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Abstract
This paper concerns the fluid dynamics modelled by the stochastic flow
’I"](t,:E) = u(t’n(t,x)) +o’(t,n(t,:c)) oW

n0,z) =z

where the turbulent term is driven by the white noise W. The motivation for
this setting is to understand the motion of fluid parcels in turbulent and randomly
forced fluid flows. Stochastic Euler equations for the undetermined components
u(t,z) and o(t,x) of the spatial velocity field is derived from the first principles.
The resulting equations include as particular cases the deterministic and randomly
forced counterparts of these equations.

In the second part of the paper we prove the existence and uniqueness of a strong
local solution of the stochastic Navier-Stokes equation in VVP1 (Rd) ,d>1,p>d.
In the 2D case, the existence and uniqueness of a global strong solution is shown.

In the third part, we deal with the propagation of Wiener chaos by the stochastic
Navier-Stokes equation and its relation to statistical moments of the solution.
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1. INTRODUCTION

The relation of the Navier-Stokes equation to the phenomenon of hydrodynamic
turbulence is widely regarded as one of the most fascinating problems of fluid me-
chanics. The onset of turbulence is often related to the randomness of background
movement. One way to model this is to consider a randomly forced Navier-Stokes
equation. Bensoussan and Temam [3] have pioneered the analytical study of a
Navier-Stokes equation driven by white noise type random force. Later, this ap-
proach was substantially developed and extended by many authors (see, e.g. [4],
[5, [7], [13], [15], [21], [35], [41], [51], [52], etc.).

These papers postulated some form of randomly forced Navier-Stokes equation
at the inception point. A somewhat different approach was taken in the recent
paper [40]. This paper assumed that the dynamics of the fluid particle was given
by the stochastic diffeomorphism

(1.1) n(tx)=u(tn(tz)+eotnta)oW, n0z) =z

with undetermined local characteristics u (¢,z), and o (t,2). ? In this setting, W
is a time derivative of a Hilbert space valued Brownian motion (e.g. space-time
white noise) and the stochastic integral is understood in the Stratonovich sense.
The generalized random field o (¢, x) o W models the turbulent part of the velocity
field, while u (¢, z) models its regular component.

The idea of splitting up the velocity field into a sum of slow oscillating (deter-
ministic) and fast oscillating (stochastic) components has been often entertained in
fluid mechanics; important developments along these lines may be traced to work
of Reynolds in the 1880es. Our interest in stochastic flows of the form (1.1) stems
in part from recent developments in modelling a turbulent velocity field by a gen-
eralized Gaussian field V (¢,z) with zero mean and covariance C'(z — y,t — s) =
K(x —y)o(t — s) such that the spatial part is of the form

K9 (x —y) =AY 4+ DY)z —y|* for |z —y| << 1

where k € (0,2) and decays rapidly as | — y| — oo. This model was pioneered by
Kraichnan in his work on turbulent transport [26] and substantially developed later
in a series of work by Gawedzki et al. [16], [17] and other authors. The velocity
field V (¢, x) can be realized by way of its identification with a random field of the
form o (x) - W (t) (see [2], [31], and Section 2.2).

Relating the Kraichnan velocity field to classic fluid mechanics might naturally
lead us to ask: “Can we compensate V (¢, x) by a field u (¢, x) that is more regular
with respect to time variable, so that there is a balance of momentum for the
resulting field U (t,2) = u (t,z) + o (x) o W (t) or, equivalently, that the motion of
a fluid particle modelled by (1.1) satisfies the 2"? Newton law?”3

The answer to this question is positive. Moreover, it turns out that following
the classic scheme of Newtonian fluid mechanics (i.e. coupling (1.1) with Newton’s
second law), a quite general stochastic Navier-Stokes equation

2Here and throughout the rest of the paper, vector fields on R% are denoted by boldface letters.
This convention also applies if the entries of the vector field are taking values in a Hilbert space.

3A priori, it is not clear in what sense the motion described by Kraichnan’s velocity might fit
into the paradigm of Newtonian mechanics.



dyu =Au— (u, V)u— Vp+ f(u)
(1.2) '
(o, V)u = Vp +g(u)]o W

may be derived for u (¢,x) (see [40] and Section 2.2). Special cases of this equation
include the standard deterministic Navier-Stokes and Euler equation as well as
many other variations of the stochastic Navier-Stokes equation considered in the
literature. A more detailed treatment of this subject is given in Section 2. To
emphasize the relation of equation (1.2) to the flow (1.1) involving the (short time)
turbulent component o (x)o W (t) , we will often refer to it as a turbulent stochastic
Navier-Stokes equation.

Section 3 deals with the analytical theory of the stochastic Navier-Stokes equa-
tion (1.2) and some generalizations of this equation. One technically challenging
feature of the SNS equation (1.2) is that it involves multiplicative noise with the
diffusion coefficient depending on Vu.The existence and uniqueness of a maximal
local solution in the Sobolev space WZ} (Rd) for arbitrary d > land p > d is shown
(Theorem 1). Note that owing to the embedding C1~%/? (Rd) C Wp1 (Rd) , the
solution is Holder continuous. The maximal solution is understood in the (prob-
abilistic) strong sense, e.g. pathwise rather than as a solution of a martingale
problem. For the latter, see e.g. [4], [15], [41], [51]. In the case of d = 2, it is proved
in Theorem 2 that there exists a unique global solution of equation (1.2).

We remark that the results of Section 3 do not cover the case of only Holder-
continuous o (z), that assumption being important for Kraichnan’s turbulent ve-
locity model. This case is addressed in the forthcoming paper [43].

The L,- theory of strong solutions of SNS equations was studied in [5] (see also
references therein). In this paper, the local (global in 2D) existence and uniqueness
were proved for a randomly forced Navier-Stokes equation

(1.3) du =Au — (u, V)u — Vp + f(u)+g(u)oW

in a smooth bounded domain of R% (d = 2 or 3). In this equation, the noise
influences the motion of the fluid only by the velocity, rather than by the velocity
and its gradient, as is the case in [4], [15], [39], and the present paper. Consequently,
it does not cover the case of turbulent stochastic flow.

For a substantial body of related work on L,—solutions of deterministic Navier-
Stokes equations, see, e.g. [18], [24], [25], etc.

Section 4 deals with the propagation of Wiener chaos and moment theory for
SNS equations. In this Section, we derive a deterministic parabolic system for the
Hermite-Fourier coefficients in a Wiener chaos expansion of u (¢,z) , which we refer
to as "propagator”. We show that the statistical moments of the velocity field
u (t,z) can be directly expressed via the solution of the propagator. While still an
infinite-dimensional system, the propagator for the SNS equation is a much more
simple object than the related Kolmogorov equation. On the other hand, it is quite
sufficient for dealing with the basic statistical properties of solutions to the SNS
equation.?

4The main results of the paper were announced in [39].
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2. PHENOMENOLOGY OF STOCHASTIC NAVIER-STOKES AND EULER EQUATIONS

2.1. Preliminaries. Classic fluid mechanics deals with two essentially equivalent
approaches to modelling the motion of fluid, namely Euclidean and Lagrangian
formalisms. The centerpiece of the former is the Navier-Stokes equation for the
fluid velocity u(t, z). This equation is expressed in Euclidean coordinates as

Opu + ulu,, — vAu + %Vp =f,in [0, o0) x R4,
(2.1)
u(0) = uo.

In the case of ideal fluid, (2.1) reduces to Euler equation

opu + vlu,, + %Vp =f, in [0, o0) x R,
(2.2)
u(0) = up.

In the case of incompressible fluid, both equations have to be complemented by the
equation
divu(t,x) = 0.
The Lagrangian formalism emphasizes the dynamics of fluid particles. Let us
write n(t,z) for the trajectory followed by the fluid particle that is at point x at
time ¢t = 0. Obviously, n(t) = (n'(t,z),i = 1, ...,d) verifies the equation

(2.3) om' (t,x) =u' (t,m (t,x)),n" (0,z) = z".

The function n(t, x) is usually referred to as a fluid flow or fluid flow map. Equation
(2.3) yields that the fluid flow is defined by u(t, z), a solution of the Navier-Stokes
( Euler) equation. On the other hand, one could argue that fluid flow 7 is an equally
or even more basic notion than velocity u. Indeed, the classic Euclidean approach
postulates that the fluid particle motion is given by (2.3) with unknown smooth
velocity field u; it then shows that this equation, together with Newton’s second
law, yield (2.1) (see e.g. [30], [8]). A more recent approach to fluid mechanics
pioneered by Arnold, Marsden and Ebin (see [1], [14]) treats the fluid flow as an
intrinsically defined infinite-dimensional dynamical system.

In this paper we consider a flow similar to (2.3) but make the fluid particle
subject to turbulent diffusion. The motivation for this setting is to understand the
motion of fluid parcels in turbulent and randomly forced fluid flows.

More specifically, we postulate that the fluid particles motion is given by the
equation

(2.4) f(t,z)=u(t,ntz))+otntz)oW,n0z) =z

where W (t) is a cylindrical Brownian motion in some Hilbert space Y (see [41]),
W = oW (t)/0t, and u(t,z) and o (t,x) are unknown random fields.
The fluid flow map (2.4) corresponds to the velocity field

(2.5) U(t,z) =0 (t,z) o W+ u(t,z).

The singular term of this field, o (¢, x) o W, is referred to as the “turbulent com-
ponent”. If W and o are statistically independent, e.g. if o is non-random,
o(t,z)oW:=o(t,z) - W+ 30, (t,z)0" (t,z).



We remark that Kraichnan’s turbulence model is an interesting example of the
turbulent component in (2.5).

