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Abstract

A general method is developed to obtain conditions on initial data
and forcing terms for the global existence of unique regular solutions to
incompressible 3d Navier-Stokes equations. The basic idea generalizes
a probabilistic approach introduced by LeJan and Sznitman (1997)
to obtain weak solutions whose Fourier transform may be represented
by an expected value of a stochastic cascade. A functional analytic
framework is also developed which partially connects stochastic itera-
tions and certain Picard iterates. Some local existence and uniqueness
results are also obtained by contractive mapping conditions on the Pi-
card iteration.
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1 Introduction & Preliminaries

We develop two related approaches to obtain global and local existence,
uniqueness and regularity, including spatial analyticity, of solutions to 3-
dimensional incompressible Navier-Stokes (NS) equations governing fluid ve-
locities

ou

E—i—u-Vu:z/Au—Vp%—g, V-u=0. (1)

One approach is probabilistic and involves the construction of a multiplicative
cascade solution to a related stochastic recursion in wave number Fourier
space. The other approach is based on Picard iterations. Each of these
approaches involves a notion of Fourier multiplier which we formalize as
follows.

Definition 1.1 Let A : W, € R"\{0} — (0,00) be a Lebesgue measurable
function such that the closure of W}, is a semigroup and 2 = 0 on Wy with

0<hxh(§) < o0, €Wy, (2)

The reciprocal function 1/h is referred to as a Fourier multiplier.

The probabilistic approach is based upon an interpretation of the in-
tegral equation governing Fourier transformed velocities scaled by a mul-
tiplier 1/h. This is achieved in terms of expectation values of multiplica-
tive cascade solutions to stochastic recursions generated by certain multi-
type branching random walks in Fourier space. The transitions in wave-
number are of the form & — (£1,£2),& + & = &, with a transition proba-
bility kernel h(&;)h(&)/h * h(§). This generalizes branching random walks
in the sense of LeJan and Sznitman (1997) for n = 3 dimensions where
h(¢) = [€]7%,€ € W), = R*\{0}. The essential requirement for this approach
is that the above indicated expected values ezist. Existence of these expected
values is obtained in the present paper by constructions of a particular class
of the Fourier multipliers, referred to as majorizing kernels, defined below.

The second approach is a purely analytic approach in which the Fourier
multiplier 1/h is used to identify a Banach space norm for which iterations of
the expected values may, under slightly more restrictive conditions, be inter-
preted as Picard iterates of successive approximations on a suitably identified
function space defined via particular control of the Fourier transform by a
majorizing Fourier multiplier, e.g. u € &’ such that |a(&,t)| < h(§). In
particular, the Picard iteration may be expressed in terms of a contraction
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operator on such a space. It may be noted that a different function space for
Picard iteration was identified by Kato (1984) in efforts to obtain existence
and uniqueness for Navier-Stokes equations.

As noted above, the probabilistic approach gives a representation of the
Fourier transform @(&,t) of the solution of the evolution equation in the
LeJan-Sznitman form of an expected value

W€, t) = h(§) Eg=e) (0,1)- (3)

Here ) is a random multiplicative functional of scalar values m(-) and Fourier
transformed initial data and/or forcing (vector) values over the vertices of a
multi-type branching random walk tree 74(¢) initiated in time ¢ from a single
progenitor of type & = £. In general the scalar and vector value factors are
evaluated at the wave-number (type) of the respective vertices appearing in
the tree y(t), with the initial and forcing terms appearing at the end-nodes.
The holding times between branchings are determined from the principal
part of the equation, while the branching probabilities depend on the lower
order and forcing terms of the equation.

The framework developed here is also more generally applicable to di-
verse classes of evolution equations, including certain linear parabolic and
fractional diffusion equations, semilinear reaction-diffusions, and some quasi-
linear equations such as incompressible Navier-Stokes equations in dimension
n > 2, as well as one-dimensional Burgers’ equation. The following extremely
simple example is selected to illustrate some of the most basic graph theoretic
and probabilistic ideas involved in this approach. It is so simple however,
that the notion of Fourier multiplier is not required. Consider

u =alAu+0b-Vu u(x,0) = ug(x), (4)

in n > 1 dimensions, where a > 0, and b € R" are constants. To quickly get
the flavor of the method, define the spatial Fourier transform of an integrable
function f, or its distributional extension, by f(&) = (27)7% [gn e ¢ f(2)dz,
¢ € R". Then, from (4) one has

ib-& gt

aIeE o al¢2e e s q(e t — s)ds. (5)

(€, 1) = ap e~ +

Now consider the random linear tree 74(t) rooted at a vertex 6 of type {y = ¢
which, after an exponential length of time is replaced by a single vertex (1)
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of the same type &1y = £. Proceeding in this manner one may calculate that
the solution exp(—al&|*+ib-&)io(€) is the expectation of the random product
¥ (0,t) initialized by & = & and consisting of factors m(&) = ib - £/alé|* at
each vertex until termination where one attaches the end factor 4g(€), i.e.

X (0,8) = m()NVio(€), and
(€, 1) = Bgy—eX (0,1) = Eg,—em(€)™Van(€), (6)

where N (t) is the Poisson process with parameter \(€) := a|¢|? which counts
the number of times the exponential clocks ring before time ¢. In particular
the Poisson process occupies a natural dual role to that played by the stan-
dard Brownian motion in the real space expectation formula. Similarly one
may obtain a dual Feynman-Kac formula under the complexr measure condi-
tion on coefficients given by Ito (1965); see Chen, Dobson, Guenther, Orum,
Ossiander, Thomann, Waymire (2002). In particular this approach makes
[to’s complex measure condition completely natural from a probabilistic point
of view. One may also obtain a dual version of McKean’s (1975) branching
Brownian motion formula for KPP, and other interesting equations which will
be treated in a forthcoming monograph by the authors; Bhattacharya et al.
(2002). These also include, for example, the generalized fractional Burgers
equation of the type considered by Woyczynski, Biler, and Funaki (1998), and
the so-called “poor man’s Navier-Stokes equation” discussed by Montgomery-
Smith (2001) from the point of view of real-space iterative methods.

The primary focus of this paper is the 3d incompressible Navier-Stokes
equation which may be expressed in the Fourier domain as follows:

(6, 1) = et () + [ eI {Jg](2m)
/RB a(n,t — 5) @ A€ — 1, t — s)dy + §(€,t — 5)}ds, (FNS)

where for complex vectors w, z

w®e 2z = —i(eg - 2)Terw, e = —, and marw = w — (eg-w)ee  (7)

£
iq
is the projection of w onto the plane orthogonal to £, and v > 0 is the viscosity
parameter. For  # 0, LeJan and Sznitman (1997) rescale the equation (FNS)
to normalize the integrating factor e Vs to the exponential probability
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density v|¢|?evIE %, They then observe that the resulting equation is precisely
the form for a branching random walk recursion for x(&,t) := v|¢]?a(¢, 1),
for which the transition kernel | — n|™2|n|™2 is naturally constrained by
integrability to dimensions d > 3 for normalization to a probability.

Given a Fourier multiplier 1/h we consider the Fourier transformed equa-
tion (FNS) rescaled by factors 1/h(§), for & € W),. Namely, we consider the
equation (FNS);, defined by

2 t 2 1
6D = () + [P Gm©) [ it =
S Xyt~ $)H(E dny x ds) + (61— 5)}ds, €€ Wi (FNS),

where

2h * h(E) _ ti(§) _29(¢.1)

and H (&, dmy x dng) is for & € W), the transition probability kernel, with
support contained in the set {(n1,12) € Wi, X Wy, = my + ne = £}, defined by

AWMQﬂmW”H@@dem%=A/ﬂf—mmﬁ%iggghn (9)

h

(8)

m(§) =

for bounded, Borel measurable f : W, x W, — R. Finally we include the
following additional exterior condition in defining (FNS)y, :

X(§1) =0, € Wyt >0. (10)

Remark 1.1 One may easily check using the semigroup requirement on W),
that the exterior condition makes the equations (FNS) and (FNS),, equivalent
if and only if u9(§) = 0 and ¢(&,t) = 0 for a.e. £ € WE ¢t > 0. In many
examples of interest to the present paper one has W), = R™\{0}. It should
also be noted that the re-scaled functions x(&,t), (&, t) provide a convenient
notational device for presenting the essential calculations. However, in the
end the conditions and results are stated in terms of the respective functions
a6, t) = h(E)X(E, 1), and §(&,1) = ZIEPRE)H(E ).

A first order approach to obtain finite expected values of the branching
random walk cascade will be seen to result from the observation that the
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product ®, satisfies |w ®¢ z| < |wl||z|,w,z € C™, and the coefficients m(&)
may be controlled by selecting Fourier multipliers such that m(§) < 1. We
refer to such a Fourier multiplier h as a majorizing kernel (with exponent one

3

and constant B = @) The following slightly more general definition is
suitable for extensions to generalized Navier-Stokes equations with fractional
Laplacian and, as will be seen more fully in Section 4, for considerations of
local solutions.

Definition 1.2 A positive locally integrable function A on W, C R"\{0}
whose closure W3, is a semigroup and such that (i.) h is continuous on W,
(ii.) hxh > 0 a.e. on W}, and (iii.) h*h(€) < B|€|°h(€), for € € W), and some
real exponent f and some B > 0, will be referred to as an FNS-admissible
magjorizing kernel with constant B and exponent 6. Majorizing kernels with
a unit constant will be called standard kernels. We define h = 0 on W} and
refer to W}, as the support of h.

Since the focus of this paper is exclusively the Navier-Stokes equations,
we will drop the prefix FNS-admissible in reference to majorizing kernels.
Note that if A is a majorizing kernel with constant B then % is a standard
majorizing kernel. Alternatively, if h is a standard majorizing kernel then
h = Bh has constant B. If h is a majorizing kernel then h/B, where B =
sup{h*h(£)/|€]°h(€) - € € W}, will be referred to as the standardized choice
of h. Those majorizing kernels h(§) which are defined and positive for all
& # 0 are said to be fully supported. Some sense of the class of majorizing
kernels may be derived by noting from Holder’s inequality that the set of
fully supported majorizing kernels with a given exponent is a log-convex set.
Also if h(£) is a majorizing kernel then so is ce®h(¢) for arbitrary fixed
vector a and positive scalar ¢; note Theorems 2.1-2.4 in the next section in
this general regard. Finally let us note that an exceptional role of £ = 0 is
linked to the use of the wave number ¢ in defining the exponential waiting
time distribution with mean 1/v|¢|?.

