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ABSTRACT. Consider the degenerate elliptic operator Ls := —92 — %65 on
Q := (0,1) x (0,1), for § > 0,1 > 0. We prove well-posedness and regularity
results for the second-order degenerate elliptic equation Lsu = f in Q, ulgq =
0 using weighted Sobolev spaces K['. In particular, by a proper choice of
the parameters in the weighted Sobolev spaces K, we establish the existence
and uniqueness of the solution. In addition, we show that there is no loss of
K-regularity for the solution of the equation. We then provide an explicit
construction of a sequence of finite dimensional subspaces V;, for the finite
element method, such that the optimal convergence rate is attained for u, €
Vi, Le, [Ju — un|[g1(g) < Cdim(Vyp,)~ % [[fI| rm—1(q) with C independent of

f and n.
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1. INTRODUCTION

Let €2 be the rectangular domain (0,1) x (0,1) for [ > 0, and define the operator
Ls as follows

Ls:=—02— £82 0> 0.

x 2y
We then consider a class of degenerate elliptic equations on €2 corresponding to L
with the Dirichlet boundary condition:

Lsu = f in
(1) { uw =0 on ON.

Denote by u the solution of Equation (1). Let ¢ := (0,£) x(0,1) and S := Q\Q¢
be subsets of €2, depending on £. Denote by P, C (2, an arbitrary open subset
containing the neighborhoods of the vertices (1,0) and (1,l). Then, the strong
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ellipticity of the operator L5 on S¢\P, implies that there exists a unique solution
u € H™FL(SA\P,) N {ulpq = 0} for any f € H™1(Q) [24, 41].

However, it is well known that this result does not extend to the entire domain )
in general, because of the loss of ellipticity at £ = 0 and the possible singularities of
the solution arising from the corners. In fact, it is generally impossible to find a solu-
tion u € H™*1(Q) for large m, even if the given data is smooth f € C>°(£2). Various
techniques have been used to investigate different degenerate elliptic equations in
the papers of Boimatov [16], Felli and Schneider [25], French [26], Langlais [33], and
others. In this paper, inspired by the methods of Babuska and Aziz [8], Bacuta,
Nistor, and Zikatanov [14, 15], Kondratiev [30], we shall study the well-posedness
and regularity of the solution of Equation (1) in terms of some weighted Sobolev
space K*. The well-posedness of the solution v in weighted Sobolev spaces will be
proved, and consequently, we shall show that there is no loss of K]'-regularity for
the solution of Equation (1).

Another main result of this paper is regarding the numerical approximation
by the finite element method (FEM). Let V,, be a sequence of finite dimensional
subspaces for the FEM. Denote by u, € V,, the corresponding discrete solution.
Then, we shall provide a simple, explicit way to construct a sequence of finite
dimensional subspaces V,, C H{ (), such that u,, satisfies

= tn |11 () < CAm (V) ™™ 2| fl| =10

where f € H™~1(Q) N K™ " (Q) is arbitrary and C' is a constant that depends on
Q and m, but not n or f. Namely, one can recover the optimal rate of convergence
that is expected for smooth solutions [8, 17, 19].

In addition, according to the result of Babuska and Aziz [9], the maximum angle
of the triangles in the triangulation for the FEM should be bounded away from m,
such that a uniform error estimate can be obtained in the usual Sobolev spaces H™
on each triangle. Otherwise, the energy norm of the error |u — uy|g: on © might
be difficult to control. In our construction of subspaces V,,, however, thin triangles
that violate this maximum-angle condition will appear. In fact, the maximum angle
in the triangles will keep increasing with 7 as the limit. We shall show that the
difficulty for the estimates in this case can be overcome by a homogeneity argument
in weighted Sobolev spaces.

In Section 2, we shall introduce our weighted Sobolev spaces KJ'(£2) and some
notations that will be used throughout this paper. The properties of K7*(€2) that
are important for the regularity of the solution will be studied in detail.

In Section 3, we shall prove the well-posedness and regularity of the solution in
K™(Q). Denote by (vi,v2) the inner product of vi,ve € H°(Q) = L?(Q). The
corresponding weak solution u € K7 (Q) N {ulsq = 0} of Equation (1) is defined by

a(u,0) 1= (D, 00) + 60y, —0y0) = (f,0), o € K@) {v]an = 0).
Furthermore, we will prove that, for m > 0, the operator L5 = —9?2 — %8; is an
isomorphism from K7"*(Q) N {u|gq = 0} to K™ 1(Q) and Fredholm K{'_ﬁ;l(Q) N
{uloe = 0} — K™71(Q) iff € is away from a specific countable set of values.

In Section 4, we will analyze the numerical solution u,, for Equation (1). Explic-
itly, we will look for u,, € V,, satisfying

a(unavn) = <f> Un>7 Yo, € Vi
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To better explain our results, let us recall some basic results in classical approxima-
tion theory [17, 19, 22]. Denote by I' = (7;) the triangulation of Q with triangles.
Let V. = V(I',m + 1) be the finite element space associated to the degree m La-
grange triangle [19], such that V consists of polynomials of degree < m on each
triangle T; € I, in which the nodes are obtained by taking points with barycentric
coordinates in m~1Z. Let uy € V be the numerical solution of Equation (1). For
any continuous solution wu, denote by u; € V(I',m + 1) the interpolation associ-
ated to u, which is uniquely determined by the condition u(z;) = us(z;) for any
node. Also, a symmetric bilinear form a(-,-) induces an equivalent norm || - ||, on
a normed space, provided that a(-,-) is both continuous and coercive on this space.
As aresult from Section 3, we shall show that |[-|[1 and ||-[|, are equivalent norms
on Q. Therefore, based on Céa’s Lemma [17], we have the following inequality

llu —uv|lgi) < Cllu—urllki@)-

The constant C' in the expression is independent of the triangulation I' and the
solution u. From our estimates on the interpolation error ||u — ur||x1(q), We shall
construct a class C(l, h, k,m, €) of partitions I" of Q = (0,1) x (0,1), I > 0, such that
| = uv||gi (o) < CAm(V) ™2 fllgm-1(q), V€ H™HQ) N K" (Q).

More details about the notation and proof will be given in Section 4.

In Section 5, numerical results will be presented for the operator £; := —92 —
#65 on ) := (0,1) x (0, 10) with a smooth f. We will compare the rates of conver-
gence of the numerical solutions for different mesh sizes. The convergence history

will verify our theoretical prediction and demonstrate the efficiency of our technique
to approximate the solution.

2. THE WEIGHTED SOBOLEV SPACES K"

As explained above, weighted Sobolev spaces are convenient for the problem
since the solution u may not belong to H™*1(Q) for large m, even if f € C*. In
this section, we shall introduce the weighted Sobolev spaces K2*(£2) and establish
some properties of them, which are useful for the study of the boundary value prob-
lem (1). One can refer to [10, 21, 30, 31, 32] for more information and additional
results on Sobolev spaces with weights.