In the generalization of Kraichnan’s model introduced in [16] (see also [17]),
the turbulent component V (¢,z) is modelled by a homogeneous, isotropic, and
stationary Gaussian random field with zero mean and covariance

EV'(t,z) VI (s,2) = K" (x —y) 5§ (t — )

where K% (x — y) = C’é’j 8ij — D% (x — y) .The following asymptotic properties were
assumed:

(i) The spatial covariance K% (z — y) decays fast for |z —y| > 1;

(ii) For |z —y| << 1,

DY (x—y)=D ((d—I— k—1)0;; — kzx;/ |$|2> || .

As illustrated in [31] , one possible construction of a homogeneous Gaussian
random field with the Kraichnan type covariance is given by

o(z)- 1% ()= % (Z o () wk (t))

where w” (t) are independent one-dimensional Brownian motions and o, (z) are
Hélder continuous with an exponent /2 and so that divey (x) = 0 and
Y lo® ()2 <K < .

In this section we will derive equations for u(t,x) and o (t,z). This will be done
by coupling (2.4) with Newton’s second law, in much the same way as it is done in
classic macroscopic fluid dynamics.

The obtained equations include as particular cases the deterministic Navier-
Stokes equation (2.1), as well as Navier-Stokes equation with stochastic forcing
(see [3], [4], [5], [7], [15], [41], [51] etc.).

2.2. Balance of Momentum. Let (2, 7, P) be a complete probability space and
Y be a separable Hilbert space. Let W be an Y-valued cylindrical Brownian motions
on (Q,F,P). Write F}V = (W (s),s < t).

Consider the equation

(2.6) dn(t,x) =u(t,n(t, z))dt + o(t,nt,z)) o dW(t),n(0,z) = x

where o indicates the Stratonovich version of the stochastic integral .
Let us assume the following:
(H1) u is continuous semimartingale given by

(2.7) du(t,z) = a(t,x)dt+ B (t,z) o dW (t)

where a : Q x [0,00) x R? — R% and B : Q x [0,00) x R? — Y% are measurable
and .7-}W -adapted functions for every x; o : [0,00) X R* — Y is a non-random
measurable function.

In what follows, we shall also assume that for fixed ¢, n is an invertible mapping;
a, 3 and o are appropriately integrable and smooth so that the stochastic integrals
are defined and the following manipulations are legitimate. In particular, to define
the Stratonovich integral one needs to assume the existence and some regularity of
the joint quadratic variation (3 (-,x) ,W), (see [29]).



7

One fundamental postulate of fluid mechanics (see e.g. [8] ) is the Newton 2nd
law: “the rate of change of momentum of a fluid particle equals the force applied
to it” | that is to say

dt p(t,m(t))
where F(t, z) is the total force applied to the fluid particle and p(t, x) is the mass
density. For the sake of simplicity, in this paper we assume that p = 1.
In our case the acceleration,

d d . d

—n(t) = — t t —u(t t

S (1) = 2 (o (b () o W) + Zu(tn (1),

is highly irregular. Thus (2.8) shall be interpreted in the sense of distributions, i.e.

for every ¢ € C§° (Rl) ,

(2.9) / o (1)F (t (1) dt = — / & (t) o (. (1)) o dW (1) + / o (t) du (b, (1))

Obviously, both sides of (2.8) must have the same structure. Hence, formulas (2.9)
and (2.11) yield that there exist F}V-adapted functions f : Q x [0,00) x R?
R%g:Qx[0,00) x R+ Y% and d: Q x [0,00) x R+ Y 50 that

Je@OF (tn () dt == [¢' (t)d(t,n (1) o dW (t)+

[ @) (£(t,n @) dt+gt,nt)odW(t))

By the Ito-Wentzell formula (see e.g. Theorem 3.3.2 in [29] or Theorem 1.4.9 in
[47]),

(2.10)

du(t,n(t)) =a(t,nt)dt+ B (t,n(t)ocdW(t)+
(2.11)

u,,ut(t,n(t))dt + ug, o' (t,n(t)) o dW (t)

By matching terms in (2.9) and (2.10) and taking into account (2.11), we obtain
the following equalities:

(2.12) d:o',g:ﬂJrumiai,

(2.13) o= —u,u +f,
Thus, we arrive at the following equation for the regular velocity component u :
(2.14) du= [—u,,w’ +f]dt + [g(t,x) — u,, o (t,z)] 0 dW(2).
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2.3. Derivation of Stochastic Euler and Navier -Stokes Equations.

2.3.1. Incompressible Stochastic Fluids and Euler Equation. A fluid characterized
by flow 7 given by (2.4) is incompressible if n(¢, ) is a volume preserving map. It
can be shown that the latter holds iff

(2.15) dive (t,x) = divu(t,z) =0
Indeed, we may easily see that the Jacobian of i verifies the following equation

o) dJn (t) = Jn () {dive (t,n (b)) - dW (t) + divua (t,9 (t)) dt
2.16
+(1/2) [|dive (t,m (1) [§ + (9; dive)(t,n(t)) - o (¢, n(t))] dt}.

The rest of the proof is similar to the case of o =0 (see e.g. [8]).

Suppose that the fluid is ideal (non-viscous). Similar to that found in the classic
setting, we can assume that the force acting on the fluid particle is of the form F =
—~V P +F where P is the (unknown) pressure and F is the given body force. More
specifically, we assume that f = ~VP*+f g=-VP?+g andd = -VP! +d.
The body force components are considered to be given, while those of the pressure
are subject to determination.

du = [~u,,u' — VP +fldt + (8 — VP4 —u,,0") 0 dW;
(2.17) o(t,x) = —VP!(t,z) +d(tz), divu=0,dive = 0;

u(0,x) = ug(x)
Since divu=dive = 0, we have AP? =divd, AP? =divg, and

AP = div [f — u,,u’].
The number of equations equals the number of unknown functions and so math-
ematically this is a reasonable system.
Write 2¢™” = ¢*-¢7 . Since dive = 0, the first equation in (2.17) can be rewritten
in the It form as follows

g 1
du = |(a"ug,)z; — ugu’ — 3 (gzpap - G) +f| dt

J

+ (g — ug,0”] - dW.

In spite of the presence of the “effective viscosity” term (a*/ug, (t,))s,, which is
induced by the turbulent term, we shall still regard the equation (2.17) as stochastic
Euler equation. First, it was derived for the ideal fluid. Second, (2.17) passes the
ultimate test for Euler type equations, namely, it conserves the energy. Specifically,
it can be easily shown that if there are no free forces, f = § = h = 0, then

(2.18) /|u(t,1:)|2dx:/\u(O,x)\de P as.
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Besides, in ”appearance” the equation (2.17) bears more of a resemblance to
the deterministic Euler equation, since it does not contain the second order term.
A special case of equation (2.17) was derived (very informally) in [21] using the
variational formulation of Euler equation. In this paper it was assumed that o =
const, g =h =0, and W was a one-dimensional Brownian motion.

Now let us consider some comparatively straightforward generalization of the
setup considered above. Let V be a Y-valued cylindrical Brownian motion inde-
pendent of W . Write 7}V = o(W(s),V(s),s < t).

Assume

(HY’) du(t,z) = a(t,z)dt + B (t,x) - AW (t) + v(t,x) - AV (¢)

where a : 2 x [0,00) x RT = R%, 3 : Q2 x[0,00) x RY+— Y9 and v : 2 x [0, 00) x
R?+— Y are ftW’V—adapted functions.

The stochastic integrals in (H1’) are understood in the Itd sense.

Remark 1. The It0 setting has its advantages and disadvantages. One advantage
of the Ité formulation is that it does not require the existence of joint quadratic
variations (g (-,x) W), , (B (-, z) ,W),, and (v (-,z),V), which is a necessary as-
sumption for the existence of the related Stratonovich integrals. On the other hand,
if the fluid particles motion is given by the It6 equation

(219) dn (tv .%) = u<ta n(ta :ﬂ))dt + U(ta Tl(t, x)) ) dW(t)a

the equations (2.15) would not anymore guarantee that n(t, x) is a volume preserving
map. Instead, a more cumbersome condition would be needed. Therefore, we will
continue with the Stratonovich form (2.6)

Of course, owing to (H1’), the balance of momentum considerations yield that
the force must be of the form

d . . .
F=2 (dow) tf4+g W) +h-V()
The interested reader could prove that in the new setting we have
du(t,z) = ((aua,,) —ugu’ — gy, 0" — VP +f)dt+

(8— VP!~ u,0?) - dW(t)+ (h— VP?) - dv(t);

o(t,x) = -VP!(t,z)+d(tz), divu=0,dive = 0;

u(0,z) = ug(x)
where h = —V P4 4 h (for detail see [40]) .
2.3.2. Stochastic Navier-Stokes Equation. Let us drop now assumption ( 2.17) and

assume that the fluid we are dealing with is viscous. This requires the appropriate
modification of the structure of forces acting on the fluid particle. Because of the
molecular motion of particles, the force exerted per unit area on an arbitrary surface
S in the fluid has a component of the form

VU (2,1) 7t = v[Vo (t,2) o W + Vu (¢, 2)]7,

where 7 is the unit normal to S (see [8]). By divergence theorem, this implies
the following structure of forces: f = —VP* + vAu+3Ac,, (t,2) Ac? (t,z) +f,
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g =-VP'+ Ao +g h =—VP?+h The resulting stochastic Navier-Stokes
equation for the components of the velocity field (2.5) is as follows:

du = [vAu+(a"uy,)s, — ug,u’ — (8, — VPL) - o'~

J

VP +f+iA0,, (t,x)- AP (t,z)]|dt+
2200 {
(h - VPd) AV (t) + (g+vAo — VP —u,,0") - dW;

o(t,x) =—-VPt(t,z) +d(t), divu =0,dive = 0;u(0,z) = uy(x)
where v is the viscosity coefficient.

