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ON A RESTRICTED WEAK LOWER SEMICONTINUITY
FOR SMOOTH FUNCTIONALS ON SOBOLEV SPACES

DANIEL VASILIU AND BAISHENG YAN

Abstract. We study a restricted weak lower semicontinuity property,

which we call the (PS)-weak lower semicontinuity, for a smooth integral

functional on the Sobolev space along all weakly convergent Palais-Smale

sequences of the functional. By the Ekeland variational principle, the

(PS)-weak lower semicontinuity is sufficient for the existence of mini-

mizers under the usual coercivity assumption. In general, this condition

is not equivalent to the usual (unrestricted) weak lower semicontinu-

ity condition, but we show that, in certain cases, these two conditions

are equivalent and both reduce to the usual convexity or quasiconvexity

condition in the calculus of variations.

1. Introduction

In this paper, we study the integral functionals of the type

I(u) =
∫

Ω
f(x, u(x), Du(x)) dx,

where Ω is a domain in Rn, u : Ω → Rm is a vector field with Jacobi matrix
Du(x) = (∂ui/∂xj) and f(x, s, ξ) is a given function of point x ∈ Ω, vector
s ∈ Rn and matrix ξ ∈Mm×n, the set of all m× n matrices. Such integral
functionals have been extensively studied with important applications in
partial differential equations, nonlinear elasticity and the materials science;
see, e.g., [3, 4, 5, 9, 11] and the references therein.

Under some structure and growth conditions, one can define functional
I(u) on the Sobolev space W 1,p(Ω;Rm) of mappings from Ω to Rm and
study the minimization problem of the functional I on a given Dirichlet
class. Such a problem can be studied by the direct method of calculus of
variations [5]. An important property often linked to the direct method
of calculus of variations is the so-called weak lower semicontinuity of the
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functional I. Recall that I is (sequentially) weakly lower semicontinuous on
W 1,p(Ω;Rm) if

(1.1) I(u) ≤ lim inf
k→∞

I(uk) whenever uk ⇀ u in W 1,p(Ω;Rm),

where uk ⇀ u means uk weakly converges to u.
It has been well-known that, under certain mild conditions on f , the

weak lower semicontinuity of integral functional I defined above is equivalent
to the important quasiconvexity condition introduced by Morrey; see, e.g.,
[1, 3, 5, 10, 11]. Recall that f(x, s, ξ) is quasiconvex in ξ in the Morrey sense
provided that the inequality

f(x, s, ξ) ≤ 1
|Ω|

∫
Ω
f(x, s, ξ +Dϕ(y)) dy

holds for a.e. x ∈ Ω, all s ∈ Rn, ξ ∈Mm×n and all ϕ ∈ C∞0 (Ω;Rm).
We assume the functional I defined above is C1 on W 1,p(Ω;Rm). This

requires that f be C1 in (s, ξ) and satisfy certain growth conditions. As
in many application problems, I is often also bounded below. When min-
imizing bounded-below C1 functionals over a Banach space, an important
variational principle discovered by Ekeland [6] (see also [2]) can provide
more special minimizing sequences. For our functional I minimized over a
Dirichlet class Ag in W 1,p(Ω;Rm), we can always obtain a minimizing se-
quence {uk} in Ag which satisfies I ′(uk) → 0 in W−1,p′(Ω;Rm). Here, we
assume p > 1 and p′ = p

p−1 , and W−1,p′(Ω;Rm) denotes the dual space of

W 1,p
0 (Ω;Rm). Consequently, the weak limit (if exists) of any such minimiz-

ing sequence will be an energy minimizer provided that I(u) only satisfies
the condition:

(1.2) I(u) ≤ lim inf
k→∞

I(uk) whenever

{
uk ⇀ u in W 1,p(Ω;Rm) and

I ′(uk) → 0 in W−1,p′(Ω;Rm).

Such a condition has been also mentioned in [11] as a point of view to replace
Morrey’s quasiconvexity condition.

Note that in nonlinear analysis [2] the sequence {uk} with bounded I(uk)
satisfying I ′(uk) → 0 is usually called a Palais-Smale sequence or a (PS)
sequence of the functional I(u). Therefore, in this paper, we shall say that
a sequence {uk} (PS)-weakly converges to u (with respect to I) and denote
by uk

ps
⇀u in W 1,p if it satisfies uk ⇀u in W 1,p and I ′(uk) → 0 in W−1,p′ .

Certainly there may be functionals I for which no (PS)-weakly convergent
sequences exist (see Example 3.1 below); such a case is not interesting since
it rules out the existence of even critical points of the functional. In any
case, we shall say the functional I(u) is (PS)-weakly lower semicontinuous
on W 1,p(Ω;Rm) if it satisfies condition (1.2); we automatically assume the
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(PS)-weak lower semicontinuity if no (PS)-weak convergent sequences exist.
If the condition holds only for all uk, u in the Dirichlet class Ag, we then say
I is (PS)-weakly lower semicontinuous on Ag.

As we shall see later, the (PS)-weak lower semicontinuity imposes some
intrinsic property on the function f(x, s, ξ), which may be nonlocal even in
x. In general, as shown in the paper (see Proposition 4.2), the (PS)-weak
lower semicontinuity is not equivalent to the usual weak lower semicontinu-
ity even for one dimensional scalar problems. However, the main results of
the paper deal with certain cases where the (PS)-weak lower semicontinuity
is actually equivalent to the usual weak lower semicontinuity of the func-
tional (hence the convexity or quasiconvexity of f). In general cases, we
do not know the necessary and sufficient condition for the (PS)-weak lower
semicontinuity. We point out that the major difficulty in handling this type
of restricted weak lower semicontinuity lies in that the test sequences {uk}
in the usual techniques [1, 5, 10] do not satisfy the condition I ′(uk) → 0 in
W−1,p′(Ω;Rm).

A closely related problem to the (PS)-weak lower semicontinuity of func-
tional I is to characterize all the gradient Young measures [8] generated by
weakly convergent (PS) sequences in W 1,p(Ω;Rm). This problem is associ-
ated with the theory of compensated compactness [12]. The difficulty lies in
that in this case the strong convergence I ′(uk) → 0 in W−1,p′(Ω;Rm) can
not be realized by the Young measure of {Duk} in the dimension n ≥ 2.
Recently the weak lower semicontinuity of functionals under certain linear
differential constraints has been studied using the Young measure theory [7].
These linear constraints A(u) are independent of the functional and usually
have large kernel. Then the constrained lower semicontinuity of function-
als may be characterized through the Jensen’s inequality of the integrant
with the associated Young measures supported on the kernel of A; this is
the so-called A-quasiconvexity [7]. In this paper, we do not pursue the
Young measure method for our restricted weak lower semicontinuity stud-
ied here because the Young measures do not realize the strong convergence
I ′(uk) → 0 in dimensions n ≥ 2.

We now outline the plan of the paper. In Section 2, we present some
notation and preliminaries that are needed in this paper and quote a suit-
able version of Ekeland’s variational principle; we refer to [2] for a proof and
more on this principle. The definition of (PS)-weak lower semicontinuity is
given in Section 3, along with some basic properties about this condition.
We also present an existence result based on the (PS)-weak lower semicon-
tinuity using the Ekeland variational principle. Section 4 deals with one
dimensional scalar cases, where we show without a coercivity condition the
(PS)-weak lower semicontinuity may not be equivalent to the usual weak
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lower semicontinuity, but with a coercivity and some technical smoothness
assumption the (PS)-weak lower semicontinuity is equivalent to the usual
one at least in the case when f = f(x, ξ). Section 5 is devoted to the
special cases for functions f = f(ξ), where f : Mm×n → R is a C1 func-
tion satisfying certain growth conditions. In the scalar case (m = 1), using
certain one-dimensional constructions, we show that the (PS)-weak lower
semicontinuity is equivalent to the convexity of f and hence equivalent to
the usual weak lower semicontinuity. We also study the general case with
function f(ξ) satisfying a coercivity condition. In this case, we again show
the (PS)-weak lower semicontinuity is equivalent to the usual one using a
Vitali type construction [5]. The result under the coercivity assumption has
been announced in [13] and we include it here for the completeness of results
and for the convenience of the reader.

