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A NOTE ON HEAT KERNEL ESTIMATES FOR
SECOND-ORDER ELLIPTIC OPERATORS.

SEICK KIM

Abstract. We study fundamental solutions to second order parabolic systems

of divergence type with time independent coefficients, and give another proof
of a result by Auscher, McIntosh and Tchamitchian on the Gaussian bounds

for the heat kernels of second order elliptic operators in divergence form with

complex bounded measurable coefficients.

1. Introduction

In [2] Auscher, McIntosh and Tchamitchian studied the heat kernels of second
order elliptic operators in divergence form with complex bounded measurable co-
efficients on Rn. In particular, in the case when n = 2, they obtained Gaussian
bounds without further assumption on the coefficients.

In this article, we give another proof of their result when n = 2. In fact, we
prove that fundamental solutions to second-order parabolic systems of divergence
type on R2 with time independent coefficients have Gaussian bounds.

To be precise, we consider a system of equations defined on Rn:

Dtu
i −

N∑
j=1

n∑
α,β=1

Dxα(Aαβ
ij (x)Dxβ

uj) = 0 (i = 1, . . . , N).(1)

Here t is a real number and x = (x1, . . . , xn) ∈ Rn. For each α, β = 1, . . . , n, we
shall denote by Aαβ(x) an N ×N matrix with (i, j) entries of Aαβ

ij (x).
It is convenient to write the system (1) in a vector form

Lu := ut −
n∑

α,β=1

Dα(Aαβ(x)Dβu) = 0,(2)

where u = (u1, . . . , uN )T . We make use of a shorthand notation〈
Aαβ(x)ξβ ,ηα

〉
:=

n∑
α,β=1

N∑
i,j=1

Aαβ
ij (x)ξj

βηi
α,(3)

where ξβ = (ξ1
β , . . . , ξN

β )T and ηα = (η1
α, . . . , ηN

α )T for α, β = 1, . . . , n.
We assume that the system (1) is strongly parabolic; i.e., there is a number ν > 0

such that

ν |ξ|2 ≤
〈
Aαβ(x)ξβ , ξα

〉
.(4)
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Here, we used the notation

|ξ|2 :=
n∑

α=1

|ξα|
2 =

n∑
α=1

N∑
i=1

(ξi
α)2.

We also assume that there is a number M > 0 such that∣∣∣〈Aαβ(x, t)ξβ ,ηα

〉∣∣∣ ≤ M |ξ| |η| .(5)

Throughout this article, we make the qualitative assumption that the coefficients
Aαβ

ij (x) are smooth; however we emphasize that all qualitative estimates are only
allowed to depend on the ellipticity constants ν, M .

By a fundamental solution (or a fundamental matrix) Γt(x, y) to the system (2)
we mean an N ×N matrix of functions defined for t > 0 which, as a function of x,
each column is a solution of (2), and is such that

lim
t↓0

∫
R2

Γt(x, y)f(y) dy = f(x)(6)

for any bounded continuous function f = (f1, . . . , fN )T .
We close the introduction by stating our main result.

Theorem 1. Let n = 2 and let Γt(x, y) be a fundamental solution to (2). Then
Γt(x, y) has an upper bound

|Γt(x, y)| ≤ K0

t
e−k0|x−y|2/t,(7)

where |Γt(x, y)| denotes the operator norm of fundamental matrix Γt(x, y). Here,
K0 = K0(ν,M) and k0 = k0(ν,M).

2. L2-estimates for the derivatives

In this section we derive a uniform a-priori bound for spatial L2-norm of ut at
each time slice in terms of L2-norm of u, where u is a solution to (2).

First we will show that L2-norm of ut is controlled by L2-norm of Du. When
the coefficients are symmetric, (i.e., Aαβ

ij = Aβα
ji ) this is well known (see, e.g., [7,

pp. 172–181] and also [4, pp. 360–364]).
However, we must note that the coefficients satisfying (4) and (5) are not nec-

essarily symmetric. The main task in this section lies in establishing the estimate
in the case when the coefficients are allowed to be non-symmetric. This result on
non-symmetric case seems to be new.

Let us fix some notations. For X0 = (x0, t0) ∈ Rn+1 and r > 0 we denote
Qr(X0) = Br(x0)× (t0 − r2, t0), where Br(x0) = {x ∈ Rn : |x− x0| < r}.

