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Abstract

This paper concerns with the Cauchy problem in R¢ for stochastic Navier-Stokes
equation

du=Au — (0, V)u — Vp + f(u) + [(o, V)u — Vp + g(u)] o W,

u(0) =ug, divu=0

driven by white noise W.

Under minimal assumptions on regularity of the coefficients and random forces,
the existence of a global weak (martingale) solution of the stochastic Navier-Stokes
equation is proved. In the 2D case, the existence and pathwise uniqueness of a global
strong solution is shown. A Wiener chaos based criterion for the existence and
uniqueness of a strong global solution of the Navier-Stokes equations is established.
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1. INTRODUCTION

In this paper we are concerned with the Cauchy problem for the stochastic
Navier-Stokes equation

W du=Au — (0, V)u — Vp +f(u) + [(o, V)u — Vi + g(u)] o W,
1.1

u(0) =ug, divu=0

in R? and some generalizations of this equation. In equation (1.1), W is a time
derivative of a Hilbert space valued Brownian motion (e.g. space-time white noise)
and the stochastic integral is understood in the Stratonovich sense.? Equation (1.1)
stems from the dynamics of fluid particles given by the stochastic flow map

(1.2) ntz)=ut,ntz)+otn(tz)oW, n0z)=x

with undetermined local characteristics u (¢,2) and o (t,z). The generalized ran-
dom field o (¢, 2) o W models the turbulent part of the velocity field, while u (¢, z)
models its regular component. In [25], [28] it was shown, following the classical
scheme of the Newtonian fluid mechanics, that the regular component u (t,z) of
the flow map satisfies equation (1.1).

Our interest in stochastic flows of the form (1.2) is related in part to the re-
cent progress made on the turbulent transport problem (see, e.g., the works of
Kraichnan, [20], Gawedzki et al. [14], [15], and others). In these works, turbulent
velocity field is modeled by a stationary isotropic Gaussian vector field V (¢, z) with
covariance

EV(t,2)V(s,y) =t — s)C(x — y)
In the divergence free case the spatial covariance C' is defined by its Fourier trans-
form

A Co 22T
06 = Gy e (1 )
where Cyp >0 and 0 < Kk < 2.
The centered velocity field V (¢,2) — EV (¢,x) can be realized by way of its
identification with the random vector field

(13) o (2)- W =3 oF(@)in ().

k>0

where {o*, k > 1} is an orthonormal basis in the reproducing kernel Hilbert space
H¢ corresponding to the kernel function C* and (wy, (t)),~, are independent one-

dimensional Brownian motions. It can be shown (see, e.g., [21]), that each a* is
divergence free and Hoélder continuous of order /2 .

With this application in mind, we study equation (1.1) with non-smooth coeffi-
cients and free forces. In particular, for the coefficient o it is sufficient to assume
that it is bounded and divergence free (in the sense of generalized functions).

The aim of this paper is to develop an analog of the Leray theory of Ls— solutions
for the stochastic Navier-Stokes equation (1.1) and its generalizations.

2Here and throughout the rest of the paper, vector fields on R are denoted by boldface letters.
This convention also applies if the entries of the vector field are taking values in a Hilbert space.
3In fact, Hc is the subset of divergence free fields in the Sobolev space H (d+x)/2 (R4, RY) .



To this end, in Section 2 we prove the existence of a global weak (i.e. martingale)
solution of the Cauchy problem for the stochastic Navier-Stokes equation in R%, d >
2, such that

T

(1.4) E[sup |u(s)|3 —|—/ |Vu(s)|3 ds] < oc.
s<T 0

In addition, we prove that if d = 2 and the free forces are Lipschitz-continuous with

respect to u, there is a unique strong (pathwise) solution with property (1.4). In

this case, we prove the convergence in probability of the approximating sequence.

Section 3 deals with Wiener chaos expansions for stochastic Navier-Stokes equa-
tions. In this section we derive a system of deterministic PDEs for projections of a
solution of stochastic Navier-Stokes equations on the Hermite-Fourier basis in Lo
space of functions adapted to the filtration generated by W. This system is usually
referred to as propagator. We demonstrate that the existence (uniqueness) of a
solution of the propagator is a necessary and sufficient condition for the existence
(uniqueness) of a strong (pathwise) solution of the related Navier-Stokes equation.

The existence and uniqueness of Ls—solutions of stochastic Navier-Stokes equa-
tions was studied by many authors (see,e.g., [2], [4], [5], [8], [9], [10], [11], [12] [26],
[29], [32], [33], etc. %)

The main novel elements in the present paper are as follows:

To the best of our knowledge, all previous results on martingale (L2) solutions
for equations similar to (1.1) were limited to bounded domains. An extension to
an unbounded domain is not trivial since in the latter case the direct application
of the compactness method, which is central to the proof, fails.

The existence of a global martingale solution of the Navier-Stokes equation with
random forcing

(1.5) du=Au — (u, V)u — Vp + f(u) + g(u) o W

in unbounded domain was proved in [6] (Theorem 1.1). Equation (1.5) does not
include a conceptually important term (o, V)uo W. Accordingly, it does not cover
the case of turbulent flows (e.g. Kraichnan velocity) which is central to our paper.
Also, the related results in [6] are limited to the case when d = 2 or 3 and all the
moments of the initial condition are finite.’

As it was mentioned before, in contrast to previous work (see, e.g, [11], [26],) we
do not assume any regularity of the coefficients.

In [24] and [28] it was shown (under more restrictive assumptions) that existence
of a strong solution of a Navier-Stokes equation implies the existence of a solution
of the propagator. However, the converse statement, which is in many ways more
desirable, was not known previously even for linear equations.

Some results of the present paper were announced at the recent Trento meeting
(see [29]).

We conclude this section with an outline of some notations that will be used in
the paper.

4There is also substantial literature on more regular solutions, invariant measures, Kolmogorov
equations and other related topics that are beyond the scope of this paper.

5It should be noted that paper [6] addresses a number of interesting issues (e.g. solutions in
weighted spaces, equations driven by a homogeneous Wiener process) that are beyond the scope
of the present paper.



Let us fix a separable Hilbert space Y. The scalar product of z,y € Y will be
denoted by x - y.

If u is a function on R%, the following notational conventions will be used for its
partial derivatives: d;u = Ou/0x;, 8%— = 0%*u/0x;0x;, Oyu = Ou/Ot, and Vu = du =
(D1, ..., 0qu), and 8*u = (97;u) denotes the Hessian matrix of second derivatives.
Let a = (aq, ..., aq) be a multi-index, then 0% = II%, 9.

Let C§° = Cg°(RY) be the set of all infinitely differentiable functions on R? with
compact support.

s/2
For s € (—00,00), write A® = A% = (1 — Z'Z:l 82/890?) .

For p € [1,00] and s € (00, 00), we define the space H, = H;(Rd) as the space
of generalized functions u with the finite norm

|u‘sm = |Asu|p:

where | - |, is the L, norm. Obviously, HS = L,. Note that if s > 0 is an integer,
the space Hj coincides with the Sobolev space W = W3 (R?).

If p e [l,o0], and s € (—o0,00), H5(Y) = H35(R®Y) denotes the space of
Y —valued functions on R? so that the norm ||g||s, = ||A%gly |, < oo. We also
write L,(Y) = Ly(R%, Y) = H)(Y) = H)(R®,Y). Let C§°(Y) be the space of
Y —valued infinitely differentiable functions on R? with compact support.

Obviously, the spaces C§°, C5°(Y), Hs (R?) and H3(R%Y) can be extended
to vector functions (denoted by bold-faced letters). For example, the space of all
vector functions u = (ul,...,u?) such that A*u' € L,, I =1,...,d, with the finite

norm
|u|S,P = (Z |ul|€,p)1/p7
l

we denote by Hj) = HZ(Rd). Similarly, we denote by H(Y') = Hg(Rd, Y') the space
of all vector functions g = (g')1<;<4, with Y-valued components ¢!, 1 < I < d,
so that |[g|lsp, = (O, \gl|§1p)1/p < 0o. The set of all infinitely differentiable vector
functions u = (ul,...,u%) on R¢ with compact support will be denoted by C.
We denote by C5°(Y) the set of all infinitely differentiable vector functions u =
(u',...,u?) on R? with compact support (all u' are Y-valued).

