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ABSTRACT. The Schrédinger equation is considered on the half line with a self-
adjoint boundary condition when the potential is real valued, integrable, and
has a finite first moment. It is proved that the potential and the two bound-
ary conditions are uniquely determined by a set of spectral data containing
the discrete eigenvalues for a boundary condition at the origin, the continuous
part of the spectral measure for that boundary condition, and a subset of the
discrete eigenvalues for a different boundary condition. This result provides a
generalization of the celebrated uniqueness theorem of Borg and Marchenko
using two sets of discrete spectra to the case where there is also a continuous
spectrum. The proof employed yields a method to recover the potential and
the two boundary conditions, and it also constructs data sets used in vari-
ous inversion methods. A comparison is made with the uniqueness result of
Gesztesy and Simon using Krein’s spectral shift function as the inversion data.

1. Introduction

Consider the Schrédinger equation on the half line
(1.1) " + V(@) =k, xR,

where the prime denotes the derivative with respect to x, the potential V is real
valued and measurable, and [;° dz (1 + z) [V (z)] is finite. Such potentials are said
to make up the Faddeev class. Let H, for a fixed a € (0, 7] denote the unique
selfadjoint realization [1] of the corresponding Schrédinger operator on L?(R*)
with the boundary condition

(1.2) sina - ¢’ (k,0) + cos a - ¥(k, 0) = 0,
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which can also be written as

V'(k,0) +cota - ¢(k,0) =0,  ae(0,7),
{ ¥(k,0) =0, a=m.

Note that a — cot « is a monotone decreasing mapping of (0, 7) onto R, and hence
« is uniquely determined by cot a.

It is known [1,2] that H, has no positive or zero eigenvalues, has no singular-
continuous spectrum, has at most a finite number of (simple) negative eigenvalues,
and its absolutely-continuous spectrum consists of k2 € [0, +00).

Borg [3] and Marchenko [4] independently analyzed (1.1) with the boundary
condition (1.2) when there is no continuous spectrum. They showed [3-5] that
two sets of discrete spectra associated with two distinct boundary conditions at
x = 0 (with a fixed boundary condition, if any, at * = 400) uniquely determine
the potential and the two boundary conditions.

A continuous spectrum often appears in applications, and it usually arises when
the potential vanishes at infinity. In our paper we present an extension of the cele-
brated Borg-Marchenko result in the presence of a continuous spectrum; namely, we
show that the potential and the two boundary conditions are uniquely determined
by an appropriate data set containing the discrete eigenvalues and the continuous
part of the spectral measure corresponding to one boundary condition and a subset
of the discrete eigenvalues corresponding to a different boundary condition.

Another extension of the Borg-Marchenko result with a continuous spectrum is
given by Gesztesy and Simon [6], where a uniqueness result is presented when the
corresponding Krein’s spectral shift function is used as the data in the class of real-
valued potentials that are integrable on [0, R] for all R > 0. In our generalization
of the Borg-Marchenko theorem, we specify the data in terms of a subset of the
spectral measure; namely, the amplitude of the Jost function and the eigenvalues.
The connection between the data used in [6] and ours is analyzed in Section 5.

The problem under study has applications in the acoustical analysis of the hu-
man vocal tract. The related inverse problem can be described [7-9] as determining
a scaled curvature of the duct of the vocal tract when a constant-frequency sound is
uttered. Such an inverse problem has important applications in speech recognition.

Our paper is organized as follows. In Section 2 we introduce the preliminary
material related to the Jost function, the phase shift, and the spectral measure.
In Section 3 we present our generalized Borg-Marchenko theorem. In Section 4
we briefly outline the Gel’fand-Levitan, Marchenko, and the Faddeev-Marchenko
procedures to recover the potential. In Section 5 we show how the data used in our
theorem uniquely constructs Krein’s spectral shift function and vice versa. Finally,
in Section 6 we present two examples to illustrate the theory presented in our paper.

2. Preliminaries

Recall that the Jost function associated with H, is defined as [2,10-12]

—i[f"(k,0) + cota - f(k,0)], a € (0,m),

(2.1) Fo(k) := { R0, aen

with f(k,z) denoting the Jost solution to (1.1) satisfying the asymptotics

(2.2) fk,z) = e*[140(1)], f'(k z)=ike®™[1 + o(1)], xr — +00.
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From (1.1) and (2.2) it follows that
(2'3) f(_kvo) = f(k’ 0)*7 f/(_kv()) = f/(k,O)*, keR,

where the asterisk denotes complex conjugation, and hence for £ € R we get

(2.4) Fo(—k) = { 1:’F('O];()l>€k)*7 aii'(o,ﬂ'),

We use C* for the upper half complex plane, C+ := C* UR for its closure, and
I := (0, +o0) for the positive imaginary axis in C*.