2.1. Notation. As usual, the regular Sobolev spaces H" on the domain {2 for
m € {0,1,2,...} are defined as follows [24],

H™(Q) = {v e L*(Q), 0°v € L*(Q), V|a| < m},

with the multi-index o = (a1, a2) € Z2, |a| := a1 + az and §* := 9*19*2. The
H™-norm of any v € H™(Q) is defined by

||UH%IM(Q) = Z ||5%H2L2(Q)7

laf<m

where the L2-norm is

0250 = / lv[2dz.
Q

For s € R, we define the spaces H*(2) by interpolation [1].
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Let X(z,y) € Q be an arbitrary point in the domain . To define weighted
Sobolev spaces K on the domain 2, we denote by 7 (z,y) = dist(X,(1,0))
and ro(z,y) = dist(X, (1,1)), the distances from X(z,y) to the vertices (1,0),
(1,1) of Q respectively (Fig. 2.1). The above distances are used in the defini-
tion of the spaces K" and play an important role in reflecting the properties
of the solution of Equation (1) near the vertices (1,0),(1,1) [13]. Denote by
S = {(1,0), (1,1), [0,y], 0 < y < I} the set containing the vertices and the
degenerate boundary of the domain. Then, we define the weighed Sobolev spaces
K" on Q as follows.

Fig. 2.1 Domain 2 and the position of X

Definition 2.1. Let R := {z < 3} U {r; < 1, i = 1,2} C Q be a subset of
the domain. Let r(x,y) be a positive smooth function, such that r stands for the
distance from X (z,y) to the set S for any X (z,y) € R, while r satisfies that r > 1
for any point in the region Q\R. Therefore, r = z in the neighborhood of the
degenerate boundary; » = r1 and r = r in the neighborhoods of (1,0) and (1,1)
respectively. Then, for ¢, j,m € {0,1,2,...}, the mth weighted Sobolev space is

K7M(Q) == {v € L, (Q), 7~ *(rir2) ™ (20,)'0)v € L*(Q), i +j < m}.

loc

The K!"-norm for any function v € K*(Q) is

ol @) = D Ilr=(rire) ™ (20:) 00| 2 q).
i+j<m
By L? (), we mean the space that includes all the functions on €2, whose restriction
to any compact subset A C Q is in L?(A). Also, we denote by H™ () the space
of functions that belong to H™(A) for any compact subset A C €. In addition, we
set Q¢ :=(0,€) x (0,1) C Q, and S¢ := Q\Q¢ to be two particular subsets that will
be used very often in the text.

Since = (r1r2)" 7 (20,)'0)v € L*(Q) for Vv € KJ*(2), the completeness of the
space K (Q2) then follows the completeness of L?(Q2) and integration by parts with
standard arguments in [1, 24]. Moreover, K}*(2) is a Hilbert space associated with
the inner product

(va)K;" = Z / 7’72‘1(7"17’2)i+j(ffam)iaiu(ﬁrz)iﬂ(wam)iafﬁ-
i+j<m S
Recall that for regular Sobolev spaces H™(Q) [17, 24, 41], m > 0, the space
H~™(Q) is the dual space of HJ*(£2), where HJ*(Q) is defined as follows,

HIM(Q) = {ve H™(Q), dv|sq =0, i <m}.
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Similarly, we denote by K_"(Q) = (K7(Q) N {v|sa = 0})" the dual space of

—a

K™(Q) N {v|sq = 0} with respect to the pivot space L?(12),

Jo vw
|[w]| g=m(q) = sup —_—
“ veK (@n{vlaa=0} [Vl K@)

We also agree that if ||v|[gm (o) = 0o, then v is not in K7*(0).

Remark 2.2. The parameters in the spaces K(Q) are related to the distance to
the vertices (1,0),(1,1) and to the degenerate boundary = = 0, where one will
see singularities of the solution. It is clear that Equation (1) is strongly elliptic
in the small neighborhoods of (1,0) and (1,!) with the coefficient frozen in z at
those points. In fact, near the vertices (1,0), (1,1), the spaces K2*(£2) are the usual
weighted Sobolev spaces for elliptic equations on corner singularities [8, 14, 30];
while in the neighborhood of x = 0, K*(€2) can be considered as the usual weighted
spaces in polar coordinates by setting » = x and § = y. Our weighted Sobolev spaces
are invented in the way that is based on the property of the operator L5 and the
geometry of the domain. For this reason, some properties of K!(2) are important
for the study of the regularity of the solution and for the construction of the finite
subspaces in the FEM.

Throughout this paper, our notation will follow what we have introduced in this
subsection. Based on the definition of the weighted Sobolev space, we shall give
some observations and lemmas for K" ().

2.2. Lemmas. We here summarize several properties for the spaces K7*({2) that
are useful for the development of the theorems in Section 3 and Section 4. Most of
the properties are derived from straightforward calculation based on the definition
of K"(Q). For the reason that most of functions we are interested in are defined
on ), we shall omit Q in the notation K7*(2) and H™(Q)), which are used often
below, to simplify the expression. Therefore, K" = K (Q) and H™ = H™(Q) for
the rest of this paper. Moreover, a ~ b means that there exist constants C7,Cs > 0,
such that C1b < a < Csb. An isomorphism in the text means a continuous bijection
between two Banach spaces.
The first lemma claims an alternative definition for the space K.

Lemma 2.3. Denote by P, C 2, P,, C Q and P,, C 2 the small neighborhoods of
x =0 and the vertices (1,0), (1,1) respectively. Then, for P. = P., U P,,, we have

K ={ue HMQ), r~(rd,)'0ju € L*(P,), r~*(rd,)'dIu € L*(Py), Yi+j < m}.

Proof. On the outside of P = P,UP,, u € H™(Q2\P) is equivalent to u € K"(Q\P),
since r, 71,79 and z are all bounded from above and 0 by the definition.
On the region P,, we notice r = x and ry, o are bounded. Therefore

7 (ryrg) I (:E@m)iaiu o~ rfa(rar)ié)gu

in the norm of L2.
On P,,, 1 = 1,2, we freeze the coefficient of £; in x at the vertex and change the
variables x,y into r, 8 for the polar coordinates centered at the vertex,

sin(0)

0, = cos(0)0, — Op

,
cos(6)
r

9y = sin(0)d, + 9,
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where 7 = r; on P, and r = r9 on P,,. The proof then follows that
sin(0) cos(6)
'S

r

%" (cos(0)0, — D) (sin(0)0, + A u =~ r=(rd,) dju

in L?-norm on P,. O
Lemma 2.4. The function r=°(rir9) " (2:0,)'05r" is bounded on Q.