Let u be a solution to (2) in QR := QR(X0). Fix positive numbers σ, τ such
that σ < τ ≤ R and let ζ be a standard smooth cut-off function such that ζ ≡ 1
in Qσ and vanishes near the parabolic boundary of Qτ (see e.g. [4, pp. 59]). In
particular, ζ should satisfy

0 ≤ ζ ≤ 1; |ζt|+ |Dζ|2 ≤ 100(τ − σ)−2.(8)
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Note that

0 =
∫

Rn

[
ut −Dα(Aαβ(x)Dβu)

]
· ζ2ut

=
∫

Rn

ζ2 |ut|2 +
∫

Rn

〈
Aαβ(x)Dβu, Dα(ζ2ut)

〉
=

∫
Rn

ζ2 |ut|2 +
∫

Rn

ζ2
〈
Aαβ(x)Dβu, Dαut

〉
+ 2ζ

〈
Aαβ(x)Dβu, Dαζut

〉
.

Therefore we estimate by using Cauchy’s inequalities∫
Rn

ζ2 |ut|2 ≤ M

∫
Rn

ζ2 |Du| |Dut|+ 2M

∫
Rn

ζ |Du| |Dζ| |ut|

≤ ε

2

∫
Rn

ζ2 |Dut|2 +
M2

2ε

∫
Rn

ζ2 |Du|2 + 2M2

∫
Rn

|Dζ|2 |Du|2

+
1
2

∫
Rn

ζ2 |ut|2 .

Thus we have∫
Qτ

ζ2 |ut|2 ≤ ε

∫
Qτ

ζ2 |Dut|2 +
C

ε

∫
Qτ

ζ2 |Du|2 + C

∫
Qτ

|Dζ|2 |Du|2 .(9)

On the other hand, since v := ut also satisfies (2), we have the following Cac-
cioppoli type estimates for ut:∫

Qτ

ζ2 |Dut|2 ≤ C

∫
Qτ

(
|ζt|+ |Dζ|2

)
|ut|2 .(10)

This is the part where we exploit the assumption that the coefficients are time
independent. Combining (8), (9) and (10), we have∫

Qσ

|ut|2 ≤
C0ε

(τ − σ)2

∫
Qτ

|ut|2 +
C

ε

∫
Qτ

|Du|2 +
C

(τ − σ)2

∫
Qτ

|Du|2 .(11)

If we set ε = (τ − σ)2/2C0, we finally obtain∫
Qσ

|ut|2 ≤
1
2

∫
Qτ

|ut|2 +
C

(τ − σ)2

∫
Qτ

|Du|2 .(12)

Here, we emphasize that C = C(ν, M) is a constant independent of σ, τ . Then by
a standard iteration argument (see e.g. [5, Lemma 5.1, pp. 81]) we conclude that
for 0 < r < R we have∫

Qr

|ut|2 ≤
C

(R− r)2

∫
QR

|Du|2 ,(13)

where C = C(ν, M).
Now we are ready to state and prove our key lemma.

Lemma 1. Let u be a solution of (2) in Q2r(X0). Then

sup
t0−r2<s<t0

∫
Br(x0)

|ut(·, s)|2 +
∫

Qr(X0)

|Dut|2 ≤
C

r6

∫
Q2r(X0)

|u|2 .(14)

Proof. We may and do assume that r = 1 and X0 = (0, 0). By the energy estimate
(see e.g. [7, pp. 139–144]) applied to ut we obtain

sup
−1<s<0

∫
B1

|ut(·, s)|2 +
∫

Q1

|Dut|2 ≤ C

∫
Q3/2

|ut|2 .
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On the other hand, the estimate (13) and then the energy estimate (this time
applied to u itself) yields∫

Q3/2

|ut|2 ≤ C

∫
Q7/4

|Du|2 ≤ C

∫
Q2

|u|2 .

Combining together, we have the desired estimate (14). �

3. Proof of Theorem 1

Our proof is based on an approach appears in a paper [6] by Hofmann and the
author. It relies on standard PDE methods and thus differs from the one appears
in [1], [2] which uses a contour integral method.