When s =0, H>(Y) = L,(Y) = L,(R,Y). Also, in this case, the norm ||g||o
is denoted more briefly by ||g||,. To forcefully distinguish L,—norms in spaces of
Y —valued functions, we write || - ||, while in all other cases a norm is denoted by

-]
The duality (-,-), between H (R?), and H,* (R?),p > 2,5 € (—00,00), and
qg=p/(p—1) is defined by

d
(@), = (& ¢),, = Z/Rd [A*¢"] (x) A= () da, ¢ € HE,4p € H,*.
=1

2. NAVIER-STOKES EQUATION IN R¢

2.1. Assumptions and main results. We will consider a stochastic Navier-
Stokes equation on R? in a finite time interval [0,7]. The derivation presented
in [25], [28] suggests the following form of this equation for the unknown functions

U= (ul)lglgd s Dy D



ot (t) = 0; (a7 (t) Ojut (1)) — uF () Ol (t) — Oup (1)
+07 (t)0ult, x) + p(t)hF(8) + f1 (8, u(t)) + 0;(fH (¢ u(t)))

Hok (8! (t,x) +g' (8, u () — 0 ()] - W,

u(0,z) =ug(z), l=1,...d,divu(t) =0 in R? for all ¢ € [0, 7],

where W is a cylindrical Wiener process in a separable Hilbert space Y. If (ey) is a
CONS in Y,

&S]
k
Wy = g Wier,
k=1

where W} are independent standard scalar Wiener processes. In a standard way,
for a Y-valued adapted random function

fs = foeka
k

we define a scalar valued stochastic integral
t t
[ aaw =y [ praw
0 = Jo

(in differential form we write fs - Ws).
In vector form, we write the equation (2.1) as

dpu(t) =0; (a" (t) 95u(t)) — u* (¢) Opu(t) — Vp(t)
+07 (t)du(t, x) + 9;p(t)h7 (t) + £ (t, u(t)) + 0;(£/ (¢, u(t)))

Ho* (1) (t,2) + g (tu(t) — VB (1) - W,

u(0) = v,divu(¢) = 0 in R? for all ¢ € [0, 77,
where hi = (h19)1<j<q, 7 = (f"9)1<1<a, = 1,....d,f = (fr1<i<a, 8 = (9")1<i<a-
~0

Since div u(t) , using the Helmholtz decomposition of vector fields (see Appen-
dix) we have

Vi, z) = L(u(t),t) = (Li(u(t), 1) <<q

= G(o"(t)opu(t) +g(t,u(t)))
and

Vp(t,z) = G[—u" (t)Opu(t) +0; (a™ (t) 0ju(t)) (t) + £ (t,u(t))

+b° (1) d;u(t) + Li(u(t), )h' () + 0; (£ (t,u(t)))]

where G and S are the projection operators defined in the Appendix.



Thus, instead of (2.1) we can consider the following equivalent equation:

Opu(t) = S[0; (a¥ (t) Oju(t)) — uk (t) Opu(t) + b (t)ou(t)
23 +Li(u(t), t)yhi(t) + £ (t,u (b)) + i (£ (t,u (t)))]
| +S[0? (00 (1) + g (u ()] W,

u(0) =up, t €10,7T).

Everywhere below it will be assumed that

(i) @, b’ are measurable functions on [0, 7] x R4, f“I, f! are measurable func-
tions on [0,7] x R4 x R

(ii) o7, h!J are Y-valued measurable functions on [0,7] x R4, ¢! are Y-valued
functions on [0,7] x R4 x R%; and

matrix (a%/) is non-negative.

In addition we assume the following:

B1) |a¥], |b7],| |, | o?|y, | dively, |htI|y are bounded by a constant K, and
there is 6 > 0 such that for all £ € RY,

ij L i
[@¥ (t,2) = 507 (t,2) - 0" (¢, 2)Ei€; 2 S1¢N*;
B2) there exist a constant C' and a measurable function H(t,x) on [0,7] x R?

such that
|fL ()| + [f59 (8 z,w)| + |g! (¢ 2,u)], <

Cluf+H (t,2),

and for all ¢, z, the functions f!(¢,z,u), f*7(¢,z,u),g'(t,z,u) are continuous in
u,where

T
/ H(t, z)° dtdx < .
o JRme

Remark 2.1. Note, that in B1) the derivatives 0;0" are understood as Schwartz
distributions, but it is assumed that divo := Zle 0;0 is a bounded Y —valued func-

tion. Obviously, the latter assumption holds in the important case when Zle 00" =
0.

The main results of the paper are the following two statements.

Theorem 2.1. Let B1), B2) hold and ug € LLa. Then there exist a probability space
(Q, F,P) with a right continuous filtration F = (F}) of o-algebras, a cylindrical F-
adapted Wiener process Wy in'Y, and La-valued weakly continuous F-adapted process
u(t) such that

T
Efsup [u(s)|2 + / Vu(s)2ds] < o
s<T 0

and (2.3) holds. Moreover, if d = 2, then u(t) is (strongly) continuous in t.
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Theorem 2.2. Let d = 2, ug € Lo, BI), B2) hold and for all l,j,t,x and every
u7 ﬁ}

|fl (t7$7u) - fl (t,x,ﬁ) | + |gl (t,m,u) - glt,aj71_1)|y + |fl7j (t,x,u) - flJ (t7x7ﬁ> I

< Klu-1|.

Let (2, F,P) be a probability space with a right continuous filtration F = (F;) of
o-algebras and a cylindrical F-adapted Wiener process Wy in Y.
Then there is a pathwise unique continuous Lo-valued F-adapted solution u(t) to

(2.3) such that
T
E[sup |u(s)|3 +/ |Vu(s)|3 ds] < co.
s<T 0
Moreover, the distributions of the solutions on different probability spaces coincide.

In fact in 2D, we prove the convergence in probability to u(t) of the approxi-
mating sequence u,(t) constructed below.

2.2. Approximations of Navier-Stokes equations.

2.2.1. Construction of approzimating sequence. Let 1, p € C§(R?), 1, p > 0, [wdx =
Jode = 1,0,(z) = e p(a/e),p.(2) = e plw/e). Let ¢ € CF(RY,0 < ¢ <
1,¢(z) =1, if |z| <1, ¢(z) = 0, if |z| > 2. Using these functions, we mollify the
coefficients and the functions of the equation (2.3). Let

A (1, 2) = a¥ (1, 2) — %oj (t,2)- o (t7).

Define
Tta) = G $byya(e) = [yyale—y)o () d
a;](t,x) = Aizj(tx)—i_ 50% (tax) '0-:1 (t,l‘),
Then,
, 1 . 4
(2.4) [ail (t,2) — o5, (t @) - 00, (8, 2))€:; 2 51¢)?.
Let
Falt,zw) = Lgjemylgmea<n f (G2 w)C(u/n),
fhi(t,z,n) = 1{\x|§n}1{\H(t,z)\gn}fl’j(t7fl%“)ﬁ(“/”)a
gn(te,n) = Lajeny Lo <n g (Lo, 0)¢(u/n),

hizj(tvx) = hl’j(tv ) * 7/11/n(33) = /wl/n(l' - y)hl7j(tay) dya

b%(t,l‘) = bl,j(u ) * 1,[}1/”(56) = /d)l/n(x - y)bl,j(my) dy



Define
l)s(t’x’u) = ffz(t,m,-) *(,05(11) = / Yz(taa?,ﬁ)%(u—ﬁ) du,
Nké(t? €, u) = f'i,j (tv €T, ) * ‘Ps(u) = /f'i,j (ta €z, ﬂ)@s(u - ﬂ) du,
giz,e(tvx7u) = g’ll'L(t7l‘7.) *@e(u) = /giz(t7x7ﬂ)<)05(u_a) du,

and choose g,, — 0 so that

T
0 = tim [ [l k) = im0+ i () = 9 1w
(2.5)
+|§£L’En (t,z,u) — §£L(t,z,u)|2) + Eil{mgn}] dzx.

Let leL(t7x? 11) = ~7lL,en (t7:177u)7 f}z’j(taxa 11) = fvlLy,Jen (t,l‘, u)v giL(tvxv u) = giz,sn (t,SC, u)a
and £, = (fL)1<i<a,8n = (¢h)1<i<a. £ = (f})1<i<a hd, = (W) 1<i<a
For each v €H3, we define

Ln(v,t) = (Ln,l(vvt))1§lgd = Q(Ui(t)ajv +8n (1, V),

A, (t,v) = S[0i(al (t)9;v) + b (1)0;v + Ly j (v, t)h? (1)
+£.(t,v) + 0;(£] (t,v))],
B,(t,v) = S[o! (t)0;v + gn(t, V)],

and

N, (t,v) = S[¥,, (v*)0,v]
where U, (v%) = vF V1 /-

Lemma 2.3. Let B1), B2) be satisfied. Then there is a constant C' independent of
n such that for all v € H}

[An(t, V)12 < Cllviie + [H(8)]2 + [Ha(t)]2],

|Bn (t,v)[—12 < Cllvlz+ [H(t)]2 + [Hn(t)l2],
where H, (t) = Hy(t, ) is a deterministic function so that lim,, fOT |H,,(t)|3 dt = 0.
Also, for each ko > (d/2) + 1 there is a constant C independent of n such that
for all v € H} so that divv =0,

[N (t, V)| 2 < CIVI5.