Proof. On the region P, where r = r1 or r = ry, we follow the notation in Lemma
2.3, and change to the polar coordinates centered at the vertices. Since (r@r)krb =
berP and dyr = 0, we have

PP (r1ra) T (20,) 09" < Culr=tr "I 0LOIr?|

= Cy|r~br* (cos(0)0, — smr(ﬁ) Dp)"(sin(0)0, + Cosrﬂag)jrﬂ
< Clr* Z (ro,)koprt|

k+h<it+j
<Ot Y o)t =cl ) b

k<i+j k<i+j

Therefore r~°(ryr9) 9 (20,)'8Jr" is bounded on P,.
On the region P, where r = x, we have (20;)"r® = bir® and 9,7 = 0. Thus, the
proof follows
|r=b(ryrg) ™I (xaw)iairﬂ < C\r_b(xaz)iagrﬂ
Clr="(x8,)'r*| = C|b).
As for Q\P, the complement of P = P, U P,, since r is smooth and bounded

away from 0, the function r=°(ryry)i*J (m@m)iairb is bounded. Thus, the proof is
completed. 0

IN

Consequently, Lemma 2.4 shows

Lemma 2.5. For the spaces K™, r’ K" = K[\, where rP KM = {rbv, Vv € K™}.

Therefore, the multiplication by ° defines an isomorphism K™ — K.

Proof. Let v € K" and w = rPv. Then |r=%(ryro)" (20,)'0Jv| € L?, for i+j < m.
Moreover, we have

\r_a_b(rlrg)iﬂ(m@x)i85w| = \r_a_b(rlrg)”j(m@x)iagrbw
= 7 ()Y (20n) Ol (20,) R O] |
k<i,h<j
< C Z |r_a(rlrg)iﬂ_k_h(xaw)i_kai_hv\ELQ.
k<i,h<j

The last inequality is the consequence of Lemma 2.4. Thus, r? K is continuously

embedded in K7,. On the other hand, because this embedding holds for any real
number b, we have the opposite

m b,.—bgm bgm
anp =TT KW, CTUKYY,

which completes the proof. [
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From a direct verification based on the definitions of H™ and K", we can also
derive the following lemma.

Lemma 2.6. We have KQ = L? and form’ <m, o’ < a,
1K™ c
2. ||UHK;’,‘/(QE) <gm H“HK;"(QE)aVU €K E< %

Proof. The first argument is the result of the inequality below. For Vv € K]* and
m <m,ad <a
Z lr= (ryre) "t (28, ‘Hull7. <C Z T (r1re) T (20,) O ul|7 .
i+j<m’ i+j<m

On Q¢ = (0,¢) x (0,1),¢ < %, we have r = . Then the second argument in this
lemma follows

By = 30 1l (rur) ™ (@0,) 0l By
“ i+j<m/’
<D I (rare) T (20) Al 72
i+ji<m
=) S e () (20, ) 00l B
i+j<m
< &) N ryr) Y (20, ‘DullF2 o)
i+j<m

= ||y -

O

We note that the parameters in K" only depend on the distances to certain
parts of the boundary. From Lemma 2.3, we claim that the H™- and K *-norm are
equivalent on any compact subset A C €.

Lemma 2.7. Let £ be a positive number, and let G C ) be an open subset such
that r > & on G. Then |[ul|gm ) < Millullkp(c) and [|ul[kp @) < Malul|am(c),
for any u € H™(G), where the constants My and My only depend on & and m.

Proof. As stated in Lemma 2.3, the parameters r, 71,72 and = in the expression of
K"-norm are all bounded from 0 on G, since the distance from G to the set S has
a lower bound £. Then, the proof follows the the definitions of the spaces and the
norms involved. ([

The following lemma states the relation between H™ and K" on Q.

Lemma 2.8. On Q, ||u||g= < Mil||ul|gm, and ||u||gm < Ms|lul|gm for a <0,
where My and My depend on m and a.

Proof. This lemma is basically a consequence of the definitions of those norms.
Recall the definitions of P, P, and P,. Then, based on i+ j < m and r = x on P,

lullzempy = Ci D |l ™(20:) 0ull22(p,)

i+j<m

C Y N10:05ullzap,y = Cllullfimp,)-

i+j<m

v
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On the other hand, we have

lullZempy = C Z lr= " 9, 05ul (72,
i+j<m

¢ Z ||3;3§U||2L2(P7,) :C|\“||%{m(a)a

i+j<m

v

based on i+ j < m and r =7y or r3 on P,.

For the region Q\P, Lemma 2.7 shows that ||ul|gm@\p) < Mil[ullgm@\p)
which completes the proof for the first argument in the lemma.

The second inequality can be proved in a similar way by comparing different
norms on P and Q\P, which will be shown in Lemma 2.10. O

From Lemma 2.5 and 2.8, we have the following corollary.

Corollary 2.9. We have K

m-+a

creH™ C K.

The proof is based on the isomorphism arising from the multiplication in Lemma
2.5 and the inequalities in Lemma 2.8.
The following lemma will compare K* and H" near the y-axis and the vertices.

Lemma 2.10. Let € be a positive number and let G’ be an open subset of Q either
close tox = 0, such that r = x and r < & on G', or close to the vertices (1,0), (1,1),
such that v < & on G'. Then ||lu|[gm@y < C1€* ™||ullgm@y if @ > m, and
[ullgm(ay < Co&™|ullgmary if a <0, where Cy and Co are generic constants
depending on m.

Proof. For a > m, we first have
||| zm(ary < Crllul|gm @y

from Lemma 2.8. Then, on the subregion of G’ that is close to x = 0, Lemma 2.6
shows

ull g < &7 |ullkp-

For the subregion that is near one of the vertices, we have

lullfey = © Y |l r™78,00ull}
i+j<m
> )9, 00ullzs = €20 ul 3.

The last inequality is based on r < £ and 7 4+ 7 < m on this subregion. Therefore,
[ullzrm(ary < C1€*~™|ul|gm(gry for a > m by combining the estimates on different
subregions of G'.

For a < 0, similarly, on the subregion of G’, which is close to = 0, because
r=x,a <0 and r < £, we have the following inequalities,

lulfi < O S e (@0 djull}s
i+j<m
< e Y (18iulla = CE ul .

i+j<m
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On the subregion close to one of the vertices, the inequalities are
2 —a,.i+7 i 83,12
lullfey: < C > |lr=r™79,00ul[7
i+j<m

o N N10i0ullz = CE*ul 3.

i+j<m

IN

Therefore, for a < 0, [|u|[gm @y < CE|ul|[grm(ar. This also provides the proof
of the second inequality in Lemma 2.8. (]

We have derived several lemmas to reveal the relations between weighted Sobolev
spaces K" and regular Sobolev spaces H". They are the preliminaries for our
main results in the next section. Now, we shall give an important lemma for the
homogeneity of the norms of weighted Sobolev spaces K*(£2¢). This is one of the
main reasons that we use weighted Sobolev spaces for the analysis.