2.3.3. Special cases. Now let us review several important particular cases.
1. Assume that the stochastic components of the force g = h = d = 0. Then, by
(2.12), 0 = v = B8 =0, and we arrive at the standard deterministic Euler equation.
2. Assume that there is no turbulent component in (2.4) and the force has no
turbulent component, i.e. ¢ = g = 0. Then, by (2.12), d = 8 = 0, and the
stochastic Navier-Stokes equation reduces to the following Navier-Stokes equation
with random forcing:

du = [vAu — u,,u’ — VP + fldt + h-dV(t);

divu = 0,u(0,z) = ug(z).

3. Assume that v = 0, 8 = 0 and «,~ are F}Y —adapted. Then, by (2.12), we
have

(2.21) o= —u,u +f— (umiaij)% , 8 =uy, 0’
x;

We then arrive at the following equation for u :
du = [~u,,ut — VP +f—
5 d 7 t i pd .
(2.22) (8-vPY), - (dJ - ij)]dt + (h — VP ) AV (#);

divu = 0,u(0,2) = up(z).
In addition, (2.21) yields
(2.23) AP? = u;pagi — divg.
Obviously, if h = 0, the dynamics of the non-turbulent component u of the velocity
field U = o o W 4 u is given by a deterministic Euler type equation.

We remark that the above results rectify the statement in [40] that equation
(2.17) is ill-posed if 8 = 0.
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3. ANALYTICAL THEORY OF TURBULENT STOCHASTIC NAVIER-STOKES
EQUATIONS

3.1. Preliminaries.

3.1.1. Notation. We begin by outlining some of the notation that will be used in
the paper.

R? denotes a d-dimensional Euclidean space with elements z = (X1,...,xq); if
z,y € R, we write

d
(z,y) = Z%yi, |z| = \/(z, ).

Let us fix a separable Hilbert space Y. The scalar product of x,y € Y will be
denoted by x - y.

If u is a function on R%, the following notational conventions will be used for its
partial derivatives: d;u = du/0x;, 81-2]- = 0%u/0x;0x;, Opu = Ou/Ot, and Vu = du =
(B1u, ..., 0qu), and 8*u = (87;u) denotes the Hessian matrix of second derivatives.
Let a = (a, ..., aq) be a multi-index, then 0% =TI, 9.

Let C5° = C5°(R?) be the set of all infinitely differentiable functions on R with
compact support.

. d s/2
For s € (—00,00), write A®* = A = (1 — > 82/8%2) .

For p € [1,00] and s € (—00, 00), we define the space H, = H;(Rd) as the space
of generalized functions u with the finite norm

|uls.p = |AN7ulp,

where | - |, is the L, norm. Obviously, Hg = L,. Note that if s > 0 is an integer,
the space H,, coincides with the Sobolev space W7 = Wy (RY).

If p e [l,00], and s € (—o00,00), H3(Y) = H35(R%Y) denotes the space of
Y —valued functions on R? so that the norm ||g||s, = ||A%gly |, < oo. We also
write L,(Y) = L,(R%, Y) = H)(Y) = Hg(Rd,Y). Let C§°(Y) be the space of
Y -valued infinitely differentiable functions on R¢ with compact support.

Obviously, the spaces C§°,Cg°(Y), H, (R?) and H;(Rd,Y) can be extended
to vector functions (denoted by bold-faced letters). For example, the space of all
vector functions u = (ul,...,u) such that A*u! € L,, I =1,...,d, with the finite

norm
ulsp = (D [u'2,)"7,
l

we denote by Hj) = HZ(Rd). Similarly, we denote by H(Y') = Hg(Rd, Y') the space
of all vector functions g = (g')1<;<4, with Y-valued components ¢!, 1 < I < d,
so that |[g|lsp, = (O, \gl|§’p)1/p < 00. The set of all infinitely differentiable vector
functions u = (u!, ..., u?) on R with compact support will be denoted by C5°. We
denote C(Y') the set of all infinitely differentiable vector functions u = (u?, ..., u?)
on R? with compact support (all u! are Y-valued).

When s =0, H>(Y) = L,(Y) = L,(R4, Y). Also, in this case, the norm ||g||o
is denoted more briefly by ||g||,. To forcefully distinguish L,—norms in spaces of
Y —valued functions, we write || - ||, while in all other cases a norm is denoted by
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The duality (-,-), between H (Rd) , and H > (Rd) ,p > 2,5 € (—00,00), and
g =p/(p—1) is defined by

d
(b), = (&), = Z/Rd [A°6] (2) A=59 (¢) dx, p € HS,4p € H;®.
=1

3.1.2. Solenoidal and gradient projections of Hilbert-valued vector fields. In this
section we present some facts about solenoidal and gradient projections of vector
fields mostly proved in [37].

We will use the Riesz transform for the definition of the projections. We set for
fels (];{d7 Y),

R;(f)(x) = lim ¢, /y|>€ \y|d]+1 (r—y)dy,j=1,...,d,

e—0

with ¢, = G(%L)/7("+D/2 (G is the Gamma function). R; is called a Riesz
transform. According to [49] (see Chapter IIT , formula (8), p. 58),

_ &+

where
F(&) = F(f) = (2m)- 2 / e~iE%) f () da.

Given a function f € L,(R%,Y), we define a vector Riesz transform

Rf =(Ruf,...,Raf).
For v €ly(Y) set (see [24], [25])

G(v) = —RRjv/,S(v) =v —G(v).
Then (see [24], [25], Lemma 2.7 in [37]), L2(Y) is a direct sum
L2 (Y) = G(L2(Y)) ® S(L2(Y)),

S(L2(Y)) = {g € Lo(Y) : divg = 0},
and G(La(Y)) is a Hilbert subspace orthogonal to S(ILz(Y)).
Remark 2. If f € C§°(RY), it is known (see e.g. [44]) that the classical solution

to

(3.1) Au(z) = f(z), v € R?
is given by the formula

(32) u(w) = [ o= 9)fw)dy
where

[ ey dE - dwa, d>2
T y)_{%mx—m, d=2.

and wq is the volume of the unit ball in R, If f € C*(Y), we may easily show that

(3.3) G(f) =V / T,z —y)f(y)dy = —RR; .
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The functions G(v) and S(v) are usually referred to as the potential and the
solenoidal, projections, respectively, of the vector field v.
The following statement holds.

Lemma 1. (see [24], [25], Lemma 2.11 and Lemma 2.12 in [37]) G, S can be ex-
tended continuously to all H(Y'), s € (—00,00) : there is a constant C' so that for
all v e Hy(Y)

IGI)ls.p < ClIVI]sps ISOV)s.p < ClIVI s

Moreover, the space Hy, (Y') can be decomposed into the direct sum:
Hy, (V) = G(Hy, (V) @ S(H, (Y)),
and, if (1/p) + (1/q) = 1,f € G(H} (Y)), g € S(H,* (Y)), then

(3.4) (f, g)Hg(Y)’HJS(Y) =0.
Also,
(3.5) S(H (Y)) = {v €H, (Y) : divv = 0}.

3.2. Strong solutions of Navier-Stokes equation in RY.

3.2.1. Main Results. Let (2, F,P) be a probability space with a filtration F of right
continuous o-algebras (F;);>o. All the o—algebras are assumed to be P—completed.
Let W (t) be an F-adapted cylindrical Brownian motion in Y.

For v €H}, let G(v,t) = G(v,t, ) be a predictable L, (Y)-valued function and
F(v,t) = F(v,t,z) a predictable L,-valued function. Let us consider the following
Navier-Stokes equation:

ol (t,x) = 0; (@™ (t,z) Ojul (t,2)) — uF (¢, z) Opu'(t, z)
—O P (t,x) + b (t,7)Ou(t,x) + F' (u(t),t,2) +

+[oi(t, 2)0ut (t, ) + G (u (t) ,t,x) — AP (t,x)] Wy,

divu=0,u(0,z) =ug(z), 1=1,...d.

In the vector form, the equation would be
(3.7)
Opu(t) =0; (a (t) 9u(t)) — uf (t) Opu(t) — VP (t) + b'(t)0;u(t) + F (u(t) ) +

F(u(t),t)+ [o'(t)0u (t) + G (u(t),t) — VP (t)] W,

u (0) = ug,divu = 0.

Of course, the unknowns in the equation (3.7) are the functions u = (ul) 1<1<q Prand

P.

Everywhere in this section it is assumed that p > 2. The vector field ug is always
Fo-measurable and divug = 0.

It is assumed that @'/, b’ are measurable F-adapted functions on [0, c0) x R%, and
the matrix (aij ) is symmetric. Let us assume also that o' is an Y-valued measurable
F-adapted functions on [0,00) x RY.

In addition, we will need the following assumptions.
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B1. P-a.s.