It is known [2,10-12] that F, (k) is analytic in C* and continuous in CT, the
zeros in Ct of F,, if any, can only occur on IT and such zeros are all simple,
F,(k) # 0 for k € R\ {0}, and that either F, (k) is nonzero at k = 0 (generic
case) or it has a simple zero there (exceptional case). Because of (2.4), knowledge
of F, (k) for k € R* is equivalent to that for k € R. Let k = ikq; for j =1,..., N,
represent the zeros of F,, on I'". Thus, the set {7/4333» éV:al corresponds to the discrete
eigenvalues of H,.

The negative of the phase of the Jost function Fj, is usually known as the phase
shift ¢, i.e.

i F, (k)
(2.5) e it (k) = ,
|Fa(k)|
where it is understood that ¢, (+00) = 0. For k € R, the phase shift ¢, satisfies
T — ¢ (k), a € (0,m),
(2.6 dal-) = { -
—ox(k), a=m.
The scattering matrix S, (k) for & € R associated with H, is defined as
Fa(_k)

keR,

- ) a € (077()7
20 _ Fa(k)
(2.7) So (k) := P (k) — Fooh) )
k) o =T.

The number of discrete eigenvalues N, is related to the phase shift ¢, by

Levinson’s theorem [2,11], i.e.
1+d
<Na+ +2 a)ﬂ, a € (0,7),

dr
(N,r + 2) , o=,

(2.8) $a(07) =

where we have defined

d,_{o, if o (0) # 0,
T, if F,(0)=0.

The spectral measure p,, corresponding to H, can be determined via [2,10-12]
— —————d), A >0,

dpa()‘) = N
> g2 0N+ K2)dy, A<,
j=1
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where §(-) is the Dirac delta distribution, A := k2, and the norming constants Jaj
are given by

1f(ikaz, 0)| _

(2.9) Goui = 1f(ikaj, )|’ a € (0,m),
. aj - M o=
[1£ Girims, ) :

with ||-]| denoting the standard norm in L?(0, +00). It is known [2,10-12] that {V, o}
is uniquely determined by the corresponding spectral measure p, and that the
reconstruction can be achieved by solving the Gel’fand-Levitan integral equation.

3. The Borg-Marchenko Theorem with a Continuous Spectrum

Our generalized Borg-Marchenko theorem consists of identifying the appropri-
ate data set leading to the unique determination of the potential V in (1.1) and the
two distinct boundary parameters o and  in (1.2) with 0 < 8 < @ < 7. Here, we
briefly state our theorem and summarize the steps to construct {V, 5, a} and refer
the reader to [12] for the proof and further details.

Let the set {fn%j };-Vfl correspond to the discrete eigenvalues of Hg. We use Fjg
to denote the Jost function associated with Hg, and it is obtained by replacing «
with 8 on the right hand side of (2.1).

Our motivation is as follows. Assume that we are given some data set D,
which contains |F,, (k)| for k € R, the whole set {liaj};-v:“h and a subset of {kg; };Vfl
consisting of N, elements. Alternatively, our data D may include |Fg(k)| for k €
R and the sets {fea]} > and {/{ﬁj . Does D uniquely determine {V,«, 3}?
If not, what additional information do we need to include in D for the unique
determination? Can we also present a constructive method to recover {V,«, 5}
from D or from a data set obtained by some augmentation of D?

Since 0 < 8 < a < 7, from the interlacing properties of eigenvalues, it is known
[2,10-12] that either N3 = N,, in which case we have

(3.1) 0 < ka1 <KL < Koz <Kga <+ < KaN, < KBN,»
or else we have Ng = N, + 1, in which case we get
(3.2) 0 < kgl < Kol < kg2 < Koz < -+ < KaN, < KBNg-

There are eight distinct cases to consider depending on whether o € (0, ) or
a = m, whether Ng = N, or N3 = N, + 1, and whether the data set used contains
|Fy| or |Fs|. So, let us define the data sets Dy, ..., Dg as follows [12]:

(3:3) D1 = {ges | Falk)| for k € R, {ra 1501, (o150}

(3.4) Dy = {8, | Fx(k)| for k € R, {nn; )30, {9150,

(3.5) D3 :={hga, |Fu(k)| for k € R, {fiaj}j 1> No-element subset of {Kﬁj}j—v:ﬁl},
(3.6) Dy:={0,|F:(k)| for k € R, {nm}] 1> Nz-element subset of {fig]}j o 1

N,
(3.7) D5 := {hga, |Fa(k)| for k € R, {ka;} ey, {rs 15}
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(3.8) Do := {|Fs(k)| for k € R, {kn;} 21, {hp 020 ),
(3'9) D7 = {6’ hﬁav |F[3(k)| for k € R, {Haj}j'vzalv {Hﬂj};‘vjl}7
(3.10) Ds = {B,|Fs(k)| for k € R, {rn;} Ny, {5} 101}

where we let
(3.11) hga = cot 3 — cot a.

Note that hgo > 0 when 0 < 3 < o < 7. The data sets Dy, D3, D5, D7 correspond to
a € (0,7) and the sets Dq, Dy, D¢, Ds to a = 7; the sets D1, Do, D3, Dy contain | F,|
whereas the sets Ds, D¢, D7, Ds contain |Fgl; the sets Dy, Da, D5, Dg correspond to
Ng = N, whereas the sets D3, Dy, D7, Dg to Ng = Ny + 1. Our generalized Borg-
Marchenko theorem can be stated as follows.

THEOREM 3.1. Let the realizations H, and Hg for some 0 < 8 < o < 7 corre-
spond to a potential V in the Faddeev class with the boundary conditions identified
by o and (3, respectively. Then, each of the data sets D; with j =1,...,8 uniquely
determines the corresponding {V, «, 3}.

The proof of the above theorem provides a method to recover o and 3 as well as
F, (k) and Fj(k) for k € C¥, thus also allowing us to construct the data sets used
as input in various inversion methods to determine V. For the proof and details we
refer the reader to [12], and here we only briefly outline the steps involved. Using
D; for each of j =1,2,5,6,7,8 we first construct Re[A;(k)] for R, where

kha Mo k2 4 w2, ”k2+mﬂ
Re[A, (k) ; e L H o J, Re[Ao(k)] = |2 H R
Na Nx
- (k* + K2;) o | J LG
) Box Jj=1 _ J=1
Rl =17, P o RAMIT= 2 R e |
| JIGED) | JIGED)
j=1 Jj=1
k hﬁ TR 4 K,
As (k)] = —hga & J
Re[ 5( )] B HkQ"'Hij’
Ng 1.2 2
ke + K3,
A Bj
Relas(h] = -1+ 0 e L)
N[-;
l—I(k2 + H%j)
hga  j=1

elbr O] = = [, e v |

H (k* + Iiij)

j=1
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1 +x3)

Jj=1

Re[As(k)] =

—1
T RE N

I = +x2)

j=1

Then, using the Schwarz integral formula

1 [~ dt
v0=5 [

Re[A;(1)],

ke CH,

we uniquely construct Aj, where 07 in the integrand indicates that the values of
Aj(k) for k € R must be obtained via a limit from C*. We get

No 1.2 2
. Fg(k) k* + kg,
Aq(k) = —i+i—2 Z,
Fa(k) ng k2+lf%j
1 F5(0) 17 k2 | 1 Fa(k) 77 K + 52,
b =-1- ol imm e
=(0) 55 K5 w(k) j; K2 + kg,
Na No
[T +52) (K + 75)
_ o Fp(k) j=1 _ Fg(k) j=1
AB(k) *Zk Fa<k‘) Ng ) A4(k) - 1+kFﬂ—<k‘) N5 )
[Tk +3) [T+ 53
j=1 j=1
Ng 12 2 Ng 12 2
‘  Fo(k) yp K+ K5 Fr(k) 71 K+ K5
As(k) = ik — hgo — ik I Ag(k)=—-1+k J
o8 =ik = hoe =ik g g 2o =1k e
Ng Npg
H”%j (k2+'€%y)
, i Fo(0) j=1 i Fo(k) j=1
A7 (k) = —ik 4 hga — ;
7(k) = =tk +hoa = 4 B0 Mo k Fy(k) No—1
Kavj (K + k2;)
j=1 j=1
L) 152 . (K + #55)
Ae(p) = 1 L Ex(0) =1 1 Fr(k) j=1
s(k) FFs0) Vol |k Fy(k) Nood
H ni] (k2+/<;ij)
j=1 j=1