We define the dilation of a function on € first. For 0 < A < 1, let G C ¢
be an open subset of Q. Also, let v be a function on G. Then, we define the
dilation function vy(z,y) := v(Az,y) for any point (z,y) € G" C Q¢/y, such that
(Az,y) € G. The relation of the norms of v and its dilation vy is given by the
following lemma.

Lemma 2.11. Let G C Q¢\Qx¢ be an open subset and u(z, y) be a function on G,
0<A<1,&A<i. Then ||u,\||%(m(G,) = )\2“_1||u||§(m(c) for any v € K'(G).
This relation also holds for G C ¢, £ < %

Proof. The proof of the lemma follows the change of variables and the fact that
r =z on G’ with a direct calculation. Let w = Az, then

Huk(l‘vy)H%(;n(G/) = Z / 7"17‘2 1+J($6 ) ﬁéu,\)dedy

i+j<m

= X [t ) Ojut ) dudy
i+j<m

= Z /)\2“ Hw™(r1r2) ™ (wy ) O u(w, y))* dwdy
i+j<m

= Aty / (r1re) "™ (w8y) B u(w, y)) dwdy

i+j<m

= A0S [w (rare) Y (wd) OJul |72 6
i+j<m
= Nl @)

We note that the proof above can be carried out without any restriction on G C §2¢,
&< % as well. Therefore, this relation for v and u) also holds on this region. [l

The significance of Lemma 2.11 is that it shows the possibility to estimate the
weighted norms on another region under dilation.

Let us explain why we considered Lemma 2.11 only on £)¢. Recall the notation
P, and P, defined in Lemma 2.3. Let P = P, U P,.. Then, the strong ellipticity of
the operator L5 on Q\ P admits a unique solution u € H™(Q\P)N{u|gsq = 0} for
f € H™ 1. Therefore, u has no singularity on Q\ P, and no extra study is needed
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in general on this region. In fact, Lemma 2.11 is particular for the analysis of the
solution near x = 0, since one can refer to [2, 13, 28] for the solution around the
vertices (1,0), (1,1).

We have listed several lemmas on K" for the degenerate problem and we shall
conclude this section by the following result.

Lemma 2.12. The operator Ls defines a continuous map Ls: Kﬁ";l Q) — K™H).
Proof. We need to show that for Vu € KJ''(), ||£5u||K;n711 < C’||u||K;n++11 on
P., P, and Q\ P, which are defined in Lemma 2.3.

On O\P, L5 = —8%—;5—28; is strongly elliptic. Therefore, it is a bounded operator
H™ Y Q\P) — H™1(Q\P) [24]. Then, the argument for this lemma follows the
equivalence of the spaces H™+1(Q\P) and K™ (Q\P).

On P, let g = rry, H™ = H™(P,) and K = K(P,) in the proof for
simplicity. Then, based on g ~ r, the following inequalities hold with the coefficient
frozen in x at 1,

it iai )
||£5u|\K;n:11 < Cy Z |[rt=g"T (20,) a;(—aiu— ;aju)nm

itj<m—1

= Co Y |Ir' g 0L0)(—05u — 605 u)| 2
i+j<m—1

<G Y (P gtIorRojul e + (g 0509 Pl 2)
i+j<m—1

< Gy Y (e g ROl | e+ [[r T g R 0L00 | 2)
itj<m—1

< Cllullgms

On Py, similarly, let g = ryrq, H™ = H™(P,) and K" = K]"(P,) in the proof
for simplicity. Then, based on r = x, we have the estimates below,

—a_itj inj g
sullp i < O Y0 g (@0,) 0 (~02u = 55w

i+j<m—1

—a ji+j inj 0
= Z ||t =g" i (rD)) a;(—azu—ﬁagu)np

i+j<m—1

—a it+j i929j —a itj injtz 0
Ci > (g™ (r0,) 0f0yul s + ('~ g"™ (r0n) 05" Zul12)

i+j<m—1

IA

IN

Co S (g (10, = (r0,) 205 ul | e +

i+j<m—1
g™ (<24 10,0} 212

<Gy Y (g (=24 70,) P 0)ul e +
i+j<m-1
=" g™ (=2 +10,) ) Oull e + [[r " g™ (=2 +10,)'0) Pul|2)

< Olfullgemss-

We here use 7~%(rd,)'r%u = (a + rd,)'u to simplify the expression. O
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As a direct result from Lemma 2.12, the operator L5 defines a injective map
Ls: K'Y — K" Moreover, we will show that this map L5 : K\ N {uloq =
0} — K™ is also surjective if the index a satisfies some condition, which makes

the map a bijection.

3. THE WELL-POSEDNESS AND REGULARITY OF THE SOLUTION

First, we need the following estimates on the solution of Equation (1). Recall
that we defined the set S = {(1,0), (1,1), [0,y], 0 <y <[} in Section 2. It has
been shown in [13, 30] that the trace or restriction of v € K™ on the boundary
follows

UIC’)Q\S S K (89\5)

However, the estimate of the trace on x = 0 is needed to derive the corresponding
bilinear form a(-,-) for the boundary value problem (1), although the trace on
this part of boundary is generally undefined in the weighted Sobolev spaces K"
[8, 13, 30]. We note that for m > 1, K] C H™ by Lemma 2.8. Denote each
segment of 9Q by D;, i = 1,2,3,4, where D; is open. In particular, let D; := (0,y),
0 <y <, be the corresponding open set for the degenerate boundary x = 0. Then,
the trace

H™ 3(Dy), Yue KMQ),

is defined [28]. Consequently, for u € K7}, the trace of u is well defined in L? on
every D; of the boundary 9Q. Furthermore, we can even show that u|p, = 0 for
u € Ki.

Lemma 3.1. For any function u € Ki, its trace on D; is well defined in L* and
moreover, we have u|lp, = 0. Consequently, the corresponding bilinear form for

Equation (1) is a(u,v) = [, d,udzv + ?a,,ugayv, Vo € K1(Q) N {v]an = 0}.

Proof. For u € K}, the trace u|p, belongs to Hz(D;) by the arguments above,
hence in L?(D;).
Moreover, on Q¢ = (0,£) x (0,1),£ < 1/2, since r = x, we have

1 5
—u® < Cllu 2. < 00.
52 /Q§ /QE 2 - || HKII( ¢)

Therefore, fﬂg u? — 0 as £ — 0. Hence, the trace u|p, = 0 in L? by continuity.
Thus, the following bilinear form is obtained by integration by parts,

a(u,v) = / Oz udyv + gayugayv, Vv € K1 () N {v|pq = 0}.
Q
([

Now, we shall prove the existence and uniqueness of the solution of Equation (1)
in weighted Sobolev spaces.