First, we note that (4) and (5) remain unchanged for Ãαβ
ij (x) := Aβα

ji (x). As
it was indicated in [6, Remarks 2.1], if a local L2 → L∞ estimate called local
boundedness property holds for solutions to the system (2), then the same property
should hold for solutions to its adjoint system.

Then, it is shown in [6, Theorem 1.1] that the Gaussian bound follows from an
argument based on a technique of Davies [3].

In order to get a local boundedness property for solutions to (2), we exploit
the estimate (14) of the previous section. In Lemma 2 below, we rewrite (2) as
L0u = ut where L0 is an elliptic operator

L0u :=
n∑

α,β=1

Dα(Aαβ(x)Dβu),(15)

and apply the standard theory on elliptic operators defined on R2 to establish an
a-priori Hölder estimate (16) for solutions u to (2), which particularly implies the
desired local boundedness property for u (see the proof of [6, Proposition 2.1]).

We would like to mention that Auscher also makes use of elliptic regularity theory
in his work [1] on Gaussian bounds in a somewhat different context.

It only remains to establish the following lemma.

Lemma 2. Let n = 2 and u be a solution of (2) in Q6R = Q6R(X0). Then, the
following a priori Hölder estimate holds:

[u]Cα,α/2(QR) ≤
C

R2+α
‖u‖L2(Q6R) ,(16)

where α = α(ν, M) > 0 and C = C(ν,M).

Proof. We assume that R = 1 and X0 = (0, 0). The general case is recovered by a
simple coordinate change (x, t) 7→ ((x− x0)/R, (t− t0)/R2).

Let us denote Qr,t(X0) = {(x, t) ∈ Qr(X0)}. We may rewrite (2) as L0u = ut

where L0 is an elliptic operator defined as in (15), and apply a well known theory
on two dimensional linear elliptic systems (see e.g. [8, pp. 143–148]) to see

[u(·, τ)]Cα(Q4,τ ) ≤ C
(
‖u(·, τ)‖L2(Q5,τ ) + ‖ut(·, τ)‖L2(Q5,τ )

)
(17)

for some α = α(ν,M) > 0. This is where the assumption n = 2 plays a crucial role.
By Lemma 1 we see that the right hand side of (17) is uniformly bounded for

all τ ∈ (−42, 0) and thus

[u(·, τ)]Cα(Q4,τ ) ≤ C ‖u‖L2(Q6)
∀τ ∈ (−42, 0).(18)
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Fix X = (x, t) ∈ Q1 and r ≤ 1. By [6, Lemma 2.3], we have∫
Qr(X)

|u− uX,r|2 ≤ P0r
2

∫
Q2r(X)

|Du|2 ,(19)

where uX,r denotes the average of u over Qr(X).
From L0u = ut, we derive the Caccioppoli inequality (see e.g. [5, pp. 24])∫

Q2r,τ (X)

|Du|2 ≤ C

(
1
r2

∫
Q3r,τ (X)

|u− λ|2 + r2 ‖ut(·, τ)‖2
L2(Q3r,τ (X))

)
.

If we set λ to be the average of u(·, τ) over the slice Q3r,τ (X), then by (18) we have
1
r2

∫
Q3r,τ (X)

|u− λ|2 ≤ Cr2α[u(·, τ)]2Cα(Q4,τ ) ≤ Cr2α ‖u‖2
L2(Q6)

.

Also, by Lemma 1 we have

‖ut(·, τ)‖2
L2(Q3r,τ (X)) ≤ ‖ut(·, τ)‖2

L2(Q4,τ ) ≤ C ‖u‖2
L2(Q6)

.

Therefore, we have∫
Q2r(X)

|Du|2 =
∫ t

t−4r2

∫
Q2r,τ (X)

|Du(y, τ)|2 dydτ

≤ Cr2
(
r2α + r2

)
‖u‖2

L2(Q6)
≤ Nr2+2α ‖u‖2

L2(Q6)
.

Hence, using (19) we conclude∫
Qr(X)

|u− uX,r|2 ≤ Cr4+2α ‖u‖2
L2(Q6)

, ∀r ≤ 1, ∀X ∈ Q1.

Finally, from [6, Lemma 2.1], we get

[u]α,α/2,Q1 ≤ C ‖u‖L2(Q6)
.

The proof is complete. �
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