Each A;(k) is analytic in C*, continuous in C*, and O(1/k) as k — oo in C*.
Next, with the help of D; and Aj, we uniquely construct «, 8, Fy, and Fj by
using the procedure given in Section 4 of [12]. Having these four quantities, we
can construct V' by using one of the available inversion methods [2,10-12], three of
which are outlined in Section 4. Note that f(k,0) and f’(k,0) can then also be
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constructed via

1

f(k,O) _ hﬁa [Fﬁ(k) - Fa(k)] , Ck,ﬁ c (O,ﬂ')’
F7T<k)7
L[COtﬂ~Fa(k)*COta'Fﬂ(k)}7 B e (0,7),

fl(ka 0) - hr@o‘
i Fg(k) — cot B - Fr(k), B e (0,m).

The constructions from D; with j = 3,4 involve an extra step because in each of
those two cases exactly one of the discrete eigenvalues needed to construct Re[A (k)]
for £ € R is not contained in D;. As a result, we first construct a one-parameter
family of A;(k) for k € C* and then determine the eigenvalue missing in D; by
taking a nontangential limit as k — oo on CT. Once the missing discrete eigenvalue
is at hand, the corresponding A, (k) for k € C+ is uniquely determined as well. We
can then proceed as in the case with j = 1,2,5,6,7,8 in order to determine o and
B, F,(k) and Fs(k) for k € C¥, the potential V, and any other relevant quantities.

4. Reconstruction of the Potential

In Section 3 we have outlined the construction of the quantities «, 8, and F, (k)
and Fj(k) for k € C* by using each of the data sets D; with j = 1,...,8 given
in (3.3)-(3.10), respectively. In this section we outline three methods to briefly
illustrate the use of such quantities to recover the potential V.

In the Gel’fand-Levitan method [2,10-12], one forms the input data G, given
by

Ga = {|Fa(k)| for k € R, {’iaj}éyzalﬁ {gaj}j‘vzal}a
where the g,; are the norming constants appearing in (2.9) and they can also be
obtained from (cf. (3.25) of [12])

21k Fp(ika;
M’ 0< ﬂ <a<m,
hga Fo(ikaj)
2 Rrj Flg(iliﬂ—j)
Fﬂ— (Z'K',ﬂ—j)
with an overdot indicating the k-derivative. The corresponding potential V' is
uniquely recovered via

Gaj =

, 0<p<a=m,

d _
Viz)= Q%Aa(x,x ),

where A, (x,y) is obtained by solving the Gel’fand-Levitan integral equation

Au(@,y) + Galz,y) +/ dzCa(y,2) Aa(z,2) =0,  0<y<ua,
0

with the kernel G, (z,y) for a € (0,7

~—

given by
k,2

1 o0
Go(z,y) ::;/ dk TABE

— 00

- 1} (cos kz) (cos ky)

22—

+ gij (cosh kqjx) (cosh kajy) ,
1

.
Il



8 TUNCAY AKTOSUN AND RICARDO WEDER

and the kernel G, (z,y) given by

1 [ 1
== — 1 (si i
Gr(z,y) - /_Oodk‘ |:|F7T(k)|2 ] (sin kz) (sin ky)
Na g2
+ Y =5 (sinh k) (sinh kqy) -
K- .
j=1"'m]

In the Marchenko method [2,11,12] one forms the input data M, given by
M, = {Sa(k) for k € R, {"iaj};y:ap {maj}é‘v:(ﬁ}a

where S, is the scattering matrix defined in (2.7) and the norming constants m;
can be obtained by using

1
Maj *= 7777 N0 jzla"'vNOu
T (ke )|
or equivalently via (cf. (3.26) of [12])
ke hga
“Wajlfa - pg<B<a<m,
F(ikaz) Falika;)
Maj =
ks
. R 0<fB<a=m.
Fy(ikinj) Fr(ifin;)

The potential V' is uniquely recovered as

— d +
V(z) = 2de(:r7x ),

where K (x,y) is obtained by solving the Marchenko integral equation
K(x,y)+Ma(x+y)+/ dz M, (y+ z) K(z,2) =0, 0<z<y,

with the kernel

N,
1 >~ ik 2 2 —Raj
%/_mdk[sa(k)—ue y+;maje v ae(0,m),
Ma(y) = . N,
ik 2 —Knj —
gﬁmdk[l—Sﬂ(k)]e y+;mﬂje Y a=.