2. Notation and preliminaries

Let Ω be a bounded domain in Rn. Let Mm×n be the set of m × n

matrices. For vectors a, b ∈ Rn and matrices ξ, η ∈ Mm×n, we define the
inner products by

a · b =
n∑

j=1

aibi, ξ : η =
m∑

i=1

n∑
j=1

ξijηij

with the corresponding Euclidean norms denoted both by | · |. For vectors
q ∈ Rm, a ∈ Rn, we denote by q ⊗ a the rank-one m× n matrix (qiaj).

Let W 1,p(Ω) be the usual Sobolev space of scalar functions on Ω, and
define W 1,p(Ω;Rm) to be the space of vector functions u : Ω → Rm with
each component ui ∈W 1,p(Ω) and we denote by Du the Jacobi matrix of u
defined by

Du(x) = (∂ui/∂xj)
j=1,··· ,n
i=1,··· ,m.

Let 1 ≤ p <∞. We make W 1,p(Ω;Rm) a Banach space with the norm

‖u‖W 1,p(Ω;Rm) =
(∫

Ω
(|u|p + |Du|p) dx

) 1
p

.

Let C∞0 (Ω;Rm) be the set of infinitely differentiable vector functions with
compact support in Ω, and let W 1,p

0 (Ω;Rm) be the closure of C∞0 (Ω;Rm)
in W 1,p(Ω;Rm). Then W 1,p

0 (Ω;Rm) is itself a Banach space and has an
equivalent norm defined by ‖|Du|‖Lp(Ω).

Let g ∈W 1,p(Ω;Rm). Define the Dirichlet class Ag = W 1,p
g (Ω;Rm) to be

g +W 1,p
0 (Ω;Rm); that is,

Ag = W 1,p
g (Ω;Rm) = {u ∈W 1,p(Ω;Rm) |u− g ∈W 1,p

0 (Ω;Rm)}.
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For A ∈ Mm×n, define gA(x) = Ax and let W 1,p
A = W 1,p

gA (Ω;Rm) be the
Dirichlet class for the linear function gA.

We use uk ⇀ u to denote the weak convergence in W 1,p(Ω;Rm). Note
that if 1 < p <∞ then any bounded sequence in W 1,p(Ω;Rm) has a weakly
convergent subsequence and if, furthermore, ∂Ω is smooth or the sequence is
in W 1,p

g (Ω;Rm) one can assume the subsequence is also convergent strongly
in Lp(Ω;Rm).

Definition 2.1. A functional I on W 1,p(Ω;Rm) is said to be (sequentially)
weakly lower semicontinuous on W 1,p(Ω;Rm) provided

(2.1) I(u) ≤ lim inf
k→∞

I(uk) whenever uk ⇀ u in W 1,p(Ω;Rm).

Definition 2.2. Let h : Mm×n → R.
(i) We say that h is convex on Mm×n if the inequality

(2.2) h(λξ + (1− λ)η) ≤ λh(ξ) + (1− λ)h(η)

holds for all 0 < λ < 1 and ξ, η ∈Mm×n.

(ii) We say that h is quasiconvex in the Morrey sense if the inequality

(2.3) h(A) ≤ 1
|Ω|

∫
Ω
h(A+Dϕ(x)) dx

holds for all A ∈Mm×n and ϕ ∈ C∞0 (Ω;Rm).

For more on Morrey’s quasiconvexity condition, we refer to [1, 3, 5, 10, 11].
Note that in the case of n = 1 (one-dimensional) or m = 1 (scalar) the
convexity and quasiconvexity for the function h : Mm×n → R are equivalent.

Note also that h is convex if and only if g(t) = h(ξ + tη) is a convex
function of t on R for all ξ, η ∈ Mm×n. For C1 functions h, the convexity
condition is equivalent to the condition

(2.4) h(η) ≥ h(ξ) +Dξh(ξ) : (η − ξ), ∀ η, ξ ∈Mm×n.

Furthermore, a C1 function h on R is convex if and only if h′ is nondecreas-
ing, or equivalently, the following condition holds:

(2.5) (h′(a)− h′(b))(a− b) ≥ 0, ∀ a, b ∈ R.

Let f : Ω × Rn × Mm×n → R. We say f is Carathéodory if f(x, s, ξ)
is measurable in x ∈ Ω for all (s, ξ) ∈ Rn × Mm×n and continuous in
(s, ξ) ∈ Rn ×Mm×n for almost every x ∈ Ω. If f(x, s, ξ) is measurable in
x ∈ Ω for all (s, ξ) ∈ Rn×Mm×n and is C1 in (s, ξ) ∈ Rn×Mm×n for almost
every x ∈ Ω, we shall use the following notation to denote the derivatives of
f on s and ξ:

Dsf(x, s, ξ) = (
∂f

∂s1
, · · · , ∂f

∂sn
), Dξf(x, s, ξ) = (∂f/∂ξij)

j=1,··· ,n
i=1,··· ,m.
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Given a function f(x, s, ξ), define the integral functional I onW 1,p(Ω;Rm)
by

I(u) =
∫

Ω
f(x, u(x), Du(x)) dx, u ∈W 1,p(Ω;Rm).

The following important result has been proved by Acerbi and Fusco [1].

Theorem 2.1. Assume f is Carathéodory and satisfies

0 ≤ f(x, s, ξ) ≤ c1(|ξ|p + |s|p) +A(x),

where c1 > 0 and A ∈ L1(Ω). Then the functional I defined above is weakly
lower semicontinuous on W 1,p(Ω;Rm) if and only if f(x, s, ·) is quasiconvex
for almost every x ∈ Ω and all s ∈ Rn; that is, the inequality

f(x, s, ξ) ≤ 1
|Ω|

∫
Ω
f(x, s, ξ +Dϕ(y)) dy

holds for a.e. x ∈ Ω, all s ∈ Rn, ξ ∈Mm×n and all ϕ ∈ C∞0 (Ω;Rm).

For smooth and bounded-below functionals on Banach space, we have the
following result from the Ekeland variational principle [2, 6]. We refer to
[2, 6] for the proof and more on the applications of the Ekeland variational
principle.

Theorem 2.2. Let X be a Banach space and X∗ its dual space, and let
Φ: X → R be a C1 functional which is bounded below. Then, for each
ε > 0, there exists uε ∈ X such that

Φ(uε) ≤ infX Φ + ε(2.6)

‖Φ′(uε)‖X∗ ≤ ε.(2.7)

Therefore, there exists a minimizing sequence {uk} in X such that

lim
k→∞

Φ(uk) = inf
X

Φ, lim
k→∞

‖Φ′(uk)‖X∗ = 0.

3. The (PS)-weak lower semicontinuity

In this section, we assume f(x, s, ξ) is measurable in x ∈ Ω for all (s, ξ) ∈
Rn ×Mm×n and is C1 in (s, ξ) ∈ Rn ×Mm×n for almost every x ∈ Ω. We
also assume 1 < p <∞ and f satisfies the growth conditions

|f(x, s, ξ)| ≤ c1(|s|p + |ξ|p) +A(x),(3.1)

|Dsf(x, s, ξ)|+ |Dξf(x, s, ξ)| ≤ c2(|s|p−1 + |ξ|p−1) +B(x)(3.2)

for almost every x ∈ Ω and for all s ∈ Rn, ξ ∈ Mm×n, where c1, c2 are
positive constants and A,B are positive functions with A ∈ L1(Ω), B ∈
L

p
p−1 (Ω).
From these assumptions, we easily obtain the following result, whose proof

is left to the interested reader.
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Proposition 3.1. Under the above conditions, the functional I defined
above is a C1 functional on W 1,p(Ω;Rm) and for each u the Fréchet de-
rivative I ′(u) is given by

〈I ′(u), v〉 =
∫

Ω

[
Dsf(x, u,Du) · v +Dξf(x, u,Du) : Dv

]
dx

for all v ∈W 1,p(Ω;Rm).