1
> (105 a | + (0% V| + 0% o'y < K;
k=0

for all t > 0, z, A € R?, we have

y 1 . , o
KNP 2 [0 (t,2) = 507 (6,2) - o (6, 2) NN > AP,

where K, 9§ are fixed strictly positive constants (notice, that this assumption ex-
cludes Euler equation).
B2(p). For all v e HJ,t >0

F(v,t) = F@,0)], < Clv = ¥y, [|Gv.t) = GE@Dl, < Clv = ¥y,
and for all t > 0,v €Hj,
HG(v, D)l l1p < [IG(0,8)] [1p + Clvly s [F(v, O)|1,p < [F(0,8)[1p + Clv|y

Suppose also that

t
/0 (1G(O. )2, + [F(O,)[,) dr < 0o

P-a.s. for all ¢t.
B3(p). For each M, there is a constant C' such that for all v,¥ € By, = {v €
H, : [v]1, < M}, t>0

IV(G(v,t) = G(V.,1))llp < Clv = ¥]1,p.
Since divu = 0, we have

div (cri(t)aiu )+ Gu(t),t)— VP (t)) —0
(3.8) and
div [—u® (t) Opu(t)) + 0; (a™ (t) O;u (t)) + F (u(t),t) — VP(t)] = 0.

Then, if the expressions in the left hand sides of both equations in (3.8) belong to
H}) for some p > 1, by Remark 2 we have

VB(t,z) =G (o' (t)du () + G(u(t),1)),

and
VP(t,x) = Gl—u* (1)0ku(t)) + 8; (a™ (t) du (1)) + F (u(t), t)].
So, in Ly-theory instead of equation (3.7), we can and will consider its equivalent
form
(3.9) - _
Opu (t) = S[0; (a” (t) Oju (t)) —uP () Opu(t) + b (t)Ou(t) + F (u(t),t)]
+S[o(t)du (t) + G (u (t) , )] Wy, u (0) = uy.
Given a stopping time 7, we define a stochastic interval

[0, c0), otherwise.

o.r = { friell ) o

Let s € {0,1}.
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Definition 1. Given a stopping time T, an H;(Rd)-valued F—adapted function
u(t) on [0,00) is called an Hj-solution of equation (3.7) (or (3.9)) in ([0, T]] if it is
strongly continuous in t with probability 1,

(3.10) u(t)=u(t A7) and/ N1 pdr < ooVt >0,P—a.s.,

and the equality
u(t) = uo + [

t/\T

u' (r) 0pa (r) + 0;(a™ (r)0;u(r) ) + F(u(r),r)]dr+
(3.11)

fé” S(e*(r)ou (r) + G(u(r),r)) - dW (r)
holds in Hg_l(Rd) for every t > 0, P-a.s.

If 7 = oo, we simply say u is an H?-solution of equation (??). The stochastic
integral in (3.11) is defined in the Appendix.

Sometimes, when the context is clear, instead of “Hj-solution” we will just say
“solution”.

If an H-solution in [[0, 7]] is also Hj-solution in [[0, 7]], we call it H NH-solution

n [[0, 7).

Example 1. Let f! be measurable F-adapted functions on [0,00) x R? x R?. Let
Rb* be Y -valued measurable F-adapted functions on [0,00) x R?, and g be Y -valued
measurable F-adapted functions on [0,00) x R? x RY. Given v € Hll,, define

G(Vvt) = (gl(t7xvv(x)))1flﬁd
(3.12)
F(V,t) = (fl(ta :U,V((E))l + (hl’j(t’x)Lj(tvxav))lglgda

where L(t, z,v) = (L;(t,z,v))1<i<a = Glo*(t)0pv + G(v,1)].
Assume that for each t > 0,z € R% u e R4,

ZI :8(s, 2, u)| < Gi(s, ) + Klul,

1
(3.13) Z |08 (s, z,u)| < Fy(s,z) + K|ul,
k=0

1
10ugl + 10uf] + D (1050 |y + 10307 |y) < C
k=0
and P-a.s. for all t

(3.14) /0 (G2 ()2 + [FL(r)[2) dr < co.

The assumptions (3.18), (3.14), imply the assumption B2(p) for G,F defined
by (3.12).

The assumptions (5.13), (3.14) and the boundedness of 0%g(t,x,u) imply the
assumption B3(p) for G.
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Now we can formulate the main theorems on local and global existence and
uniqueness.

Theorem 1. a) Let B1, B2(p), B3(p) be satisfied (p > d) and E(|uol} ) < oo.

Then there is a unique predictable stopping time ¢, P(¢ > 0) = 1, such that for
each stopping time S, [0, 5] C [0,¢) if and only if there is a H}-valued continuous
L, -solution to (3.7) in [[0, S]];

Also, there is a unique H})-valued continuous process u(t) on [0,(¢), such that
limsupy ;¢ [u(t)|1,p, = 00 on {{ < oo}, and u(t A S) is L,-solution of (3.7) in [[0, S]]
for each S, so that [0,S] C [0, ().

Moreover, ifE(|u0|’2)72/p}p) < 00, then u(t) is also H}-solution of (3.7) in [[0, S]]
for all stopping times S, such that [0,5] C [0,¢) and limye [u(t)]1,, = 00 on {{ <
oo} P-a.s.

b) Let B1, B2(p), B3(p), B2(2), B3(2) be satisfied, and

E(luolf , + [uolf 2) < oo,

t
/0 (IGO0, 7)I[7, + [F(0, 1) [7 ) dr < oo

P-a.s. for allt. Then there is a unique predictable stopping time ¢, P(¢ > 0) =1,
such that for each stopping time S,[0,S] C [0,¢) if and only if there is a H, N Hy-
valued continuous L, N La-solution to (3.7) in [[0, S]];

Also, there is a unique H;ﬂH%—yalued continuous process u(t) on [0,¢), such that
lim sup,; - ([u(t)]1p+u(t)|1,2) = 0o on {¢ < oo}, and u(tAS) is an L, NLy-solution
to (3.7) on [0, 5] for each S, so that [0,S] C [0, ().

Moreover, if E(|Uo|g_2/p,p) < 00, then u(t) is also H), N Hy-solution of (3.7) in
[[0, S]] for all stopping times S, such that [0,S] C [0, ().

In both cases, (u(t),() is called a maximal solution to (3.7), and ¢ is called its
explosion time.
If d = 2, a stronger result holds. Specifically, there is a unique global solution.

Theorem 2. Let B1, B2(p), B3(p), B2(2), B3(2) be satisfied, p > d =2, and

E(fwol?_,,,, + luol? ) < s,

t
/0 (IGO0, )12 5 + [F(0, )2 ) dr < o0

P-a.s. for allt.

Then there is a mazimal unique H) N Hy-solution (u(t),C) of (3.7) and P({ =
o0) = 1.

Moreover, for each T > 0 there is a constant C, such that for all stopping times
T<T,

Esup <, (lu(®)[f, + (@)} ) < CIE(Juol7 , +[uolf )

+Jo (1G0T, + [F(0, 1)} , + IG(0,7)[[] 5 + [F(0,7)[] ) dr].

Proof of these theorems will be given in Sections 3.3-3.6.



17

3.3. Mollified Navier-Stokes equation. In this section we consider an auxiliary
equation obtained from (3.7) by applying the standard mollifier to the first term of
the Navier-Stokes nonlinearity (u- V) u.

Let ¢(z) € C°(RY),¢ > 0, [+ dx = 1. Given a scalar function v on R?, we
define

T (v)(z) = { Jv(@—y)v.(y)dy, >0,

v, e =0,

where 9_(z) = e~ %)(x /), € > 0. Similarly, for a vector function v:

\IIE(V)(x) _ { (f ’Ul(z - y)ﬂ’s(y) dy)lv e >0,

v(z), e=0.

For a fixed € > 0, we consider the equation for u = (ul)1<l<d, P P

dpu(t, z) = 9;(a (t, 2)0;u)— T (uF (¢))dpu(t)+D(u(t), t, z) — VP(t, z)
(3.15) +[ok (t, z)0pu(t, z) + G(u(t), t,z) — VP(t,z)] - W,

u(0,z) = up(x), divu =0,

where u(t) = u(t,z) = (u*(t,2))1<r<a and D(v,t) = b'(t)0;v + F(v, ).
Obviously, if & =0, (3.15) coincides with (3.7).
Similarly to (3.7), the equation (3.15) is equivalent to
dru(t) = S[0i(a” (1)0;u(t)) ¥ (u" (1)) dpu(t)+D(u(t), )] + Slo* (t)dpu(t) + G(u(t),t)] - W,
(3.16)
u(0) = uy.

For ¢ > 0 we will solve (3.16) in Hj,s € (—o0,00),p > 2.

Definition 2. Given a stopping time T, an H;(Rd)-valued F—adapted function u(t)
on [0,00) is called an H-solution of equation (3.15) (or (3.16)) in [[0,T]] if it is
strongly continuous in t with probability 1,

tAT
317)  u(t) =u(tA7), / ()2, dr < 00 Vi > 0,P —a.s.,
0
and the equality
(3.18)
tAT ) B tAT
u(t) = up+ S[-V¢(u")0;u+0;(a” (r)0ju) + D(u)]dr+ S(c* 0 u+G())-dw (r)
0 0

holds in H5~'(R?) for every t > 0, P-a.s.

If 7 = oo, we simply say u is an H-solution of equation (3.15).

If an H-solution in [[0, 7]] is also H-solution in [[0, 7]], we call it H NH-solution
in [[0, 7]].