In the right Faddeev-Marchenko method [2,11,12], by viewing the potential V'
on the full line and setting V' = 0 for = < 0, one forms the input data F, given by

Fro= {L(k) for k € R, {Tj}év:h {er}é'vzl}a
where L is the left reflection coefficient given by

B ik f(k,0) — f'(k,O) —
LW = %o+ roy G
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or equivalently

(k —icotB) Fo(k) — (k —icot ) Fg(k)
(k4 icot B) Fy(k) — (k +icota) Fg(k)’
(k ) Fr (k) —
)

a, € (0,7),

Lk) = —icot B) Fr(k) — Fa(k)

(k4 icot B) Fr(k) + Fp(k)’

The N positive constants 7; correspond to the (simple) poles of L(k) on I*, and
the c;; are the norming constants that can be obtained via

B e (0,m).

¢rj =/ —iRes(L, i1;), j=1,...,N.
The potential V' can be uniquely reconstructed as

dB,(z,0%)
dx ’
where B, (x,y) is the solution to the right Faddeev-Marchenko integral equation

V(z)=2

Bl y) + (20 + y) + / dy (=22 +y+2) Bolw,2) =0,y >0,
0

with the input data
1 [ al
—— ik 2 —Tj
N(y) = ﬂlmdkL(k)e y—i—;crje iy,

5. Krein’s Spectral Shift Function

In this section, we indicate the construction of Krein’s spectral shift function
Epa(k) for k € RT UTT with 0 < 3 < @ < 7, and we also show how to extract «,
B, Fa, F3, and V from £g,.

Krein’s spectral shift function £g, (k) associated with H, and Hg can be defined
in various ways [5,13-15]. We find it convenient to introduce g, by relating it to
the phase of F,(k)/Fs(k) for k € RUTI". Let us note that g, in [6] is considered
when 0 < 8 < a < m, but studying it for 0 < 8 < a < 7 does not present
any inconvenience because we can choose &og(k) = &g (k) for k € Rt UIt with
6 € (0,), as done in our paper.

Let
; Zgo(k
(5.1) epalk) . — f’i(), EeRYUIT,
|Zﬁa(k)|
with the normalization
0, a € (0,m),
5.2 o(400) =
(5:2) G+ ={ 1, 0T
and the range of g, (k) on I restricted to the interval [0, 1], where we have defined
F,(k
( ), 0<fB<a<m,
(53) Zoa) = { )
i Fi3(k)

Foh) 0<f<a=m.
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As seen from (2.5) and (5.1)-(5.3), we can express £gqo (k) for £ € RT in terms of
the phase shifts ¢, and ¢g as

L 6ok) — da(k),  O<f<a<m
(5.4) Galk)={ T
§+;WAM—¢AML 0<B<a=nm.

With the help of (2.6) and (5.4) we see that g, (k) can be extended from k € R
to k € R oddly, i.e.

(5.5) €oa(—k) = —Esa(k), O<B<a<m keR.

Using (3.18) of [12], for k € R we get

k hga

WiZ)P, O<ﬁ<a<7r,
(5.6) Im [Zga (k)] = i

W, 0<f<a=m.

Since F, (k) is nonzero for k € R, (5.6) implies that Im [Zg, (k)] > 0 for k € R*.

Thus, from (5.1) we can conclude that &g (k) € (0,1) when k£ € R*. Furthermore,

using (2.8) and (5.4) we get

Ny — Ny + 220

§pa(0") = L2
Ny = Nj + B 0<B<a=m

0<f<ac<m,

Having introduced &gq (k) for k € RUIT, let us now analyze the problem of

recovering a, 3, Fy, F, and V from &g, . First, given £z, (k) for k € RT UIT, from
(5.2) we determine whether « € (0,7) or a = 7.
Next, we can recover N, Ng, {naj}j-vz"l, and {nﬁj};v:ﬁl by using the values of
&3a(k) for k € I*. In fact, with the help of (2.1), (2.3), and (5.1)-(5.3), we see that
Z3a(k) is real valued for k € I and that {3, (k) on I' is equal to either 0 or 1,
with jump discontinuities at k = irxo; and k& = ikg;. In other words, in consonant
with the interlacing properties given in (3.1) and (3.2), as a result of the simplicity
of zeros of F, and Fj on I'", we have, when N, = Ngand 0 < f<a <