Proof. For v € H}, we have, by Lemma 4.1,

810 (a,? (t) 9;v) + 0:(£},(t,v))]| 1.2

IN

ClIS[(ay’ (£) ;) + £, (£, v)]]2

IN

(| (a7 () 050") + £ (t, V)2

IN

Clvliz + [H(t)|2 + [Hn(t)]2])-
Similarly,
[S[0(1)05V + i (v, )0 (1) + £ (8, V)] |12
< [S[(H)0;v + L i (v, )b (t) + £, (¢, V)] |2
< CbL()0;0" + L (v, ) (t) + £.(t, V)2
< Cllvize + [H(E)|2 + [Hn(t)]2])-

Since |0;0% ()] < K, we have by (2.8) and Lemma 4.1,

S[o5,(0)0v]|—12 < |0i(0h,(t)V)|—1,2 + Do} (t)v]2 < C|vls,

|S[gn (,v)ll2

Let ko > (d/2) + 1. Then, obviously,

IN

Cllvlz + [H(®)]2 + [Ha(t)l2]-

ST (V)0 -k 2 < [ Wi (V7)Y |-y 2.
Since U, (v¥)9v = 0k (¥, (v*)v), we have for each ¥ €C C HE°
<\I/n(vk)8kv,x_f>ko =— /(\Iln(vk)v,akx_f) dx
and by Sobolev’s embedding theorem

| <\I/n(vk)6kv, \7>

IN

Wl < s V@) [ 1)V do

IN

Cl¥ kg2 Tn (V7)]2]v]2 < C|F]ky 2|V ]3-

So,
|8[\I’n(vk)8kv]‘—k0,2 < C|V|§
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Now we construct a sequence of approximations. For each n, we find u= (ul)lglgd =U, =
(u"’l)1<l<d by solving

Opul (t) =0; (aflj (t) ajul (t)) — \Iln(uk (t))@kul(t)
—Oup(t) + b, (£)0jul(t) + Ly ; (u(t), t)hkI (t)
(2.6) +LL () + 0 (i (tu(t)))

+Hok (H)9u (t) + gL, (£, u(t)) — 9ip(t)) W,

u(0) = ug,,, divu(t) =0 for all t € [0, 77,
where W, (u*(t)) =u”(t,-) * V1 /(2),u0,n =0 * ¥y /,,. Equivalently, u,(t) satisfies
dpu (t) = S[0; (a7 (t) Oju (t)) — W, (uF(t))Opu(t)

+0,(1)05u(t) + L g (u(t), )07 (t) + £u (¢, u(t)) + 0;(E] (t,u (1))

+8[0%, ()95 () + g (¢, u (1)) Wi,

u(0) = ug,y, for all ¢.

Proposition 2.4. Let B1), B2) be satisfied, E|ug|3 < co. Then for eachn, there ex-

ists a unique Lo-valued continuous solution u, (t) of (2.6) such that fOT |V, (s)|3ds <
00 , divuy(t) =0 for all t P-a.s. Moreover,

T
supE[sup|u”(t)|§—|—/ IV, (8)[2 df] < oc.
n +<T 0

Proof. Tt is readily checked that for each n there is a constant K, so that for all
t,x,ua,|al <2,

0%, (t )| + |0°a), (¢, )| + 0B, (8, )] < K,

[t zw) = £z ) + |17 (e a) = f7 (2, 0)] < Kplu—al,
|g’f7.(t7x7u) _gfz(taxvﬁ)h/ < Kn‘ll—ﬁ|
and
[a)] (t,x) = (1/2) (07, (t,2) , 07, (t,2)) i€ > 55\€|2'

Also, there is a constant C' independent of n such that

(2.8) ) (8, )| + (b (¢, 2)| + |0, (¢, @)y c,

IN

[tz )|+ | f7 (L z,w)| + g, (e, wly < H(tz) + Hy(z) + Clul,
where fOT |H(t)[3 dt < oo, and H,(z) = Ce21{js|<n}. According to (2.5),

(2.9) lim |H,|3dt =0
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For each v, v €Hi, ¢

(L (v, t) = L i (9,6)) 0], (1) 1.2 10: (b, ()G (7, (1) (v = 9));]]-1.2

IN

+|0:h, (£)G (o, (t) (v — ¥));]|2 +
+C|0;0" (t)(v = ¥)|2 + |gn(t, V) — gn(t,¥) 2

S Kn|v—\7\2.

Since all the assumptions of Propositionl and 3 in [28] are satisfied, there is a

unique Lo-valued continuous solution u,,(¢) of (2.6) such that fOT [V, ()3 ds < oo
P-a.s. Obviously, divu,(t) =div ¥ (u,(t)) = 0 for all ¢, and

/0 /\I/n(un)k(r)akuﬁl(r)uil(r) dxds = 0.

Therefore, by the 1t6 formula for |u,(t)|3, we have
t
un®F = i+ [ [l (900 (5) ~ £ (s, (s)]0yul (5)
0

+2[b3;" (5) Okl (5) + f (5,un(s)) + L (5, un(s)) - b (s)]uf, (s)
(2.10)
+[S[o?, (5) Djun(5) + gy, (s, un(9))][3}} d ds

t
+2 / / (07 (5) Dyl (5) + g (5, wn ()]t () dx AW,
0
Let 7 be an arbitrary stopping time such that
(2.11) E/ |/[Ul’j (5) Bjup(s) + g' (5, wn(s))]up, (5) del3 ds < oo.
0

Since, by Lemma 4.1,

[18169 ()05 (5) + 9 (s, w5 do

: C/W’j (5) Qup(s) +g' (s, un(s)) |¥ da,

using standard arguments (see e.g. [30] Section 4.1) we obtain that there are con-
stants €, C' > 0 independent of n and 7 such that for all ¢

tAT

TAL
Ellan(tAnE+e [ [Vun(s)ds) < Eluof+CE [ (HE)E+ un(s)B)ds
0 0
So, by Gronwall’s inequality, there is a constant C' independent of n, 7 such that

TNt
Ellun(t A7) + / 0w, (s)[2 ds] < C.
0
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Since 7 is an arbitrary stopping time satisfying (2.11), by Fatou lemma, for all ¢,
t

(212) Elfun (0 + [ 0w, () ds] < C.
0

Using (2.12), (2.10) and Burkholder’s inequality, we easily obtain that

sup E sup [, (s)]2 < oo,
n s<T

and the estimate of the solution follows. |

Remark 2.2. Note that u,(t) is a solution of the following equation:
ou,(t) = An(t,un(t)) — Np(t,un(t)) + Bp(t,u,(t)) - We,
(2.13)
u,(0) = wugy, divu,(t) =0.

Therefore, combining Proposition 2.4 and Lemma 2.3, we have the following
obvious statement.

Corollary 2.5. Let B1), B2) be satisfied, Elug|3 < oco. Then there is a constant
C independent of n such that dt x dP-a.e.

[An(tun(t)]-12 < Cllun(t)

1,2+ [H(t)|2 + |Hnl2],

A

[Bn (t,u(t)[-12 < Cllun(t)|z + [H(8)]2 + [Hnl2],

where H,, = H,(x) is a deterministic function so that lim,, |H,|s = 0.
Also, for each ko > (d/2) + 1, there is a constant C' independent of n such that
dt x dP-a.e.
[No(t, wn (1)) ko 2 < Clun ()3

2.2.2. Weak compactness of approximations. For each n, the solution u,, of equation
(2.6) induces a measure P™ on some trajectory space determined by the estimates
of Proposition 2.4.

Denote by Ls 0. the space Ly with a topology of La-convergence on compact
subsets of RY. It is defined by the seminorms

[V|o:r = / |v[*dz, R > 0.
|z|<R

Fix U = HE, ko > (d/2) + 1. Denote by U], the space U’ with a topology defined
by the seminorms

lglv.r = sup{|g(v)|: v € C°, |v|ly <1, suppv C Br}, 0 < R < 0,
where Br = {z : |z| < R}.

Lemma 2.6. The embedding Lo — U], is compact.

Proof. Let {xx},, be a bounded set in Ly. Then there exist a subset {Xy};/~; C
{xXk},>; and x €Ly such that

(2.14) k/lim (xpr, f)g = (%, f), for any f € Lo.