Theorem 3.2. On Q, the map Ls : K""(Q) N {ulsg = 0} — K™ HQ) is
an isomorphism, for § > 0, m > 0. Namely, there is a unique solution u €
KN Q) N {ulsq = 0} for Equation (1) if f € K™ ().
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Proof. We shall first prove it for m = 0. From Lemma 3.1, we have the following
weak formulation for Equation (1),

a(u,v) /3u8 v+—8 u—avfffv Vo € K1 () N {v]oa = 0}.

Then, we will show the equivalence between the energy norm induced by a(-, -) and
the Kj-norm || - [[x1(q) to complete the proof.

Based on the definitions of a(-,-) and the K{-norm on £, the continuity of a(-, -)
can be verified as follows. From the Holder inequality, there exists a constant C,
not depending on u and v, such that a(u,v) < Cl[u|[g1|[v]|k1. Therefore, a(-,-) is
a continuous (bounded) bilinear form on K7i.

To prove the coercivity, we adopt the following notations. Let ¢ = (0,&) x (0,1)
be the rectangular domain near the boundary = 0. Denote by B(v,r) the open
ball of radius r centered at v. For any of the vertices v1 = (1,0), ve = (1,1), let
Qrgi = QN B(v;,§), i = 1,2, be the corresponding conical domain, such that QT&
can be characterized in polar coordinates by

Qre, ={(r,0)0<r<§0<6< g}.

Note that a(u,u) is equivalent to |ul%: = >,y [[7(r172)(29,)"0)ul[7> by their
1
definitions. Then, we shall first prove the following weaker inequalities for £ small,

5
< 2 2
/Qs 5 < c/ﬂf(amu) + 5 (0yu)

/Q v < o/ﬂ (001)? + 5(Dyu)>.
re;

’V‘sl
On the domain )¢, we first have the one-dimensional Poincaré inequality for y,

1 !
/ u?dy < Cy / (Oyu)?dy
0 0

By integrating with respect to x, we obtain
Oyu)? 6
/ —dydac < %dydw <C | (9pu)+ —2(8yu)2dyd:)s,
Qe ¥ Q T Q¢ x
where C' is independent of u.

Similarly, we have the one-dimensional Poincaré inequality for € on QT&N

s

/2 u?dd < O / (Bpu) 2d0.
0 0

By integrating in polar coordinates, we have

2 2 2
/ L dwdy = / Lardo < ¢ / 90)” 4146,
Q.. T Q. T Q.. T

T&; TE; TE;

Since [, (0yu)? + (Oyu)’dedy = [, r(0ru)* + Mdrd@, we now have
g e,

2

/ u—zdxdy < C’/ (0u)? + 6(0yu)*dzdy,
Q. T Q.

with C' independent of u.
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Let Q,, := Q. UQ,,, . Thus, based on the usual Poincaré inequality in Q\(€2¢ U
Q) and the inequalities above, we complete the proof for the coercivity a(u,u) >

CHUH%@(Q)' Then, the existence of the unique solution v € Ki(Q) N {ulsq = 0}
1
follows the Lax-Milgram Theorem [17]. d

For m > 1, the proof follows [13, 29], which is based on the regularity of the
solution derived by the Mellin transform on an infinite domain.
As an extension from this theorem, one has the following corollary.

Corollary 3.3. There exists a constant n > 0, depending on 2, such that
L : K7 () N {ulaq = 0} — K7HL(Q)
is an isomorphism for 0 < |e| < n.

Proof. Denote by L;. the operator defined by L5 but on the space Kﬂ_‘tl N{ulga =
0}. Then, from Theorem 3.2 and Lemma 2.5 (see the diagram below), the operator
Lse is an isomorphism if, and only if

Ase :=1"Lsere . K{”H N{ulgg =0} — KTfl

is an isomorphism.

Lée
Kerl Km71
1+e€ —1+e€
TGT lriﬁ
Kiﬂ+l KTfl

Then the proof follows the fact that As. is a continuous bijection as ¢ = 0 and the
operator Ag. depends continuously in norm on the parameter e. ([l

Remark 3.4. For a brief summary, we have taken the advantage of weighed spaces
K" to prove the well-posedness of the solution v € K7 N{u|sq = 0} of Equation
(1), for Vf € K™ . Furthermore, there exists some constant 7, such that Ls is
still invertible on weighted spaces that depend on 7. In fact, one will find that
it is important to know the exact upper bound of € in the FEM. To be more
precise, 7 is determined by the local behavior of the solution for Equation (1) near
the set S = {(1,0), (1,1), [0,y], 0 <y < I}. Recall Qs = (0,&) x (0,1) and
Q. = Qrgl U QQ? in Theorem 3.2. Then, it is possible to show that n; = 7”2;45“2
on Q¢ for &€ < 1/2. Namely, Asc : K" (Q) N {uly=os = 0} — K™ 1) is
invertible for |e| < = 7“%&46”2
Ase and the constant 7.

We focus on the region Q¢ = (0,&) x (0,{) for & < 1/2 first. The indicial family of
Ase = 17 Lsere for K{"H(Qg) N{ul|y=0; =0} is (it +e+ %)(ir—i—e— %) +(58§ acting
on H?([0,1]) N {uly=0; = 0}. The eigenvalues of 82 on H?([0,1]) N {uly—o; = 0}
are —(%)2 for k € {1,2,3,...}. On Q. , the indicial family of Ase for the vertex
can be derived in a similar way as in [14] by the Mellin transform [29]. Then,
we have the corresponding eigenvalues that can be calculated numerically. Based
on Kondratiev’s results [30], the operater As. : K™™' N {uloq = 0} — K™ *
is Fredholm if, and only if its indicial family for the degenerate boundary = = 0

. Here, we include some arguments on operator
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and the indicial families for the two vertices are invertible for all 7 € R. This is
seen to be the case for (it + e+ 3)(it +€— 1) + 607, unless € = :tivpﬁlfzw,

ke N. Let ;; = 7”2;46”2. Denote by 72 the smallest positive value, such that

the indicial families of Agc for the vertices is not invertible as € = 7. Then,
Ase = 17 Lsere « K" N {ulog = 0} — K™ ' is Fredholm of index 0 when
le] < n = min(ny,n2), since As. is Fredholm of index 0 as ¢ = 0. Moreover, we
note that the kernel of As. = r~<Lgsr¢ with Dirichlet boundary condition is always
zero when |¢| < 1. Then, the cokernel has to be zero for |e| < 7, since the operator
has a zero index in this case. Consequently, As. : K" N {ulpq = 0} — K™ !
is surjective as well, hence, invertible when |¢] < 7. As the conclusion of the
arguments above, we can take = min(n1,72), such that for V|e| < n, the operator
Ls : K74 0 {ulpe = 0} — K™Y is still an isomorphism.

For values of € outside the range above, the operator Ags. will no longer be invert-
ible. In fact, it will have a non-zero index that can be computed using the results
of [34]. To compute 7 for €2, one can follow the method in [5, 14, 28], and similar
examples will be presented in a forthcoming paper.

