hall voltage
is found. Tiny differences in the initial state may reverse the sign of the Hall voltage. When the
average Hall voltage vanishes, the local Hall voltage does not necessarily vanish. We examine the
influence that several boundary conditions at the electrodes have on these effects.

PACS numbers: 74.20.De, 74.25.Qt, 74.25.0p, 74.78.Db

I. INTRODUCTION

The Hall voltage in superconductors exhibits a rich va-
riety of behaviors.! In the Meissner state there is no Hall
voltage,2 but in the mixed state Hall voltage is present
due to vortex drag.®* In some cases, the sign of the Hall
voltage is opposed to what would naively be expected.?

We shall consider a thin rectangular superconducting
sample. Let a magnetic field be applied in the z-direction
and let a total current I flow in the a-direction. The
sample will be assumed to be sufficiently long in the z-
direction, so that physical quantities will be independent
of z. The current will be assumed to flow in the entire
range —oo < « < 00, but only the segment 0 < z < L will
be superconducting. We denote the thickness of the sam-
ple by d; the regions y < 0 and y > d are taken as insulat-
ing. We will study the current dependence of measurable
quantities within the framework of the time-dependent
Ginzburg-Landau theory (TDGL).® Among the diversity
of formulations of TDGL, we consider the simplest:

o= = [V = APy (=T) (W7 - 1) ] + F
(1)
OA =(1-T)Re[¢(—iV—A)Y] —k’VxVxA. (2)

Here %) is the order parameter, ¢ is the time, A is the elec-
tromagnetic vector potential, 7 is the ratio between the
relaxation times of 1 and A, & is the Ginzburg-Landau
parameter, T is the temperature and f a random “force”
that simulates thermal fluctuations. The units are cus-
tomary, as e.g. in Refs. 7-10. The gauge is chosen such
that the scalar potential is zero.

We shall see that this configuration leads to the ap-
pearance of a phenomenon which, to my knowledge, has
not been previously encountered: spots where |¢] is sig-
nificant, whereas most of the sample is practically in the
normal state. We call these spots “superconducting is-
lands.” The expression “superconducting islands” is usu-
ally intended for regions of superconducting material sep-
arated by thin insulating barriers,'! but in our case these
islands will form spontaneously in a uniform material. In

a loose sense, superconducting islands may be regarded
as the opposite of vortices, but their length scale is much
larger. In appropriate situations, these islands form a
periodic pattern. We shall see that the rearrangement of
these islands is related to the appearance of Hall voltage.

II. SELECTION OF THE PROBLEM

The situation we consider is as follows: the ap-
plied magnetic field is kept fixed at 0.5H(0) =
0.25®¢ /7&£2(0), where @ is the quantum of flux and £(T')
is the coherence length at temperature 7. At this field,
the sample is in the mixed state. Initially, there is no net
current and the situation is static. Then the current in
the z-direction is gradually increased, until the film be-
comes normal. If the current increases sufficiently slowly,
we may argue that we have a quasistationary situation
and thus evaluate the properties of the superconductor
as functions of the current.

The boundary conditions that are usually assumed in
the TDGL treatment are continuity of the magnetic field
and 7 - (—iV — A) ¢ = 0, where © is a vector perpendic-
ular to the superconductor-insulator interface. However,
this condition implies that the electric field is parallel
to the interface, and is therefore inappropriate for the
study of the Hall voltage. Instead, we have used the re-
fined boundary condition suggested in Eq. (8.26) of Ref. 9
at the boundaries y = 0 and y = d. At the electrodes
z = 0 and z = L we have considered two different bound-
ary conditions. One case was that of periodic boundary
conditions, which are frequently used to mimic an infi-
nite sample in the x-direction; the other case was the
Dirichlet condition, as appropriate for normal electrodes
in which superconductivity is strongly suppressed. Peri-
odic boundary conditions are not physically justified, but
they lead to results that are simpler to analyze. There-
fore, for exposition purposes, they will be presented first.
A detailed discussion for the justification of the choice of
the boundary conditions will be presented elsewhere.

In order to keep just a small number of parameters,
Eq. (2) neglects the force exerted by the magnetic field
on the normal electrons. Therefore, the Hall voltage that



we obtain is that of the superconducting electrons only.
Since the Hall field is much smaller than the field in the
direction of the current, the Hall voltage should be, to a
good approximation, the superposition of contributions
from both kinds of electrons. We will also assume that
the density and mobility of the normal electrons are not
significantly affected by superconductivity. For a treat-
ment that considers the entire resistivity tensor see, e.g.,
Ref. 10.

We integrate the TDGL equations by means of a finite
difference method, using essentially the same program
as in Ref. 8. In this method the sample is represented
by a rectangular grid, consisting of N, x N, cells with
spacings a, = L/N, and ay = d/N,. Discrete values
of 1 are defined at every vertex and values of A4, , are
defined at every link in the respective z or y direction.
When periodic boundary conditions are used, they are
imposed both on ¢ and on exp(idya,). A standard ini-
tial state was obtained by raising the applied field from 0
to 0.5H .2 and then keeping the field fixed until a stable
(or metastable) state was reached. The initial state for
every run was then obtained by adding to 1 at every ver-
tex a complex random number with normal distribution,
zero average and standard deviation 0.1. In a few cases,
different histories were used.