In this subsection, we fix £ > 0 and consider the corresponding equation (3.15)
(equivalently (3.16)).
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For an integer s > 0, we denote

o u(z) — 9°
CW)=duec il = 3 0%l + 3 sup 124 = uly)ly

< oo
T —
la|<s—1 |a\:sflx¢y ‘ y|

Define
H: (Y), if s> 0is not an integer,
B*(Y)=<¢ C*(Y), ifs>0isan integer,
Lo (Y), ifs=0,
and denote the corresponding norms by | - |g-.
The following assumptions will be often used in the future.
A.Forallt>0,z,\€R?,

y 1 . , o
KNP 2 [0 (t,2) — 507 (6,2) - o (6, 2) NN > AP,

where K, 0 are fixed strictly positive constants.
Al(s,p). For all t,x,y, P-a.s.
‘aij(t7x) - aij(tv y)| + |Ui(t7x) - Ui(tvy)lY < K‘x - y|

and 3
la (t)|ps < K, its>1,

la(t, )| < K, if —1<s<1,

la¥(t)|g-s+ < K, ifs<—1.
where € € (0,1).
For all i,t, x
llot(t)]|p: < K, if s>1,
loi(t, )]y < K, if s € (—1,1),
llot(t)]|g-s+e < K, ifs<—1,

where ¢ € (0,1).

A2(s,p) For v eH:™, G(v,t) = G(v,t,2) is a predictable H(Y)-valued func-
tion and D(v,t) = D(v,t, z) is a predictable Hf,_l-valued function, and P-a.s. for
each t

t
/ (DO, 1), + G0, 7)|I2,) dr < 00 ¥t > 0,P — a.s.
0

where 0 = (0,...,0).
A3(s,p). Forevery e > 0, there exists a constant K, such that for any u, v €HZ+1,

|D(u,t,:r) - D(V,t,l‘)|3_17p + HG(u,t,x) - G(vvtvx)”&l’ <

elu—vlsr1p+ K |ju—v|s_1, P—a.s.

We start with the following statement.

Proposition 1. Let s € (—00,0),p € [2,00). Assume A, A1(s,p)-A3(s,p) are
satisfied and E(\uo\ﬁﬂ_z/p,p) < oo. Then there is a unique predictable stopping
time ¢, P(¢ > 0) = 1, such that, for each stopping time S, [0,S] C [0,() if and only
if there is a unique H -solution to (3.15) in [[0, S]];

Also, there is a unique Hy-valued continuous process u(t) on [0,¢) such that P-
a.s. limsupy; [u(t)]sp = 00 on {¢ < oo}, and u(t A S) is a solution to (3.15) in
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[0, S]] for each S so that [0,S] C [0,(). Moreover, for each T > 0,M > 1 there is
a constant C, such that for each stopping time 7 <T AT

Efsup [u(r)[2,, + / ()P, dr] < CBlluol’,, ,, + / (IDO. A,

TST

(3.19)
+1G(0,7)[Z,) dr],

where Tar = inf(t : ju(t)]s,p, > M).
(The pair (u(t),¢) is called a mazimal H-solution of (3.15))

Proof. For each M > 0, we define a function on H

() = u, if |uls,, < M,
Puit) = Mlu[; u,  otherwise.

For every u, @ € Hj, we have obviously |¢,,(u)l, , < M and

lear(W)=pp ()], < 20u =1l
Define a function B, (u) = ufy,,(u),u € H3, where uf = We(ub). There is a
constant C, so that for each u,v € H

(3.20) B, (1) = BY, (V)[sp < CMu— vl
Indeed, if Jul;, < M, |V]sp < M, then
B}, (u) — B (v) = ufu —vfv = (ul —vi)u+vi(u—v)
and, by Lemma 7 in [38],
B, () = BY (V)[s,p < [uf = vE|praifuls,p + [0F gt [u = v]sp < CM|u = v]s,p.
If luls ), < M, |v|s, > M, then
Bi (u) = Bl (v) = ufu —vlvM|v| ;
= [V pl(uf = oE)vM + Mug(u —v) + wtu(|vls, — M),
and, by Lemma 7 in [38],

B (0) — By, (v)|sp < Clluf — vF|gio M + Mul|grolu—v

S,p

+\U§|B\s\ u—vlsp] < CMlu—vls,.

Similarly, if |uls, > M, |v]sp > M, then

B}, (u) — Bh,(v) = ufuM|u| ) — vEvMv| ] =

M|u|;117|v‘;11)[(u1§ - U?)u|v|s,p + vf(u = v)lulsp + U?“(‘ﬂs,p = ulsp)];

and
1BS,(w) = B, (V)s,p < Cllul — vF|gia M + M|vF| 5.

U*V|s7p|v|;;17

+|U§|B\S\ lu — V‘S7P|v|s_,11)} <CMlua— V|s7p~
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So, (3.20) holds and therefore
(3.21) B (w)lsp < CMIul, .

Since (3.20), (3.21) hold, then, according to Theorem 3.3 in [37] and Remark 5.5
n [28], for each M, there is a unique Hj-solution u = uy, of the equation

dyu(t) = 9;(a” (t)d;u(t)) -0k Bl (u(t)+D(u(t), t) + Vp(t)
+ [o*(t)dpu(t) + G(u(t), t) + Vi(t)] - W,

u(0) = ug,diva = 0.
Let 7y = inf{t : |up(t)]s,p > M}. By Corollary 3.6 in [37], P-a.s.
(3.22) up (EATN) =upp (EATa) for all ¢,

if M’ > M. Following the proof of Theorem 14.21 in [22], we consider the set S of
all stopping times S, such that a H-solution to (3.15) exists on [0, S]. Obviously,
S is not empty (737 € S for all M). It is closed with respect to the finite minimum
and finite maximum operations. Let ¢ be the essential upper bound of the set
S. So, there is a sequence T,, € S increasing to . Let U, be a corresponding
sequence of solutions in [0, T},]. The sequence U,, defines a solution u on U,[0, T5,].
Let y; = [u(t)2,, Rm = ( Ainf(t : y; > m). Then u(- ATy A Ry,) is a solution in
[0,T; A R;;,]. Passing to a limit as ¢ — oo, we obtain that u(- A R,,) is a solution in
[0, Rp]. I P(Ry, = ¢ < o0) > 0, then (3.22) would imply that there is a stopping
time S € S such that S > R, and P(R,, = ¢ < S) > 0. This would contradict
the definition of (. Thus P-a.s. R,, < ¢ on {¢( < oo}, and limsup,;. y; = oo on
{¢ < o0}. So the sequence (R,,) “announces” ¢ and ( is a predictable stopping
time. Let S be a stopping time such that P-a.s. S < {. Then u(- A S) is a solution
in [0,5]: it is enough to notice that u(- A R, A S) is a solution in [0, R, A S] and
pass to the limit as ¢ — oo.

Let 7p; = inf(t : y: > m). Since u(- A7pr) = up(- A7), it follows by Theorem
3.3 in [37], that for each T' and M there is a constant C, so that for each stopping
time 7 < 7y AT and all ¢,

tAT
Efsup [u(r A1), + /0 (), dr]

r<r

tAT
< CE[Juo[¢yy , + /O (ID(0,7)[5_y, + [uf (r)u(r)[Z, +[G(0,7)[2 ) dr]

tAT
< CE[luolZyy , + / (ID(0,7)[5_1  + [a(r)[£, +|G(0,7)[Z ) dr].
0
So, the inequality (3.19) follows by Gronwall Lemma. I

Corollary 1. Let s € (—00,0),p € [2,00). Assume A, Al(s,p)-A3(s,p). As-

sume further A1(s,q)-A8(s,q) for ¢ > 2, and suppose that E(|u0\§+1_2/p)p +

q

‘u0|s+1—2/q,q

) < oo. Then the mazimal unique H —solution (u,¢) of equation
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(8.15) defined in Proposition 1 is also a mazimal unique H —solution of the equa-
tion. Moreover, for each T > 0, M > 1, there is a constant C, such that for each
stopping time T < T ATy,

Efsup fu(r)[} , + / (), 1 dr] < CE[Juollyy, + / (DO, )4,

r<

+1G(0,7)[% ) dr], 1 =p,q

where Ty = inf(t : u(t)]s,p, > M).
(The pair (u(t),¢) is called a mazimal H), "H} -solution.)

Proof. Let (u(t), () be the maximal H —solution u of equation (3.15), 7 = inf{# :
lu(t)|s,p > M}. Consider the equation for & :

0:&(t) = S[0:(a” (1)0;€ (1)~ (V° (u" (t A 7ar))E()+D(E(t), 1)]

+S[o"(1)RE() + G(E(1),1)] - W, €(0) = uo(a).

By Theorem 3.3, Corollary 3.7, and Corollary 3.6 in [37], £(¢)= u(t) is also a unique
H?-solution of (3.15) in [[0, 7 as]], and the statement obviously follows. I

Proposition 2. Assume that for each v €H3t', G(v,t) is a predictable H3!-
valued process and D(v,t) is a predictable H;-valued process. Let A, A1(s,p)-
A3(s,p), Al(s+ 1,p), A2(s+ 1,p) be satisfied, E|uo|§+272/p’p < oo, and for all
t>0,v el

GV, Dl [s1p S IGO0, )] st1p + ClViiy e

ID(v,t)]s,p < ID(0,¢)s,p + C‘V|s+l7p'

Suppose also that

t
/0 (11G(0, 1) 21y, + [D(0.7)]2,,) dr < oo

P-a.s. for allt.

Then the unique mazimal Hy-solution of (5.15) is also a unique mazimal H;H-
solution.