When minimizing the functional I on a Dirichlet class Ag, one can shift
the class to the Banach space X = W 1,p

0 (Ω;Rm) since

(3.3) inf
u∈Ag

I(u) = inf
w∈X

Φ(w),

where Φ(w) = I(w + g). We easily have the following result.

Proposition 3.2. Let X = W 1,p
0 (Ω;Rm). For any g ∈ W 1,p(Ω;Rm), the

functional Φ: X → R defined by Φ(w) = I(w + g) is C1 and Φ′(w) =
I ′(w + g) as elements in X∗, the dual space of X.

In the following we write X∗ = W−1,p′(Ω;Rm), where p′ = p
p−1 . As usual,

we define

(3.4) ‖I ′(u)‖W−1,p′ = sup{〈I ′(u), v〉 | v ∈W 1,p
0 (Ω;Rm), ‖v‖

W 1,p
0

≤ 1}.

Note that, given a smooth functional I on X = W 1,p
0 (Ω;Rm), the sequences

{uk} in X satisfying

|I(uk)| ≤M, I ′(uk) → 0 in W−1,p′(Ω;Rm)

are usually called the Palais-Smale sequences or (PS) sequences for the func-
tional I. Therefore, for simplicity, we use the following definition.

Definition 3.1. A sequence {uk} is said to (PS)-weakly converges to u

(with respect to I) in W 1,p(Ω;Rm) and denoted by uk
ps
⇀u provided that

uk ⇀ u in W 1,p(Ω;Rm) and I ′(uk) → 0 in W−1,p′(Ω;Rm). Define the set of
all (PS)-weak limits to be

(3.5) S = {u ∈W 1,p(Ω;Rm) | ∃ uk ∈W 1,p(Ω;Rm) such that uk
ps
⇀u}.

Let C = {u ∈ W 1,p(Ω;Rm) | ‖I ′(u)‖W−1,p′ = 0}. Then clearly C ⊆ S, and
hence S can be viewed as a relaxation of C under the (PS)-weak convergence.
However, for certain functionals I the set S may be empty.

Example 3.1. Let f(x, ξ) = χE(x)h(ξ), where χE is the characteristic
function of a measurable set E in (0, 1) with 0 < |E| < 1 and h(ξ) =
π
2 + arctan ξ. Define

I(u) =
∫ 1

0
f(x, u′(x))dx, u ∈W 1,2(0, 1).
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We claim that for the functional I the (PS)-weak limit set S = ∅. Suppose
to the contrary uk

ps
⇀u in W 1,2(0, 1). Let gk(x) = χE(x)h′(u′k(x)). Then,

by Proposition 4.1 below, there exists a subsequence gkj
→ L strongly in

L2(0, 1) for some constant L. We also assume gkj
(x) → L for almost every

x ∈ (0, 1). Hence we must have L = 0 and gkj
(x) = h′(u′kj

(x)) → 0 for
almost every x ∈ E. By Egoroff’s theorem, it follows that |u′kj

(x)| → ∞
almost uniformly on E, which implies ‖u′kj

‖L2(E) →∞, a contradiction.

Definition 3.2. Given any nonempty family A ⊆W 1,p(Ω;Rm), we say that
I is (PS)-weakly lower semicontinuous on A provided that

(3.6) I(u) ≤ lim inf
k→∞

I(uk) whenever uk, u ∈ A, uk
ps
⇀u.

We shall technically assume this property if A ∩ S = ∅.

The following result shows that if f = f(x, ξ) is convex in ξ then the
functional I is in fact (PS)-weakly continuous on all Dirichlet classes.

Proposition 3.3. Assume f = f(x, ξ) satisfies the corresponding growth
conditions as (3.1) and (3.2) above. Suppose f(x, ξ) is convex in ξ for almost
every x ∈ Ω. Then both I and −I are (PS)-weakly lower semicontinuous on
all Dirichlet classes Ag with g ∈W 1,p(Ω;Rm). Therefore the functional I is
(PS)-weakly continuous on Ag in the sense that

(3.7) I(u) = lim
k→∞

I(uk) ∀ uk, u ∈ Ag, uk
ps
⇀u.

Proof. For any uk, u ∈ W 1,p(Ω;Rm), by the convexity of f , it follows from
(2.4) that

f(x,Duk) ≥ f(x,Du) +Dξf(x,Du) : (Duk −Du),(3.8)

f(x,Du) ≥ f(x,Duk) +Dξf(x,Duk) : (Du−Duk)(3.9)

for almost every x ∈ Ω. If uk
ps
⇀u, and u−uk ∈W 1,p

0 (Ω;Rm), then integrat-
ing the above inequalities, we have

lim inf
k→∞

I(uk) ≥ I(u) ≥ lim sup
k→∞

I(uk),

and hence (3.7) follows. �

We show that in general the (PS)-weak lower semicontinuity on all Dirich-
let classes does not imply the (PS)-weak lower semicontinuity on the whole
space W 1,p(Ω;Rm) (without the fixed boundary conditions).

Proposition 3.4. Let Ω be the unit disc in R2 and I(u) = −
∫
Ω |Du|

2dx

for u : Ω → R. Then I is (PS)-weakly lower semicontinuous on all Dirichlet
classes of W 1,2(Ω) but not (PS)-weakly lower semicontinuous on W 1,2(Ω).
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Proof. By the preceding proposition, I is (PS)-weakly lower semicontinuous
on all Dirichlet classes of W 1,2(Ω). We now show it is not (PS)-weakly
lower semicontinuous on W 1,2(Ω) (without the fixed boundary conditions).
We identify R2 ∼= C1. For z = x1 + ix2 ∈ Ω and k = 1, 2, · · · , we define
uk(x1, x2) = 1√

πk
Re(zk). Then uk is harmonic in Ω and ∂x1uk − i∂x2uk =√

k
πz

k−1. Hence |Duk(x)| =
√

k
π |z|

k−1 and thus we have ‖Duk‖L2(Ω) = 1.
So uk is bounded in W 1,2(Ω). It is easy to see uk → 0 uniformly on Ω̄ and
hence uk ⇀ 0 in W 1,2(Ω). Since uk is harmonic in Ω, it also follows that
Duk → 0 in W−1,2(Ω). Therefore, for functional I(u) = −

∫
Ω |Du|

2dx, we
have uk

ps
⇀ 0, but I(0) = 0 and lim infk I(uk) = −1. Hence I is not (PS)-

weakly lower semicontinuous on W 1,2(Ω). �

As we mentioned in the introduction, the (PS)-weak lower semicontinuity
has been motivated by using the Ekeland variational principle in the direct
method for the minimization problem. We have the following existence
result.

Theorem 3.5. Assume f satisfies, in addition to (3.1) and (3.2), the fol-
lowing coercivity condition

(3.10) c0|ξ|p − a(x) ≤ f(x, s, ξ) ≤ c1(|ξ|p + |s|p) +A(x),

where c0 > 0 is a positive constant, a ∈ L1(Ω) is a function. Given g ∈
W 1,p(Ω;Rm), assume the functional I defined above is (PS)-weakly lower
semicontinuous on Ag. Then the minimization problem infu∈Ag I(u) has at
least one solution u ∈ Ag.

Proof. The proof uses a standard direct method of the calculus of variations.
Let X = W 1,p

0 (Ω;Rm). Define Φ: X → R by

Φ(u) = I(u+ g) =
∫

Ω
f(x, u(x) + g(x), Du(x) +Dg(x))dx.

Then Φ is C1 and bounded below on X, and Φ′(u) = I ′(u + g) in X∗. By
Theorem 2.2, there exists a sequence {uk} in X such that

Φ(uk) → inf
X

Φ, ‖Φ′(uk)‖X∗ → 0.

Let wk = uk + g ∈ Ag. Then

(3.11) I(wk) → inf
w∈Ag

I(w), ‖I ′(wk)‖W−1,p′ → 0.

Under the condition c0 > 0 the sequence {wk} determined by (3.11) above
is bounded in W 1,p(Ω;Rm) and, since 1 < p <∞, has a weakly convergence
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subsequence, relabeled {wk} again. Let u be the weak limit. Then u ∈ Ag

and wk
ps
⇀u; hence the (PS)-weak lower semicontinuity on Ag implies

I(u) ≤ lim
k→∞

I(wk) = inf
w∈Ag

I(w).