Let {e;},~, be an orthonormal basis in H, ¥ (Bg) . Obviously,



13

2 2 2
ZiZN (xpr — Xvei)U/,R < |xe — X|H*’<o(BR) ZizN |ei|H*’€o(BR) <
(2.15)

2
_A) R0/2 o
C2izn |(=50) o (Br)

where A is the Laplace operator on Lo (Bg) with zero boundary conditions. Since
(—AO)_k"/2 is a Hilbert-Schmidt operator, then for any ¢ > 0, there is N. such
that the RHS of (2.15) is less then ¢ for all N > N.. Now, compactness follows by
(2.14). 1

We remark, that the lemma holds also for arbitrary kg > 2. This could be proved
using arguments similar to those in Remark I11.3.2 in [31]

Let Cpo,1(Uj,.) be the set of U, -valued trajectories with the topology 7; of
the uniform convergence on [0, T]. Let Cjo 71(IL2,,) be the set of Lo-valued weakly
continuous functions with the topology 7y of the uniform weak convergence on
[0,T]. Let Lo, (O, T; H%) be the set of Hi-valued square integrable functions f, on
[0,T] with a topology 72 of weak convergence on finite intervals, i.e. the topology
defined by the maps

T
fs - / <fsa gs>1 d87
0

where g is H;l—valued such that fOT |gs|271’2 ds < oo. Let Lo(0,T; Lo 0c) be the
space of square integrable functions with a topology 73 generated by seminorms

T
[ulo.r.r = / / lu(t,z)|*dz dt, R > 0.
0 |lz|<R

Lemma 2.7. (cf. [32], [26]) Let Z =Clo1)(U},.) N Clo,r)(L2,w) N Lo (0,73 H3) N
Lo (0,T; Lo 0c) and T be the supremum of the corresponding topologies.
Then K C Z is T -relatively compact if the following conditions hold:

(a) sup,ex sups<p |2sly < 00,
T, 2
(5) supse [ 0.f2 ds < oo,

(c) lims—osup,ecx Sup|t—s|<s, |ze — Is|U/ =0.
s,t<T
Proof. It can be assumed that K is closed in 7. The topologies 7q, 77, 72, 73 are
metrisable on K. Consider a sequence (x™) in K. Obviously, (¢) yields that K is
compact in 75 topology. By Lemma 2.6, the imbedding Ly C Uj, . is compact.
Therefore, by (a), (¢), and Arzeld-Ascoli theorem for functions taking values in a
Fréchet space there exist a subsequence (x™*) and a function x such that x™* — x
in Cpo,1(Up,.) "L (0, T; ]HI%) with respect to the supremum of 77 and 7.
Since, for all ue C§°, (x3*,u)p, = (xg*,u) — (x5,u), we have

sup |Xs|y = sup sup (xs, u)/|ul, < suplim,_ _|x7*|, < oo.
s<T s<T ueCg s<T

Next, for every ue C§° there exists R < 0o so that

Sup s<T ‘(XS — x;”“,u)]LQ| < sup s<r x5 — X?’“|U,7R [l .
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It is readily checked now that for every v € U,
kli_r’noO sup s<7 |(xs — X%, v),| = 0.

Thus x"™* — x in C 7)(LL2,) as well. Obviously, for each p >0, R >0

T
(2.16) / |x0* — xs|’[)],’R ds — 0
0

as k — oo. We claim that for each € > 0, R there is a constant C' = C, g such that
for all ue H3

2 2 2
(2.17) |u|2;R <e |u|1,2 +C |u|U’,R‘

Indeed, if (2.17) does not hold there exists € > 0, R > 0 and a sequence u,, € U
such that

‘ung;R > € |un|i2 +n |un‘?}’;R :
Then for v,, = |un|;}zun we have
1>e¢ |V"|i2 +n |vn|2U,;R.

Thus (v,,) is a bounded sequence in Hi and |v,|y.rg — 0 as n — oo. Since the
embedding H3 — Lg .. is compact, [vy|2.z — 0. On the other hand, |vn\2;R =1
for all n, and we have a contradiction. Thus (2.17) holds. Since

T
2 2
sup [ (21, + s < o
n Jo

it follows by (2.16), (2.17)

Nk __
|x X|g.p r — 0.

Let X(t) = X(t,z) = X(t,w) = w(t) = w(t,z), w € Cpn(Uy,.). Let Dy =
O’()((S)7 S S t), D = (Dt+)0§t<T, D = DT.
For each n, the solution u,, to (2.6) defines a measure P" on (Co,1)(Uj,.), D).

Corollary 2.8. The set {P™, n > 1} is relatively weakly compact on (Z , T ).

Proof. By Remark 2.2, P"-a.s.
dX; = [An(t, X (t)) — Np(t, X(t))] dt + dM},
X (0,2) =up (z),

where M} is H, ' C U’-valued martingale such that for each v €U

(MP,v)? 7/0 (Bn(s,X(5)),v)? ds € Myoe(D, P™).
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Let 7, = 7,(X) be a sequence of stopping times such that 7, < T . Let d,, be a
sequence of numbers so that 1 > §,, | 0. We have by Corollary 2.5,
9 Tn(Un)+dn
p" |an+5n - M'?n|_1,2 = E| (o) B (s, un(s)) ~dWS|2,1’2
Tn(Un

Tn(Un)+on
CE[0,, sup |u,(s)|3 +/ |H (t)|5 dt]
s<T

Tn (un)

IN

+T|H,|3.

Here and below, with a slight abuse of notation, we write P™ f for an integral of a
measurable function f with respect to the measure P™.

So,
(2.18) lm P M7 s = MP 2, =0,

By Corollary 2.5 and Hélder inequality,

Trn+6n Tn(un)‘i‘(sn
P"/ A (t, X(0)] 1o dt = E/ A (0 ()10

n n(un)
T
< CBE([ Ju®R a0
0
T
SV (HOk +1Ho 2P0 e
0
Therefore
Tn+dn
(2.19) hmP"/ |[An(t, X(t))|=1,2dt = 0.
Also, by Corollary 2.5,
Tn+dn Tn(un)‘i'(sn
P”/ No(t, X (1) 0r dt = E/ N (£, 1 (£)) 0 it
T Tn(un)

< Co,Esup |u,(s))3
s<T
This and (2.18), (2.19) imply that
(2.20) lmP" | X, 15, — X:. |y =0.

Let P} be the natural restriction of P,, to o(X(¢)). By Lemma 2.6, Proposition
2.4, and Prokhorov’s Theorem for Fréchet spaces (see [1]), the family of measures
{P}?,n > 1} is relatively compact on Uj,.. Also, by Aldous criterion, (2.8) yields
that for each T'> 0, n > 0

limsupP™ | sup [X¢— Xl >n | =0.
020 n |s—t[<3,
s,t<T
Therefore, the relative compactness of measures {P", n > 1} on £ with supremum
topology 7 follows by Lemma 2.7 in a standard way (cf. [32], [26] ). 1
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2.2.3. P" as a solution of a martingale problem. For v € C(R?), denote
(5, X) = o (An(s, Xo) = Nu(s, X), vy, = 1/2(Bn(5, Xa), i, v 131

where i2 = —1 (Let us recall U = HE°, kg > d/2). Notice, that

(An(s, X)V) = — / (a9 (5) 0, X, + £ (5, X.) , S(@v)) da

0

" /(bi;(S)ans + L (X, 8) -1 (5) + £(5, X,).S(v)) da,

(Nn(s8,X4), V), = <\1/n(X§)asz,$(v)>ko = —/(\I!n(Xf)Xs,S(akv)) de,

(Ba(s, X2), V), y = / (0, ()0, X + g5, Xs), S(v)) da.

Applying, the It6 formula to the scalar semimartingale (X;,v) = (X, v), =
[ Xl! dx, we obtain the following obvious statement.

Lemma 2.9. For each n, P™ is a measure on Z such that for each test function
v € C(RY)
t
Ly = etotev) / eIV G (s, X) ds € M, (D, P).
0

(We say P™ is a solution of the martingale problem (ug, Ay, By)).
For v €H3, we set

A(t,v) S[0i(a™ (t) 9;v) + b (1)3;v + Lj(v,t)h? ()

+£(t,v) + 0;(F7 (t,v)],

N(v) = S[*ov],

and
B(t,v) = S[o'(t)div + g(t, V)],
where
L(v,t) = (L;(v,)1<j<a = Glo* (t)0;v + g(t, V)].
Let

. , 1
¥ (S7XS) =10 <A(57XS) - N(Sa XS)?V>k)0 - 5‘ <B(S7XS)7V>]@D,Y |§’

Definition 2.1. We say a probability measure P on Z is a solution of the martin-
gale problem (ug, A, B) if for each v € CP(R?)

t
Ly = et [ entX v (s, X,) ds € M, (D, P),
0

and Xg =ug P-a.s.
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2.3. Existence of weak global solutions. In a standard way, we obtain the
following statement.

Theorem 2.10. Assume B1)-B2) are satisfied. Then for each ug € Lo there is a
measure P on Z solving the martingale problem (uo, A, B) such that

T
(2.21) P[sup | X (t)|2 +/ |X(s)|i2 ds] < 0.
+<T 0

Moreover, if d = 2, then P-a.s.
T
/ |A(s, Xs) — N(s,X,)|? 5 ds < oc.
0
Proof. We follow the lines of the proof in [26]. Since the set {P™,n > 1) is relatively

compact, we can assume that a sequence of measures (P™) converges weakly to some
measure P on Z. Let w,, — w in Z. Then, by Lemma 2.7

T
222)  sup{sup(a (9, + W)+ [ (wnls)l, + o)}, ds <,
and for each R > 0,v € C§°
(2.23)
T
/ / lwn(s,2) — w(s,z)|* dzds + sup /(wn(s,x) —w(s,x), v(z))dx — 0,
o Jiel<r s<T

as n — oo. Also, for each w € Ly ([0, T]; H, 1),

(2.24) /0 (W(s),wn(s) —w(s)); ds — 0,

as n — oo.