Formulated in these terms, the results of LeJan and Sznitman (1997) may
be interpreted in terms of two exponent one, standardized majorizing kernels,
73 /|€|? and ae=?l/27|¢|. These kernels are respectively non-integrable and
integrable, with equality in (iii) of Definition 1.2. One may check that the
only fully supported homogeneous majorizing kernels in n > 3 dimensions
are those of degree n — 1. Development of majorizing kernels is somewhat
generally treated in Section 2. As will be demonstrated in subsequent Sec-
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tions 3 and 4, apart from their role in existence, uniqueness and expected
value representations, the majorizing kernels also play a role in constraining
such structure of the solutions as regularity, support size, complexification,
etc.

Now let us define a Banach space Fj,,r with a norm that depends on a
Fourier multiplier 1/h as the completion of the set

fres ot =0,6eWelly, = sup 2oy

cew, e WVUEIR(E)

0<t<T
under the indicated norm, where v € {0,1} serves to conveniently index
two different norms we wish to consider. Here S’ is the space of tempered
distributions on R"™. Also, implicit to the definition of the Banach space
Fh~r is the requirement that tempered distributions belonging to this space
have Fourier transforms which are functions. In the case h(£) = |¢|72, Fror
is the Besov type space introduced by Cannone and Planchon (2000). We
will refer to such spaces Fj 47 as majorizing spaces in the case when h is a
majorizing kernel. The spaces Fj, 1 v generalize those introduced by Lemarié-
Rieusset (2000) to obtain conditions for spatial analyticity of solutions found
by LeJan and Sznitman (1997).

Note that if h is a majorizing kernel of exponent § < 1 and u(x,t) €
FinrrNCH([0,T],8") is such that 4(&,¢) is a solution of the (FNS), u = 4 is a
mild solution of the Navier-Stokes. Indeed, the definition of majorizing ker-
nel and of the function spaces Fj, , 1 imply that the product of distributions
in Fj . is itself a distribution. To see this, note that if u and v are ele-
ments of F, ., r for a standard majorizing kernel h of exponent 6, [a*0(§)| <
Mh * h(§) < MIE|Ph(E), where M = "ulfh,ﬂlv"fh,w' Using the definition of

a majorizing kernel, it follows that @ % v(§) is locally integrable. Thus, in

—

particular one has B(u,u)(&,t) = B(a,4)(E,t) as needed, where B(u,v) =
5 €25 P(u-Vv)ds for the Leray projection P on divergence free vector fields
and B(, 9)(¢,t) = [y e "2 |¢](2m) 73 [{a(¢ — .t — 5) ®¢ d(n, 1 — 5)}dnds;
see Galdi (1994), Temam (1995). Consequently, working in these function
spaces, a direct relation between solutions obtained using the stochastic rep-
resentation of Section 3 and the solutions obtained using Picard iteration
methods can be seen. This is described in Section 4.

Remark 1.2 In order to restrict the solutions to correspond to (real) vector-
valued incompressible flows, one may simply replace the Banach space Fj, 1
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by the closed subset

gh,'y,T = {U € Fh,’y,T : f ' /&(5775) = 07@<_£7t> = @(f,t),f € Whao <t< T}

(12)

The main results of the paper use majorizing kernels of different exponents

to establish existence, uniqueness and regularity properties of the solutions
of the (FNS). Moreover these solutions have an expected value representa-
tion in terms of a suitably defined multiplicative stochastic functional X (6, )
of a multitype branching random walk in Fourier wavenumber space. In the
statements of these results, (—A)* denotes the fractional power of the Lapla-
cian defined as the singular integral operator with symbol |£[**. For example,
using a majorizing kernel h of exponent 1, and working on the space Fj o1,
existence of solutions can be obtained for small enough initial data and forc-
ing on a time interval that is solely constrained by the length of time for
which the forcing remains small. Specifically one has the following theorem.

Theorem 1.1 Let h(§) be a standard magjorizing kernel with exponent § = 1.
Fiz 0 < T < +o0. Suppose that |uolz, < (V21)°v/2 and [(=A) gl . <

(V27)31% /4. Then there is a unique solution u in the ball By(0, R) centered
at 0 of radius R = (\/2m)3v/2 in the space For. Moreover the Fourier
transform of the solution is given by (&, t) = h(&)Ee,—¢X (0,1),& € W,

It should be remarked that regularity properties of the solutions can be
inferred from the particular majorizing kernel being used. For example, note
that the majorizing kernel ho(§) = 73/|€|? gives existence and uniqueness,
but no control over regularity of the solution. However, solutions obtained
using the majorizing kernels h(ﬁa) = |§|5*26*0“5|ﬂ, 0 < B <1,a >0, maintain
the same C°°— regularity of the initial data. as can be seen from the bound
on the Fourier transform of the solution. Moreover § < 1 permits smooth
compactly supported initial data.

On the other hand, working in the function spaces F, 1 1 it is possible to
use majorizing kernels to obtain spatial analyticity of the solution. However,
it should be remarked that the size constraints imposed on the initial data
and forcing are substantially more severe that those required in Theorem 1.1.
Specifically one has

Theorem 1.2 Let h(§) be a standard majorizing kernel with exponent 6 =
1. Fix 0 < T < +4o00. Assume |e”mu0($)|ﬂlT < @pue‘”z” and that
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||(—A)*1g(x,t)|fh7l’T < @pyze*”m’ for some 0 < p < 1. Then there

is a unique solution w in the ball B1(0,R) centered at 0 of radius R =

(p/2)(V/2r)3ve2 in the space Frar

Under the conditions of Theorem 1.2 the asserted solution satisfies the
following decay condition

VIElag, )|

e U

sup sup —————— < 00 13
OStBTgelg h(€) (13)

Thus Theorem 1.2 provides another approach generalizing that of Lemarié-
Rieusset (2000) to obtain conditions for regularity in the stronger form of
spatial analyticity. More specifically, for example, if exp(—d|¢|)h(€) € L' for
some d € R, then one may conclude that u(x + iy, t) is complex analytic for
ly| < v/t —d. Thus the generalized Lemarié-Rieusset estimate (13) may be
applied to obtain spatial analyticity for suitable majorizing kernels with ex-
ponent 1. In particular, Theorem 1.2 extends the results of Lemarié-Rieusset
since there are majorizing kernels that are larger than ho(§) = 73/[€]? as
equation (26) shows.

One may also obtain local existence and uniqueness from more relaxed
conditions on the majorizing kernels as illustrated by the following.

Theorem 1.3 Let h(§) be a standard magjorizing kernel with exponent 6 < 1.
Fiz 0 < T < 400,y € {0,1}. Assume e"*®ug(z) € Fhnr and for some
1 <6 <2, (—A)_gg(ac,t) € Funnr Then there is a 0 < T, < T for which
one has a unique solution w € Fj ~,.

Remark 1.3 Kato and Fujita (1964) obtain global smooth solutions for
initial velocities in L? with sufficiently small norm. In particular these results
require finite energy conditions. Majorizing kernels can permit infinite energy
and provide global smooth solutions if the initial data is sufficiently small in
the norm | - |,. Kato (1984) assumes initial velocity fields in L?, and proves
existence of smooth global solutions if the L? norm of the initial velocity is
suitably small. While these results allow infinite energy, they do not cover
the cases obtained under majorization by h%,0 < g < 1.

Remark 1.4 Another variation on the general approach presented here leads
to conditions for a local existence and uniqueness theory in all dimensions.
Here one can use a particular perturbation to obtain results as follows: For



Majorizing Kernels & Stochastic Cascades 10

a given v > 0 there is a time T}, depending on v, such that one has existence
and uniqueness in a ball of G, 7, which does not otherwise depend on v; see
Orum (2002).

The organization of this paper is as follows. In the next Section 2 we
identify various majorizing kernels, including kernels applicable to Navier-
Stokes in n > 2 dimensions. In Section 3 the stochastic recursion is defined
and Theorem 1.1 is proved. In Section 4 the Picard iteration is defined and
proofs of Theorems 1.2, 1.3 are given. Conclusions and final remarks are
presented in Section 5.

2 FNS-Majorizing Kernels

The FNS-admissible majorizing kernels play an important role in the de-
velopment of our results. Recall that h : W), — (0,00) is a standardized
majorizing kernel with support W), C R" of exponent 6 > 0 if

hxh(€) < |€°h(€) forall & e Wy

The family of standard majorizing kernels of exponent § on R" is denoted
by

Hpo = {h: Wy — (0,00) : hx h(£) < |¢|°R(€) forall &€ W), C R}

The first part of this section gives some building block structure of the sets
H,, 6 of majorizing kernels. The second part provides constructions of useful
sub-families of H,, g. The main emphasis is on examples in Hzy for § =0, 1,
although some examples are given in a more general setting. The section will
close with some classes of examples of divergence free vector fields which are
majorized by specific kernels.

We begin by showing that the H,, ¢’s are logarithmically convex for fixed
dimension n.

Theorem 2.1 Suppose that {q; : 1 < j < m} satisfies ¢; > 0, and 1" ¢; =
1. Then for h; € Hnp,, j =1,...,m,

|
=
>
IS

h(§) 7€) € Hn,Z?ZICIj@j

with support Wy, = N7 W,
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Corollary 2.1 Suppose that {q; : 1 < j < m} satisfies ¢; > 0, and Y7 q; =
1. Then for h; € Hpp, j =1,...,m,

€)= TLhY (€) € Hoy

with support Wy, = N7 W,
Proof: Take ¢1,q2 > 0 with ¢; + ¢ = 1. Take hy € H,, 5, and hy € H,, 9, and
let h(§) = hT (§)hE(€). Using Holder’s inequality,

neh(©) = [ (i€ = n)® (haln)hal€ — )= dy

2(1)
(B * hy)™ (§)(ha * ha)®(§)

<
< [EnTERRT(ERE (E) = [¢m T ER(E).

The complete result follows by induction. ]
In addition relationships between the H, ¢’s as both n and 6 vary are
governed by a similar logarithmic convexity.

Theorem 2.2 Fizn > 1. Suppose that ki, ...k, is a partition of n and for
each j =1,...,m, hj isin Hy,e,. Then

h€) = M (&) €= (€. &) forg; €RY
s H,, L6 with Wy, = Wy, X ... x Wy, .