Hence I(u) = infw∈Ag I(w). �

Remark 3.1. Under the growth assumptions (3.1) and (3.2), any minimizer
u of I over Ag is a weak solution to the Dirichlet problem of the Euler-
Lagrange equation of functional I; that is,

(3.12)

{
−divDξf(x, u,Du) +Dsf(x, u,Du) = 0 in Ω

u = g on ∂Ω.

4. One dimensional scalar cases

In this section we study the (PS)-weak lower semicontinuity in some spe-
cial one dimensional scalar cases.

We first consider the Sobolev space H1(0, 1) = W 1,2(0, 1) and functions
f(x, ξ) satisfying

(4.1) 0 ≤ f(x, ξ) ≤ C|ξ|2 +A(x), |fξ(x, ξ)| ≤ C|ξ|+B(x),

with A ∈ L1(0, 1), B ∈ L2(0, 1). Define

I(u) =
∫ 1

0
f(x, u′(x))dx, ∀ u ∈ H1(0, 1).

Proposition 4.1. If uk
ps
⇀u in H1(0, 1), then there exists a subsequence

{ukj
} such that fξ(x, u′kj

(x)) → L strongly in L2(0, 1) as j → ∞, where L
is a constant.

Proof. Let gk(x) = fξ(x, u′k(x)) and Lk =
∫ 1
0 gk(x)dx. Since {gk} is bounded

in L2(0, 1), we assume for a subsequence gkj
⇀g in L2(0, 1) as j →∞, where

g ∈ L2(0, 1). We define vk on [0, 1] by

vk(x) =
∫ x

0
(gk(t)− Lk) dt, x ∈ [0, 1].

Then it is easily seen that vk ∈ H1
0 (0, 1) = W 1,2

0 (0, 1) and v′k = gk − Lk.

Moreover, {vk} is bounded in H1
0 (0, 1) and hence

〈I ′(uk), vk〉 =
∫ 1

0
fξ(x, u′k(x))v

′
k(x)dx =

∫ 1

0
g2
k(x)dx− L2

k → 0

as k →∞. Since gkj
⇀g in L2(0, 1), we have Lkj

→ L =
∫ 1
0 gdx and∫ 1

0
g2(x)dx ≤ lim inf

j→∞

∫ 1

0
g2
kj
dx = lim inf

j→∞
L2

kj
=

(∫ 1

0
g(x)dx

)2

.

This implies g(x) = L a.e. on [0, 1] and gkj
→ L strongly in L2(0, 1). �
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In contrast to the theorem of Acerbi and Fusco (Theorem 2.1), we show
below by an example that the (PS)-weak lower semicontinuity of I may not
imply f being quasiconvex in ξ even for smooth functions f(x, ξ) in the
scalar case.

Proposition 4.2. There exists a C1 function f(x, ξ) satisfying condition
(4.1) above for which the corresponding functional I is (PS)-weakly, but not
(unrestricted) weakly, lower semicontinuous on H1(0, 1).

Proof. Assume f(x, ξ) = a(x)h(ξ) with a, h ≥ 0, both C1 and satisfying the
following conditions:

a(x) = 0 x ∈ [0, θ], a(x) > 0 x ∈ (θ, 1],(4.2)

h ≥ 0, (h′)−1(0) = {0}, lim inf
|ξ|→∞

|h′(ξ)| > 0.,(4.3)

where θ ∈ (0, 1) is a constant. Note that the condition (4.3) implies h(0) <
h(ξ) for all ξ ∈ R. Given any uk

ps
⇀u in H1(0, 1), using subsequence if

necessary, we assume limk→∞ I(uk) exists. By Proposition 4.1 above, there
exists a subsequence {ukj

} such that fξ(x, u′k) = a(x)h′(u′kj
) → L strongly

in L2(0, 1) for some constant L. Since a = 0 on [0, θ), one must have the
limit L = 0; this also implies the whole sequence a(x)h′(u′k) → 0 strongly
in L2(0, 1). Therefore h′(u′k) → 0 strongly in L2(θ′, 1) for any θ′ ∈ (θ, 1).
Hence, for a subsequence it follows that h′(u′kj

(x)) → 0 for almost every
x ∈ (θ′, 1). By (4.3), we have that u′kj

(x) → 0 for almost every x ∈ (θ′, 1).
Therefore the weak limit u′ = 0 on (θ′, 1) for all θ′ ∈ (θ, 1). This implies
u′ = 0 in (θ, 1). Since h(ξ) ≥ h(0) for all ξ, we have

lim
k→∞

I(uk) = lim
k→∞

∫ 1

θ
a(x)h(u′k(x)) dx ≥

∫ 1

θ
a(x)h(0)dx = I(u).

Hence I satisfies the (PS)-weak lower semicontinuity on H1(0, 1). Note that
the condition (4.3) does not imply that h is convex. (See, e.g., condition
(2.5).) Hence I may not be weakly lower semicontinuous on H1(0, 1) by
Theorem 2.1 above. �

Remark 4.1. For the functional I defined by a function f(x, ξ) = a(x)h(ξ)
as above, the minimization problem

inf
u∈H1(0,1)

u(0)=a,u(1)=b

I(u)

has as only minimizers any functions u ∈ H1(0, 1) with u(0) = a and u ≡ b

on [θ, 1] and the minimum equals h(0)
∫ 1
θ a(x)dx, for any constants a, b ∈ R.

These minimizers are exactly those functions u in the Dirichlet class for
which there exists a sequence {uk} in the class such that uk

ps
⇀u.
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Despite of the result above, we shall show that the (PS)-weak lower semi-
continuity is equivalent to the usual weak lower semicontinuity if f(x, ξ)
satisfies certain coercivity condition.

In the following, for β ∈ R, let W 1,p
β (0, 1) be the Dirichlet class of func-

tions u in W 1,p(0, 1) with u(0) = 0, u(1) = β. Then we have the following
result.

Theorem 4.3. Assume f(x, ξ) and fξ(x, ξ) are both C1 on [0, 1] ×R and
satisfy, for some p > 1 and positive constants c0, c1, c2 > 0,

(4.4) c0|ξ|p ≤ f(x, ξ) ≤ c1(|ξ|p + 1), |fξ(x, ξ)| ≤ c2(|ξ|p−1 + 1)

for all x and ξ. If the functional I defined by f is (PS)-weakly lower semi-
continuous on W 1,p

β (0, 1) for all β ∈ R, then f(x, ξ) is convex in ξ for all
x ∈ (0, 1).

For the technical reason of using the following Sard’s theorem [9], we have
assumed that f is sufficiently smooth in both x and ξ in the theorem.

Lemma 4.4. Let h : R → R be C1 and S = {y ∈ R | ∃x ∈ R, y =
h(x), h′(x) = 0}. Then the Lebesgue measure |S| = 0 and, in particular,
the set of regular values of h, R \ S, is dense in R.

We proceed with several lemmas to prove Theorem 4.3. First of all, for
β ∈ R, we define m(β) = inf{I(u) |u ∈ W 1,p

β (0, 1)}. It follows easily from
the growth condition (4.4) that

(4.5) c0|β|p ≤ m(β) ≤ c1(|β|p + 1).

From Theorem 3.5 above, it follows that, if I is (PS)-weakly lower semi-
continuous on W 1,p

β (0, 1), then there exists at least one minimizer uβ ∈
W 1,p

β (0, 1) such that I(uβ) = m(β). Hence I ′(uβ) = 0 in W−1,p′(0, 1). This
implies fξ(x, u′β(x)) is constant in (0, 1) and let µ(β) denote this constant.
Note that µ(β) depends also on the minimizer uβ.

Lemma 4.5. It follows that

lim sup
β→+∞

lim sup
ε→0+

m(β + ε)−m(β)
ε

= +∞,(4.6)

lim inf
β→−∞

lim inf
ε→0−

m(β + ε)−m(β)
ε

= −∞.(4.7)

Proof. We only prove the equation (4.6); the other one follows similarly.
By contradiction, suppose the limit is not +∞. Then there exist positive
constants β0, ε0 and M such that

m(β + ε)−m(β)
ε

≤M, ∀ β ≥ β0, ε ∈ (0, ε0],
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which, in particular, implies that

(4.8) m(β0 + kε0)−m(β0) ≤Mkε0 ∀ k = 1, 2, · · · .