It follows from (2.22), (2.23) that the sequence wy(t) is weakly relatively com-
pact in Ly([0,T];Hi). This and assumptions B1), B2) imply that the sequence
(L{"Y (wp)) is equicontinuous in ¢ with respect to n. Indeed, by Lemma 2.3, there
exists a constant C' independent of n so that dt-a.e.

|Nn(wn(t),t)|,k0’2 < C|wm(t)|§7

[An(t,wn(®) 12 < Cllon(®)l2 + [H ()2 + [Hnla],

IN

[Bn (t,wn (£)) []-1.2 Cllwn(®)l2 + [H(#)]2 + [Hnl2].
So, dt-a.e.
en(twn®)] < CVlke2 + VT 2)(|wn ()12
(2.25)
+sup jwn(8)[3 + [H (t)]2 + [ Hnlo-
Therefore, by Holder inequality, there is a constant independent of n such that for
each r < s,

| / e wn V) oV (1w, (8) dt) < C(|r — s| + |r — s|/?),

and equicontinuity in ¢ of the sequence (L;"" (w,,)) follows.
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Now we prove that for each t € [0, T],
(2.26) LY (wn) — LY (w).
By (2.22), (2.23), and (2.25),

sup [l (8 ¥) _ grol@v)|
s<T

T
/ 0N V(1 o (1)) dE— @O Y (4 o () dt — 0,
0

as n — 00. Also, notice

[ Basoal®),0) b (0).5(v)) do
(2.27)

- / (03, (D030 (1) + g (£ 0n ()] - GL(HE (DS (v)');] da

Since
O—hm/ )S05v)[5 + 1|, (t) = b (£))S(v) I3

+oh (8) - Gl (S (v)'); — o (1) - G (£)S(v));15 dt,
it follows by (2.24), (2.22) that

im teL0<"’(S)"’> —(a¥ ()0l (s )t (8)0:w! (8)S(v)!] dx ds
im | [1-@ ©054,(55050) + 5 (5105, ()5 (0)')

- / el / [~ (0¥ (505! (5)S (850" + b (5)0j001 ()8 (v)') d,
0

and

im [ 0O [ 1 60500(6) - G09S s

= [ [0, -G0S, drds.
0

By (2.5) and (2.23), it follows for each m > 0,

hmsupn/ /| (£, wn () — £(t,w (1)), S(v))| da dt

IN

C[hmsupn/ (/ £, (£ wn (1)) — £(1 w(t)|? d) /2

0 |z|<m

T
limsup, / (Bt n(B) ]2 + £ w(B)]2)( / S)| d) )

|z|>m

IA

A% 2 X 1/2.
o /Wm ISP de)



Since m is arbitrarily large, for each ¢

im ' gto{w(s),v) wn (s v))dz
l / /( (fu(t,wn(5)), S(v)) d

(2.28)
= /O/(ebo<w(s),V>(f(t,w(s)),S(V))dx.
Similarly,
im ¢ D) (£ (100, (), DuS(v)) da
g /0 /( (£1.(t,wn(s)), 0:5(v)) d
= /Ot /(ebo<w(s)7V>(fi(t7w(8)),8i3(v)) dz,
and

im teb()(“’(s)’v) s, wn(s)) - I()S(V) ;] dz ds
i | [ Ba(s.ao)) - Gl ()Y dnd

- / ey / &(5,w(s)) - G(hH (5)S(v)");] de ds.
0

Therefore, for each t,

t t
lim / e @IV (A, (5, w0 (5)), V), ds = / e V) (A(s,w(s)), V), ds.
" Jo

0

Since

Qu(s) = / (09.(5)0;0(3) + &n (5, 0(5)) - S(v) da

= [len(s0as) = 0% sJin(s)) - S)

—0? (8)wn(s) - 0;S(v) du,
by (2.22), 2.23), we see that there is a constant C' independent of n such that
Qn(s)] < C(1+[H(s)]2)].
As in the case of (2.28), we obtain

t

lim [ etV |Qn(5)[3 ds

n

0
t .
lim / GOV (B (5,w0n(5)), V), y 3 ds
n 0 ’

/0 eio(@(®):v)| / (07(s)dw(s) + g(s,w(s)) - S(v) dx|3 ds

t
_ / @OV | (B(s,w(s)), Vv |3 ds.
; :

19
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Finally, we prove that for each ¢,
(2.29)

t t
lim / OOV (N, (5,0 (5)), V), ds = / @OV (N (5,w(s)), V), ds.
" Jo 0

Let ¢ € C°(RY),0 < ¢ < 1,¢(x) = 1, if |z| < 1, ¢(x) = 0, if |z| > 2. First of all,
for each m > 0,

lim /0 eto(w(®)v) / (T (WE (8))wn(s), S(OkV))C(x/m) da
(2.30)

= /em“’(s)’v> /(wk(s)w(s),S(@kv))C(a?/m)dx.
0

Indeed,

T
/0 / (ki (5)) — wE () (), SOv))C (/m)] de
T

< c/n) / Veon(8) sl ()| ds < C/n — 0,

as n — oo, and by (2.23),

T
/O / (@ (5))wm(s) — ¥ (s))w(s)[C(/m) diz — 0.

Thus, (2.30) follows. On the other hand,

/(I(‘I/n(W’Z(S))wn(S)I + 1w () (s)IS(0rv)) (1 = (x/m))| dw

< C(Iwn(5)|§+Iw(S)Ii)Isgplé‘(akV))(l—C(fﬂ/m)l

IN

Csup [S(0v))(1 = ((x/m)| — 0,
as m — oo (by Sobolev’s embedding theorem). So, (2.29) holds and (2.12) is
proved. Since the sequence (Ly"Y(wy,) is equicontinuous in ¢,

(2.31) sup |LTY (w™) — LY (w)| — 0.
s<T

Thus for each compact set K C Z,

sup |L¢Y (w) — LY (w)| = 0.
s<T,weK

Since {P™,n > 1} is relatively compact, by Prokhorov’s Theorem for topological
vector spaces (see [1]), for each n > 0,

(2.32) lim P" <sup |LYY — LY| > 7]> =0.
n s<T

For M > 0, define
Ty =inf (¢: |LY| > M).
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Let 7™ =inf (¢ : |Ly"Y — LY| > 1), 7%, = 7 A 7". Then we have by (2.32)

(2.33) P" (" < t) <P" (Sup L™V — LY| > 1) 0,
s<T
as n — 00. Also, obviously,
(2.34) iu};) LZ/’\‘;z <M+1.
Let P (tp = 7ym—) = 1, where 7p— = limsjo7p—s. If 7a7 (w) = 7y— (w) and

w" — w in Z, we have by (2.31) for each T' > 0,

(2.35) sup

1 L2y () = L

SAT M (w

)(w)‘ — 0.

Let s <t and f be a bounded D,-measurable P-a.s continuous function. Then, by
(2.32)-(2.35),

0=P" 1 (L%, = L0 )| = P (Biary = L¥r)]

Thus, P is a solution of the martingale problem (ug, A, B).
In the case d = 2, the following inequality holds for all v €HJ :

(2.36) v]a < 2Y4 v ]33 V]2
By Holder inequality, for each v €eCgP,

|/Xk(t)8le(t)vl | < (/|X(t)|4dx)1/2(/|Vv|dx)1/2

< CIX(@)[2/VX(H)]2]v]12

dt x dP-a.s.So,
IXE(O)ORX (1) 1,2 < CIX(1)]2| VX ()2,

and . .
| X 0RX O ade < Comp XOB [ 19X OB < o0
0 t<T 0
P-a.s. Then, obviously, P-a.s.,

T
/ |A(t, Xi) = N(t, X)|* 1 o ds < o0,
0

and by [30] X; has an La-valued (strongly) continuous modification of X; (also, the
It6 formula holds for | X;|3). I

Now we shall prove of Theorem 2.1

Proof. According to Theorem 2.10, there is a measure P on Z such that (2.21)
holds and P-a.s. for each v €C§°,

t
(Xt,v) = (ug,v) —|—/ (A(s, Xs) — N(S,Xs),v>ko ds+ MY,
0
where MY € M,.(D,P) and

t
M2 f/o [(B(s, X), V), y |3 ds € Mie(D, P).
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Since
(B(s, X.) V), y = / (0 (5)0: X + (s, X,), S(v)) dr,

and

T
P/ 0 ()0 X, + g(s, X,)|2 ds
0

T
< cp / (VX2 + [ X2 + [H()) ds < o,
0

there is an Lo-valued continuous martingale M; such that P-a.s. (M, v) = M} for
all ¢. Indeed, we simply take an Ly basis (ej) and define

M, =" Mf*ey.
k
Thus, P-a.s.
WXy = A(t,Xy) — N(t, Xy) + O My,
(2.37)
X(0) = .

According to Lemma 3.2 in [26], there exists a cylindrical Wiener process W in YV
(possibly in some extension of the probability space (2, Dy, P)) such that

M, = /o S(o'(s,X(5)0; X (s) + g(t, X (s))) - dWy,

ie. O.M, = S(o%(s, X (£))0; X (t) + g(t, X (t))) - W;. Thus, Theorem 2.1 follows from
Theorem 2.10. I

2.4. Existence and uniqueness of strong global solutions in 2D. To prove
Theorem 2.2, we will follow the ideas in [17] where a finite dimensional stochastic
differential equation was considered. First of all, we prove the pathwise uniqueness
of the solution in 2D.