Nq
5 (Zw) { 0, w € (0, ’iozl) U (K[-}Nﬁ7+00) Uj:2 (Kﬂ(j—l)v ’{aj)a
Bo =
1, wE Uj-vz“l(najmgj),
and we have, when N, = Ng—land 0< g <a<m
Na
. 0, we€ (Kpn,,+00) Uil (Kgj, Kaj),
fﬁa(ZW) = Na
1, w € (0,Kp1) U;2y (Kags Ba(i+1))-

On the other hand, we have, when 0 < 8 < a = 7 and Ng = N,

1, w € (0, k1) U (Kgngy, +00) U;V:"Q (Kg(ji—1), Krj),

Epr(iw) = {

0, wE ijz”l(nﬂj,mgj)7
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and we have, when 0 < 8 < a=m and Ng = N, + 1

(5.7) Epn(iw) = { L w € (Kpng, +00) UGy (Kgj, Kinj),

07 (0 Iiﬂl) U] 1 (/{7"37Kﬁ(]+1))

Thus, we are able to recover N,, Ng, {Kkq; }j 1, and {ng} , by analyzing the
location of the jumps of £g, (k) for k € IT.

In order to continue with the recovery, let us define the ‘reduced’ quantities
identified with the superscript [0] as follows:

Na .
k+ikaj

O = Fall) [] 5
aj

, a € (0,m)].
j=1

Note that |F(LO](I<:)| = |F, (k)| for £ € R, and hence as seen from (5.3) it is natural
to let

k
Z g0k Hk+maJHk+mﬂp 0<pB<a<m,

— 1Kqj 1Kgp

Yk — ik k+ikg
Zar(k Ui d 0 =
B()Jﬂkﬂnﬂpzlk—mﬁp’ <f<a=m

so that Zg)(l has no zeros or poles in C*+ \ {0}.

Let Wﬂdenote the class of functions Y (k) that are analytic in C* and con-
tinuous in C*\ {0} satisfying Y (—k) =Y (k)* for k € Rand 14+ O(1/k) as k — o0
in C*, and that Y is either continuous at k = 0 or has a finite-order zero or pole at
k = 0. Let W denote the extended class of functions that differ from Y (k) in Wl

k4 iq
by a finite number of multiplicative factors of the form 3 i Z,Zj with real constants
J
a; and b;. For such functions Y (k) in W, we let log (Y (k)) denote the branch of
the logarithm normalized as Im [log (Y (c0))] = 0.

THEOREM 5.1. The quantities Z[ﬁoi(k) for0< @ <a<mand Z[Ojr(k')/[ik] for
0 < 8 < m each belong to WO, and for k € C+ we have

oo Im |log (Z[O] (t))]
0) 1y — 1 { pox
(5.9) Zga (k) = exp | — / dt ———o7 :

— 00

0<fB<ac<m,

~ o [1og (Z[ )t )/[z’t])]

P — , 0<pB<m.

[0] , 1
1 Zy (k) =ik - —
Ga0) 2B = ikeen | [

— 00

PROOF. For any a € (0, 7] it is known [2,10-12] that F, (k) is analytic in C*
and continuous in C™, it is nonzero in C* except for the simple zeros at k = irq;
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with j = 1,..., N, and perhaps a simple zero at k = 0. By using (3.12) and (3.13)
of [12], as k — oo in C* we obtain
14 i hga B hga cot 3

(5.11) Zga(k) = k k2
ik + cot B+ o(1), 0<pf<a=m,

+o(1/k%), 0<B<a<m,

and hence from (5.8) and (5.11), as k — oo in CT, we get

. Ng
0] 7.y — ¢ 2
Zﬁa(k)_l_E hgoé+2j£:1/<am QJEIKLQ] + O(1/k%), 0<p<a<m,
Z5 (k) 1
pr\®)
T_H-—k cotﬁ+2j§lmm—2;1mm o(1/k), 0<p<m.