The current enters the algorithm through the effect it
produces: it raises the value of the magnetic field at one
interface and lowers it at the other.

Most of the numerical studies in TDGL consider > 1,
corresponding to cases in which TDGL can be derived
from microscopic models; we have found that the effects
reported here appear for 7 significantly smaller than 1,
as is the case for clean superconductors.

III. RESULTS
A. Periodic boundary conditions

We report on samples of thickness d = 8£(0) ~ 7£(T).
For these samples the standard initial state had a row
of vortices at y = d/2 and the average distance between
consecutive vortices was 2.5£(0) ~ 2.2£(T).

Figure 1 shows the magnetization M of the film as a
function of the current I, for several values of 1. The
curves start at T = 4 x 10~2 rather than I = 0 in order
to chop off the influence of the random numbers added
to the initial state. The general behavior is similar for
all the curves (including additional values of 5 not shown
in the figure). For every curve there is a small region
0 < I < I; where M is a smooth function of I. For
I > I, there are points where the slope changes dis-
continously; at some of these points the slope changes
sign and sometimes there is just a kink. (The curves
themselves have to be continuous if I changes at a finite
rate.) The points where the slope is discontinuous co-
incide with the entrance or exit of vortices in and out
of the film. The precise points where these discontinu-
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FIG. 1: Clusters of curves of the magnetization of the film
versus the current, with 7 as a parameter. Each curve in
a cluster has an initial state slightly different than those of
the others. The magnetization is the volume average of the
induced magnetic field, in units of Hc2(0), divided by 4.
The unit of current is ¢®o/[27£(0)]*> per cm of length in the 2-
direction. For each cluster there is a different value of 7, which
is marked next to it. Typically, each cluster contains four
curves. For visibility, most clusters have been shifted in the
vertical direction. Each curve starts at the current 4 x 1073.
At the right extreme of every cluster the film is in the normal
state and the magnetization vanishes. The other parameters
used in the calculations are: N; = 80, Ny = 16, ar, = ay =
0.5, Kk =2, T = 0.5 and the size of the noise is the same as in
Refs. 7,8. The current increment between consecutive steps is
AT =5x1077 and the time increment varies from At = 0.008
for n = 0.3 to At = 0.0015 for n = 0.03. The applied field
was kept fixed at 0.5H.2(0). In the inset, one of the curves
for n = 0.03 is compared with the values obtained when the
side of the cells in the calculation grid is decreased by a factor
of 2 and the initial state is significantly different.

ities occur vary among different runs, but the general
behavior is always the same. There is a current I, > I
where the magnetization changes from diamagnetic to
paramagnetic. If we disregard the rapid oscillations of
the curves and consider only their smoothed trends, we
observe that there is a current I3 > I, where the slope
decreases pronouncedly. Finally, there is a current I.
where the film becomes normal and the magnetization
drops to zero. We also observe that there are regions,
like a region that contains I = I3 for n = 0.07, where os-
cillations are practically absent and all the curves in the
cluster coalesce. One might be tempted to suspect that
in this regime vortices do not enter or leave the film, but
closer examination shows that large regions of the sam-
ple have become normal (typically, || < 1072 in these
regions); under this condition, the concept of vorticity
loses its significance.



FIG. 2: Clusters of curves of the parallel component of the
electric field versus the current, with 7 as a parameter. The
electric field unit is ¢®o/[872k%c£>(0)], where o is the (nor-
mal) conductivity of the sample. For visibility, the upper
clusters have been shifted in the vertical direction. In this
graph each line starts at I = E| = 0. The other parameters
used are the same as in Fig. 1. The inset shows the initial
part of the considered curves.

In order to test the reproducibility of our results, we
performed several runs with different computational pa-
rameters. The solid line in the inset of Fig. 1 is one of
the lines in the cluster for n = 0.03, whereas the dots cor-
respond to essentially the same physical parameters, but
the computing grid was denser (N, = 159, N, = 32) and
the rate of change of the current was increased by a fac-
tor of 5 (At = 0.0003). In addition, the initial state was
significantly different from the standard one; the average
distance between consecutive vortices was 2.2£(0) rather
than 2.5£(0). Due to the different initial state, the initial
magnetization for this exceptional run is about half that
of the runs in the cluster; however, for I > I3, it appears
that the memory about the initial state has been lost.

Figure 2 shows the average electric field F) in the di-
rection of the current, for a few values of 7. These results
were obtained by averaging the parallel component of the
electric field over all the lines in the grid in the direction
of the current, and also over 2000 consecutive time steps.
The results resemble those obtained for long channels in
the absence of applied field.!? For I < Iy, Ej is very small
and for I > I, (normal state) we obtain E; = 2x*I/d,
which is Ohm’s law in the units we are using. In the
intermediate region, except for small oscillations, we ob-
tain straight lines with the same slope as in the normal
state.