Proposition 2.11. Let d = 2, ug € Lo, B1), B2) hold and for all l,j,t,x and
every u, u,

|fl (t,x,u) - fl (t,l‘,ﬁ) | + |gl (t7xau) —glt,x,ﬁ”y + |fl7j (t,x,u) - fl7j (t,l‘,l_l)l

< Klu-1|.

Assume that on some probability space (Q, F,P), with a right continuous filtration
of o—algebras F = (F;) and cylindrical Wiener process W in Y, we have two
solutions Uy, Usg to the Navier-Stokes equation (2.3) such that P-a.s.,

T
sup |Ul(s)\§+/ IVUL(s)2ds] < 00,0 = 1,2.
s<T 0

Then P-a.s., Uy (t)= Usx(t) for all ¢.



Proof. Let U = U;—Ujy. We apply the Ité formula for [U(t)|3

OB = 0O+ [ 24 Uals) - Al Ur(s)). Uls),
~2(N(5,Us(s)) — N(s, Us(5)), Uls)},
(2.38)
H11B(s, Us(s)) — Bls, Us(s))| 3] ds
+2 [ (B, as) = Bl U1 (6)). U)o - W
Notice

/ (UF®OUL(t) — U ().UL0) (UL (1) — UL()) da
- / (UF () — U () 0T (8) (UL (1) — U (1)) dr =

- / U* (1)UL U (2) da.

Using (2.36), we find that for each ¢ there is a constant C, such that

| [Wkwauin - vk o) ol - Ui d

(2.39)

IN

( / U()[* d) / VU, (1) ? de)V/?

IA

Let 7 be an arbitrary stopping time such that

/ /0’3 )0;U(s) + g' (s, Ua(s)) — ¢' (s, Ua(s))|U(s) dz|? ds < oo.

C(UM)2IVU(t)[2|VUs|2 < | VU3 + Co[U(1)[5[VU(1) 5.
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By (2.38), (2.39) and our assumptions, there are some constants ¢ and C' indepen-

dent of T such that for all ¢,
tAT

TAL
E[|U(tm)|§+s/ |VU(s)|3ds] < CE/ [U(s)|3 d)s,
0 0

where Ay = s + [ |[VUy(r)[3dr. The pathwise uniqueness now follows (sce e.g.

Lemma 2 [16]).

Let (92, F,P) be a probability space with a right continuous filtration of o-
algebras F = (F;) and a cylindrical Wiener process W in Y. Let B1), B2) be satis-
fied and E|ug|3 < co. Then, according to Proposition 2.4, for each n, there exists a

unique Lo-valued continuous solution uy,(t) of (2.7) such that fOT |Vu,(s)|3ds < oo

, divu, (t) = 0 for all ¢ P-a.s. Moreover,

T
sup E[sup |u, (t)|2 —|—/ |V, (t)[3 dt] < oo
n  t<T 0
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Proposition 2.12. Assume d =2, ug € Lo, B1), B2) hold and for alll,j,t,x and
every u, u,

|fl (t,amu) - fl (t,x,ﬁ) | + |gl (t,ac,u) - gltﬂxvﬁ)h’ + |fl7j (t7xvu) - flJ (t,:mﬁ) I

< Klu-1|.

Then there exists a unique La-valued continuous solution u(t),t € [0,T], of (2.8)
on (Q,F,P) such that fOT |Vu(s)3ds < oo, divu(t) =0 for all t P-a.s. Moreover,
for each v € CF(R?),i=1,2, R>0,

(2.40)

T T
s%p| (un(t) —u(t),v), H—/O /I n [, (t, x)—u(t,z)| *dx dt4—|/O (Oiup(t) — Ou(t), v), dt| — 0

in probability, as n — oo.

Proof. Let (e,) be a CONS of the separable Hilbert space Y. Then,
o0 o0 2
Y Y
Y:{y:Zykek:ykeR,Zk—g < oo}
k=1 k=1

is a Hilbert space with the norm

1/2
wls = (24
yY_ k2 )
k

and W, is Y-valued continuous process. Consider
E=ZxZxClon(Y)
with the product of corresponding topologies and denote (X}, X?, W;) the canonical
process in E. For © = (w,w,w) € E,
X! =Xt @) =w(t), X7 = X?(t,0) = @(t), W(®) = w(t).
Let gt = O'(X;, S S t) ®O'(X§, S S t) ®O’(WS, S S t), E = (gt+)0§t<T; £ = ET.
For each m,l, the process (u,,u;, W) induces a measure P™! on (E,&). For
v € C(RY),k = 1,2,y € Y, denote
prn(s, X*) = ig (An(s, X7) = N5, X7),v), = 1/2[(Bu(s, X0),v), o +yly,

where i3 = —1. Let

- t -

Lk = (X0 v)+Wiw) _ / ebo<<X5’v>+Ws<y>>¢;vy(s X*)ds

,mAT) ?
0

k=1,2,n > 1. Applying, the It6 formula to the scalar semimartingale <X,g“7 v> +

Wi(y) = <th,v>0 + Wi(y),k = 1,2, we obtain that for each test function v €

CrRY),y €Y,

(2.41) LWV L2V e MG (B, P™).

loc
Since the set {P™,n > 1} of probability measures on Z is relatively compact
(see Corollary 2.8), the set {P™! : m > 1, > 1} is relatively compact. Assume
that for some subsequences m(n) — co,l(n) — oo, P™:H") P as n — co. We
will prove now that

(2.42) P(X}=X?te[0,T) =1



25

Obviously, W; is a cylindrical Wiener process in Y with respect to the filtration
E on the probability space (E,E,P). Let

; 1
@ZW(S’Xf) =10 <A(87X§) - N(S’X§>7V>k0 - 5‘ <B(S,X§),V>k07Y + y|%/7
k=1,2,veC¥RY),y €Y. Define

t
L?’V’y — to{Xe,v)+We(y)) _/0 eL0(<X(S)’V>+WS(y))ng’y(s,Xs) ds.

In a standard way, (2.41) implies (see Theorem 2.10) that
(2.43) LV LYY e Mg, (E, P)
which means that both X} and X? satisfy (2.3). Indeed, (2.43) implies that for
all v € C(RY)
¢
(XEov) = fan v+ [ (A, X8) = NG5, X)), ds M
0
where Mtk’v € Mio(E,P),
¢
AR /0 [(B(s, X5),v),. , [} ds € Mioc(E, P),
and finally
t
MF :/0 (B(s, X5), ),y AW,

k =1,2. Therefore by Proposition 2.11, (2.42) holds.

Let

T

n, - // () — w(t, 2)|2 da dt,

’ 0o Jiz|<R

B = sl () - w09
T

B, o= | / (Ortan (1) — Drug(),v), dt],
0

R>0,veCPRY),i=1,2 Let F(z) = |#|Al,z € R. From the weak convergence
of P™("):{") to P and (2.42) it follows that

EF(I, 0 1m) — 0

as n — 0o, j = 1,2,3. Since this is true for an arbitrary converging subsequence,
we have the convergence in probability of If;hl, 7=1,2,3, as m,l — oco. Therefore,
there exists a Lo-valued weakly continuous process u(t),t € [0, 7], on (92, F, P) such
that fOT [Vu(s)|3ds < oo, divu(t) = 0 for all t P-a.s. and (2.40) holds. For each n
and v € C°(RY),

O (un(t),v) = (An(t,un(t)),v) = (Na(t, wa (1)), v) + (Ba(t, wn(t)), v)o y - Wa,

s

u,(0) = wugy, divu,(t) =0.
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and passing to the limit, as n — oo, in this equation we see that u(t) satisfies (2.3).
According to Theorem 2.10, u(t) is strongly continuous in Lo and the statement
follows. 1

Now we can prove Theorem 2.2.

2.4.1. Proof of Theorem 2.2. Assume that on some probability space (Q, F,P),
with a right continuous filtration of c-algebras F = (F;) and cylindrical Wiener
process W in Y we have a solutions u to the Navier-Stokes equation (2.3) such that
P-as.,

T
sup |u(s)|2 +/ |Vu(s)|3ds < oo.
s<T 0

By Propositions 2.11 and 2.12, we have the convergence (2.40) for the approxi-
mating sequence u,(t). Since u,(t) can be constructed by iterations (see [23]),
the distribution of all u,(t) and therefore the distribution of u(t) are uniquely
determined by uy.

3. WIENER CHAOS AND STRONG SOLUTIONS

In this section we will derive a system of deterministic PDEs for Fourier coef-
ficients of the Wiener Chaos expansion of a solution of stochastic Navier-Stokes
equation (2.1). This system is usually referred to as the propagator. We will
demonstrate that the existence of a solution of the propagator is a necessary and
sufficient condition for the existence of a strong (pathwise) solution of the related
Navier-Stokes equation. Similarly, the uniqueness of a solution of the propagator
is equivalent to the pathwise uniqueness of the related stochastic Navier-Stokes
equation.

First we shall introduce additional notation and recall some basic facts of the
Wiener chaos theory (see e.g. [18], [19], [22], etc).