4. ANALYSIS FOR THE FINITE ELEMENT METHOD

In this section, we will consider the numerical approximation for the solution
u of Equation (1) by using the FEM. Denote by I' = {T;} the triangulation of
) with triangles. Let V,, = V,(I';m + 1) be the finite element space associated
to the degree m Lagrange triangle such that V,, consists of polynomials of degree
< m on each triangle T; € I'. Then, we shall try to find the optimal finite element
solution u,, € V,, by an appropriate construction of the finite space. By optimal
finite element solution, we here mean the finite element solution that satisfies

lu = wn| 1) < CAm(Vy) ™™ 2| f||grm-10),  Vf € H"HQ) N K™LL(Q),

which recovers the asymptotic rate of convergence for elliptic equations on smooth
domains [17].

To look for the extensions of the classical approximation theory, we have the
following tasks to complete here: 1. the error estimate for the interpolation of the
solution; 2. the construction of finite element spaces V,.

4.1. Estimate for the Interpolation. Let us recall the following well-known
approximation theorem [17, 19] in order to carry out further analysis.

Theorem 4.1. Suppose the bilinear form a(-,-) for an equation is both continuous
and coercive on H' for a star-shaped two-dimentional domain D. Let V =V (I',m+
1). Assume that all triangles T; of the triangulation T’ of domain D have angles > «
and edges of length < h and > ah. Namely, the triangulation is quasi-uniform and
satisfies the minimum-angle condition. Let u,, € V anduy € V be the finite element
solution and the interpolation function respectively. Then, there exist constants c
and Cy = C1(a,m) such that

cllu = unllm(py < |lu—wrl|m(py < CrA™|Jul|gm+1(p)
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for Yu € H™Y(D), m > 1. Also, there exits a constant Cy = Cy(a, a,m), such
that

cHu—unHHl(D) < Hu—u1||H1(D) < ngim(V)_m/QHu\|Hm+1(D).

The constant ¢ depends only on the bilinear form a(-,-) by Céa’s Lemma, while
C; and C5 are independent of the solution.

Let M := C1(a)My Mz, where C1(«) is as in Theorem 4.1, and M; and M, are
from Lemma 2.7. Then, we have the following estimate for the error [|u — us||x1
on a subset of .

Theorem 4.2. Fiz o> 0 and 0 < £ < 1/4. Let P C Q be a star-shaped polygonal
domain, such that r > & on P. Let T' = (Tj) be a triangulation of P with angles
> « and sides < h. Then

e = urllypy < MA™ul s

forVu € K{’_fgl(P).

Proof. The proof for the error estimate follows the arguments in Theorem 4.1 and
the equivalence of the H™— and the K]'—norms on P immediately. (]

We need to point out here that the estimate in Theorem 4.2, for the solution
u of Equation (1) and its interpolation wu;, can not extend to the entire domain
Q in general. It is reasonable to expect singularities for u as it is approaching
the degenerate boundary = = 0, since it is just sitting in the weighted Sobolev
spaces instead of the usual Sobolev spaces . Also, It is possible that we have conner
singularities near any vertex away from x = 0, depending on the parameter § and
the interior angle corresponding to the corner. In either of the cases, the constant M
can not be uniformly bounded, which will destroy the optimal rate of convergence
[3, 4]. The FEM for elliptic equations with Dirichlet boundary condition near the
corners has been widely studied [3, 5, 14] in different principles. The basic idea is
to reflect the singularities in finite elements by using anisotropic meshes near the
corners. In those graded meshes, the size and shape of the triangles are carefully
designed without increasing the number of degrees of freedom. Then, the optimal
rate of convergence can be recovered in terms of the dimension of the finite space V;,.
From this point, we shall concentrate on the estimate near the degenerate boundary
x = 0, since we have been quite clear for the corners. Recall Q¢ = (0,&) x (0,1). Let
0 < k < 1. The extension of Theorem 4.2 on the thin rectangular region Q¢\§¢ is
as follows.

Theorem 4.3. Let Q¢ = (0,€) x (0,1) be a subset sitting in Q with £ < 1/4. Given
0< k<1, letT = (T;) be a triangulation for the rectangular region U := Q¢\ Qe
with triangles of sides < h, and < hy in the z-, y-direction respectively. Denote
by uy the interpolant as the polynomial of degree < m on each triangle. Then the
interpolation error on U is

€ h@ m
||lu— UI||K11(U) < C(k)¢" (max(hy, E)) H“||K;1t1(U)

forYu € Kﬂ_’tl, m>1,¢e>0.
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Proof. Recall the dilation function uy(x,y) = u(A\x,y) from Section 2 and note that
ury = uxy. Namely, dilation commutes with interpolation. Then, if we let A = 2£
and U’" = (%,1/2) x (0,1), by Lemma 2.11 and Theorem 4.2, we have

_1
llu—urllgrwy = A72[Jux — unsllx1wn

_1
= A7z[luy — u>\1||K11(U’)

IN

L he | o

)\ 2M(max(7x,hy)) ||U)\||K1n+1(U,)
h m

= MOmax(" )l

€ hT m
< Mg (max(hy,i)) ||’U’HKITZ1(U)'

The last inequality is based on Lemma 2.6 in Section 2. g

This theorem provides us the interpolation error for u € K ﬁtl on a rectangular

strip U near x = (0. Based on our observation above, it is possible to construct a
class C(l, h, k,m,€) of partitions I' of €, such that the optimal convergence rate is
obtained.

Before we define the class C(I, h, k, m, €), we assume that, near the vertices (1,0)
and (1,1), a proper graded mesh has already been chosen to recover the optimal
convergence rate, which is reasonable based on our previous discussions. For this
reason, we will not consider the graded mesh near the vertices in the definition
below. In fact, we will use a uniform mesh near the corners to demonstrate our
method to generate triangles. However, it is only for the purpose to simplify the
expressions. One needs to keep in mind that the uniform mesh near the corners in
the following definition will be replaced by an appropriate graded mesh generally
in practical computation. Some similar examples on the graded mesh near corners
for elliptic operators will be presented in [35].

4.2. Construction of the Mesh. We shall introduce the construction of a class
C(l, h, k,m,€) of triangulations and the finite element spaces V,, associated to it. In
the class C(l, h, k,m, €), we try to even-distribute the interpolation error, and keep
the same number of triangles as in the usual mid-point triangulation.

In the notation C(l, h, k,m, €), we denote by h the size of triangles in the trian-
gulation for (%, %) x (0,1) C ; k is the parameter to control the decay of triangles
near z = 0. We focus only on Q¢ = (0,€) x (0,1), for £ < 3. (Graded mesh for both
of the vertices (1,0), (1,1) is needed in general, but it will have the same number of
triangles as in the uniform mesh.) We here define the class C(l, h, k,m, €) for our
problem.