Moreover, for each T > 0,M > 1, there is a constant C, such that for each
stopping time T < T AT,

Blsup ()2, + [ 107001, dr] < OBl s,

4 / (ID. ), + G0, )| y1.,) dr,

where Tpr = inf(t 2 ju(t)]s,p, > M).
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Proof. Since the assumptions A, A1l(s,p)-A3(s,p) are satisfied, the existence and
uniqueness of maximal Hp- solution is guaranteed by Proposition 1. Let 7) =
inf{t : Ju(t)|s,, > M}. Consider a linear equation

& (t) = S(i(a” ()0;€(1) =¥ (u* (¢ A Tar)) O’ (t)+D(ult), 1)+

S[lo* ()& (t) + G(u(t),t)] - W,  £(0) = uo.
By Proposition 3.8 in [37], the linear equation has a unique H‘;"’l—solution in

[[0, 7as]], which is also a unique H-solution. Thus, £ = u P-a.s. on [[0, 7x]]. More-
over, for each T, there is a constant C, such that for all stopping times 7 < T ATy,

tAT

tAT
E[ sup [u(r),,, + / ()2, dr] < CBlluol,, 4, + / ([a(r)fy

r<tAT

+ [0 (w” (r)u(r)Ey, , + D0, 1), + (|G (0,r)[1%,, ) dr]
for all ¢. Since
W (¥ (r ATan))u(r) 2y, < CMu(r)[Z,

we have

tAT

tAT
Bsup (a0, [ 10°00)E, 0] < OBl oy, + [ (0,

r<tAT

+1D(0,1)[Z, + 11G (0,r)[[54 ) dr]-

Now the estimate of the statement follows by Gronwall lemma. I

Corollary 2. Assume A, A1(s,2)-A3(s,2),p > 2. Suppose Elugl?, < co. As-
sume further that

t
| D@+ 1600 ) dr < o0
P-a.s. for allt. Let (u,{) be the mazimal HE-solution to (3.15).

Then for each T' > 0, M > 1, there is a constant C, such that for each stopping
time T <T ATy,

E[sup [u(r)|”, + / (P32 Va2, dr < CE[upl? 5 + / (DO, 7,

r<t

+[1G(0, 1) [Z ) dr],

where Ty = inf(t : [u(t)]s,p, > M).
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Proof. Let M > 0,75 = inf{t : |u(t)]s2 > M}. We easily obtain the statement by
Proposition 2 in [38] applied to Hj-solution &€ of the equation

D& (t) = 0i(a” (1)0;€ (1)~ W= (u” (t A 72r)) () +D(£(1), 1)
— Gl0i(a" (1)0;€())— W= (u” (t A 721))OE(t)+D(E(2), 1)]
(0" (1)0k€(t) + G(E(t), 1) — G(o™ ()& (1) + G(E(1), 1))] - W,

£(0) = ug, divé = 0.
According to Proposition 2 in [38],

Esup [u(r)|”, < CE[Juol? , + / (DO, 77, 5+

r<rt

+ [ (@ (r)u(r)[2 5 + [ G0, )| [£ ) dr].
Since
(W (uF(r))u(r)[Z , < CMu(r)[? ,,

the statement follows by Gronwall lemma. [}

Corollary 3. Let s € {0,1,...},q > 2,E\uo|z+172/q7q < o0, and A, Al(s,q)-

A3(s,q) hold. Assume further that a* € B5V2, if s > 1, and
GV, D) sq < [1G(0,)[[s,g + Clvl, g DV, 8)[s-1,4 <[D(0,8)[s-1,4 + Clv]

8,97 8,97

JoUD(O)E_y , +11G(0,7)] [2,) dr < oo

s—1,q

P-a.s. for allt. Let (u,() be a mazimal H-solution to (3.15).
Then for each T > 0, M > 1, there is a constant C, such that for each stopping
time T <T N Ty,

Esup [u(r)[{, < CE[Juof{, +/0 (DO, 7)1 4 +11G(0, )] [£ ;) dr,

r<r s—La
where Ty = inf{t : |u(t)]s,q > M}.

Proof. Let M > 1,7 = inf{t : |u(t)]s,q, > M}. We obtain easily the statement by
Proposition 3 in [38] applied to Hj-solution & of the equation

D& (t) = 0;(a” (£)9;€() — W= (u" (t A 721)) () +D(E(t), 1)
— G(Di(a" (1)0;€(1)) ¥ (u* (t A ar))OE' (£)+D(E(1). 1))
(0" (£)0k€() + G(E(t), 1) — G(o™ ()& (t) + G(£(1),1))] - W,

£(0) =y, divé = 0.
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According to Proposition 2 in [38],

tAT
E sup |u(r)?, < CE[lul?, + / (D, P, +
r<TAt 0
T (), + ]G0, 1) 2,) dr],
Also,
U (b () u(r) 2, < CMu(r)[?

S7q7
and the statement follows by Gronwall lemma. §i

Now we point out a simple case when ( = co P-a.s.

Proposition 3. Assume A, A1(0,2)-A83(0,2) are satisfied and E|u,|3 < co. Let
(u(t),¢) be a mazimal HY = Ly-solution to (3.15).

Then the stopping time ( = oo P-a.s. Moreover, for each T > 0, there is a
constant C, so that for all stopping times 7 < T,

E[sup [u(r)f} + / Vu(r)2 dr] < CEfjuol? + / D0, 15 + [|G(0. )2 dr].

r<t

Proof. Let M > 1,7y = inf{t : [u(t)]s2 > M), up(t) = u(tA7ar)}. By It6 formula
(see [38]) we have

uar ()3 = [u(0)]2 + 2 / " a(r), D(a(r), ), ds
0
— i aij 'S "LLl T 'Ul 'S X ar
2 [ [ )0yl r) ded

+2/OWM(/ul(r)51(r)dx)-dW,+/OWM/Zbi(r)@ daz dr

where b*(r) = o (r)9;u® (r)+Q* (u, ), b* (r) = o (r)diu® () +Q* (u, ) =G (o (r)d;uF (r)+
Q" (u,r)). Therefore, for each T, there is a constant C, independent of M, so that
for all stopping times 7 < T,

Esup\llM(T)\§+/ IVUM(T)IngSCEHuo@ﬂL/ (Janr ()3
0 0

r<t

+D(0,7)[2; 5 + [|G(0,7)[[3 dr],

and the statement follows. |

3.4. Approximating sequence. Given a scalar function v on R¢, we define
W (0)(0) = W )(a) = [ vl = 9)by00) du,

where 9_(z) = e~ %p(x /). Similarly, for a vector function v:

U (v)(2) = W (v)(2).
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We construct a sequence of approximations to (3.7) by solving for u = (u!)1<j<q4 =

u, = (uil)lglgd the equation
dpu (t) = S[0; (a¥ (t) ju (b)) — W, (ui(t))O;u(t)
(3.23) +b' (t)dpu(t) + F (u(t), )] + S[e?(t)du (t) + G (u(t), t)] Wi,

u (0) = ug,p,

where g, = o * ¥y, ¥n(v)(2) = V(o) (z) = [v(z - Y)Y1/n(y) dy. Alterna-
tively, we may write it as

dpu(t) = 0; (@™ (t) Oju(t)) — U, (u' (t)Ju(t) — VP (t) +
(3.24) bi(t)ou(t) + F (u(t),t) + [o'(t)0u (t) + G (u(t),t) — VP (t)] Wy,

u(0) = ug,,diva = 0.

Proposition 4. a) Let B1, B2(p) be satisfied (p > 2), E(Juo|} ,) < co. Then for
each n > 1 there is a unique mazimal H}-solution (u,¢) = (u,,,¢,) of (3.24).

b) Let B1, B2(p) (p > 2), and B2(2),B2(2,p) be satisfied, and E(|uol} , +
luglf ;) < co. Then for eachn > 1 the unique mazimal H)-solution (u,¢) = (u,,,¢,,)
is also a unique mazimal H}-solution of (3.24). Moreover, ( = (,, = oo P-a.s.

Proof. Fix n. For each p > 2, the conditions B1, B2(p) imply the assumptions A,
A1(0,p)-A3(0,p) and A1(1,p)-A2(1,p) with

D(v,t) = b'0;v + F(v,t),

We apply Propositions 1 and 2 to (3.24) in order to obtain part a) of the statement.
Part b) follows by Corollary 1 and Propositions 1-3. 1

Applying curl operator to both sides of (3.24), we obtain obviously the following
statement.

Remark 3. Under the assumptions of Proposition 4, for each stopping time S such
that [0, 5] C [0,¢) n=curl u (definition and properties of curl and crossproduct for
d > 3 are given in Appendiz, subsection 5.5) satisfies in [[0, S]] the equation

Oim (t) = 9; (a™ (t) 9jm (1)) — W (u'(1))0in(t)

) +rp(u(t)) + b4 (t)oin(t) + curl{F (u(t),t)} + r(u(t),t)
3.25
+[ot(t)0in (t) + F(u(t),t) + curl {G (u(t),t)}] W,
1n(0) = curlug ,,
where

r(v,t) = 0;(Va"(t) x 9;v) + (Vb (1)) x d;v,

r,(v) = =V, (v') x d;iv, E(v,t) = Vo' (t) x div,v € H}.
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The equation is linear in m. In fact, each component of (3.25) has a unique L,-
solution in [[0, S]] of a corresponding linear equation (It is also La-solution in [[0, S]]
in the case b)).

For v € HJ, we set
L, (v) = G, (v")9yv],

G(v,r) = (G'(v,r)hzica = S(G(v.1)) = G(o" (r)0iv),

F(v,r) = S(F(v,r)) + S (r)d;v) — 9,G(a" (r)0;v).

Also, we define

H(v,t) = curl{F (v,t)} + r(v,t), B(v,t) = F(v,t) + curl { G (v, )},
where

r(v,t) = 0;(Va" (t) x 9;v) + (Vb'(t)) x 9iv,F(v,t) = Vo' (t) x 9;v.