Let us fix a positive number T < co. Let {my, k > 1} be an orthonormal basis in
Ly (0,T) and {x,k > 1} an orthonormal basis in Y. Write &F = fOT m; (s) dw” (t)
where wy, (£) = (W (t),€x)y . Let o = {a¥, k> 0;i > 1} be a multiindex, i.e. for
every (i,k), af € N = {0,1,2,...}. We shall consider only such a that |a] =
Zk,i af < 00, i.e., only a finite number of af is non-zero, and we denote by J the
set of all such multiindices. Obviously, if o € J, the number a! = Iy ;af! is well
defined. For o € J, write

where H,, is the n'* Hermite polynomial The random variable ¢, is often referred
to as (un-normalized) a!" Wick polynomial.

The most important feature of the Wick polynomials , is that the set
{Ca/\/a,a € J} is an orthonormal basis in Ly (Q, Fp,P) ( see e.g. [7], [22]) .
This result is often referred to as the Cameron-Martin theorem.

By Lemma 15 in [28], the process (,, (t) =F[(,|F:] satisfies the following equa-
tion:

(3.1) dCo(t) = DG, (1) - dW (2).
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where D, (t) = m; (¢) af(a(i’k)(t)ﬂk is the Malliavin derivative of {,, (t); the
multiindex « (i,7) € J is defined by

ok akif (kD) # (j,i) or k=0
(3-2) a(m)f—{ ((;f—l)\/Oifj(k:,lC;:(j,i).

For a, f € J, define | — | = (a1 — B4], laz — Bs], -..) .

Definition 3.1. (¢f. [28])We say that a triple of multiindices («, 3,7) is complete,
written (a, B,7) € C, if all the entries of the multiindex o+ 5+ are even numbers
and la =Bl <y < a+p.

It is readily checked that the following criterion holds:

Lemma 3.1. A triple (a, 8,7) is complete if and only if a + 8+ v = 2p for some
peJ andp < aAp.

For (o, 8,7) € C, we define

oo =52 (52 (24))

Obviously @ («, 3,7) is invariant with respect to permutations of the arguments.

For a € J, write U = {v, € J : (o, B,7) € C}.

Now we can derive the Wiener chaos expansion for a strong solution of stochastic
Navier-Stokes equation (2.1).

For the sake of simplicity, in addition to assumptions of Section 2.1, throughout
this Section we will assume

C1) Functions f! = f!(t,z), f" = f4 (t,z), and ¢' = ¢' (t,x) do not depend
on u.

Theorem 3.2. Let d > 2 and ug € Ly. Assume that equation (2.1) has a weakly
continuous strong solution u(t) such that®

T

(3.3) sup E|u(s)|3 +/ E|Vu(s)|3ds < cc.
s<T 0

Then

i (t)
(3.4) u(t) = ;7 ot S

and the Hermite-Fourier coefficients 0, (t) are Lo-valued weakly continuous func-
tions so that

-~ 2 T A~ 2
(3.5) sup Z 7'110‘0(418)'2 +/ Z 7|Vu;|(s)|2 ds < oo.
GJ . 0 .

SSTa acd

61t should be noted that the existence of a strong global solution is presently known only in
the case d = 2.
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Moreover, the set of functions {1, (t,2) ,a € J} satisfies the propagator equation
(3.6)
Ortig (t) = S[0; (a7 () 05a (1)) — 32, seva oM (t) Oitig (1) (o, B,7) +

bi(t)aiﬁa (t) + Li(ﬁa (t)? t)h7 (t) + I{\oc|:0} (f (t) + ajfj (t7 u(t)))

o™* (£)0sta s 1) (t) My (t) afda + Irja—1pg (1)), € (0,T7;
0 (0) = I{ja|=0} U0,

where
L(u(t),t) = (Lu(u(t), 1)1 <1<q
= G(*(t)dpu(t) + g (1))
Proof. Let us fix a complete orthonormal system {e,k > 1} in Ly so that every
€er € H%

Let u be a strong global solution of equation (2.1) which is Ly —weakly continuous
and so that (3.3) holds. By the Cameron-Martin Theorem, for every ¢

(3.7) o (t) = Z E[(u(t),ei)2C, (t)]e:

and
Elu(t)l; = Xoes a1 Lo (Bl(ut). e)2(, (1) =
N 2
Zaej $ [t ()5 < oo.
Let us fix € J. Owing to (3.3), for any v €L, and any set {¢,} of points
in [0,7], the sequence {¢, (u(t,),v)} is uniformly P—integrable. Therefore, the

weak continuity of u(¢) implies that @i, (¢) is also weakly continuous in L.
The same arguments as before yield that for almost all ¢,

(3.8) (Gru(®)),, == 3 E[@u(t),e)(q (D]e:
=1

and

T 1 17— 2 r 2
/0 Z a‘(aju)a(t)‘zdt:/o E [0ju(t)[5 dt < oc.
acJ

By (3.3) and Fubini Theorem, for all ¢ € C&° (Rd) and almost all t < T

| (00)0) dr == [ B0 Cudo == [ (00(0) d1p) .

Thus, for almost all t < T

(3.9) Bitta (1) = (Dru (1)),
and
T T
(3.10) /0 Z$|ﬁa(t)|i2dt=/o Eu(t) 2, dt < co.

acedJ
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Denote V := {¢: ¢ €C§° (RY) ,dive =0} . Obviously, for every ¢ in (0,7] and

every test function ¢ €V, P — a.a.
(3.11)

Jaa (W), @) da = [ga (o, ) dz — [ [aa (s) (Du(s),dip) duwds+
Jo Jra(e, =¥ (s) Opu(s) + b (s)d;u(s) + Li(u(s), s)h' (s) + £ (s) +
Oif’ (s))dwds + [ [na (9,07 (s)0u (s) + g (5)) da dW.
By (3.1) and the Ito formula, we have
() Jge (0 (t) @) dx = [pa (a® (t) Du(t)(, (t),Dip) dudi+
Jra Ca () (@, — u® () Opu(t) + b (t)pu(t)+

Li(u(t),t)h(t) + £ (t) + 0;f (t))dwdt+

+Cao (t) [ra (00" ()0 (1) + g (1)) dudWi + [ga (@, u(t) DC, (1)) dzd W,y

+ fau (% E ()00 () o .0 ™5 (8) a?derI{‘a:H}g(t)) dt

where oF = (Ui,ﬁk)y
This together with (3.9) and (3.10) yield
(3.12)

S (8o (1)) dz = Ijazopy Jra (0 (0), @) dz + [ [qal(a¥ () 9580 (s), 05¢p) +

o — -

(¢, = (uk (s) Opu(s)), + b°(5)0itia(s) + Li(Ta(s), t)h'(s) + Ija)=oy (f (5) +
(9ifi) + Uik( )it (s ) Gy T (8 (s )a;’?dx + Ifja=1}8 (s)}dxds

Mimicking the derivation in [28] (see formulas (4.20) and (4.21)) one can easily
demonstrate that dsdz — a.s.

(3.13) (u® (s) Opu(s)), = Z 11’7 (s)0itig (8) @ (7, B, )
v,8eU«
This completes the proof. I

Obviously Theorem 3.2 and the Cameron-Martin Theorem yield the follow-
ing result:

Corollary 3.3. The first and second moments of a solution of equation (2.1) are
given by , Eu(t) =09 (t) and

Blu(p =y 2O

acd

Now we will prove that the existence of a solution of the propagator equation
is not only necessary but also sufficient for the existence of a strong solution of a
turbulent stochastic Navier-Stokes equation.
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Theorem 3.4. Let d > 2 and ug € Ly. Assume that equation (3.6) has a solu-
tion { Gy (t, ), € J} on the interval (0,T] so that for every o,y (t) is weakly
continuous in Lo and the inequality

sup Z |ua )Iz / Z |Vua )I2 ds < o0

s<T acd

holds.
Then the process

(3.14) )=y fo () ¢,

is a global strong solution of equation (2.1). Moreover, for every v € Lo, (T (t),v),
is continuous in Lo () and

T
sup E|t(s)|3 —I—A E| (Viu(s)) |3 ds] < oo

s<T

Proof. By (3.5),sup,<r E [0 (t)|§ < 0. Next, we shall prove that E fOT |Va (t)|§ dt <
0.
Write

where Fv ()\) = G )d/z fRdeXp{ i(z,\)}o(x)d.

Since the norms |||-|||; 5 and |v|, , are equivalent, we have
: :

E [y [(Va@)lydt < OB [ |l[a ()|} ot =

T " T ~
Cfy s lllta @I} ofaldt < C" [ 3 e s [a(t)Ro/aldt < oo.

Now, let us show that for every v €Ly (@ (t),v)y, is a mean square continu-
ous stochastic process. Indeed, let {Jny} be an increasing system of finite sub-
sets of J so that Jy 1 J. Write, @V (t) := Y c 7. Ua (t)€,/Val. For every N,

ZaejN (U (2) ,v)]i2 is a continuous function of ¢; consequently, (ﬁN (t) ,V)LZ is

continuous in Ls (2) . Moreover,

limy oo sup, B[ (@Y (1), v),, = (@(1),v),,

2

. ~ 2
My oo SUP; e 7/ 7y (Ua (2), V)1, /ol = 0.