Proof: For h as defined, taking n = (11, ...,n,) with n; € R,

hh(E) = /77 1 hy(n)hy(&; — ;) dny

eR"™ j=1
= ]131 - hy(nj)h; (&5 = nj) dn;
s I 1% R;(&5)
= I [&]%h(E)
J=1

< gz h ().
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Theorem 2.3 If A is a n x n invertible matriz and h € H, g, then defining
||A]] = sup{|Ax] : [x| = 1},

ha(€) = |detAl - ||A||7°h(AE) € Hop
with support Wy, = {A71¢: &€ Wy}

Proof: Take A and h as given and define hy as above. Then W), = {¢:0 <
h(A¢) < oo} = {A71€: 0 < h(¢) < oo} and

haxha(©) = IdetAR|AII" | h(An)h(A(§ = n))dn

= ldetA] - || [ h(n)h(AS - m)d
< ldetA] - || Al 7| A€ h(AS)

< ldetA] - ||A]| 7"l " h(AQ)

S G!

The H,,¢’s are also closed under logarithmic translation both linearly and
in norm.

Theorem 2.4 If h € H,p and ¢ : R" — [0,00) satisfies (&) < (n) +
(& —mn) for alln,§ € Wy, then

hy(&) = e " Oh(€) € Huyp.

Proof: hy * hy(€) < eV Ohx h(€) < [€]hy(€).

Corollary 2.2 Ifh € H, g, then
(i.) e**h(§) € Hnyp for any fived a € R,
and, for any pseudo-metric p on a subset of R? containing W,

(i.) e~ N(E) € H, g for any a > 0 and & fived.

Note. The example e~ ¢’ h(€) € Hyp for any a > 0 and 0 < § < 1is a
noteworthy special case of part (ii) of Corollary 2.2.

The question of existence of majorizing kernels is non-trivial. For ex-
ample, it can be shown that any piecewise continuous h € H;; must have
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Wy, = (0,00) or W), = (—00,0). This illustrates the tradeoff between n and 6;
if exponent 6 > 0, the existence of majorizing kernels with support R"\{0}
is problematic for smaller values of n. There are however fully supported
majorizing kernels of exponent § = 0 for all n > 1.

Example 2.1: Let

1
hl(g) = m for 5 € R.
Then ]
hi x hy(§) = oA+ &) < hy(§)

for all £ € R, so hy € Hyo with W), = R. Using Theorem 2.2, it is easy to
see that for n > 1,

n

ha(€) = (2m) ™" [T (1 + &) 7" € Huo

Jj=1

with W), = R". The following rotationally invariant extension of h; is often

more attractive: ( +1)
B (ntL
hn(f) - n+1l : n+l
27z (1+€2) =

Then again

b % hy(§) < hy(§) forall ¢£e€R",n>1.
(See Folland (1992) page 247 for an indication of the necessary computation.)
The following Propositions 2.1 and 2.2 provide some examples of majoriz-

ing kernels in Hs ;.

Proposition 2.1 Suitably normalized, each of the following kernels héa) are
in Hsy with support W = R3\{0}:

h(ﬁa)(f) _ |§|B—2e—a\§|‘37 £E4£0,0<6<1, a>0.

Using Theorem 2.1 the following is immediate.



Majorizing Kernels & Stochastic Cascades 14

Corollary 2.3 Suitably normalized, for each 0 € (0,1), 0 < § < 1, and

a >0,
|£|0(B~2) g—oblEl”

(2PN T (1 4 65)0

Pe(E) = L E A0

and
|§|9(ﬂ72)e*0¢9|€|"

hé?‘,é’)(g) - (1 + |§|2)2(1_9) 7€ 7& 0
are both in Hsg with support W = R3\{0}.

The following lemma is sometimes useful for computing the convolution
of two radially symmetric (rotationally invariant) functions, especially in
dimension 3, due to the simplification of the integrand. It will be used in
the proof of Proposition 2.1 below. Let o, = 2x"™/2/T(2) be the n-
dimensional surface volume of a unit sphere S”, and let

Ko,y €)= @ +y+ )~z +y+ E) @ —y+ )@ +y — [€))

be 4 times the area of a triangle with side lengths z, y, and |£].

Lemma 2.1 Suppose n > 2, and that hy, hy : R" — C are each rotationally
invariant, i.e. h1(§) = g1(|€]) and ho(§) = ¢2(|€]). Then the convolution
hyxho(§), if it exists, may be computed for |£| # 0 as
O e
hieha(€) = 52 [ 91@)ga(v) oy (e, N dady,  (14)

- 2n—3 5 n—2
d Tig)

where Tie) = {(x,y) e R* 1y > —z + €], 2 — |§] <y < x+ ]}

Proof: The integrand in hy*ho(§) = [ hi(n)he(§ — n)dn is invariant under
rotations around the axis defined by ¢ (or reflection if n = 2). Such rotations
leave invariant the unit sphere S™"~2 centered at the origin in the hyperplane
orthogonal to . The following coordinates are therefore natural: = = |n|,
y =] —1n|, w € S"2 We transform to this coordinate system by first
passing to ordinary spherical coordinates:

™m = 7’(30891 0§01§7T

72 = rsin 91 COS ‘92 0 S 02 S m

73 = rsinf sinfy cos b3 0<bO;<m (15)
Npo1 = rsinf; --- sinf, osinf, ; 0<60, <7

Mn = rsinfy --- sinf,_ocosb,_; 0<0,_; < 2m.
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Here r = |n|, and 6, is the angle between 1 and £. The n-dimensional volume
element is

dmdny - --dn, = " drsin® 2 0, sin" 3 0y - - -sin6,,_odb; - - - db,,_;

= " tdrsin® 2 0,dh;dw

where dw is the surface element for the sphere S"~2. Using spherical coordi-
nates and performing the integration over S™ 2 gives, with 6 = 0,

hyxha(&) = 0,9 /07T /Ooo gl(r)gg(\/?“2 + €12 — 27|€| cos @ )r™t sin™ 2 Odrdo.

Let z =7 =|n| and y = \/7"2 + |£]2 — 2r|€| cos @ = |€ —n|. The new region of
integration becomes the set Tj¢ of all possible ordered pairs of triangle side
lengths when the third side of the triangle has length |£|. The Jacobian is

‘8(r,9)|_ |a(:c,y) - _| gefor 0 |7y
Oz,y)| |0(r,0)| *  Oy/od ~ x|¢|sinf’
hence,
meha(€) = % [[ 1@aa(y)ey losin 6" dady (16)
el
Expressed in terms of z and y, zsinf = [2&| 7 k(x,y,|¢]), giving equation
(14). |

Proof of Proposition 2.1: The cases f = 0 and 3 = 1 are treated by LeJan
and Sznitman (1997). They are included for completeness here. The case

B = 0 is treated first. Clearly héa) s h(()a) (&) is finite for all |£] # 0. From
Lemma 3.1,

&) . (o i 1
B < B (€)= 2me ] 1//x—yd:cdy

el
1
= 2re 2|t //—dxdy
y
iE

a 1 a
= 2re [[ — dway el h(E).
Ty 1Y
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For « > 0 and 3 € (0,1] fixed we have h(ﬁa)(f) = g(|¢]) where g(r) =
r#=2¢=or” Note that for r,z > 0, (z + )% — 2! < 0and for 0 < z < r,
2% + (r —2)? > 1. For [£| = r then

nene) = 2wt [[ag@ygly) dedy
T
2 -1 00 r+x
_ wr ( xﬁ—le—amﬁ/ 0By’ e dy dx
Oéﬁ z=0 y=|r—x|
271'7“*1 [e) G-1 —azh ,Q‘T,x‘ﬁ 7a(T+I)ﬂ
— X e (6 — e )dx
Oéﬁ =0
-1 N
< Wﬁ (/ e el gy
« =0
+ / (13—1-7")&1670‘(“7’)&”6 dx —/ B p—ax’—a(z+r)? dx)
z=0 =0
—1 -
< Sl 6“”6/ 277t dx
Ofﬁ x=0
2t

One may also show that certain Bessel kernels and similar transforms
provide further interesting examples of majorizing kernels in H,,; for n > 3
as in the following proposition. These kernels are closely related to the Bessel
kernels of Aronszajn and Smith (1961). They can also be combined with the
kernels of Example 2.1 to construct kernels in H,, o for 0 < 6 < 1.

Proposition 2.2 Forn >3 and (8,7) with0 < <1 and 1 <~y <1+ p,
suitably normalized, each of the following radially symmetric functions is in

Hn1 with support R™\{0}:

hnﬂﬂ(g) - t>0 t’y;Qn_le_tﬁ_MF/t dt’ 5 € R".

Remark 2.1 One may apply the Laplace method for estimating integrals to
show that the Bessel type kernels h = h,, 5., are also regularizing kernels in
the sense that the distributions in the corresponding function space Fp o1
are C*°— functions.

The following lemma provides a comparison between the kernels of Propo-
sition 2.1 and 2.2.
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Lemma 2.2 (i.) For each a € (0,1), there exists a constant ¢*) with

h3,1,2(§) < dIn(e).

(1i.) For each a > 0 and (3 € [0, 1], there exists a constant céa) with

g (0% (0%
h3,1,1+6(§) < C(g )h(ﬁ )(f)-

Proof: Fix 8 € (0, 1] and choose 6 € (0,1). Then

13 9y _@_t
h Sy = / 5 dt
3,1,1+6(2) o

B_o (=0 (g Slely
— 6_6|£‘ t§_26 a4t (\/Z 2\/;) dt
t>0

B (1-62)¢|?
—9l¢] tz2e" @ dt

t>0

_ ((1 - i2)|£|2 §—16—5|§|/ 8—5/26—3 ds
5>0

(1-0%)s

= (DT - g2l

For [¢] > 1, trivially ¢~ < =06, For [¢] < 1, [6)" ~ J¢] < (1= 577
Taking 0 = a, this gives, for 0 < f<land 0 < a < 1,

h3,1,1+,8(§) < Cé“)hﬁf“)(é*)

_B8_
for C18) = 2-90(1 — 8)(1 — ?)3-1ea1-9A77
For0<fB<1,0<d<landa>1,

0l < el for (] > (%)ﬁ.

afy—s - .
For |¢] < (5) —5]£\+a|£\5 is maximized at || = (%) ™7 with a maximum

of (1—p)at—~ (%)1 5. This gives

haans(5) < CRE6)
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_1
for C{ = 2291(1 — £) infyge (1 — 62) 3-1e1-9)2T7 (2) 15 n

The majorizing kernels of Proposition 2.2 arise as weighted integrals of

2
the function t~% e~ . The method of deriving these kernels can also be used
to derive families of non-radial kernels as follows. Fix o € (0, 2] and define

1 .
fala) = — / e HAT gy for ¢ € R.
AeER

:27T

These f,’s correspond to the symmetric stable densities; for example f;(z) =
(r(1+2?))" ! and fo(z) = ﬁe*zz/? The convolution and scaling properties
of the f,’s give

(5408 fulls+0)7 ) = [ (st) 72 fuls7Mo (= ) fult~ o) dy (17)

yeR

for s,t >0, x € R.
Forn>1, 0<a <2 and g: R™ — R define

Thag(x) = /

s>0

g(s)s™/ 1 fals™Vz) ds
i=1
for all x € R™ such that this integral converges.