Definition 4.4. For a fixedm = {1,2,...}, e € (0,1],1,h > 0, we define C(I, h, k, m, €)
to be the set of triangulations as follows. For a positive integer N, choose «, such
that

kKNe < C(I)h™.

Then, starting with three initial triangles sitting in Q\Q% (Fig. 4.1), we de-
compose Q% into rectangular subdomains Q° := Q%\Q%, Q= Qs\Qp2, ..y

k=
2

O = Q,,\Qun, for j = 0,1,2,...,N =1 and QY := Qv = (0,5") x (0,1).
2 2 2
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Note h = [ in the initial mesh. Denote by h,, and h,; the lengths of sides of trian-
gles in the 2- and y-direction respectively on 7. In the jth refinement, 1 < j < N,
we triangulate 7! with three triangles, such that they satisfy

he, , = K12 —Kk7/2, and hy,_, =1
Meanwhile, new triangles are generated in Q\Q -1, by connecting the mid-points
2

of the old triangles. Note that there is no triangle in Q%,i > j, yet. We simply

repeat this process for 7 and Q\2,;, in the next step. In the Nth refinement,
2

besides generating triangles for QV~1 and Q\Q, v_1, we divide QV into two tri-

2
angles by connecting the diagonal of the rectangle. Then, after N refinements,
the triangulation I' is the union of the triangles in the triangulations of all the
subdomains.

t ¢

Fig. 4.1. Initial mesh with three triangles Fig. 4.2. Triangulation after one refinement

N=1,k=05

We now state the following property for the class C(l, h, K, m, €) we defined above.
Theorem 4.5. There exists a constant C, such that
lu — url it @) < CERY™ull s o

for any triangulation T in C(I,h, k,m,€) and u € K" (Q) N {uloq = 0}, € > 0,
m > 1.

The proof of this theorem needs the estimate on every €/, 5 < N and QY
since it holds for Q\Q 1 by our assumption. Due to the construction of the class
C(l,h, K, m,€), we present the following lemma for the last region QV = (0, %) X
(0,1) first.

Lemma 4.6. On QY = (0, %) x (0,1), from the construction of C(l, h, k, m,€), the
estimate on the error gives

llu — sk o) < ChmHUHKﬂtl(QN)a
for Vu € K7"2H(Q) N {uloq = 0}, € >0, m > 1.

Proof. The proof follows the dilation of w and the introduction of an auxiliary
function v. We define the dilation uy (z,y) = u(Az, y) for (A\z,y) € QV. Let A = V.
Then, uy(z,y) € Klljrr;”(Q%) by Lemma 2.11. Meanwhile, let x : Q1 — [0,1] be
a non-decreasing smooth function of x, which is equal to 0 in a neighborhood of
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x = 0, but is equal to 1 at all the nodal points that do not lie on z = 0. Then we
introduce the auxiliary function v = yuy on ) 1 Consequently, for a fixed m and
the corresponding nodal points in the triangulation, we have

HU”?(I"H(Q” = ||Xu/\‘|§qn+1(gl)
3 3

= > DT ) (@) TP OJua (@) X0, )

itj<m+1l k<i

IN

2
CHU/\||K;”'+1(Q%)7
where C' depends on m and the function y. Moreover, one notes that the interpo-
lation v; = ux; on Q% by the definition of v.

Therefore, the proof is completed by the following inequalities

Hu—u1||K11(QN) = A71/2‘|“/\_v+v_u>‘I|IK11(Q%)

< N 2(fun —vllgay) + v = usilligay)

< /\*1/2(01HUAHK11(Ql)+02h;nN||v||KYL+1(Ql))
5 2

< ARGy + o lloallipra, )
i 2

= Cillullxiav) + Cshy l[ull g @y

I{N . m '%N €
< 04(7) ||ul K7 (V) +C5hyN(7) ||u||Kﬁtl(QN)

< CR™Jull g on).

The first and the fifth are from Lemma 2.11; the third and the fourth are the results
of Theorem 4.2 and the relation between v and uy; the sixth and the seventh are
based on the construction of the triangulation. ([

We here provide the proof for Theorem 4.5 by summing up the estimates on
every region )/ for j < N.

Proof. Since we assume the estimate is valid on Q\Q1 that contains the vertices,
it is sufficient to show the estimate still holds on 1 for completing the proof.
The basic idea is to establish the estimate |[u — ur|[x3 on every Q7 for j =
0,1,2,...,N —1 and on QF. _
On every )/, based on the construction of the triangulation, £ = ”2—3 for Theorem
4.3. Then, we have

hey o, 1
2 =l = NG

Recall that h represents the size of triangles in the region (3,3) x (0,1). Then
h = O(1/2") after N successive refinements. Since kV¢ < Ch™, by Theorem 4.3,
we have

e = url s ey < COR™lallgess
As for the last region OV, we have |Ju —ur|| 1 (on) < C’hmHuHKﬁH(QN) by Lemma

4.6. The proof of Theorem 4.5 then follows by adding the squares of all these norms
on ¥ and Q. O
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From this point, we assume that 0 < e < 1 is chosen such that

Ls: Kﬁtl N{ulsgg =0} — Klerle

is an isomorphism, which is possible due to Corollary 3.3. Denote by V the finite
element space corresponding to the triangulation in Definition 4.4. Let uy € V be
the finite element solution of Equation (1). Then, we have the following estimate

on |[u — uy||m1(q)-

Theorem 4.7. Let u € K%' N {ulopg = 0} be the solution for Equation (1),
0 < e < 1. There exists a constant C for every m > 1, such that

lu = wv |1 @) < CCR™[fllHm-1(0)
for any T € C(I,h,k,m,€) and Vf € H™ L,

Proof. We denote by 75 the norm of the inverse operator £; ' : K T1_+15 — K ﬁtl N
{ulsa = 0}. The theorem can be proved by the following inequalities,

lu —uvllar < Mlju—uy[g;
< OiM|ju = url| gz
< G M@h)™||ull gemss
< CoMs(2h)™|[flgm 1
< CCR™FNm-r.

The first and fifth inequalities are from Lemma 2.8; the second inequality is based on
Céa’s Lemma and the third inequality is from Theorem 4.5; the fourth inequality is

obtained by the invertibility of the operator Ls : Kﬂ_tl N{ulsq =0} — K’_nljrle. O

We have proved our theorems based on an explicit construction of the class
C(l,h,k,m,e€) for Q. Our estimates on the error were expressed by h, the size of
those triangles in (%, 2) x (0,1), as in the usual quasi-uniform finite element spaces.
However, since there is no uniform size for the triangles in the triangulation, it is
better to formulate the estimate in terms of the dimension of the finite subspace
V. Based on the structure of the mesh we developed above, we attain the rate of

convergence for the finite element solution uy € V as follows.