Using (4.5), we have m(β0+kε0) ≥ c0|β0+kε0|p ≥ γkp−C0 for some positive
constants γ and C0, and for all k = 1, 2, · · · . This combined with (4.8) yields
a desired contradiction since p > 1. This proves (4.6). �

Lemma 4.6. For any β ∈ R, it follows that

(4.9) lim sup
ε→0+

m(β + ε)−m(β)
ε

≤ µ(β) ≤ lim inf
ε→0−

m(β + ε)−m(β)
ε

.

Proof. For 0 < δ < 1 we define w to be the linear function with w(1−δ) = 0,
w(1) = ε. Hence w′(x) = ε/δ. Let uβ be a minimizer for m(β) and let
v(x) = uβ(x) on [0, 1 − δ] and v(x) = uβ(x) + w(x) on [1 − δ, 1]. Then
v ∈W 1,p(0, 1) satisfies v(0) = 0, v(1) = β + ε. Hence

m(β + ε) ≤ I(v) = I(uβ) +
∫ 1

1−δ
[f(x, v′)− f(x, u′β)]dx.

Since f(x, v′)− f(x, u′β) = fξ(x, u′β)ε/δ + o(ε/δ) for ε/δ → 0, we have

m(β + ε) ≤ m(β) + µ(β)ε+ o(
ε

δ
)δ ≤ m(β) + µ(β)ε+ o(ε),

as ε→ 0. From this the lemma follows. �

The lemmas above imply

(4.10) lim sup
β→+∞

µ(β) = +∞, lim inf
β→−∞

µ(β) = −∞.

Lemma 4.7. For any constant θ ∈ R, there exists a function qθ ∈ Lp(0, 1)
such that fξ(x, qθ(x)) = θ for almost every x ∈ (0, 1).

Proof. In view of (4.10) above, there exist β1 < β2 such that µ(β1) <

θ < µ(β2). Hence for almost every x ∈ (0, 1) we have fξ(x, u′β1
(x)) < θ <

fξ(x, u′β2
(x)). Let

q−(x) = min{u′β1
(x), u′β2

(x)}, q+(x) = max{u′β1
(x), u′β2

(x)}.

Then q± ∈ Lp(0, 1). By the intermediate value property of fξ(x, ·), there
exists q ∈ (q−(x), q+(x)) such that fξ(x, q) = θ. Let qθ(x) be the infimum
of all such q’s. Then fξ(x, qθ(x)) = θ, qθ(x) is lower semicontinuous and
q−(x) ≤ qθ(x) ≤ q+(x) at almost every x ∈ (0, 1) and hence qθ ∈ Lp(0, 1).

�

The following result turns out to be quite useful in the proof of the the-
orem and also later; the proof is elementary and included here for the con-
venience of the reader.



14 DANIEL VASILIU AND BAISHENG YAN

Lemma 4.8. Let h : R → R be C1 and let

S = {(a, b) ∈ R2 |h′(a) = h′(b)},
S1 = {(α, β) ∈ S |α < β, h′(t) 6= h′(α) ∀ t ∈ (α, β)}.

Assume h(t) ≥ 0 for all t ∈ R. Then the following statements are equivalent:
(i) h is convex.
(ii) S1 = ∅.
(iii) h(λa+ (1− λ)b) ≤ λh(a) + (1− λ)h(b) ∀ (a, b) ∈ S, λ ∈ [0, 1].

Proof. We prove the result by showing that (i) ⇒ (iii) ⇒ (ii) ⇒ (i).
1. (i) ⇒ (iii). This is easy.
2. (iii) ⇒ (ii). Suppose to the contrary S1 6= ∅ and (α, β) ∈ S1. Using

inequality (iii) with (α, β) ∈ S yields that ∀ 0 < λ < 1 with tλ = λα+ (1−
λ)β,

(4.11)
h(tλ)− h(α)

tλ − α
≤ h(β)− h(α)

β − α
≤ h(tλ)− h(β)

tλ − β
.

Letting λ→ 1− and 0+ in (4.11) respectively yields that h′(α) ≤ h(β)−h(α)
β−α ≤

h′(β); hence h′(α) = h′(β) = h(β)−h(α)
β−α . However, by the mean value prop-

erty, h′(α) = h(β)−h(α)
β−α = h′(t) for some t ∈ (α, β), which shows (α, β) /∈ S1,

a desired contradiction.
3. (ii) ⇒ (i). Again, to the contrary, suppose h is not convex. Then there

exist a < b such that h′(a) > h′(b).We consider only the case when h′(a) > 0;
otherwise, consider h̄(t) = h(−t), ā = −b and b̄ = −a. We claim there exist
c < d ≤ a such that h′(c) < h′(d). If not, h′ would be nonincreasing on
(−∞, a] and hence h would be concave on (−∞, a]. Therefore we would have
h(t) ≤ h(a) + h′(a)(t − a) for all t < a. Since h′(a) > 0, letting t → −∞,
we would have h(t) → −∞, a contradiction with h ≥ 0. Let c < d ≤ a be
any points as above. Let m = max[c,b] h

′. Define S = {t ∈ [c, b]
∣∣h′(t) = m},

s− = minS, and s+ = maxS. Then s−, s+ ∈ S and c < s− ≤ s+ < b. Hence
h′(c) < m, h′(b) < m. We define α′ < β′ as follows: If h′(c) = h′(b), define
α′ = c, β′ = b. If h′(c) > h′(b), then h′(c) ∈ (h′(s+), h′(b)) and hence by the
intermediate value property of h′, define β′ ∈ (s+, b) so that h′(β′) = h′(c),
and define α′ = c. If h′(c) < h′(b), then h′(b) ∈ (h′(c), h′(s−)) and hence
again by the intermediate value property of h′, we define α′ ∈ (c, s−) so
that h′(α′) = h′(b), and define β′ = b. The points α′ < β′ defined this
way will satisfy α′ < s− ≤ s+ < β′ and h′(α′) = h′(β) < h′(s−). Let
G = {t ∈ (α′, β′)

∣∣h′(t) > h′(α′)}. Then G is an open set and s− ∈ G. Let
(α, β) be the component ofG containing s−. Then it follows that (α, β) ∈ S1,

a contradiction with (ii); hence h is convex. �
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Remark 4.2. It can be shown that conditions (i) and (iii) in the lemma
above are not equivalent for functions h : Rm → R if m ≥ 2 (see Remark
5.2 later).

Proof of Theorem 4.3. Given any x0 ∈ (0, 1), we prove f(x0, ·) is convex.
By Lemma 4.8, it suffices to show that there exist no numbers ξ1 < ξ2 such
that

(4.12) fξ(x0, ξ1) = fξ(x0, ξ2), fξ(x0, t) 6= fξ(x0, ξ1) ∀ t ∈ (ξ1, ξ2).

We prove this by contradiction. Suppose ξ1 < ξ2 satisfy (4.12). We will
derive a contradiction by showing such ξi’s must satisfy

(4.13) f(x0, λξ1 + (1− λ)ξ2) ≤ λf(x0, ξ1) + (1− λ)f(x0, ξ2)

for all λ ∈ (0, 1), which gives a desired contradiction as in the step 2 of the
proof of Lemma 4.8.

To this end, assume fξ(x0, ξ1) = fξ(x0, ξ2) = θ0. Without loss of general-
ity, assume fξ(x0, t) > fξ(x0, ξ1) for all t ∈ (ξ1, ξ2). Let

max
[ξ1,ξ2]

fξ(x0, ·) = fξ(x0, ξ̄) = θ̄ > θ0.

To proceed, we need the following lemma, which is the only place we use
the smooth assumption of fξ(x, ξ) on (x, ξ).