Then we can rewrite (3.24) as
Drua(t) = 0 (¥ (1) Dy (£)) — W (u ()0 (t)

(3:26)  +F (u(t), ) + Lo(u(t) + [0 (000 (1) + G (u(t) ,6)] Wi,

u(0) =ug,,,diva=0.
Similarly, the equation (3.25) can be written as
0 (t) = 0; (a7 (1) 9jm (t)) — Wn(u' (1)) 0in(t)
(3.27) o (u(t) + b ()9m(t) + H(u(t),t) + [o'(t)9m (t) + B (u(t), )} W,

1 (0) = curlug ,,

where
r,(v) = =V, (v') x ;v,v € H].

For the estimate of L,-norm of u, we will need some simple estimates of F,G,H,B.

Lemma 2. Assume B2(p) holds. Then
a) there is a constant C' so that for all v € Hzl),t,

F(v,t)] 1 < C(F(0,0)], + V),
IG(v, )]lp < CUIG0,8)[, + V],
IH(Vat)|—1,p < C(|F(07t)|p + |V|p + |VV|p),

||B(V7t)||p < C(]|G(0,1) Hl,p + |V|p + ‘Vv‘p)?
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b) there is a constant C so that for all v,v € Hzl,,t >0

|f‘(V7t) - 14F;(‘_’7t)|*1,p < C|V‘p’
1G(v, 1) = G(¥,1)[l, < Clvl,),
[H(v,t) —H(V,t)|—1p S C(v = V|, + Vv = V),

IB(v,t) =B(¥,8)[l, < C(lv = ¥|p + Vv = VV]p);
Proof. By our assumption and Lemma 1 there is a constant C' so that

[SE(V,1))lp < [F(0,8)], + Clv],),

IS(G(v,1)llp <[IG(0,1)][, + Clv],)
By Corollary 6 and Lemma 21 (see Appendix), there is a constant C so that
10:6(a” (r)3;v)| -1, < CIVp, 1G(0"(1)0:V)p < Cvy.

Also,
|S(b*(r)0;v) = |0;:S (' (r)v)—=S(9;b* (1) v)

and the statement, obviously, follows. I

< Clvlp,

|71,p |71,p

The following standard estimate will be needed later as well.

Lemma 3. Let p > 2.
a) There is a constant C such that for all v €H} (R4, R™),

1/2
|\7|1’p, < C[</|vp—2|vv|2 dx) |v|1(7p—2)/2 n Mg_l]

where ¥ = [v|P2v, (p/) L +p =1
For each & > 0 there is a constant C. such that for all v €H) (R, R™),

Tl vy <€ ( LG d:c) L OV

b) For each & > 0 there is a constant C. such that for all v €H) (R4, R™),h €
L,(R4,R™)

/|v|p—2‘Vv||h| dr <e (/ |v|P—2‘VV\2 da:) + CE(|V|£ + |h|g).

¢) If for all t,x,y
then there is a constant C' such that for all v €eH}(R*,R™),h € L,(R%, R™)

| [v™2v.0 00y + by da| < C(Ivlz + v B
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Proof. We have
|‘_’|1,p/ < C(|‘_’|p’ + Z ‘ak‘_,|p/)7
k

and, obviously, |¥|, = |v\§71. By Holder inequality,

’ ’ 1/p/
|8k\_’|p/ <C| |v|p*2|Vv| |p, =C </ |v[? (P*2)|VV|P >

/ / ’ 1/p
C (/ |v|p (P—Z)/2(|VV|P |V|P (p—Q)/2)>

’ / , 1/2 , ) (2—17/)/2
<C </(|VV|P |V|p (P—2)/2)2/p) (/(|V|p (p—2)/2)2/(2_p ))

_ c(/ VP2V de) 2 |0 D2,
Therefore
¥ IVl < C( / VP2V 2 da) 2 v e + v E),

and the part a) follows.
For each ¢ > 0 there is a constant C. such that

v[P2|Vv||h|dz< e viP2|vvidr | +C v[P~2|h|? dx
[v[P~Z|Vv]|h]| V[P~ Vv = [ [v|[""|h

and part b) follows by Holder inequality.
Inegrating by parts, we obtain easily c). I

For the estimates of L,-norms, we will need the following important quantity.
For v € H}(R*,R™), we define

Ny(vit) = — / {IVP=2010,(a¥ (£)9,01) + 27 [(p — 2) [P0 ()07 (s)

+ |[v[P2845]0% (t) - o™ () O v O]} dae

(3.28)
:/|v|p_28ileij(t)8jvl dx
+(p—-2) / [v[P~* v 0™ AY (t)0' 90! da,
where )
AU (t) = a¥ (t) — 5ai(t) ol (t).
Notice,

(p—2) / V[Pt 9™ AT 9! da = [4(p — 2) /p®|at 0i(|v[P/2)0; ([v[P7?).
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3.5. Estimates of approximations.

3.5.1. Estimate of L,-norm of u. For estimating LL,-norms of the approximations,
we need some auxiliary statements. We start with some interpolation inequalities.

Lemma 4. ( see [12]) a) Given v € H},p > d > 2,

/ VP2 dr < Clv |22 H (v) 7,

where H(v) = |V (|v|P/?)|3;
b) Given v € Hy,p > d =2,

([ WP dnpr < P ERP.

Proof. a) is proved in [12]: one applies the inequality
|¢|2(p+2)/p < C|¢|é—d/(1)+2)|v¢‘g/(l)+2)

for the scalar function ¢ = |v|P/2.
In the case b) we apply the inequality

/¢4dx§2/¢2dx/|v¢|2dx

for the scalar function ¢ = |v|P/2. We have

/|v\2pdx§ 2/\v|pdm/|V(|V|”/2)\2dm:2|v|§H(V).

Notice H(v) < C [ [v[P=2|Wv|* dz < Clv|f ,- We have also the following obvious
statement.

Corollary 4. a) Let p > d > 2. For each € there is a constant C¢ such that for all
v € H}
p’

/ VP2 dr < cH(v) + Co(Iv]E)

where ;1 =2/(p — d).
b) Let p > d = 2. For each ¢ there is a constant C¢ such that for all v € ]HI;,

Vi3 / VP dz)?/P < eH(v) + Ca(|v[Z)

where = 2/(p — d).

Lemma 5. For each ¢ there is a constant C. independent of n such that for all
v cH!
P

(3.29) | / VP2(v, Lo (v)) da] < ¢ / V2OV de + Co(v ),

where = 2/(p — d).



30

Proof. Denote D™ the [-th component of D’ = G(¥,,(v*)v). Since
G(Wn(v)0iv) = 0,G(Wn (v")v),

integrating by parts, we get that for each € there is a constant C. independent of
n such that

|/\v|p_2(v,Ln(v))dx| _ |/6i(|v\p_2vl)D“ da| < C/|v|p‘2|Vu\|Di|da:

§€/|v|p_2|Vv|2dx+Cg/|v|p_2|Di|2dx.

We need to estimate the term B = [ |v|P7?|D!|*dz = [ |v|[P~?|D|?>. By Hoélder
inequality and Lemma 1,

B<( /|v|p+2 )5 ( /\DZ\”* p+2</\v|p+2 )5 ( /{mf vy
(3.30)
< / V|25 / 1, () [P2) 7 / V]2 < / V]2,

On the other hand,
B< </ Vi) (/\Dﬂp)% Clvie 2/{@ JIvl?)?
(3.31)
< Clvfz? / 0,0 (F) PP) 5 ( / V)b < ClviE2( / VPR3,

By Corollary 4 ( using (3.30) for d > 2, and (3.31) for d = 2), for each ¢ there is a
constant C. such that

B <eH(v) + C(Iv[p)**,
where p = 2/(p — d) and

Hv) = [TV < € [ WP29v do < Ol + Vv

Using the Ité formula we estimate the L,-norm of the solution.

Proposition 5. a) Let B1, B2(p) be satisfied, p > d, E\u0|11’,p < oco. Then for some
F-adapted functions a(s),b(s) (in which a(s) is real valued and b(s) is Y -valued)
P-a.s. in [0,¢,)

(3.32) o)y = ol + [ atr) ds-+ [ 20 Vs
Moreover, there is a constant C' independent of n such that
a(r) < Cllu(r)[p + (la(n))* +|G(0,r)[; + [F(0,r)[],
(3.33)
Y ()ly < Cllu()[} + [u@)5~HG(0,7)],),
where p=2/(p — d).
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b) a) Let B1, B2(p) and B2(2), be satisfied, p > d, and
E(luolf, + [uolf ) < oo,

t
/0 (IGO0, 7)I[? 5 + [F(0,7)[2 ) dr < o0

P-a.s. forallt. Then (3.32), (3.33) hold and for some F-adapted functions a(s),(s)
and all t,

t t
(Ol = fuo.l§ + [ a) drt [ 50w,
0 0
P-a.s. Moreover, there is a constant C' independent of n such that
a(r) < Cllu(r)3 + |1G(0,r)[3 + [F(0,7)]3)],

)y < Cllu(r) + [u(r)511G(0,7)],)

Proof. According to Proposition 4, there is a solution u = u,, to (3.24) such that
P-as. for all T

T
sup |u(t)[}, +/ |0*u(t) [P dt < oo.
0

t<T

Denoting ¢(r) = (¢'(r))1<i<a = o*dpu(r) + G(u(r),r), and applying It6 formula
to u satisfying (3.26) (see [38]), we find that

lu(®)[} = [uolp — / Np( )dT+p/Ot/|u(T)|pz(u(r),Ln(u(T)))dxdr
-H?/ /|u P2 (u(r), F(u(r),r dx—l—/ /\u P20t (r) e (r) deW ds