Theorem 4.8. Let u € K"t N {ulpo = 0} be the solution for Equation (1),
0 < e < 1. There exists a constant C = C(l,k,h,m,€) for m > 1, such that

lu = uy g1 < Cdim(V) ™| || gm0
for any partition T € C(I, h, k,m,€) and Vf € H™= ().

Proof. Let @; and @;_1 be the numbers of the elements in the meshes after j
and j — 1 refinements from the initial mesh respectively. Then, based on our
construction, we have Q; = 4 x Q;_1 + 3, hence, Qn = O(4"). On the other hand,
the size of the triangles in (3,2) x (0,1) satisfies h = O(27%), after N levels of
refinement. Thus, dim(V) ~ Qn ~ (2h)~2 for every m > 1. From Theorem 4.7,

we have the following estimate in terms of the dimension of the finite space
= uv |10y < CAm(V) ™2 f|| 1 ()-

This is also the optimal convergence rate of the finite element solution expected for
a smooth solution. (]
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Based on the estimates for the interpolation error in weighted Sobolev spaces,
we have designed a class of triangulations, on which the optimal rate of convergence
is attained. In the next section, our theoretical results will be verified by compar-
ing the convergence rates numerically in triangulations with different parameters k.

5. NUMERICAL RESULTS

We here present the numerical results to demonstrate our method to approximate
the solution. The following model problem in the case § = 1 and the domain

2= (0,1) x (0,10) for Equation (1) is considered,

—02u— 502w =1 in Q
u = 0 on 5.

We also have chosen m = 1, namely, piecewise linear functions for the FEM, because
the implementation is then simpler, while the results are still relevant. From the
previous theorems, the solution is not automatically in H 2(Q) near the degenerate
boundary. In fact, a more accurate a priori estimate in the usual Sobolev spaces
H™($2) shows that u € H*(Q) for s < 1+ Y200 ~ 159 [30]. Note that the
operator £; is actually the Laplace operator —A near the vertices (0, 1), (0,1). The
solution near those two corners, therefore, behaves like

U(T, 9) = r2k<(9)a ke Z+7

in polar coordinates [28], where the function ¢ is smooth, only depending on 6.
For this reason, the solution has no singularity near those two vertices in HZ2.
The vertices (1,0),(1,1) do not affect the regularity of the solution in this case.

Consequently, it is not necessary to apply graded mesh there. Moreover, with a
V/100+472

20
VIOHR? o .59
and take 0 < k = 271/¢ for the graded mesh near the degenerate boundary = = 0.
Therefore, we have the range x < 271/9%9 ~ 0.309, on which the optimal rate of
convergence in Theorem 4.8 holds for the model problem.

To construct the mesh on which we have the convergence rate as in Theorem
4.8, we start with three initial triangles (Fig. 5.1). In every step of refinement,
we pick two points (z1,0) and (z2, 10) as two vertices of the new triangle and the
third vertex of the new triangle is placed at the mid-piont of the base of the old
triangle. Denote by d the minimum distance from any point in the old triangles to
x = 0. Then, the parameter s controls the position of the new points, such that
X1 = x9,k = x1/d. Meanwhile, other new triangles are generated on the region
that is enclosed by old triangles, by the mid-points as described in the previous
section (Fig. 5.2). Therefore, the new triangle that is approaching = = 0 is specially
designed to fulfill the requirement in Definition 4.4, while all the other new triangles
are generated by connecting the mid-points of the old triangles. In the last step,
the last region Q N is divided into two triangles by the diagonal of the rectangle,

direct calculation based on our arguments in Section 3, we have 17 =

and 7o = 2 on Q. Then, one can set 0 < € < 7 = min(ny,n2) =

2
as described in Section 4.
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Fig. 5.1. Initial mesh with three triangles Fig. 5.2. Triangulation after one refinement « = 0.2
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Fig. 5.3. The mesh after 5 levels of refinement for x = 0.2

One also notes that the triangles near the degenerate boundary are getting thin-
ner and thinner in our construction, in which the maximum-angle condition is
apparently violated. Nevertheless, the difficulty is already overcome by Theorem
4.3 and Theorem 4.5.

The finest mesh in our numerical experiments is obtained after 10 successive
refinements of the coarsest mesh and has roughly 222 ~ 4 x 10° elements. The
preconditioned conjugate gradient (PCG) method is used to solve the resulting
system of algebraic equations.

jle:k=01le:k=02e:k=025¢e:k=035 e:k=04 e:xk=05
2 1045 0.46 0.43 0.35 0.31 0.22
3 | 0.66 0.63 0.59 0.48 0.42 0.31
4 10.82 0.78 0.73 0.61 0.54 0.40
5 10.92 0.88 0.84 0.71 0.63 0.47
6 | 0.97 0.94 0.89 0.76 0.68 0.52
7 10.99 0.96 0.93 0.79 0.71 0.55
8 | 1.00 0.98 0.94 0.81 0.73 0.56
9 |1.00 0.99 0.96 0.82 0.74 0.57

luj—uj_1lp1
Table 5.1. Convergence history with e = logz(‘u_ii_1 .
Jt1T % lK%
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We have tested several values of the parameter x for the model problem. The
convergence rates are summarized in Table 5.1. These results convincingly show
that the theoretical approximation order can be verified in practical calculations
with k < 0.3.

The left most column in Table 5.1 shows the number of the refinement level,
and u; denotes the numerical solution corresponding to the mesh after j levels of
refinement. The quantity printed out in other columns in the table represents the
convergence rate in the manner

= log, |uj — wj—1|k: .
[wjt1 — ujl g
The quantity e is not an exact convergence rate, but it turns out to be a quite
reasonable approximation to it. Recall h stands for the triangle size in (3, 2)x (0,1).
We have already seen that the correctly graded refinement improves the convergence
rate with a factor of about A%*3. In fact, the improvement may be better as our
theory shows that the convergence rate in the case x < 0.3 is h! by Theorem 4.5.

Our theoretical prediction for the convergence rate in the case k = 0.5 is about
h%%9 and the theoretical prediction for the convergence rate in the cases x = 0.1,
% = 0.2 is h'. Moreover, one can see a big jump in the rates between x = 0.25 and
k = 0.35, which strongly supports our theory for the critical number « ~ 0.3. Thus,
our numerical results completely agree with the theory we have presented in this
paper. Based on the behavior of the sequence of the numbers in every column, it is
also reasonable to expect the optimal rate by doing more refinements for all x < 0.3.
Therefore, we conclude from our numerical results, that, for a correct refinement,
the difference between consecutive solutions is decreasing like dim(V;,)~'/2, which
verifies Theorem 5.1.

One may also notice that those numbers in each column keep increasing as
k > 0.3. An explanation is that the solution consists of a singular and a regular
part: u = ug+ u,. The regular part u, dominates the behavior of the solution until
x is sufficiently close to the degenerate boundary, when the singular part can be
taken into account [5]. Therefore, as shown in the table, the increasing rate slows
down and will be fixed at some point.
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