Lemma 2.3 Suppose g1, g2 : RT — R such that T, o g1, Th.a g2, 1 * go and
Th.ag1 * Ty 092 each exist a.e. with respect to Lebesque measure. Then

Tn,a g1 * Tn,a 92<CL’> = Tn,a(gl * gg)(lf) a.e.

Proof: Use Fubini’s Theorem and (17) above to check the result. [ ]
Proof of Proposition 2.2 : For £ € R", hy, () = 2"7"/?T,, 2hs (&) where
1-1 —tP

haa(t) =127 e - Lig00)(t).
Note that since v + (1 —u)? > 1for 0 <u<land0<3<1,

02

t
hgqx hay(t) = / s37L(t — 5)3 e ) g

=0
— p-l /1 u%fl(l _u)%fleftﬁ(uﬁ+(17u)ﬁ) du
u=0

[y

< t”’_le_tﬁ/ wz (1 — )2 du
u=0

v
= 3(57 §)hﬂ,2~y(t)~
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This gives, for § € [0,1] and v > 0,

v
P,y * I (€) < B<§’ §>hn,ﬁ72v (&)
for all £ such that h, g, (&) exists.
We proceed by showing that, for (3,v) in the range given, the h,g.’s
exist and the ratio
hn,ﬁ,Qw(g)

[€1Pn 5.5 (E)
is bounded uniformly in £ € R™. For z > 0 and 3 € [0, 1] define

(18)

o 1 22 8
98,0(2) :/ t*tem T dt.
0

For || = z we have
hnp(§) = 95220 (2)

2

and
hn,ﬁ,Z”y(&) = gﬁy’Y—% (Z)

The following lemma is useful.
Lemma 2.4 For € (0,1] and z > 0,
(i.) For a >0, gsa(z) < l1“(%)
(ii.) Fora =0, ggo(2) < ge™' + [Z257 e ds
(iii.) For a <0, 272*gg ,(2) < T(—a); with lim, )0 272%gs.4(2) = ['(—a).

Proof of Lemma: Both 9p,2zn and gg,—2z are continuous functions on (0, 00)

for all (8,7) with 0 < 8 < land 1 < v < 1+ . For any o € R and
2

0 < 8 <1, the charge of variables x = %- gives

93.a(2) = zzo‘/o s lemsms 72 g (19)

In particular 272%gg ,(2) is continuous and strictly decreasing in z > 0. For
a <0, lim\0272*gpa(2) = T'(—a). Thus we see immediately that g; 2 n is
2

a continuous and decreasing function of z specified by 3 and v, and gg -z is
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a continuous and decreasing function of z for v < §. Next consider the case
n=3, f¢€ [%,1] and’y:%:

0 1 22
gso(z) < / 7 dt + / t~lem T dt
1 0
= leil + /OO s te %ds
B 22 '

The case n = 3, v € (2,14 ) for 8 € (3,1] is handled as follows. For
a > 0, the change of variables s = 7 gives

1

1 [CS I ~1
gﬁ,a(z) — B /O 53—16737225 B ds
1 o

(2)-

IN

(=
g B

n
Returning to the proof of Proposition 2.2 we see that the key to bounding

(18) uniformly in £ € R™ is showing that

and

I 987—% (2)
imsup ———~
z/00  Zgpa-n (2)

are both finite.
First consider the case (3,7) = (0,1). From (19), for all n > 3,

go1-n(2) _ (5 —1)
390,1*7"@) F(RT_l)

Next consider 5 € (1,2] and v € [1,1 + 3] N[1, 5). From (iii.) of Lemma
24

_n(z 2 gga_n(z
lim sup Kl s 1524 2( ) = limsupz’! 96,7 2( )

N0 2Ygan (2) 2\0 2G5 aen (z)
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For n =3, v =32, and 3 € [3,1], using (ii.) and (iii.) of Lemma 2.4,

1
lim sup g@o(z) =

NP g a(z) T T

1 1 1 1 o

lim su zﬁ/ s_lds+25/ e °ds

rg) et L , ¢ %)
2 .1

——limz2Ilnz=0.

<
= T

1
lim 22 z
y Loy 9s.0(2)

NSV

IN

Forn =4, vy =2 and # = 1, again using (ii.) and (iii.) of Lemma 2.4

. g1 0(2) .
limsup ——— < lim z z) = 0.
nsup - =y S iy g10(2)

For n = 3, ﬁe(%,l] andfye(%,l—i—ﬁ],

Jg_3(2 (2
lim sup Gl 2( ) < ( 36_)
N0 295223(2) BT(257) =\0
B 1 forg=1 v=2
— |0 forBe(31], ve (31480 (3,2).
Now consider the limit of the ratio as z /" oco. Fix § € (0,1] and v €
(1,14 3]. For the minute fix z > 1 and consider f(t) = % +t7. f is minimized

at 1y = (%)ﬁ, decreases on (0,tp) and increases to oo on (tp,00). Fix

r> 977 ﬁ_ﬂil sufficiently large to satisfy
1 1,1
- 8« Z(_ 28
_trt s 2(7’2 + 7).

In particular this gives

G (20)
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2 —n .
> 10T 2 0T ()
n—7
22% 21 n— n
_ eff(rz + )(ﬁ2(5+1) —r 2 )
n J—
62(76‘:/1) y—n e
> A A (21)
n—7v

Combining (20), (21) and (22),

© L, =5l S gt . o 52—51
< (n-— ’7)52&3“)2%*1/ ST s (23)
r2

For v <1+ (3, this goes to 0 as z — oo.
2
For z > 1, t < r?z5+1 gives

y—n

r2zB+1 n r2zB+1
z_l/ 35 e IO gt < T”/ t= e W < 77g52=n(2). (24)
0 T2
Using (23) and (24), for 8 € (0,1] and vy € [1,1+ (],

_n(Z
limsupm <r’ < oo.
z /00 295,%(3)

The same general technique that gave the kernels of Proposition 2.2 gives
families of non-radial kernels that are not fully supported. These are the
larger kernels that permit broader existence and uniqueness results for given
initial data uy of (FNS); see Remark 2.2 below.
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Proposition 2.3 For each a € (0,1] and n > 3,

Hial€) = |

t>0

_n—l+a

U Lt dt

is, suitably normalized, in Hy, 1, with support Wy o = {£ € R™ : 37 1jg,—q) <
na+1
a+l J°

Proof: Fix o € (0,1] and n > 3. Let g,(t) = ¢"~* for 7,¢ > 0 and set
Hn,a(g) — Tn,ocgé (5)

for all £ € R™ for which T, ,g1(§) converges. The convolution g, * ¢,(t) =

B(7,7)92,(t), so from Lemma 2.3,

Hn,a * Hn,a(&) - B( )Tn,ag% (5)

Y

2|

In order to check convergence of T, 4g,(§) for v = 1, 2. o € (0,1] we rely on
]

a series expansion of f,(z) for a € (0, 1] and |z| large given by Feller (1971)
p. 983;

= S

1

fa(z) = Z

7|z =1

F(ka+1) ok . kam
L Cayfag ot i)

In particular, using this expansion it is straightforward to show that for
a € (0,1] and |z > 24, fu(z) < calz|717* where ¢, is a constant depending
on «a. In addition, it is easy to see that f,(z) is maximized at x = 0.

Fix n > 3 and € R” with |z| > 0. The change of variables s = ||~
gives

a—n z
Tn,ozg'y(m) = |$"y Tn,aQ’y(@)' (25)

Let J(z) = {i:2; # 0}, j = j(z) = X7 1z,—0) and r(z) = min{%(%)a 1j €
J(z)}. Then

T'({Z‘) n n i . ’f‘(]?) n i
/ s”’a’lﬂfa(x—s’é)ds < 0{(0)/ 7ol T ca(’x |s’é)’1’a ds
s=0 177 x| s i€ (x) x




Majorizing Kernels & Stochastic Cascades 24

na+1

For v = = 2 this integral converges for 7 < . Also for v < =

/OO s”‘a_lﬂfa(ﬂs a)ds < f*0 )/OO s77a"lds < 0.
r(z) r(z)

Together these give
x

Tn,aQ’y(H) < o0

for v = é, % and Y7 1z, < ""‘“ . From (25) we see that to verify H,, , is a
majorizing kernel, we need to show that for a constant ¢, , € (0, 00),

)

x
]

for all z with 37 15,—0) < % Fix n > 3,a € (0,1], and y € R™ with

[yl =1 and 37 1p,—g) < "25. For y = 1, 2 let

Tnagz( °

‘$|> < Cn,aTn,agé(

1 n n 1
10() = [ 978 fulyes#) ds
s=0 1

and - N )
19(y) = [* 55 L fulyis) ds.
s=1 1

Immediately
1 1
1(y) < 1V (y).

@

Using Yamazato (1978) we see that f,(z) is uni-modal and strictly decreasing
n (0, 00). This gives

1) = [ 0 ds =

)

and

n—1 fu(0),,,1 1
n—2<fa(1)) B<7’7>'

Tn,a92 (l’) S Cn,a‘x’Tn,agl (IE) for Cn,ao =

|
Remark 2.2 In the case n = 3, = 1 the kernel H3; can be written as
L€
H31(8) = 175G (), (26)
€1 el
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where G is defined a.e. on the unit sphere with G(6) — oo as 6 approaches the
points (0,0,£1), (0,%+1,0), (£1,0,0), respectively. In particular the growth
of Hs; along particular directions is much larger than ho(¢) = 1/[¢]?. Trans-
forming Hs; via a rotation as suggested in Theorem 2.3 permits such growth
in any direction.