The inset in Fig. 2 is a close up for low currents. The
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FIG. 3: Clusters of curves of the Hall component of the elec-
tric field versus the current, with 7 as a parameter. Most
clusters have been shifted in the vertical and/or horizontal
direction, but they are all in the same scale. Each cluster
starts at I =4 x 1072 and at the right extreme E, = 0. The
other parameters used are the same as in Fig. 1, except for
AI, which was taken as 107° for = 0.01 and 5 = 0.005,
and as 2.5 x 10™7 for n = 0.15. E, usually vanishes, but for
some regions of I E; # 0. In these regions E, is chaotic:
for some runs is positive and for others is negative. For
0.01 < 5 < 0.07 there is a region where E, (I) > 0 for some
lines and E, (I) < 0 for others, but |E 1 (I)| is the same for
all the lines in the cluster, so that a “bubble” is formed. Note
that the bubble for n = 0.03 invades the neighboring clusters.

reason that Ej doesn’t vanish completely for I < I; is
that our method of evaluation is not exactly stationary.
For example, if we start from the point at I = 0.01 for
n = 0.07 and keep the current fixed, E| decays with a
time constant of 18 time units. This result can be un-
derstood in terms of vortex motion: the current exerts
a force on the vortices, which attempts to drive vortices
into or out of the film. However, for I < I;, the Bean-
Livingston barrier'? prevents vortices from crossing the
interface. Therefore, for constant currents the vortices
attain equilibrium positions and stop moving; it is only
the change in current that keeps the vortices in motion.
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FIG. 4: Hall component of the electric field for the same runs
described by the dots and by the line in the inset of Fig. 1.
In the absence of scattering, the dots look like a thick line.

Likewise, E) increases close to I1; this happens because
the configuration becomes unstable and vortices acceler-
ate.

Figure 3 presents the average of the y-component of
the electric field, E,, for several values of . This re-
sult was obtained by averaging this component over all
the lines in the grid in the direction perpendicular to the
current, and also over 2000 consecutive time steps. There
are essentially two regions of currents for which £, does
not vanish. There is a clearly distinguished feature at the
right, present for 0.01 < n < 0.07, which we call a “bub-
ble”; there is also a less clear feature at the left, which
we call a “jitter.” In these regions E is chaotic: minute
differences in the state of the system when it enters the
region cause it to assume any of several very different
functions E, (I). A major difference between these two
regions is that for the bubble the system chooses among
a small number of possibilities, which appear to be sym-
metric with respect to the line E (I) = 0, whereas for
the jitter the number of possibilities is large and has no
obvious pattern. In most cases E (I) is either positive or
negative in the bubble region, but there are a few cases
(as a case shown for n = 0.05) in which E, (I) = 0.

For n = 0.01 the bubble ends at I., but for n > 0.03
the bubble ends at a current smaller than I,. In the case
n = 0.03, the bubble region coincides with the central
part of the region I3 < I < I in which the magnetization
curve looks lower and smoother than its continuation at
both sides. As 7 increases, the bubble moves to the left,
until it merges with the jitter.

In order to elucidate which part of the film gives rise
to E,, we have also evaluated its averages restricted to
the sides of the cells that touch one of the interfaces.
We found that E, in the bubble region is not influenced
by the interface where the applied magnetic field is aug-
mented by the induced magnetic field; £, in the jitter
region is influenced by both interfaces.

Since the Hall voltage we find might just be due to
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FIG. 5: Contour plot of the size of the order parameter . |1|
is larger in the lighter areas. The current flows in the vertical
direction. The unit of length is £(0). Note that the scale is
different for each direction. All the parameters are those of
the dotted line in the inset of Fig. 1. (a) I = 0.555, slightly
before the bubble. (b) I = 1.195, almost at the end of the
bubble. (c) I =1.235, slightly above the bubble region.

some instability of our numeric algorithm, we compare
in Fig. 4 the values of E| obtained with grids and time
steps of different sizes, and very different initial states
(the same runs as in the inset of Fig. 1). Except for the
amount of scattering and overshoot, the results coincide
in the bubble region (although they have opposite signs
in the jitter region).

We would like to gain some intuition concerning the
reason for the existence of this chaotic Hall voltage. For
this purpose, we have mapped the size of the order pa-
rameter for several currents. Figure 5(a) is a contour
plot of |¢]| for a current slightly below the bubble region.
This current is already large enough to turn into normal
the entire area close to the interface where the magnetic
field is large. The most interesting feature is that the
superconducting region is not just a stripe parallel to
the current direction, but it rather concentrates into a
discrete set of superconducting islands; for the current
in Figure 5(a), there are two such islands. Instead, for
I =1.235, slightly above the bubble region, we find that
there are three well defined islands. In the bubble region
itself, a process occurs in which two islands have to turn
into three; during this process the islands assume an ir-
regular shape, as in Fig. 5(b). This deformation imposes
an overall motion of the superconducting part either in
the direction of the current or against it, and this motion
produces the Hall voltage.

The size of the Hall voltage in the bubble region does
not depend on the rate at which the current is swept.
Increasing this rate by a factor of 40 just produces some
extra overshooting, but near its maximum |E (I)| looks
essentially the same as in Fig. 4. Moreover, if we stop
increasing I and keep it at a fixed value in the bubble






