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A NOTE ON HEAT KERNEL ESTIMATES FOR
SECOND-ORDER ELLIPTIC OPERATORS.

SEICK KIM

ABSTRACT. We study fundamental solutions to second order parabolic systems
of divergence type with time independent coefficients, and give another proof
of a result by Auscher, McIntosh and Tchamitchian on the Gaussian bounds
for the heat kernels of second order elliptic operators in divergence form with
complex bounded measurable coefficients.

1. INTRODUCTION

n [2] Auscher, McIntosh and Tchamitchian studied the heat kernels of second
order elliptic operators in divergence form with complex bounded measurable co-
efficients on R™. In particular, in the case when n = 2, they obtained Gaussian
bounds without further assumption on the coefficients.

In this article, we give another proof of their result when n = 2. In fact, we
prove that fundamental solutions to second-order parabolic systems of divergence
type on R? with time independent coefficients have Gaussian bounds.

To be precise, we consider a system of equations defined on R™:

(1) Do’ —Z Z Dy, (Aff(2)Dyyu?) =0 (i=1,...,N).

j=1a,B=1

Here t is a real number and = = (z1,...,2,) € R". For each o, = 1,...,n, we
shall denote by A%’ () an N x N matrix with (4, j) entries of Alo;ﬁ(:r)
It is convenient to write the system (1) in a vector form

(2) Lu = u; — Z Do (A (2)Dgu) = 0,
a,f=1
where w = (u',...,u™)T. We make use of a shorthand notation
n N
(3) (AP (@)gsma )= > S AL @i,
a,B=11,j=1

where £5 = (65,...,&))" and n,, = (S, ...,n))T fora,3=1,...,n
We assume that the system (1) is strongly parabolic; i.e., there is a number v > 0
such that

(4) v [l < (A7 (@)€5.E0)
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Here, we used the notation

n

n N
17 = 1€al? =D ) (€)>
1 a=1i=1

a=

We also assume that there is a number M > 0 such that
(5) (A7 (@,0)85,m,)

Throughout this article, we make the qualitative assumption that the coefficients
A?jﬁ (x) are smooth; however we emphasize that all qualitative estimates are only
allowed to depend on the ellipticity constants v, M.

By a fundamental solution (or a fundamental matrix) I't(x, y) to the system (2)
we mean an N X N matrix of functions defined for ¢ > 0 which, as a function of z,

each column is a solution of (2), and is such that

< Mg |n].

(6) lim [ Ty(z,y)f(y)dy = f(x)
t|0 R2
for any bounded continuous function f = (f1,..., f¥)7.

We close the introduction by stating our main result.

Theorem 1. Let n = 2 and let Ty(x,y) be a fundamental solution to (2). Then
Ti(z,y) has an upper bound

K
(7) [y, y)| < SPe ol

where |T'+(x,y)| denotes the operator norm of fundamental matriz Ti(x,y). Here,
KO = Ko(l/, M) and k‘o = ]4}0(1/, M)

2. L?-ESTIMATES FOR THE DERIVATIVES

In this section we derive a uniform a-priori bound for spatial L?-norm of u, at
each time slice in terms of L?-norm of u, where u is a solution to (2).

First we will show that L?-norm of u; is controlled by L?-norm of Du. When
the coefficients are symmetric, (i.e., A?jﬁ = Aff‘) this is well known (see, e.g., [7,
pp. 172-181] and also [4, pp. 360-364]).

However, we must note that the coefficients satisfying (4) and (5) are not nec-
essarily symmetric. The main task in this section lies in establishing the estimate
in the case when the coefficients are allowed to be non-symmetric. This result on
non-symmetric case seems to be new.

Let us fix some notations. For Xy = (zg,t9) € R*"! and » > 0 we denote
Q-(Xo) = Br(x0) X (to — 72, t0), where B,.(x¢) = {x € R" : |x — x| < r}.

Let u be a solution to (2) in Qr := Qr(Xo). Fix positive numbers o, 7 such
that 0 < 7 < R and let ¢ be a standard smooth cut-off function such that ¢ =1
in @, and vanishes near the parabolic boundary of Q. (see e.g. [4, pp. 59]). In
particular, ¢ should satisfy

(8) 0<¢<L; |Gl + D¢ <100(r — o).
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Note that
0 = / [ut — Da(Aaﬁ(x)Dgu)} - CPuy

= [ ¢l + [ (A@Dsu DutcPun)

R’n
= ¢2 |fu,t|2 + / ¢2 <A°‘ﬁ(a:)D/3u, Daut> +2¢ <A°‘ﬁ(a:)D5u,DaCut> .
R’ﬂ n
Therefore we estimate by using Cauchy’s inequalities

Clu? < M [ &|Dul|Du +2M / ¢ |Dul |DC] fu|
R?’L Rn RTI,
€ 2 2 M? 2 2 2 2 2
< <[ epul e [ @ pu?rom / D¢I? | Dl
2 R 26 Rn Rn
1
+§ CQ |'Ll,t‘2.
R”L

Thus we have
C
(9) / ¢? |ut\2§e/ C2|Dut|2+—/ 42|Du\2+c/ | D¢ | Dul?.
o Q- € JQ., Q-

On the other hand, since v := u; also satisfies (2), we have the following Cac-
cioppoli type estimates for u;:

(10) [l [ (1614100

This is the part where we exploit the assumption that the coefficients are time
independent. Combining (8), (9) and (10), we have

(11) / \ut|2307062/ |ut|2+9/ \mh%/ \Dul?.
Q (r—0)%Jo., € Jg, (1—-0)% Jg.,

o

If we set € = (17 — 0)?/2Cp, we finally obtain

2 1 2 C / 2
< — EEE—— .
(12) /Q(, lug|” < 2/Q |ue|” + =o% /. |Du|

Here, we emphasize that C = C(v, M) is a constant independent of o, 7. Then by
a standard iteration argument (see e.g. [5, Lemma 5.1, pp. 81]) we conclude that
for 0 < r < R we have

(13) Ry ML

where C = C(v, M).
Now we are ready to state and prove our key lemma.

Lemma 1. Let u be a solution of (2) in Q2,(Xo). Then

C
(14) sup / |ut(.,3)\2+/ |Du,|? < fﬁ/ lul?.
to—r2<s<to J B.(z0) Qr(Xo) r Q2r(Xo)

Proof. We may and do assume that r = 1 and Xy = (0,0). By the energy estimate
(see e.g. [7, pp. 139-144]) applied to u; we obtain

sup / |ut(.7s)|2+/ \Dut\ng/ lug|” .
—1<s<0./B; Q1 Q32
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On the other hand, the estimate (13) and then the energy estimate (this time
applied to w itself) yields

/ wlP<c | |Duf< c/ uf?
Q3/2 Q74 Q2

Combining together, we have the desired estimate (14). O

3. PrROOF OF THEOREM 1

Our proof is based on an approach appears in a paper [6] by Hofmann and the
author. It relies on standard PDE methods and thus differs from the one appears
in [1], [2] which uses a contour integral method.

First, we note that (4) and (5) remain unchanged for Azﬁ(m) = Aff‘(gc) As
it was indicated in [6, Remarks 2.1], if a local L? — L° estimate called local
boundedness property holds for solutions to the system (2), then the same property
should hold for solutions to its adjoint system.

Then, it is shown in [6, Theorem 1.1] that the Gaussian bound follows from an
argument based on a technique of Davies [3].

In order to get a local boundedness property for solutions to (2), we exploit
the estimate (14) of the previous section. In Lemma 2 below, we rewrite (2) as
Lou = u; where Lg is an elliptic operator

(15) Lou:= Y Do(A*(x)Dsu),
a,f=1

and apply the standard theory on elliptic operators defined on R? to establish an
a-priori Holder estimate (16) for solutions u to (2), which particularly implies the
desired local boundedness property for u (see the proof of [6, Proposition 2.1]).
We would like to mention that Auscher also makes use of elliptic regularity theory
in his work [1] on Gaussian bounds in a somewhat different context.
It only remains to establish the following lemma.

Lemma 2. Let n = 2 and u be a solution of (2) in Qer = Qsr(Xo). Then, the
following a priori Hélder estimate holds:

C
(16) [ulcearz@n) < para 1llLe(Qen) »

where o = a(v, M) >0 and C = C(v,M).

Proof. We assume that R = 1 and Xy = (0,0). The general case is recovered by a
simple coordinate change (x,t) — ((x — z0)/R, (t — to)/R?).

Let us denote @, +(Xo) = {(z,t) € Q,(X0)}. We may rewrite (2) as Lou = u,
where Ly is an elliptic operator defined as in (15), and apply a well known theory
on two dimensional linear elliptic systems (see e.g. [8, pp. 143-148]) to see

a7 [uCAlee@in < C (Il + D) )

for some = a(v, M) > 0. This is where the assumption n = 2 plays a crucial role.
By Lemma 1 we see that the right hand side of (17) is uniformly bounded for
all 7 € (—42,0) and thus

(18) [u( 7)o@ < Cllullpegy V7€ (—42,0).
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Fix X = (z,t) € Q1 and r < 1. By [6, Lemma 2.3], we have

(19) / = ux | < Pmﬂ/ \Dul?,
Qr(X) Q2r(X)

where uy , denotes the average of u over Q,(X).
From Lou = uy, we derive the Caccioppoli inequality (see e.g. [5, pp. 24])

1 2 9 2
Duf? < C —/ = A2+ 72 e ) oo
/QQT,T(X) 72 ) Qg (x) (Qar.r ()

If we set A to be the average of (-, 7) over the slice @3, -(X), then by (18) we have
1
2 JQurr ()
Also, by Lemma 1 we have

|u . A‘2 < Crza[u('77—)]%“(Q4,7) < CTQO[ ||u||iz(Q6) :

2 2 2
”ut('aT)HB(QMT(X)) < Hut('vT)H[P(Q‘LJ) <C H'U'HL2(Q6) :
Therefore, we have

t
/ Duf? = / / Duy, 7)? dydr
Q2r(X) t—4r2 JQap + (X)

< COr2 (7,2a 4 r2) ||u||2L2(Q5) < Np2t2a ”u”ii’(QG) )

Hence, using (19) we conclude
/ (X) = ux, [* < OF 2 ulla g, V<1 VX €Qu.
Qr(X

Finally, from [6, Lemma 2.1}, we get

[Ula,ar2,00 < Cllull 2y -
The proof is complete. U
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