In view of the role of majorizing kernels in providing bounds on the Fourier
transformed forcing and/or initial data, the theory contains a dual problem
which is to identify classes of divergence free vector fields in physical space
which are so dominated.

The first example is a class of divergence free vector fields on R? whose

Fourier transforms are dominated by hs g~ ().
Example 2.2: Fix 0 < < land1 <y <1+43. Forl < j < 3let
m;(t) be measurable functions on [0, 00) such that |m;(t)| < t3 e " and
Jraot™%?|m;(t)|dt < co. Let v(z) be the vector field whose components v;(z)
are the Laplace transforms of m;(t) evaluated at |z|?/4; that is

vj(x) = /OOO e’t|x|2/4mj(t)dt

Let u(x) be the divergence free projection of v(z). Then the following calcu-
lation shows that

[a(§)] < chspq(8)-

After using Tonelli’s Theorem to check integrability, Fubini’s Theorem gives

—t]a|?

0,01 = el [ [ e e my (o a

¢ |t my(t)|e 16 tar
t>0

< c h3,5,7 (é)

The projection of the vector field v(z) onto the divergence free component
u(z) becomes, on the Fourier side, u(§) = 0(&) — %(@(&) . %) = me10(&). This
contraction gives

()] < [0(8)] < chypa(€)  forall &€ R\{0}.

IN

For the next example we consider majorization by the kernels h(ﬁa).
Example 2.3: Let M denote the space of finite signed measures on R?
with total variation norm || ||. Let 0 < # < 1 and denote the “Fourier
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transformed Bessel kernel” of order 8 by Gg(z) = (1 + |z|? ) . Then for
each g = Ggx*pu, u € M, one has for 3 =1, o € (0,1) and for § € (0,1),
0,

9] < GRS Ollnll, € #0,

for a constant C’éa) > 0. In particular, if v € L! is a divergence free vector
field then g = G * v is also a divergence free vector field whose Fourier

transform is dominated by h(ﬂa). To verify this class of examples it suffices to
check that X
Go()] < CEng(©), (27)

for some constant C’ () For this we take the Fourier transform of (1+]z|*)~
and then use Lemma 2.2. First notice that for any a > 0,

1 o)
p(ﬁ;) = a%/ 5T et gy
2 0

Solving for a=%" and then taking a = 1 + |2|2,

1 g1 z2
Gﬁ($) - @/0 t 2 e (L+l*)t dt
2

and
A o (271.)7% o 21 —t —ix-E—|z|%t
Gp(&) = 05T o t=e /IER?)G dx dt
23 0 5o m
= tz et dt
F(ﬂﬂ)/
2 2% ¢
= ——h
F(ﬁ;rl) 31/34'1(2)

_3
Then (27) follows from Lemma 2.2 with C’(a) = 25 c(ﬁa).

The following example uses the hﬂ majorizing kernels to give smooth
divergence free vector fields, including some with compact support.
Example 2.4: Let m;(t),t > 0,57 = 1,2,3, be measurable functions such
that [ e 1#*m;(t)|dt < oo,z € R3,j = 1,2,3. Define a vector field with
components v;,j = 1,2, 3, by

vj(x) = /OOO e*|z|2tmj(t)dt,x € R”.
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Let u be the divergence free projection of v. Then,
(i) If Im;(t)] < ct~2 then |4, (€)] < c’h(()a)(f) for some ¢ > 0,j =1,2,3.
(ii.) If |m;(t)] < ce=22°t then |ii;(€)] < ¢ (€) for some ¢ > 0,5 =1,2,3.

(iii.) For arbitrary € > 0 there is a smooth probability density function k.
supported on [—¢, €]® such that

|k (6)] < (B, ) exp{—|e€|?}, € € R®,c(B,€) > 0.

Let v be any divergence-free integrable vector field such that |[6(€)| < ¢|€|72, € #
0. Then the componentwise perturbation u = k. * v is a divergence-free in-
finitely differentiable vector field such that |a;(£)| < ¢ h(ﬁa) (€), for a = €” and
some ¢ > 0,7 =1,2,3.

To verify (i.) and (ii.) first recall that

m)F [ ety (2t) e 5
R

and therefore ,
1€]

A <27F [ ¢ my(le 5 at
t>0
For |m;(t)| < 2,

le|?

0;(€)] < 272 [ 2% W dt
>0
el
= c22[g
_ ahen(e
for j =1,2,3. For |m;(t)| < ce 2**!, using the change of variables s = %—f,
N _3 L3 ony L2
0;(6)] < 278 [ tie Ml gt
>0
o21¢12
= c|§|_1/ sT3e 28" s ds
s>0

alé]

= c|f|_1e_°‘|§‘/ s VIR g
s>0




Majorizing Kernels & Stochastic Cascades 28

To check (iii) one may apply Theorem 10.2 of Bhattacharya and Rao (1976)
to see that for any fixed § € (0,1) there exists a probability measure on
(R, B) with density & whose support is contained in [—1, 1] and

k()] < e(8) exp{—321[¢|°} for € € R.

Without loss of generality we can assume that £k is symmetric and infinitely
differentiable. Fix ¢ > 0 and take k. to be the density of the probability
measure on R3 given by

K.(A) = /// k(x1)k(xo)k(zs) dry das dxs

where A, = {£ : z € A}. Then k. has support contained in [—¢, €]* and

H(B)e? T el
(@)

[e(€)]

IA A

using Jensen’s inequality in the exponent. If v is an integrable divergence
free vector field on R? with [0(£)| < ¢|€]72 then u = k. * v is both divergence
free and infinitely differentiable with

4 (6)] = |k |9;(€)]
< A(B)e " minfele| 2, [0;(6)]}.
For || > 1 then
(&) < (BRS(©)
with ¢(8) = ¢ (B). For [¢] <1,
i (6] < " (B)nS(€)

for ¢'(3) = *(B)]|v||, where ||v;]| denotes the L'—norm of v;.

3 Stochastic Recursion

The vertex set V of a complete binary tree rooted at § may be coded as (see
Figure 1)

V=UZ{L2} ={0,<1><2><11>,. ..}, (28)
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v=(21,2...) €V
Ll
(112) (212) (222)
(11) (21) (22)
(1) (2)

Figure 1: Full binary tree with index set V and boundary 9V. The path v =
(2,1,2,...) € 9V is indicated in bold, with v|0 = 0, v|1 = (2), v|2 = (21), and
v[3 = (212).

where {1,2}% = {#}. Also let OV = [[52,{1,2} = {1,2}".

A stochastic model consistent with (FNS), is obtained by consideration
of a multitype branching random walk of nonzero Fourier wavenumbers &,
thought of as particle types, as follows: A particle of type & # 0 initially
at the root 6 holds for an exponentially distributed length of time Sy with
holding time parameter \(§) = v[£|?; i.e. ESy = TQQ When this exponential

clock rings, a coin Ky is tossed and either with probability % the event [ky = 0]
occurs and the particle is terminated, or with probability % one has [k = 1]
and the particle is replaced by two offspring particles of types 11,7y selected
from the set 1, + 1y = £ according to the probability kernel H (&, dn; x dns)
defined by (9). This process is repeated independently for the particle types
11,12 rooted at the vertices < 1 >, < 2 >, respectively.

A more precise mathematical description of the stochastic model requires
a bit more notation. For v = (v1,v9,...,v;) € V,let v|j = (v1,...,v;),j < k.
Also let |v| =k, |6] = 0, denote the geneological length of the vertex v € V.
For v = (vy,v9,...) € OV, and j = 0,1,2,... let v|j = (v1,...v;), v|0 = 6.
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That is, for v € 9V, v|0,v|1,v|2,... may be viewed as a nonterminating path
through vertices of the tree starting from the root v|0 = 6. For u,v € 0V,
orin V, let [u Av|=inf{m > 1:u|lm # v|m}.

The following requirements provide the defining properties of the under-
lying stochastic model. The model depends on the initial frequency (wave
number) ¢ and the choice of majorizing kernel h. Fix h and let W), C R*\{0}
denote the support of h. Let Bj, denote the Borel subsets of W},. For fixed
€ € Wy, let {(&v, kv) : v € V} be the tree-indexed stochastic process starting
at (&g, kg) with & = £ € W, kg € {0,1}, taking values in the state space
W, x {0,1}, and defined on a probability space (2, F, P¢) by the following
properties:

1. Pg(fg € B, Rg — KJ) = %55(3), B e Bh, K€ {O, 1}

2. For any fixed v € 9V, the sequence (§vjo, Kvio)s (&vity Kvii)s (§vi2s Bvj2),- -
is a Markov chain with transition probabilities

Pe(§vint1 € B, Hv\n+1 = K\U({(ﬁu,ﬁu) FJuf < n}))

£v|n - 77)
d 29
2/ I h 5v|n " (29)
for B € By, x € {0,1}. In particular, for v e V, &+ & =& P —
a.s., where vj = (v1...v,)j := (v1+--v,,7), j = 1,2,... is the con-

catenation operation.

3. For any u,v, € 9V, {(§um, Fujm) }oeeo a0d {(&vjms Kvim) Foo—o are condi-
tionally independent given o({(&w, kw) : |W| < JuAV|}).

4. Let {S, : v € V} be a sequence of iid mean one exponentially dis-
tributed random variables defined on (€2, F, P;) and independent of
{(&, ky) : v € V}. Define A(n) = v|n|? for n € W}, and

Sy =A&) S, ve.

Conditionally given {&, : v € V}, the collection {Sy, : v € V} consists
of independent exponentially distributed random variables having respective
conditional means {\(&,)7!:v € V}.
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Remark 3.1. The above properties, although not an explicit construction,
define the stochastic model; see Harris (1989) for an approach to construction
of the underlying probability space.