Using also (2.4), (5.3), and (5.8), it follows that Zg)(l(k) for 0 < f < a < 7 and
ZL[;OT]r(k)/[zk] for 0 < B < 7 each belong to WI?). Moreover, the logarithms of both

these quantities are analytic in C* and continuous in C* \ {0}, have at most an
integrable singularity at k = 0, and are O(1/k) as k — oo in C*. Thus, the Schwarz
integral formula can be used to obtain

N ]
log (Z}ﬂ(k)) - % [ e Im l[ligk(f{zf))] 7 —

. < 290, )>:1 I g les (o))

ik 7r t—k—i0t ’
which give us (5.9) and (5.10), respectively. O

— 00

From (5.8) we get |Zg)c]¥(k)\ = |Zgqo(k)| for k € R, and hence a comparison with
(5.1) and (5.2) leads us to let
0
Zsa (k)

- [0]
(5.12) e pa(k) = DO
1Z5L (k)|

EcRTUIT,

with the normalization

0, 0,7),
5[0]( 00) = {1/2 ai(:’]r)

so that for 0 < f < a < m we have

(5.13) 5[0]( k) = Epalk )+—log H :Jrzm; H k+mﬁp ’

o kiR iKgp
and for 0 < § < 7 we get

k+irgp
k—irgp

(5.14) f ( ) fﬁﬂ'( )JF*IOg H k:+iz: H
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Using (5.5), (5.13), and (5.14) we can extend f[ﬁoc]y(k) oddly from k € R to
keR,ie.

(5.15) E(—k)=—E5(k), O0<f<a<m keR.

From (5.12) and (5.15), for k € R we get

. %Im {1og (Z}ij(k))} . O<fB<a<m,

(1) % (k) = lIm [log (Zgﬂ(k)) + — sign(k), 0<pf<a=m,
0 ik 2

and similarly, for £ € R we have
tmllog (Zea(R)],  0<f<a<m,

47 el = %Im [log (Zﬂfk(k)>] + %sign(k), 0<pf<a=m.

Since Z}}Oi(k) > 0 for k € I't, we have

(5.18) i (k) = O<B<a<m kel

and hence, from (5.13) and (5.14), for k € IT we get

ik k+irg
71 aj P 0
8 Hkera]kamﬁp ’ <f<a<m
(5.19)  &pal(k) =
k+ikn; k—ikgp
0 =.
Hk*ll{ﬂjl_‘[kﬁ“iligp ) <ﬁ<a T

Using (5.16) in (5.9) and (5.10), we obtain the following.

COROLLARY 5.3. For 0 < f < a <, the quantity zY o(k) for k € Ct can be
obtained from §5a( ) given for k € RY wvia (5.15) and

S 6[0]()
exp(/ dtt—k—O“’)’ 0</8<C¥<7T,
7 (k) = -

pe (] sign
ik~exp</ dt£ )= 1/2) g(t)>, 0<pf<a=m.

t—k—i0t

Now let us continue with the recovery of o and 8 from £g,. We have already
constructed Ny, Ng, {maj }j 1, and {ng} . Next, with the help of (5.13), (5.14),
and (5.15) we obtain fﬁa( ) for k € R. Then, using Corollary 5.3 we get Zéoi(k)

and via (5.8) we obtain Zg, (k) for k € C*. Having Zg, (k) in hand, we can recover
a and @ by using (3.11) and (5.11).
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Next, we continue with the construction of F,, and Fg. When a # , we proceed
as follows. Having hg, and Zga (k) for k € R, via (5.6) we construct |Fz(k)|* as

B = g

Knowing |Fg(k)| for k € R, we can then construct Fj via (cf. (3.6) of [12])

ikg; =1 [ log|t/Fs(t)| =T
(5.20) Fy(k) =k H]H p<m,/_oodttkZ,O+ , ke Ct.

Z/ﬂ:gj

kEeR.

On the other hand, if & = 7 we proceed as follows. From (5.6) we get |Fy(k)|? as
k

|F7r k)|2: —, ke R.
W= iz,
Having |F (k)| for k € R at hand, we can then construct Fy via (cf. (3.7) of [12])
ik 1 [ log|Fy(t)] —
21)  Fi( J — [ @220 T
(5:21) sz—i-mm p(m/m t—k— 0+ €

Finally, if o # 7 then via the first line of (5.3) we can recover F, (k) from the
already constructed quantities Fjg(k) and Zg, (k) for k € C*. Similarly, if o = 7
then via the second line of (5.3) we can recover F(k) from the already constructed
quantities Fy (k) and Zg, (k) for k € C*. A comparison with (3.3)-(3.10) reveals
that we have now constructed the data sets Dy, D3, D5, D7 when « € (0,7) and
Ds,Dy4,Dg,Dg when o = 7. Finally, we can recover V via one of the methods
described in Section 4.