Lemma 4.9. There exist a sequence θn ∈ (θ0, θ̄) with θn → θ0 as n → ∞,

a closed interval Jn = [an, bn] ⊂ (0, 1) containing x0, and two continuous
functions q±n : Jn → (ξ1, ξ2) such that q−n (x) < q+n (x) and fξ(x, q±n (x)) = θn

for all x ∈ Jn. Moreover, q−,+
n (x0) → ξ1,2 as n→∞.

Proof. The proof is based on a use of Sard’s theorem. By Lemma 4.4 above
with h(ξ) = fξ(x0, ξ), the set of regular values of fξ(x0, ·) is dense. Hence
there exists a sequence of regular values θn of fξ(x0, ·) in (θ0, θ̄) such that
θn → θ0 as n → ∞. Since fξ(x0, ξ1,2) = θ0 < θn < θ̄ = fξ(x0, ξ̄), by
intermediate value property, there exist ξ−n ∈ (ξ1, ξ̄) and ξ+n ∈ (ξ̄, ξ2) such
that fξ(x0, ξ

±
n ) = θn. The assumption (4.12) implies ξ−n → ξ1 and ξ+n → ξ2 as

n→∞. Since θn is a regular value of fξ(x0, ·), it follows that fξξ(x0, ξ
±
n ) 6= 0.

By the implicit function theorem, we have interval Jn = [an, bn] ⊂ (0, 1)
containing x0 and two differentiable functions q±n : Jn → (ξ1, ξ2) such that

(4.14) q±n (x0) = ξ±n , fξ(x, q±n (x)) = θn ∀ x ∈ Jn.

Then the functions q±n (x) satisfy the requirements of the lemma. �

We continue the proof of the theorem. Let θn ∈ (θ0, θ̄), Jn = [an, bn] and
q±n : Jn → (ξ1, ξ2) be given as in the lemma above. Let J = [a, b] ⊂ Jn be
any interval containing x0. Let qn ∈ Lp(0, 1) be the function qθ determined
by Lemma 4.7 with θ = θn. In what follows, we fix n. For each k = 1, 2, · · · ,
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we define function uk(x) by uk(x) =
∫ x
0 wk(t)dt, where wk(t) is defined as

follows:

(4.15) wk(t) =


qn(t) t ∈ [0, 1] \ [a, b],

q−n (t) t ∈ ∪k
j=1(a+ (j−1)

k (b− a), a+ (j−1+λ)
k (b− a)),

q+n (t) t ∈ ∪k
j=1(a+ (j−1+λ)

k (b− a), a+ j
k (b− a)).

It is easily seen that uk ∈W 1,p(0, 1) and {uk} is bounded in W 1,p(0, 1).

Lemma 4.10. For all continuous functions Φ(x, ξ), it follows that

lim
k→∞

∫ b

a
Φ(x, u′k(x))dx =

∫ b

a
[λΦ(x, q−n (x)) + (1− λ)Φ(x, q+n (x))]dx.

Proof. It is easy to see∫ b

a
Φ(x, u′k(x))dx =

k∑
j=1

∫ a+
(j−1+λ)

k
(b−a)

a+
(j−1)

k
(b−a)

Φ(x, q−n (x))dx(4.16)

+
k∑

j=1

∫ a+ j
k
(b−a)

a+
(j−1+λ)

k
(b−a)

Φ(x, q+n (x))dx(4.17)

= λ

k∑
j=1

Φ(cj , q−n (cj))
(b− a)
k

(4.18)

+ (1− λ)
k∑

j=1

Φ(dj , q
+
n (dj))

(b− a)
k

,(4.19)

where a+ (j−1)
k (b−a) ≤ cj ≤ a+ (j−1+λ)

k (b−a) ≤ dj ≤ a+ j
k (b−a) are some

points. Hence the sums in (4.18) and (4.19) are Riemann sums; therefore,
as k →∞, the lemma follows. �

Let ū ∈W 1,p(0, 1) be defined by ū(x) =
∫ x
0 w̄(t)dt, where

w̄(t) =

{
qn(t) t ∈ [0, 1] \ [a, b],

λq−n (t) + (1− λ)q+n (t) t ∈ [a, b].

From the lemma above, it easily follows that uk ⇀ū in W 1,p(0, 1). In par-
ticular, εk = ū(1)− uk(1) → 0 as k →∞. By the definition of uk it follows
easily that fξ(x, u′k(x)) = θn for almost every x ∈ (0, 1); hence I ′(uk) = 0
in W−1,p′(0, 1). We now modify uk to a function ũk ∈ W 1,p

β (0, 1) with
β = ū(1). For 0 < δ < 1− b to be selected later, we define ũk(x) = uk(x) for
x ∈ [0, 1−δ], and ũk(x) = uk(x)+vk(x) for x ∈ [1−δ, 1], where vk is a linear
function on [1− δ, 1] with vk(1− δ) = 0, vk(1) = εk. Hence ũk ∈ W 1,p(0, 1)
with ũk(0) = 0, ũk(1) = ū(1) = β. Note that v′k(x) = εk

δ . Hence we se-
lect δ = δk = |εk|1/2 for all sufficiently large k. For this choice of δ, it
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is easily shown that the function ũk ∈ W 1,p
β (0, 1) satisfies uk − ũk → 0

in W 1,p(0, 1), and hence it follows that I ′(ũk) → 0 in W−1,p′(0, 1) and
I(uk) − I(ũk) → 0 as k → ∞. In particular, ũk

ps
⇀ū in W 1,p

β (0, 1). There-
fore, by the (PS)-weak lower semicontinuity of I on W 1,p

β (0, 1), we have
I(ū) ≤ lim infk I(ũk) = lim infk I(uk). Using Lemma 4.10, after easy com-
putations, this implies∫ b

a
f(x, λq−n (x) + (1− λ)q+n (x))dx

≤
∫ b

a
[λf(x, q−n (x)) + (1− λ)f(x, q+n (x))]dx.

This holds for all intervals [a, b] ⊂ Jn containing x0 and hence, letting [a, b]
shrink to {x0}, we have

f(x0, λq
−
n (x0) + (1− λ)q+n (x0)) ≤ λf(x0, q

−
n (x0)) + (1− λ)f(x0, q

+
n (x0)).

Finally letting n→∞, by Lemma 4.9, we have

f(x0, λξ1 + (1− λ)ξ2) ≤ λf(x0, ξ1) + (1− λ)f(x0, ξ2),

as desired by (4.13).
The proof of the theorem is now completed. �

5. Special cases with f = f(ξ)

In this section, we study some special cases with function f = f(ξ), where
f : Mm×n → R is a C1 function satisfying the following growth conditions:

c0|ξ|p ≤ f(ξ) ≤ c1(|ξ|p + 1),(5.1)

|Dξf(ξ)| ≤ c2(|ξ|p−1 + 1),(5.2)

where 1 < p <∞ and c0 ≥ 0, c1 > 0, c2 > 0 are constants. In this case, we
shall also use the simplified notation Dξf(ξ) = Df(ξ) = f ′(ξ). As before,
let I be the functional associated with f :

I(u) =
∫

Ω
f(Du(x)) dx u ∈W 1,p(Ω;Rm).

We first have the following result when m = 1 (the scalar case) with
c0 = 0 in (5.1), which is in contrast to Proposition 4.2 above

Theorem 5.1. Let m = 1 and let f : Rn → R satisfy the conditions (5.1)
and (5.2) above with c0 = 0. Then the functional I is (PS)-weakly lower
semicontinuous on the Dirichlet classes W 1,p

A for all A ∈ Rn if and only if
f is convex on Rn.
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Proof. By Theorem 2.1, we only need to show the necessary part of the the-
orem. Thus assume I is (PS)-weakly lower semicontinuous on the Dirichlet
classes W 1,p

A for all A ∈ Rn. We prove that f is convex on Rn. To this end,
let ξ, η ∈ Rn and |η| = 1 be given and let h(t) = f(ξ + tη). We show that h
is a convex function of t ∈ R; this implies f is convex on Rn. By virtue of
Lemma 4.8 above, to show h is convex, it suffices to establish the inequality
(iii) in that lemma for all a, b ∈ R with a < b and h′(a) = h′(b). Note that
h′(t) = f ′(ξ + tη) · η. Given such a, b, let α = ξ + aη, β = ξ + bη. Then
h(a) = f(α), h(b) = f(β) and hence

(5.3) h′(a)− h′(b) = (f ′(α)− f ′(β)) · η = 0.