Our objective now is to use the stochastic branching model represented by
the collection of random variables {&y, ky, Sy : v € V} to recursively define
a random functional related to (FNS) through its expected value. Namely,
for measurable functions xq : W;, — C3 and ¢ : W}, x [0,00) — C?, and for
& = & € Wy, t > 0, the stochastic functional X (6,t) is recursively defined by

XO(£9)a lf S@ >t
X (9, t) = go(fg,t — Sg) if S@ S f;, Rg = 0 (30)
m(&;))( (< 1> t— S@) R, X(< 2> t— Sg), else

where the product ®, and factors m(§) are defined in (7), (8), respectively,
and where < 1 >, < 2 > are root vertices of the shifted full binary trees

Veis ={<i><i,1 > <i,2><i, 1,1 > <4,1,2><i,2,1>,...},
(31)
types £<i>,1 = 1, 2, respectively.
For evaluation of the stochastic functional ¥ (0,¢), for a given & = &,
it is useful to identify a particular tree structure intrinsic to the stochastic
branching model by (see Figure 2).

lv|-1

T(t) ={veV: H0 kv, =1, By <t} (32)
]:
where vt
By =0, By = > Sy, O0#veV. (33)
j=0

It is helpful to have a bit more notation and further decompose 74(t) into sets
of vertices of two types. We say that v € V, born at time By, survives for a
time Sy until the clock ring at time R, := By, + Sy = Z‘j‘io Sy|;- In this way
we can partition 7(t) into the vertices born before time ¢ with clock rings
before and after time ¢; see Figure 2. Namely,
Tg(t) = 7’9<< t) U 7’9(> t)

where

m(<t) = {vemn(): R, <t}

T(>t) = {vemnlt): By <t<R}
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<21> <22>
Keos =1
k<> =0
Scos
S
<1>6 < 2>
; S@a ko =1 :
<> & =¢ §<o> R3
7o(t)

Figure 2: Schematic of a tree indexed branching random walk with 79(< ¢) denoted
in bold lines

v|
Since the discrete branching process defined by {v € V : Ho Ky, = 1}
]:
is a critical binary Galton-Watson process, the recursion will terminate in
a finite number of iterations with probability one. In particular, X (6,t) is
simply a finite product of values of xo and/or ¢. For example, the functional
evaluation of the sample tree in Figure 2 is given by

X(0,t) = m(&)m(E<as)p(§cas,t — Rars) ®eq [xo(§<21>) Rt o Xo(€<22>)]

In particular, the product is over vertices v € 7y(t) with evaluations of factors
at the leaves v of 1p(< t) as p(&, t — Ry) and at the leaves v of 7y(> t) as
Xo(&y); here a leaf refers to a terminal vertex, while a nonterminating vertex
is referred to as a branch point. No essential use of graph theoretic notions
is made beyond their descriptive role in this development.
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Remark 3.2. The branching random walk constructed here differs from
that introduced by LeJan and Sznitman (1998) in that by constructing the
process forward in time we eliminate the dependence of the model (€2, F, P)
on t. Secondly, a larger class of transition probabilities is furnished by the
respective class of majorizing kernels. In order to relate the stochastic frame-
work to (FNS) and/or (FNS);, we require a notion of solution. The first is
a variant on that formulated by LeJan and Sznitman (1997) for solutions
to (FNS);, in the special case h = h[()a). Since we do not wish to exclude
the analysis of complex valued solutions, we do not include their condition
h(&)x(&,t) = h(=&)x(—¢&,t) in the definition of solution, but choose to con-
sider it as a possible subsequent property of solutions.

Definition 3.1. A function y : W, x [0, 7] — C? which is

1. continuous in t € [0, T for each fixed £ € Wy,

2. measurable in £ € W), for each fixed t € [0, 7],

and satisfies

3. Jo S, IX(&1,8) €| merx (o, 8) [ H (€, déy xdEs) < oo forae. £ € W,
and

4 x(&4) - €=0,0<t<T,

will be called a solution to (FNS);, for initial data xo : W — C3, x0(€)-£ =0,
and forcing ¢ : W}, x [0, T] — C3, fOT lp(&,t)|dt < oo, p(£,t)-& =0, provided
(FNS), holds for a.e. £ € W,

Remark 3.3. Global solutions are defined by requiring the conditions of the
definition for all 7" > 0. In the case that a solution to (FNS); also satisfies

h(g)X(& t) = h(_g)X(_& t)

we will say x(&,t) is a solution in the sense of LeJan-Sznitman.

Although our focus is on majorizing kernels, the stochastic model may
be constructed for any measurable h : W), — (0, 00) such that h* h(§) < oo.
With this in mind we make the following definition.

Definition 3.2. Let 1/h be a Fourier multiplier on W),. We say that the
pair (uo, g) is (FNS);,—admissible if
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1. 4(€) = g(&,t) =0 for ae. £ € Wit >0.
2. Ee,—c|X (0,1)| < oo for a.e. £ € Wy, t >0,

where xo(§) = @0(§)/h(¢), and @(§, 1) = 29(¢, 1)/ (VIE[*h(£)),t = 0, as in (8).

Theorem 3.1 (Ezistence) If (ug, g) is (FNS),-admissible for a given Fourier
multiplier 1/h, then

ﬁ(f,t) { h(&)E@:ﬁX (9,75), Zfé € Wh7 t >0,

0 ifEeWet>0,
is a solution to (FNS).

Proof. As noted in Remark 1.1, it suffices to consider (FNS);. To verify that
(FNS)y, is satisfied, decompose X (6,t) as

X(0,8) = Y(0,6)1[Sy > t]+ X (6,£)1[Sy < t,rg = 0]
+>< ((9,t>1[$9 S t, Ry = 1],

take expectation starting at &, and use the strong Markov property and
conditional independence in the recursive definition of X (0,t) on [Sy < t, kg =
1]. Specifically,

Ee,—e{m(&o)X (< 1>t — Sp) @, X (< 2>, — Sp)1[Sp < t, 1 = 1]}
= m(§)Eg,—e{1[5 < t, kg = 1E{X (< 1>,t— Sp)
®£9X (< 2 >t — SG)‘§<1>7 §<2>7 5.97 ff@}}
= m(§)Eg=¢{1[S0 < t, k0 = 1x(§<1>,t — Sp) ®g, X (€<t — So)}

= %m(&) /Ot )\(5)6_)‘(5)8 /thWh X(T,t —8) ®¢ x(n2,t — s)H (&, dmy X dng)ds.

The continuity requirement in (1) of Definition 3.1 is evident in the repre-
sentation of x(&,t) by (FNS),. The measurability (2) may be obtained from
the measure theoretic construction of the stochastic branching model. The
condition (3) is contained in the (FNS),-admissibility definition. To check
the incompressibility condition (4) simply observe that samplepointwise one
has

X(0,t)-& =0
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by the definition of ) (6,t), orthogonality of m¢,, and corresponding hypoth-
esis on xo(§) and ¢(&, 7). |

The proof of the existence part of Theorem 1.1 stated in the introduction
now follows as a corollary to Theorem 3.1 as follows:
Proof of Existence in Theorem 1.1. Defining ¢, = v(27)2 /2, the conditions
of Theorem 1.1 state that

(i )k h(€) < [glh(S),  (ii)|ao(€)] < euh(§),  (idi)|g(&, )] < veu[€*h(€) /2.

Thus one may define a majorizing kernel h, with constant ¢, by
hy(§) = cuh(§),§ € Wy, = Wi

The conditions (i)-(iii) may then be expressed with respect to the majorizing
kernel h, as

(0.)m() = hyxh (€) /(v [El(€)) < 1, (i) Ixo(E)] <1, (@a)|p(E, 1) < 1,

whete x0(€) = 0(£)/hu(€), and p(E,) = 2(€,8)/|E[?h(€). Tn particular
it follows that |X (6,¢)| < 1 for this choice of majorizing kernel, and hence

Theorem 3.1 applies. Now one may check that cancellations make the formula
defining the solution @(&,t) invariant under rescalings of h by constants.
Specifically, it follows from the defining stochastic recursion (30) that for
any positive constant ¢ > 0 one has

cXen(0,t) =X n(0,t) a.s., (34)

where X5, denotes the functional corresponding to the Fourier multiplier h.
Note that the stochastic functional is always a.s. finite since the stochastic
recursion terminates in a finite number of steps a.s.. ]

Remark 3.4. Note that for a Fourier multiplier 1/h induced by a majorizing
kernel h with constant B > 0, the corresponding factor m(§) is bounded by
one provided this constant is sufficiently small, i.e. B < ¢, = v(27)2/2. In
this case one sees that (ug, g) is (FNS),-admissible under the condition that
i (£)] < Bh(€), and |g(&,t)| < Bvr|€|*h(€)/2 by virtue of the implied a.s.
unit bound on the functional ) . In particular there is an implied competition
over the size of the majorizing constant B in this approach. Recently Chris



Majorizing Kernels & Stochastic Cascades 36

Orum (2002) has shown that one may further exploit incompressibility as
reflected in the geometry of the product ®, to obtain (FNS);,—admissible
majorizing kernels with constants which are twice as large as these.

Under the additional hypothesis that h(§) = h(—¢) one may check that

(0, )] eyme =X (0,1)]¢p——e.

As a result it will follow that x(§,t) = Eg—¢X(0,t) is also a solution in
the sense of LeJan-Sznitman under this additional condition. However, we
shall also see in a later section that this assumption is not necessary for the
expected value.

The above proof of the existence part of Theorem 1.1 provides a global
solution in the ball By(0, R) in the space Fpor,T > 0, of radius R = ¢, =
v(27)2 /2. For uniqueness of solutions within this ball an argument along the
lines of that used by LeJan and Sznitman (1997) may be applied to obtain
the following.

Theorem 3.2 (Uniqueness). Let h(§) be a standard majorizing kernel with
exponent 0 = 1. Fiz 0 < T < 4o0. Suppose that |uolz, < v(v2m)*/2 and

|A~Ygl,, < v*(V2m)?/4. Then the solution

A _ ) h(&)Eg=c((0,1), if €Wy, t>0,
“<§’t)_{0 z‘fgegw;;,tzo, '

is unique in the ball By(0, R) centered at 0 of radius R = v(v/27)3/2 in the
space Fp o1

Proof. Suppose that w(&,t) is another solution to (FNS) with |w(,t)| <
Rh(&). As in the proof of Theorem 1.1, without loss of generality one may
replace h by h, = ¢,h, where ¢, = R = v(2r)2 /2 and define

V(& 1) = (&, 1)/ (§).