Let us also note that, by using any one of the eight data sets D; given in (3.3)-
(3.10), we can construct the quantities F, (k) and Fj(k) for k € C* as outlined in
Section 3, then obtain Zs, for k € CT given in (5.3), and also recover &3, (k) for
ke RTUIT via (5.17) and (5.19).

6. Examples

In this section we present two examples to illustrate the recovery of the potential
and the boundary conditions from the data set Dj given in (3.5) and also from
Krein’s spectral shift function &g .

EXAMPLE 6.1. In our first example, assume that we are given D3 with hg, = 5,
N, =1, Ng =2, kg1 = 2, kga = 4, and |F,(k)|? = k* + 4 for k € R, and we are
interested in constructing all the relevant quantities such as cot «, cot 8, Fy, Fp,
and V. By using the method outlined in Section 3, with the details given in the
proof of Theorem 2.3 of [12], we get

kg1 =1, cota=—8/5, cotf=17/5,

. (k—14)(k — 4)
F.k)y=k—-2i, F =
(k) = k=2i, Fa(k) = ==
As indicated in Sections 3-5, we can then obtain other relevant quantities such as
5k — 8i 25ik? + 40k + 36i
k,0) = —— "(k,0) =
f(k,0) 5(k + 2i)’ F'(k,0) 25(k + 21) ’
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the quantities used in the Gel’fand-Levitan and Marchenko methods, e.g.

k‘ 2
gal—f mar = VD, S.(k) = 2

the quantities used in the Faddeev-Marchenko method, e.g.

V34 +4)i -1
N =1, ﬁ:w, Crp = 3 . L(k) = 5 8 ,
5 5v/34 25k? — 40ik + 18

the quantities relevant to Krein’s spectral shift function, e.g.

[0] (k+ 2i)2 [0] l m 1o (k+ 2i)2
Z5o ) = e v ay S =T Pg(w+nm+4nﬂ’
_ (k+2i)(k — 2i) 1 (k + 2i)(k — 29)
nlh) = (g €oo) = 2 s (G )
and finally the potential and the Jost solution

288¢1® 367 }

___&sce T 'Lkw _
V(;v) = (9 I 64I)23 f(kv ) |:1 (k‘ + 27[) (9 + e4ac)

EXAMPLE 6.2. As our second example, let us assume that we have as our data
Krein’s spectral shift function given by

11 (k—1)(k+1)(k— 37)

§+;Im {log< k(k — 2i)(k + 2i) )} peR
(6.1)  &palk) = 0, kei(0,1)Ui(2,3),

1, kei(l,2)Ui(3,+00),

and we would like to construct all the relevant quantities such as cot «;, cot 3, F,,
Fg, and V. By letting k — +oo in (6.1) we get {go(+00) = 1/2, and hence we
see from (5.2) that @ = m. Next, we analyze our £, (k) on It and see the jump
discontinuities at k = ¢,2i,3i. A comparison with (5.7) indicates that N, = 1,
Nz =2, ka1 =2, kg1 = 1, and kg2 = 3. Next, using (5.14) and (5.18) we obtain

1 1 (k +4)%(k + 3i)
i | WY AT O
g[0]( k) = 2+7T m{log( Kk + 2)° , keR,
0, kelt,
and then, via Corollary 5.3, we get
(0] i(k +i)%(k + 3i)
2 Zp (k)= ——F—"———=

Next, using (6.2) in (5.8) we obtain
i(k+i)(k—1i)(k — 3d)
(k +2i)(k — 29)

Using (6.3) in (5.11) we get cot § = 3, and then with the help of (5.20), (5.21), and
then (5.3) we obtain

(6.3) Zga(k) =
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Proceeding as in the first example, we can then construct all the relevant quantities.
For example, we have

(k + i) (k + 2i)
Se(k) =TTy =4V, g = V3,
W) =G—ym—2) ™ V3 gm =3
—9i _ _
Lk)==——"—, N=1 = 2.144441: 1 = 0.631182,
( ) 2k3+5k+927 ) T1 1, Cr1

where the overline indicates a roundoff at the digit. Finally, we obtain the potential
and the Jost solution
Vi) = 24e72% — 480e 4% 4 T20e 5% — 480e~8 + 600e 107
(1 —3e=22 4 15¢—4 — pe—62)? ’
6i(e2* — 5e76%)  60i(—e 4 + 7 67)

k — cihz |1 k+1 k+ 27
f(k@) =e * 1— 3¢ 2% + Ibe 42 — be 62
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