Given any λ ∈ (0, 1), let θ(t) be the periodic function on R of period 1
satisfying θ = 0 on [0, λ) and θ = 1 on [λ, 1). Let ρ(t) be the Lipschitz
function on R with ρ(0) = 0 and ρ′(t) = θ(t) for almost every t ∈ R. For
k = 1, 2, · · · , we define functions

(5.4) uk(x) = αx+
b− a

k
ρ(kx · η) x ∈ Rn.

Then Duk(x) = α+ (b− a)θ(kx · η)η and hence

(5.5) Duk(x) =

{
α if x · η ∈ ∪∞j=−∞( j

k ,
j+λ

k )

β if x · η ∈ ∪∞j=−∞( j+λ
k , j+1

k ).

Let {η1, η2, · · · , ηn} be an orthonormal basis of Rn with η1 = η. For each
x ∈ Rn, we write x =

∑n
i=1 tiηi and define

Aj
k =

{
x ∈ Rn

∣∣∣ t1 ∈ (
j

k
,
j + λ

k

)}
, Bj

k =
{
x ∈ Rn

∣∣∣ t1 ∈ (
j + λ

k
,
j + 1
k

)}
.

Let Ωk
α = Ω ∩ (∪jA

j
k), Ωk

β = Ω ∩ (∪jB
j
k). Then one can easily show that

(5.6) lim
k→∞

|Ωk
α| = λ|Ω|, lim

k→∞
|Ωk

β| = (1− λ)|Ω|.

For any 1 ≤ p < ∞, the sequence {uk} defined by (5.4) above satisfies
uk ⇀ū in W 1,p(Ω) as k → ∞, where ū(x) = [λα + (1 − λ)β]x. In fact, one
can show that uk → ū uniformly on Ω̄. We leave the proof of these facts to
the interested reader.

Lemma 5.2. I ′(uk) = 0 in W−1,p′(Ω).

Proof. Given any v ∈ W 1,p
0 (Ω), we extend v to be zero outside Ω. Let QN

be the cube

QN = {x ∈ Rn
∣∣ x =

n∑
i=1

tiηi, |ti| < N, ∀ i = 1, 2, · · · , n}.
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Assume N is large enough so that Ω̄ ⊂ QN . Then∫
Ω
f ′(Duk) ·Dv =

∫
QN

f ′(Duk) ·Dv =
kN−1∑

j=−kN

∫
Qj

k

f ′(Duk) ·Dv,

where Qj
k = {x ∈ QN |x · η ∈ ( j

k ,
j+1
k )}. We write Qj

k = Aj ∪Bj ∪Γj , where
Aj = Qj

k∩A
j
k, B

j = Qj
k∩B

j
k and Γj = {x ∈ Qj

k |x ·η = j+λ
k }. We also define

F j = {x ∈ QN |x · η = j
k}. Note that Duk = α on Aj and Duk = β on Bj

and hence, by the divergence theorem and (5.3) above as well, we have∫
Qj

k

f ′(Duk) ·Dv =
∫

Aj

f ′(Duk) ·Dv +
∫

Bj

f ′(Duk) ·Dv

= f ′(α) ·
∫

Aj

Dv + f ′(β) ·
∫

Bj

Dv

= f ′(α) ·
(∫

F j

vdS

)
(−η) + f ′(α) ·

(∫
Γj

vdS

)
η

+f ′(β) ·
(∫

Γj

vdS

)
(−η) + f ′(β) ·

(∫
F j+1

vdS

)
η

= f ′(α) · η
(∫

F j+1

vdS −
∫

F j

vdS

)
.

Hence, since F±kN lies in Rn \ Ω̄, where v = 0, it follows that∫
Ω
f ′(Duk(x)) ·Dv(x) dx = f ′(α) · η

(∫
F kN

vdS −
∫

F−kN

vdS

)
= 0.

This proves I ′(uk) = 0 in W−1,p′(Ω). �

To continue the proof of the theorem, we now modify the sequence {uk}
above into a sequence inW 1,p

A (Ω), whereA = λα+(1−λ)β. For all sufficiently
large j, say j ≥ j0, consider nonempty open sets

Ωj = {x ∈ Ω | dist(x, ∂Ω) > 1/j}.

Note that the measure |Ω \ Ωj | → 0 as j → ∞. Let ϕj ∈ C∞0 (Ω) be the
cut-off functions such that ϕj = 1 on Ωj and 0 ≤ ϕj ≤ 1 in Ω. Since uk → ū

uniformly on Ω̄, we have that, for each j ≥ j0, there exists kj > j satisfying

(5.7) ‖(ukj
− ū)Dϕj‖Lp(Ω) <

1
j
.

Let ũj = ϕjukj
+ (1 − ϕj)ū. Then ũj ∈ W 1,p

ū (Ω) = W 1,p
A (Ω) and Dũj =

ϕjDukj
+(1−ϕj)Dū+(ukj

−ū)Dϕj . Hence, by (5.7) and also since Dukj
, Dū

are bounded, it follows that

(5.8) lim
j→∞

‖Dũj‖Lp(Ω\Ωj) = 0.
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Therefore ũj ⇀ ū in W 1,p(Ω) as j →∞. Since ũj = ukj
on Ωj , by (5.8) and

the growth conditions (5.1)-(5.2), it easily follows that

lim
j→∞

‖I ′(ũj)− I ′(ukj
)‖W−1,p′ (Ω) = 0, lim

j→∞
|I(ũj)− I(ukj

)| = 0.

Hence ũj , ū ∈ W 1,p
A (Ω), and ũj

ps
⇀ū since I ′(ukj

) = 0. By the (PS)-weak
lower semicontinuity of I on W 1,p

A (Ω), we have I(ū) ≤ lim infj I(ũj) =
lim infj I(ukj

). Using (5.6), we easily see that this implies

h(λa+ (1− λ)b) ≤ λh(a) + (1− λ)h(b).

Hence by Lemma 4.8 above, h(t) = f(ξ + tη) is convex for all ξ, η with
|η| = 1. This proves f is convex on Rn. �

We now study the general case withm ≥ 2. Under the coercivity condition
that c0 > 0 in (5.1), we have the following result, which was announced a
few years ago in [13], but has never been published; we include it here for
the convenience of the reader.

Theorem 5.3. Let n,m ≥ 1 and let f : Mm×n → R satisfy the condi-
tions (5.1) and (5.2) above with c0 > 0. Then the following statements are
equivalent:

(i) I is weakly lower semicontinuous on W 1,p(Ω;Rm).
(ii) I is (PS)-weakly lower semicontinuous on W 1,p(Ω;Rm).
(iii) I is (PS)-weakly lower semicontinuous on all W 1,p

A (Ω;Rm).
(iv) f is quasiconvex.
(v) I(gA) ≤ lim infk→∞ I(uk) whenever A ∈ Mm×n, uk ∈ W 1,p

A and
I ′(uk) → 0 in W−1,p′(Ω;Rm).

Proof. By the theorem of Acerbi-Fusco (Theorem 2.1), (i) ⇔ (iv) even when
c0 = 0. Moreover, by the definition of quasiconvexity and using approxima-
tion, if f is quasiconvex and only satisfies (5.1) with c0 ∈ R, then it readily
follows that I(gA) ≤ I(u) for all u ∈ W 1,p

A (Ω;Rm); hence (iv) ⇒ (v). It is
also obvious that (i) ⇒ (ii) ⇒ (iii) in general cases.

Therefore, to prove the theorem, it suffices to show that (iii) ⇒ (iv) and
that (v) ⇒ (iv) (in fact if c0 ≥ 0). We prove them as separate results in two
lemmas below. �

Lemma 5.4. Under the assumptions (5.1) with c0 ≥ 0 and (5.2), (v) ⇒ (iv).