Then
sup |v(¢, )] < 1.

cewy,
0<t<T
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Define a truncation of 74(t) by
) ={vert) :|v|<n}, n=01,2,....
Let Y(Tén) ()) be the recursively defined random functional given by

XO(&Q) if Sp >t
(fg,t— S@) if S@ S t,lig =0

m(&)Y (r20(t — Sp)) @g, V(752" (t — Sp)), else

for n = 1,2,..., where xo(€) = o(€)/h(€), 9(&,1) = 23(&,0)/(V]€[h,(€),
m(E) = 2h, * h,(€)/(v(2m)*2[é|h, (€)) < 1, and

{ xo(&) if So >t

Y(r"(t) =

V(@) = { o(&.t—Sy) if Sp<t ry=0

m(&p)v(€<1>,t — Sp) ®¢, V(E<as,t — Sp), else.

Observe that since w(¢, t) is an assumed solution to (FNS) it follows directly
from (FNS),, that

Ee,—eY (13" (1)) = 7(&,1).

Moreover, using (FNS);, and conditioning on
Fo=0({Sv, &, kv i [V] < n}),
this extends by induction to yield
V(& t) = Eeye V(7 (1)) forn=10,1,2,. ...
Specifically, one has

Eg, 5Y< <”“><t>>

= xo(§ 2/ (&t — s)ds
( >E£0 £{Y<T<1>(t - Se)) Y(T<2>(t — Sp))1[Sy < t, kg = 1]}
— (6 -, / (€t = MO ds + m(€) 5 OtA e A8

~—

- / Ee, Y (riL(t = s)) @ Eg<2><Y<Ti;> (t—s)

H<§7 d§<1> X d§<2>) dS
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Now observe that

Y () = X (0,8) on [ry”(t) = (2],

and more generally, since the terms v(&,,t — Ry) appear in Y only at trun-
cated vertices,

Y (" () = X (0.t) on [1y(t) = m(t)].

Thus, since
E|Y (r{”(t)| <1 forall n
and
E[X(0,t)] <1 foralln
we have

E{Y (75" (1)) = Y (0, 1)1[rs") (t) # 70(t)]}]
< 2P(r"(t) # 1(t)) > 0 as n — oco.

(& 1) —EX(6,1)]

Corollary 3.1 Under the conditions of the theorem one has
Y (5" (1) = Bee (X (0,015}, n=0,1,2,...
where

1. fn = U({SV7€V17€V27 Ry - ‘V‘ S n})

Xo(&) if Sp >t
(0) ) (&t —Sp) if Sp<t,kyg=0
®59E5<2>>< (< 2 >7t - 59)7 else

In particular, {Y(T(,(n) (t)) :n=0,1,2,...} is a martingale with respect to the
filtration {F, : n > 0}.
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Proof. First note from the recursive definition of the functional Y(Te(") (1))
that for any N > n,

E(Y (V) ()| F) = Y (13" (1)), N > n.

Let G = G(Sy,&v1,&va, Ky ¢ [V] < n)) be a bounded F,-measurable function.
Then, for N > n,

E{G-Y(r,"(t)} = E{G-E{Y(7,V(1)|F.}}
= E{E{G Y(i;")(t))|F.}
= E{G-Y(r," (%)}

)

= hm E{GY(T N (1))}
= E{ hm GY(T9 (t)) [ ( ) =To(t)]}

= E{GX (9, t)}.

4 Picard Iterations of a Contraction Map

In this section we show how majorizing kernels can be used to obtain local
or global solutions of the Navier-Stokes equations following a contraction
mapping argument. At the same time, relations of the stochastic cascade
theory with a Picard iteration scheme are established.

Recall that the (FNS) equations are

(€, ) = e VEPag(e) + B(a, @) (&, )

*EeM%@ww@:Qm%@@w (35)

where

A

B(ﬁ,f))(&t) = /Ot e*’/|§\28|£’(2ﬂ_)7%
/{"EL<€ —n,t— S) ®¢ @(ﬁ,t _ S)}dﬁds_
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Consider the Picard iteration scheme naturally associated with the (pro-
jected) Navier-Stokes equation

Upi1(z,t) = F(x,t) + B(up, uy)(x,t) (36)

where F(z,t) = e Pug(z) + [ e2g(x,t — s)ds, u0(z,t) = e Pup(z) and
ui(z,t) = F(z,t) + B(u®,u®)(x,t). The convergence of the iterates follows
from showing that that Q is a contraction in an appropriate ball in Fj, - 7.

Remark 4.1 In the case v = 1 the smaller ball for existence and uniqueness
is related to the increased regularity, namely spatial analyticity, implied by
the decay on the Fourier transform in this case. Existence and uniqueness
results in the larger balls obtained with v = 0 are aimed at C*°-smoothness.

The following lemmas summarize some of the technical details.

Lemma 4.1 Let 0 < 3 <2, >0 and M() = sup,- /\1(2_,—6;92. Then
/ CgPe P s < 12-B12 81201 ()
A <

Proof: A direct calculation gives for 0 < § < 2,

_ —ulé?t 2-8)/2 1 _ o=\
/t yg‘ﬁe—MERSdS _ 1 e €l _ t( )/ 1 e
0 plg>=s WBlE \@-A)J2
where A = p|€|*t and the result follows immediately. [ ]

In the spirit of Foias and Temam (1989) and Lemarié-Rieusset (2000),
one has the following estimate.

Lemma 4.2 Let ¢, n € R*, 0 < s <t Then
e~V —Vimsle—nl—vi=sinl < o1/(2) p=Vile] g—vslé]*/2

Proof: Using the triangle inequality, it suffices to show that

1 1

FED = o+ vIels + V= sl¢] = Vg > 0.

A simple calculation shows that f(r) achieves its minimum value at r =
(Vt—t—35)/(vs) = 1/[v(Vt + Vt — 5)] of

1 Vt—s

vVE+VE—s
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which is non-negative for 0 < s <'t. [ |

Using the above lemmas, it is possible to estimate the bilinear form
B(u,v). When considering majorizing kernel of exponent 1, it is the size
of the data that is used to show that Q is a contraction on a small ball
centered at the origin. For this pointwise estimates of B will be needed.

Proposition 4.1 Let h be a standard majorizing kernel of exponent 6 = 1.
For v =0 or 1, let C(1,7) = (2m)~%/227. Then for u(z,t),v(x,t) € Fr,r,
and 0 <t <T,

1 _ vl

|B(it,0)(&,0)] < Julg, ls,  B(EeVHIC(1,) - /@)

Proof: Considering the case v = 0 first one has;

N t 2 _3
|B(ﬂ7ﬁ)(§’t)| < |u||.7:h,o,T|U||.7:h70,T/0 [e_ym S|§|(2ﬂ-) 2 /h(g_n)h(n)dn]ds
3 ¢ —v€|?s
< lulg, ol 5E) 27 [ eIl

L1 = ey,

_3
< ulg, , lol, , PO E

Similarly, for v = 1 and using Lemma 4.2,

A

. b le2s _3
B@,0)& 0] < I, bls,,, [ [l

/h(f _ n)h(n)e—mw—me—mmdn} ds

- v — ¢ —v|€|%s

< il ol AV @ 2m)E [ el 2
_ v _§2 _ulel2

< lulg, , lol, ,  hl€) PN @ (2m) 32 (1 — evidfr2),

When using majorizing kernels of exponent 6 < 1, estimates on the norm
of the bilinear form B(u,v) are obtained using the time integral as follows.
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Proposition 4.2 Let h be a standard majorizing kernel of exponent 6 < 1
and let C(0,7) = M(0 + 1)(27)73/2270+FD/2 ywhere M (0 + 1) is defined in
Lemma 4.1. Then for u,v € Fp 1,

1B(w, o)l < I

v
]:h,’y,Tl Flu’y,T

0+1)/2
(6, ~)T-0)/2 (1>( " i)

v

Proof: Considering v = 0 one has

Bao)l€6) < @n) Pluls,, ol , [ 18] [l ph(dn] ds

T 2
(2m) Y, , ol 2E) [ 1610 s

2/ 1 (6+1)/2
< @0l ol HOM( +0) ()

14

IN

7(1-60)/2

Similarly, for v = 1 use Lemma 4.1 and Lemma 4.2 to get

~ t
1B(a,9)[(6,1) < 2m) Pl lvlg, |, / H [e‘”'f'28 / e~ VEIslemnl g —vi=slh
b, 1, ,1, 0
h(§ —n)h(n)dn) ds

B v - ! —v|€]2%s
< (27) 3/2,1/(2 )”uI}—h,l,T|v"]’—h,1,Th(£)e \/i\ﬁl/o |€|1+9€ €1%5/2 7.4
< (27[_)_3/261/(21/)”ulfh,l,Tlv”fh,l,Th(g)e_\/ﬂﬂ
9 (0+1)/2
M(1+0) (_) -2
v

The first result on global existence is an immediate consequence of these
propositions assuming the initial data and forcing are small. As noted in the
introduction, the solution determined by this theorem exists for the same
time interval on which the forcing remains small.

Theorem 4.1 Let h be a standard majorizing kernel of exponent 6 = 1.
For v =0 or 1, let p, = p,(v) < min{1, (v/2)(1/C(1,7))} where C(1,7)
is defined in Proposition 4.1. Then, if ||e”tAu0(x)||fhmT < pe @) and
|](A)_1g(w,t)|]fMT < py(v/2)e=/ @277 the Navier-Stokes equation have a
unique solution u(x,t) € Fp, 1 satisfying \|u||fMT < py.



Majorizing Kernels & Stochastic Cascades 43

Proof- Let F(&,1) = e P00 (¢) + JLe " EPsg(¢,t — s)ds.
Consider the case v = 0 first. Then

F(E 0] < pohl€) (e 4 S(1 = 7)) (37)

Also, if |ulz, . < po it follows from the choice of py and Proposition 4.1 that

Bl (€, 1] < poh(€)5(1 — ), (39)
Thus, using (37) and (38), one has
|Qlits o, 3(€, )| < |F (&, )] + | B, @) (& )] < poh(€)
and so if also ||v|fh’0’T < po, using Proposition 4.1 one has

1B, w) = B.vlg,,, = |Blwu—v)+Bu-vlg,,
< p00(17 0) (2/1/)(||U - U"}—h,o,T)'

The result follows by the contraction mapping theorem since poC(1,0)(2/v) <
1.
Considering v = 1, note that |tg(¢)|/h(€) < pre™/ ) so

e VP g (€)] < prh(€)e B < pp(e)e Vil P2 (39)

where in the last step, Lemma 4.2 with s =t was used. Similarly,

t 1 t
[ et —s)sl < prh()g5e®) [ grevies
0 0

22
— lv t —v S
< pih(§)e \/%|E‘§§ o € < P2¢[Pds
1
< ph(§e IS (1 — et (40)

where in the last step, Lemma 4.2 with = 0 was used. Thus, from (39) and
(40) it follows that

R 1
[B(€,1)] < prh(€)e™ T |2 4 2 (1 — 712 | (41)
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As before, if [u|z, < p1, it follows from the choice of p; and Proposition
4.1 that a

B, 0)(€,1)] < prh(©)e V(1 — ¢ e (12)

Thus, using (41) and (42), one has for ||z, < p1,

|0l tio, §)(€, )] < prh(&)e VI
So if also [v], < p1,

|9la; o, (€, t) — QL3 0, §)(&, ), = 1Blw,u) = B, ), .,
— |Blwu—v)+ Blu—v,0)5

2
< PO (u =ty ),

and as before the proposition follows by the contraction mapping theorem.