Thus, (@ (t), V), is also a continuous process in Ly (£2).

Now we shall prove that @ (t) is a global solution of (2.1). Let Z be the set of
real valued sequences z = (2F);>1 such that only a finite number of zj, is not zero.
For h(s,z) = zkm; (s) £y, write

pu(2) = exp {/Ot h(s, 2) - W (s) — %/Ot Ih (s, 2)[2 ds} .
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It is readily seen (see e.g. [27]) that
z
(3.15) i (2) = Z —

Obviously, (3.15) yields

(3.16) @ () =Eu()p(z) = Y () .

Thus, taking into account that {1, (), € J} verifies equation (3.6) , it is easily
checked that for every ¢ € (0,7] and every test function ¢ € V,

Jra (@ @) dr = Ijjazoj) Jqa (0(0), ) dz + [ [l (¥ (s) 0;8% (s) , Diep) +
(907 - Zaejz Z ,BeU« (A ( )9078 llg( )) (I)(Ck,ﬁ,"/) +

b ()0i0% (s) + L (07 (s), t)h(s) + Ifjaj=oy (£ (t) + 0587 (t,u(t))))+

(@0 (1) Cacg Oiftagin (5) 5rm; () of + Xac g Iia=1y8 (5) 57) Yads

P-a.a.
Owing to (3.15),

Ep: (2 / /Rd s) Ori(s)) duds

= Z a'/ /Rd o, E 5) Oxti(s)(,,)) dads

aeJ

Now, by mimicking the proof of (3.13) one can show

Ep; (2) fot Jra (@.0* (s) Ort(s)) duds =

Dacs 2 fot Jra 2or peve (@ () 0,055 (5)) @ (v, B, ) dwds.

Next, let us consider

ZOA//WZ ©,0"(1)0ias k) (5)) my (5) afduds.

acJ

Denote v’ (s) := (¢, > ;0% (t)d;u(s)) and write Y = (z[;i,ék)y, 1/12“(]47]6) (s) =

Ey™* (s) Ca(jk) (no summation over k is assumed here). It is readily checked that
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(3.17) Z Oﬂ/ /Rdzwaw m (s) ol duds

Z(J

//Rdz Z (.Jé(jk)() m; (s) dads

=E |p ( /Zz m; (s / V¥ (s) deds

On the other hand, by Ité formula and (3.17),

E{pt(z)/ot Rdzpi(s)dxdws] = E|p( /Zz m; (s / ' (s) dads

Fi(t).

Similarly, one can prove

Jo Jre (2 ac s Ijam1y& (s) 27) dads =

Epi (2) fy [ra (0: 8 () dedW,

Thus, we have proved that for every t € (0,7] and every test function ¢ € V,

(3.18)
Ep (2) [ra (Q(t) ) dz =

Ep; (2) {Igjamofy Jua (W(0), ) dz + [ [qal(a¥ (s) 05t (s), digp) +

+(p, — @ (s) Bpti(s) + bi(s)0;0*(s) + L(@*(s), t)h' (s)+

Ljai=oy (£ (1) + 0587 (t,u(®))))dads + [ [ga (0, 32,07 (0)0:0 (s) + g (5)) dzdW,

P—a.a..
Now, it is not difficult to show that the linear subspace generated by {p:(z)}, is
dense in Lo (2, Ft, P) . Thus, @ (¢) is a strong solution of (2.1). 1

Now we can prove that the uniqueness a solution of equation (2.1) is equivalent
to the uniqueness of a solution of equation (3.6) .

Theorem 3.5. A strong Lo-weakly continuous solution of equation (2.1) with the
property (3.3) is pathwise unique if and only if a solution of equation (3.6) is unique
in the class of La-weakly continuous functions {Gq (t,z),a € J} such that (3.5)
holds.
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Proof. Under the assumptions of Theorem 3.2 any strong solution of equation (2.1)
is given by

()= Y 2l

ol
acd

Therefore, the uniqueness of a solution of the propagator equation yields pathwise
uniqueness of a strong solution of equation (2.1).

If {4} (t,z),a € J} and {02 (t,z), € J} are two solutions of equation (3.6)
such that inequality (3.5) holds. Then, by Theorem 3.4, A strong weakly continuous
solution of equation (2.1) with the property (3.3) is pathwise unique if and only if
a solution of equation (3.6) is unique in the class of Lo-valued weakly continuous
functions {4, (t,z),a € J} such that (3.5) holds.

Let {@} (t,2),a € J} and {42 (t,2),a € J} be two solutions of equation (3.6)
with the property (3.5). Then, by Theorem 3.4, u'(t) = Y ., 0L(t)¢,/a! and
u? (t) = 3 7 2 ()¢, /a! are strong solutions of equation (2.1) with the property
(3.3) . The uniqueness of the strong solution of (2.1) yields that for every a,

i, (t) = Bu' () ¢, = Bu® (1) ¢, = a5 (1).

@

One could give another proof of Theorem 2.2 using Theorems 3.4 and 3.5 (in
this regard, see Remark 3.1 below). We expect that this approach would be useful
in proving the existence of a strong global solution of the Navier- Stokes equation
(2.1) in the 3- dimensional case.

Remark 3.1. If u= (ul)1<l<d is a Lo-weakly continuous solution of (2.1) such
that o

T
sup Elu(s)|3 —l—/ E|Vu(s)|3 ds] < oo,
s<T 0

then

E sup |u(s)]3 < oo.
s<T

Indeed, let ¢ € C§°(RY), 0 > 0, [ pdx = 1,¢.(z) = e %p(x/e). Applying the
It6 formula for |uc(t)|3 = |u(t) * ¢.|3 we have

u 2 = lu.(0)|? t —a"(s)0;ul(s) — fH9 (s,u(s Ejulgs
(0 = a0 + [ [ (2l=a ()0 (s) = 1 (s )Lyl
42 ()01 (5) + 1 (5,(s)) + DH(sv) - B9l o)

+ (07 (5) 90! (s) + g' (s, u(s)) = L' (w,9)):[3 }} dw ds

w2 [ [109 )00 + ' ue) ek () e,
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where

[—a()0u! (s) — f17 (s, u(s))]e = [—a”(s)95u' (s) — f17 (s,u(s))] * ¢,
[B"* ()0 (s) + f* (s, u(s)) + L¥(s, ) - ¥ (s))e =
[B"* (5)0ku! (s) + f* (s, u(s)) + LE (s, u) - BV (5)] * o,
(07 () Qyu'(s) + g* (s,u(s)) — L' (u,8))e = (07 () Dyu'(s) + g* (s,u(s)) — L' (u,5)) * o,

[07 (5) 0u! (s) + ' (s,u(s))]e = [07 (5) Bju'(s) + g' (s, u(s))] * ¢..
Since, for each n > 0,

E sup ‘/0 /[Uj (s) 3jul(8) + g'(s,u(s))]cul (s) daz dW|

t<T

T
< Bsup uc(t)3 + OB [ [Tu(o) + s, u(s) ds
= 0

we derive easily that
E sup |u(s)|3 < oo.
s<T

4. APPENDIX

For the reader’s convenience, we summarize below some useful facts regarding
Helmholtz’s decomposition of vector fields (see e.g. [13], [23] ).

The Riesz transform will be used for the definition of the projections. For f €
Ly(RLY), set

Ry(f)(a) = hmc*/|> B o =)y = 1.
ly

e—0
with ¢, = G(2)/7("*D/2 (G is the Gamma function). R; is called a Riesz
transform. According to [?] (see Chapter III , formula (8), p. 58),
&5

(R;f) (z) = *ZE

where
f(6) = F(f) = (2m)- 2 / 6 f(2) da

Given a function f € L,(R%,Y), we define a vector Riesz transform

Rf = (Rif...., Raf).
For v €Ly (Y') set

G(v) = —RRjv,S(v) =v —G(v).
Then (see Lemma 2.7 in [23]), L2(Y) is a direct sum
La(Y) G(La(Y)) & S(La(Y)),

SLa(Y)) = {gelyY):divg =0},
and G(L(Y)) is a Hilbert subspace orthogonal to S(ILy(Y)).
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The functions G(v) and S(v) are usually referred to as the potential and the
divergence free projections, respectively,, of the vector field v.
The following statement holds.

Lemma 4.1. (see Lemma 2.11 and Lemma 2.12 in [23]) G,S can be extended
continuously to all H3(Y),s € (—o0,00) : there is a constant C so that for all
v e H5(Y)

IGW)ls,2 < Cllv]

5,2, [[S(v)]

5.2 < O |Vls,2-

Moreover, the space HS (Y) can be decomposed into the direct sum:

H; (V) = G(H; (Y)) © S(H;3 (Y)),

and, if £ € G(H; (Y)), g € S(Hz* (V)), then

(41) <fa g)H;(Y)7H;S(Y) = <fa g>s =0.

Also,

(4.2) S(H3 (Y)) = {v €H} (Y) : divv = 0}.
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