Proof. The proof uses the Ekeland variational principle as given by Theorem
2.2. Given A ∈Mm×n, define a functional Φ on X = W 1,p

0 (Ω;Rm) by

Φ(v) =
∫

Ω
f(A+Dv(x)) dx = I(gA + v).
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Then Φ: X → R is C1 and bounded below, and Φ′(v) = I ′(gA + v). By
Theorem 2.2, there exists a sequence {vk} in X such that

Φ(vk) → inf
v∈X

Φ(v); ‖Φ′(vk)‖X∗ → 0.

Let uk = gA + vk ∈ W 1,p
A (Ω;Rm). Then I(uk) = Φ(vk) → infX Φ and

‖I ′(uk)‖X∗ = ‖Φ′(vk)‖X∗ → 0. Therefore, by (v), it follows that

f(A)|Ω| = I(gA) ≤ lim inf
k→∞

I(uk) = inf
v∈X

Φ(v) = inf
v∈X

I(gA + v).

This implies

f(A)|Ω| ≤
∫

Ω
f(A+Dv(x)) dx, ∀ v ∈W 1,p

0 (Ω;Rm)

and thus f is quasiconvex. �

Lemma 5.5. Under the assumptions (5.1) with c0 > 0 and (5.2), (iii) ⇒
(iv).

Proof. Given A ∈Mm×n, by Theorem 3.5 (note that c0 > 0 is needed here),
there exists ū ∈W 1,p

A (Ω;Rm) which is a minimizer of I(u) on W 1,p
A (Ω;Rm).

We now apply the standard technique of Vitali covering [5] to construct a
sequence {uk} in W 1,p

A (Ω;Rm) satisfying

I(uk) = I(ū) = inf
u∈W 1,p

A

I(u);(5.9)

uk ⇀ gA in W 1,p(Ω;Rm) as k →∞;(5.10)

I ′(uk) = 0 in W−1,p′(Ω;Rm).(5.11)

Note that (5.11) will follow from (5.9) since uk ∈W 1,p
A (Ω;Rm) is also a min-

imizer of I(u) on W 1,p
A (Ω;Rm). Once we have constructed such a sequence

{uk}, which certainly satisfies uk
ps
⇀gA, the (PS)-weak lower semicontinuity

condition (iii) will imply

I(gA) ≤ lim inf
k→∞

I(uk) = I(ū) = inf
u∈W 1,p

A

I(u),

for all A ∈ Mm×n, which is exactly the quasiconvexity condition of f , and
hence the result follows. Assume, without loss of generality, 0 ∈ Ω and then
we use the Vitali covering theorem to decompose Ω as follows:

Ω = ∪∞j=1Ω̄j ∪N ; Ω̄i ∩ Ω̄j = ∅ (i 6= j),

where Ωj = aj + εjΩ ⊂⊂ Ω with aj ∈ Ω, 0 < εj < 1/k, and |N | = 0. Let
ū = gA + v̄, where v̄ ∈W 1,p

0 (Ω;Rm). We define

(5.12) uk(x) =

{
Ax+ εj v̄(

x−aj

εj
) if x ∈ Ωj ,

Ax otherwise.
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Then one can easily check that uk belongs to W 1,p
A (Ω;Rm) and satisfies∫

Ω
ψ(Duk(x)) dx =

∫
Ω
ψ(Dū(x)) dx

for all continuous functions ψ : Mm×n → R satisfying |ψ(ξ)| ≤ C(|ξ|p + 1).
Certainly this implies (5.9). Furthermore, it is easy to see

‖uk − gA‖Lp(Ω) ≤
1
k
‖ū− gA‖Lp(Ω).

Hence uk ⇀ gA as k → ∞. As mentioned above, condition (5.11) follows
from (5.9). This completes the construction of {uk} and thus the proof of
the lemma. �

Remark 5.1. For any u ∈ W 1,p
A (Ω;Rm), we write u = gA + v with v ∈

W 1,p
0 (Ω;Rm) and define sequence uk ∈ W 1,p

A (Ω;Rm) as in (5.12) above
with v̄ = v. Then, if u is not a minimizer of I over W 1,p

A (Ω;Rm), one only
has I ′(uk)⇀ 0, but not strongly, in W−1,p′(Ω;Rm), as k → ∞, even when
I ′(u) = 0; hence the (PS)-weak lower semicontinuity can not be applied to
this sequence.

Finally we show that, without the coercivity assumption c0 > 0 in (5.1),
the results of Theorem 5.3 may fail in general; we give an example in the
case n = 1,m = 2.

Theorem 5.6. Let f : R2 → R be a C1 function satisfying the conditions
(5.1) and (5.2) with c0 = 0. Suppose the derivative map Df = f ′ : R2 → R2

is one-to-one. Then the functional I(u) =
∫ 1
0 f(u′(x)) dx is (PS)-weakly

lower semicontinuous on the Sobolev space X = W 1,p((0, 1);R2).

Proof. Let u ∈ X = W 1,p((0, 1);R2). Then

〈I ′(u), v〉 =
∫ 1

0
[fξ1(u

′(x))(v1)′ + fξ2(u
′(x))(v2)′] dx, ∀ v = (v1, v2) ∈ X,

and hence it can be shown that

‖I ′(u)‖W−1,p′
∼= ‖fξ1(u

′)− C1(u)‖Lp′ (0,1) + ‖fξ2(u
′)− C2(u)‖Lp′ (0,1),

where C1(u), C2(u) are two constants depending boundedly on u ∈ X. As-
sume uk

ps
⇀u in X. We also assume that lim

k→∞
I(uk) exists. Then there exists

a subsequence {ukj
} such that

‖fξ1(u
′
kj

)− C1‖Lp′ (0,1) + ‖fξ2(u
′
kj

)− C2‖Lp′ (0,1) → 0

as j →∞, where C1, C2 are some constants; from this, we also assume there
exists a measurable set E ⊂ (0, 1) such that

(5.13) |E| = 1, lim
j→∞

fξν (u′kj
(x)) = Cν ∀ x ∈ E (ν = 1, 2).



RESTRICTED WEAK LOWER SEMICONTINUITY 23

Note that for all M > 0 the measure |{x ∈ E | |u′k(x)| > M}| ≤ C
Mp for

all k, where C is a constant; hence there exists a sufficiently large M > 0
such that the measure |Ej | > 1

2 , where Ej = {x ∈ E | |u′kj
(x)| ≤ M}. It is

then an easy exercise that there exists a subsequence {Ejs}, with js → ∞
as s → ∞, of sets {Ej} such that the set E∞ = ∩∞s=1Ejs is non-empty; we
leave the proof to the interested reader. Therefore there exists at least one
x0 ∈ E∞, for which |u′kjs

(x0)| ≤M for all s = 1, 2, · · · . By taking a further
subsequence, we have u′kjs

(x0) → α ∈ R2 along a subsequence of s → ∞.

Therefore, by (5.13), it follows that f ′(α) = (C1, C2). Since the map f ′ is
one-to-one, from (5.13) it follows that u′kj

(x) → α as j → ∞ for all x ∈ E.
This implies that u′(x) = α and f(u′kj

(x)) → f(α) as j →∞ for all x ∈ E.
Hence, by Fatou’s lemma,

I(u) = f(α) ≤ lim inf
j→∞

I(ukj
) = lim

k→∞
I(uk),

which proves the (PS)-weak lower semicontinuity of I on X. �

Remark 5.2. Note that if f(ξ1, ξ2) = ϕ(ξ1 − ξ22) on R2, where ϕ ≥ 0 is
any C1 function with a strictly increasing derivative ϕ′ > 0 on R, then
f ′ : R2 → R2 is one-to-one, but f is not convex on R2. An example of such
a ϕ is given by

ϕ(t) =

{
et t ≤ 0;

t2 + t+ 1 t > 0.

Note that the corresponding function f(ξ) = f(ξ1, ξ2) = ϕ(ξ1−ξ22) then also
satisfies the conditions (5.1) and (5.2) with c0 = 0 and p = 4. For such a
function h = f , the condition (iii) in Lemma 4.8 above holds automatically,
but h is not convex; this shows that conditions (i) and (iii) in Lemma 4.8
are not equivalent in general for functions h : R2 → R.
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