It is possible to show that solutions exist locally in time when the forcing
satisfies a bound involving fractional powers of the Laplace operator. A result
along this lines is given by the following theorem.

Theorem 4.2 Let h be a standard majorizing kernel of exponent 8 =1 and
let p, be as in Theorem 4.1. Then if ||6”tAu0(x)||fMT < p, and for some

0<B<2, (—A)P2g(x,t) € Furr, then there exits T and u(z,t) € Fiom,
satisfying the Navier-Stokes equation and |ulz, < py.

Proof. New estimates are required for the forcing term. Considering first
v =0, note that 0 <t <T

t t
‘/0 efu‘ﬂ?sg(é-,t_s)dsy < “glfh,o,Th(é-)/O e*V|§\23|£|ﬁd8
B(EM (B35

IA

lg

Fh,0,T

where in the last step, Lemma 4.1 was used.
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As in the proof of Theorem 4.1 one has for 0 <t < T
NS5 A v —vl€)?
|Qlissito, g)(&, )] < () [[e"uoly, , e
1 2
(2-8)/2,,-6/2 2 -3/27 (1 _ —vIEPt
Holg, MO D2U g fufl, | (2m) 2 (1 eI
The result follows by choosing T, small enough so that Q is a contraction of

the ball of radius p, centered at the origin into itself.
Similarly, for v = 1, one has

t 25 A t—l/2$ —V/t—s
[ e et = s)ds| < gl h(E) [ eI jgl e s

t
lols, h(€)e Vil 1/C0) /0 e VIEPs2 g g

< lgly, , PO VIIM(B)E=DP2 (1 j2) =012
Thus,
‘QA[@, ﬂo,g] (é,t)| < h(g)ef\/z\ﬂ {HeutAuO"fh’LTerlﬂ t
_ _ | el
Holg, M@Vl | 2m) (1 - e

As before, the result follows by choosing T, small enough so that the con-
traction mapping theorem can be applied to O as a mapping on the ball or
radius p, centered at the origin. ]

Finally, a further local existence result can be obtained if majorizing
kernels of exponent # < 1 are considered.

Theorem 4.3 Let h be a standard majorizing kernel of exponent 6 < 1.
Assume that for some 1 < <2

(A)_’gﬂg(x, t) € Fuqr- (43)

Then, for any initial data e®uo(x) € Fp,1 and forcing satisfying (43) there
evists T, < T and a unique u(x,t) € Fp 1, satisfying the Navier-Stokes
equation.

Proof: A straightforward calculation shows that F(&,t) = el tqy(€) +
I e*”|§|25§(§, t — s)ds satisfies

IFly, <M
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for an appropriate M.
Using Lemma 4.1, it follows that

1Qlas i, 9] = Fly, , < |IBluuly,

2 j—
o= Flp,_, +1Flg, | M(,0T0072(44)

IN

Similarly,

"Q['aa ﬂo, g] - Q[@a @Oa g] ||~7'—h,w,T |B(U, U’) - B(”? U)

||fhmT

<

< IB(u, (u—0)) + Blu—v,0)l,

< MEO)(ulg_, +lls ) (45)
fu—ls, , TOO. (46)

Now, use (44) and (45) to choose T, < T such that if for some p > 0,

IU - Fl]—'h,,ny* < P,

@ is a contraction in the ball centered at F' of radius p. [ ]
Remark 4.2. Theorem 4.3 establishes uniqueness and regularity for solu-
tions to (FNS) on a finite time interval [0,7%) for all initial uy € Fj -,
without further restricting |uo||fhmT*. Here T, — 0 as v — 0. This is con-
sistent with other known local existence and uniqueness theorems, e.g. see
Temam (1995), Kato (1984).
Remark 4.3. Recall that a Banach space X is called a limit space for
the Navier-Stokes equations iff |u], = |us|y where uy = Au(Az, \%t). If h is
a majorizing kernel with exponent 6 = 1 then hy(§) = A2h(£/N) is also a
majorizing kernel of the same exponent. Moreover, if uw € Fj, 7, ux € Fp, 41
and |u"ﬂ,7,:r = |]u,\\|thyT. Thus an exponent one majorizing kernel h such
that h = hy defines a limit space X = F}, , r in the usual sense, whereas the
relation |ulz, = = “U,\”fhme defines a slightly more general version of this
notion. Nonetheless the global existence result of Theorem 4.1 is in agreement
with the similar results known for the usual limit spaces; c.f. Cannone and
Meyer (1995), Cannone and Planchon (2000), and Chen and Xin (2001).
Finally, the relation between the iteration scheme and the expected value
representation of the solution obtained in Section 3 is established in the
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following proposition. For reference, recall that the replacement time of a

vertex v is defined as |
v|

R, = Z Sv\k
k=0

Introduce
A, 0,t) =[|[v|<nVvern)|N[R, >tVve{uecmn(t):|u =n},

and let 1[n; 0, t] the indicator of the event A,,(0,t). Observe that the definition
of the event A, (0,t) and its indicator extends to A, (< i >,t — Sp),i = 1,2,
and inductively to A, (v,t — By), using the shifted binary tree defined by
(31) and the time shift ¢ — S.

Proposition 4.3 Let
ve(€,1) = h(E)xk(€,1)
= hEEL{1[k; €, t]X (0, 1)}

and denote by 1y(€,t) the Fourier transform of the k'™ iterate of the iteration
scheme defined in (36). Then vg(&,t) = k(& t).

Proof: The proof is by induction on k. Note that
w(&: 1) = h(E)Eg—c{1[0;0,¢]X(6,1)}

= h(§)Ee,—{X(0,1)[Sy > t}P[Sy > ]

= h( )xo(€)e eI
@)
The proof for the general case rests on the following identity,

h(E)Eeyme {Beyme {11k + 156, 1] = 111[S) < hm()
X (< 1>t —8p) @e, K (< 2>t —5p)|€c1>,E<a>, S0} =

[ eelelen [ vt — ) @exale —n.t = Hh(E —mdn. (47

To see this, recall that P[ky = 1] = 1/2 as well as both the recursive definition
of the X functional together with the following factorization on the event
[H@ = 1,59 < t],

§>

1k + 1;0,t) = 1[k; < 1 >,t — Sp|1[k; < 2 >, t — Sp]. (48)
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Also recall the exterior condition (10) and the definitions of m given in (8)
and of the transition probability kernel given in (9). With these in mind, the
left hand side of (47) can be computed as

Lt vleosy g2 2hxh(E) _ - B
h(€)2/0 ¢ ’5‘ V<27T)%|£’h(£) /R3 Efezf {1[k7 < 1>t S]X (< 1>t S)

®ellk; <2 >t —s]((< 2>t = 3)[€c1> =1, <o = — 1}
h(§ —n)h(n)
deds

— /Ot e_”|€‘25|§|(27r)_%E§9:§{/RS ki< 1>t —sX(<1>,¢—s)
®£1[k3 <2>t =5l (<2 >,t—5)|lci> =0, 8o = E—n}h(n)h(E —n)dn} ds.

Thus, using the conditional independence of the recursive functional it follows
that the last equation can be written as

e el m) [ BB (< 10— )1k < 1,1 o]}
R [ME = M) Beyozgn {X (<2 >, — 5)1[k; < 2 >t — s]}] dnds

as needed to establish (47).
To complete the proof, condition on the value of the first clock ring Sy,
recall the definitions of m and ¢ given in (8) and use (47) to get

Uk—&—l(gat) = h(g)ESe §{E€9 5{1[k+1 9 t]X (9 t)|§<1>a€<2>750}}
= 1) Pol@e ¥+ o [ PPl 1 — )ds
+ (&)E¢g—¢ {E¢—¢ {1k + 1;0,t]1[rg = 1]1[Sy < (X (< 1 >,1 — Sp)
®£0>< (< 2 >t — SG>’€<1>75<2>7 SH}}

t 2
= A0+ [ (et - s)ds
¢ 2 3
+ [ e gl @m [ olnt—s) ¢ vilg .t — $)dnds
A ¢ 2 3 N N
= Flet)+ [ e glem [t —s) @i —n.t = s)dnds

by the induction hypothesis and the definition of F'. This last equation is
Ugy1(€, ) as claimed. [
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A consequence of the proposition is that the convergence of the iteration
scheme (36) and the existence of the expected value in Theorem 3.1 are
essentially equivalent.

5 Conclusions and Remarks

The introduction and identification of majorizing kernels provides a way to
obtain existence and uniqueness of mild solutions of Navier-Stokes equations
and track regularity of initial data to solutions. The same methods may be
applied to the Fourier coefficients in the case of periodic initial data and forc-
ing. In fact the identification of majorizing kernels is somewhat simpler here
due to the fact that on the integer lattice the origin need not be a singularity
of the majorizing kernel. One may use a lattice versions of the theory for
constructions of majorizing kernels, e.g. Theorems 2.1-2.2 to construct fully
supported majorizing kernels on the integer lattice in all dimensions d > 2.
In the case d = 1 one also obtains cascade representations of solutions to
Burgers’ equation by these techniques. For example majorizing kernels sup-
ported on the positive half-line, h(§) = 1[¢ > 0], also appear naturally and
yield an existence/uniqueness theory for complex-valued solutions in Hardy
spaces HP.

As emphasized in the introduction, in principle the theory may be ap-
proached from the perspective of identifying Fourier multipliers for which
Ee,—¢|X (6,t)] < oo. While majorizing kernels are sufficient for this pur-
pose, this neither exploits the geometric structure of the product ®, nor
the “size” (number of vertices) of the underlying stochastic tree structure
beyond simple first order considerations.
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