* g /o (/[(p — 2)[u(r) [P~ (r)u? (r) + [u(r)[P726;;]6 (1) dz) ds
where
B9(r) = 0" (1)t (r) - (1) + 0 (1)04a () - d'(r) () - & ),

and d’(r) = G*(u(r),r). By Lemmas 2 and 3, for each £ > 0 there is a constant C.
such that

[ a2 ). B, ) del < [ Jalr) P2 [9u() P de+Co(ulr) 4{F . 1))

\/[(P = 2)|u(r) P~ (r)u? (r) + [u(r)[P728,;]67 (r) dz|
(3.34)
< E/ [ua(r)[P72|Vu(r)? de + Ce(Ju(r)[h + |G(0, 7))
By Lemma 3
(3.35) \/\U(T)\”’Qul(r)cl(r) dz| < C(Ju(r) [} + [a(r)[F7HIG(0,7)],).
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So, (3.33) follows by Lemma 5.
In the case b), applying It6 formula (see [38]) we obtain

la(®)s = [w(0)|5 —p [ [u(r)[s>No(u(r),r) dr+
pJy [u() 572 [(a(r), F(u(r),r)) dedr +p [y [a(r)s ([ @ (r)c(r) de) dW,+

p/2 fg [u(r) fb“ dx)dr + 5(p —2) fg lu(r) |fu r) dz|3 dr.
Since (??)—(3.35) holds for p = 2 as well, the assertion of part b) follows. 11
Remark 4. There is a constant C = C(K,d,p) independent of § such that

a(s) < Cllu(s)[f + [Va()[ + (u(s)[}) ™ +[G(0, 5)[} + [F(0,5)[}]

(s)ly < Clluls)[f + [uls)[FHG(0, 5)],)-

3.5.2. Estimate of L,-norm of Vu. Since by Biot-Savaret law (see Proposition
8 in Appendix), for each p > 1

[Vul, < Clnlp, (n = cwrlu),

we need to estimate |n| . According to Remark 3, i satisfies the linear equation
(3.25) or (3.27).

Proposition 6. a) Let B1, B2(p) be satisfied (p > d), E(Juol} ) < oo, and u be
the solution of (3.26). Then for some F-adapted functions h(t),s(t) (h(t) is real
valued and k(t) is Y-valued) P-a.s. in [0,¢,,)

t t
In(t)[5 = |curlug b +/ h(r) ds +/ k(1) - dWs.
0 0
Moreover, there is a constant C independent of n such that

h(r) < Clln()} + (In(r)[p) " + [a(r)[} + [F(0,7)]7,

+1G(0, )7 ],

[6(r)ly < Clln()[} + [u@)[f + In()[5H1G0,1)],,),

where = 2/(p — d).
b) Let B1, B2(p) and B2(2) be satisfied (p > d = 2), and

E(luolf , + [uolf ») < o0,

t
/0 (IGO0, )12, + [F(0, )7 ) dr < o0

P-a.s. for all t. Let u be the solution of (8.26). Then for some F-adapted functions
a(s),b(s) (a(s) is real valued and b(s) is Y -valued) P-a.s. for all t

t t
In(t)5 = |curlug |5 +/ a(r) ds +/ b(r) - dWs.
0 0
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Moreover, there is a constant C independent of n such that

a(r) < Clln(r)ls + (In(r)[5) 27 + la(r) [ + [F (0,17 5 + IG(0,7)[[7 ,],

[b(r)ly < Clln(r)f5 + ()5~ (u(r)]2 + IIG(O )12l

Proof. By applying It6 formula to function 7 (¢) , which verifies (3.27), we find that

|n<t>|z:|n<o>|g—p/0 N, (n(r),r) ds — //\n VP20t ((r)) dar dr

t
+P/ (In(r)[P"*n(r), H(r)), dr+/ /In VP20t (r) e () da W, drr
0 »

+ § /O ( / [(p = 2) ()P0 (r) (r) + |n(r)|P~26,;16" (r) dz) dr,

where c(r) = (¢'(r)); = o*(r)0xn(r) + B(u(r),r),
H(r) = (H'(r)); = b'(r)din(r)) + H(u(r),r),
and
b (r) = a*opn'd (r) + a" o di (r) + d'(r)d’ (r),
and d(r)= B(u(r),r).
According to Lemmas 2 and 3, for every € > 0, there is a constant C, so that

| 1= 20 () + [n(r) 283,15 r) da
(3.36)
<< [ InP 2190l do + CLIGO.NE, + a0,

and
(3.37)

(i) 2n(r), ), | < = [ InP (90l do -+ CLPO.0, + [alr)l ).
Also,
(3.38) \/|17 P20 (1) (r) daly < C(In(r)[5 + [a(r)[} , + 1G(0,7) |1 pm(r)[5)

It remains to estimate the term

A= / () P2 (0 (1), ta(u(r)) da

- / (P20 (r), ¥ (0, (1 (1)) % Bru(r)) da
‘We have
4] < O / inl? + / P2V, ()2 Vul?),
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and by Holder inequality

/ P2V D, () 2V uf? < 022V, (w2, Vul2,, < / P2,
or
[ 19w PV <l f nf2.

So, by Corollary 4, for each e there is a constant C. independent of n such that
(3.39) Al <e [ Inp=9nf do o+ Comip)

where y = 2/(p—d). The part a) of the statement obviously follows by summarizing
all the estimates.

In the case b), we apply It6 formula to |n(t)[5
()15 = M(O)5 —p [y In(r)l5 > Na(n(r),r)dr = p [y In(r)5~2 [(n(r),xa(u(r)) do dr
+p o I [ (), Br)) dwdr + [ pln() 57> (f 0! (r)e! (v) da) AW,

+2 fo () BV () dw) dr + B(p — 2) [y In(r) B4 [0t (r)cH(r) dal} dr.

Since (3.36)-(3.38) hold for p = 2 as well, it remains to estimate A = f(n(r), V (U, (u)")x
ou(r))dx :

1Al < Cln(r)2ln(r))2 < Cln(r) 2V n(r)2, if d = 2.
So,
()2 21A] < eln(r) 290 ()3 + Celn(r)]) +7.
Now, the part b) follows. I

Remark 5. a) Consider a scalar process y; = [u(t)[b + |n(t)[5. Then, according to
the part a) of Proposition 5 and 6, for some adapted functions h(t) and k(t) (k is
Y -valued) in [0,(,,)

t t
(3.40) Yi = Yo + h, dr + / Ky » Wydr,
0 0

and there is a constant C' = C(6, K, d,p) such that
(3.41) he < Clyr + yp ™ + 27),

|’ir‘Y < C(y'r + yi—l/péi/p)’

where zp = [F(0,7)[f , + ||G(0, 1[I}, Z = ||G(0,M)[[T .
b) Consider a scalar process g, = [u(t)[5 +|n(t)]5. Then according to the part b)
of Proposition 5 and 6, for some adapted functions h(t) and &(t) (& is Y -valued)

t t
gt = Z}O + / h/r dr + / ’%r . Wrdrv
0 0
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and there is a constant C = C(6, K, d,p) such that
he < C(Gr + 3,77 + 2,),

|Frly < C(gr +371_1/p(5/)1/p)
where Z, = |F(0,r) 5 +11G(0, )|} = [|G(0, 7")”

Introduce the following smooth scalar function
y
G(y) = / 14z + 2"~ da.
0

Notice G'(y) = (1+y+y' ™)~ >0, G"(y) < 0.

Remark 6. In the context of the previous Remark we obtain by Ité formula

t ¢
G(yt)=G<yo)+/ fsds+/ bs - W, ds,
0 0
where s = G'(ys)rs + 271G”(ys)|65|§/ < O(1 + z), ‘BS|Y = G'(ys)|bsly < C(1+
s1/p
zZ5').
A similar observation holds for g,.

3.5.3. Convergence of approximations. The following two auxiliary statements will
be needed later.

Lemma 6. a) Let v,g,f € Hzl,. For each € > 0 there is a constant C. such that

\/(3[(%(1}’“) = W (0°)) Org], £I£1P72) dar| < 6/ VE[*IEP~2 do + C=(f1} + g AR,

| (St o) ng). fitlr ) dol < < [ V818072 de+ CE]; + leBE),
where A = |, (v*) — U,/ (%], B = |V, (v%)];

b) Let v € Hzl),f (f) g=(¢") ¢ Hl(Rd RU4=1/2) For each € > 0 there is a
constant C, such that

[ 00) = oy 6P dal < [ IVEPIEP? do + CullAgly + ).

where g = (¢').f = (f'), A = [¥n (") — T (%)},
Proof. a) Indeed, we have

| [(SI 0 = W) 0r] e ) da

= | [ (Sl (04) = 0 (6))e) (82

< 5/ IVEEP~2 de + C.(If]E + |gAPD).

Similarly, the second estimate follows.



36

) We have

b
[0 (0) = W (@)’ 1172 ol = | [ (0 (05) = W (0 D087 )
< [19P1ep -2 do O [ ANePIepdo << [ V810072 do+ Colagllel

< [ VLIt 2 o+ Cu(lAg] + 81,
and the statement follows. I

Lemma 7. a) There is a constant C so that for all v,v € H},, n>n>1,
(W (0%) = W (0°) ], < C(Iv = 9], + 07 (VY] +[VT])).
b)Let p > d. Then there is a constant C so that for all v,V € Hllﬂn’ >n>1,
(W (V) = U (0°) oo < Cllv = 9], + 07" |V]1),
where v =1 —d/p.

1

Proof. By Sobolev’s embedding theorem there is a constant C' so that for all v € H,

sup |[v(z)| +sup [v(z) — v(y)llz —y|” < Clv]ip,
z z,y

where v = 1 — d/p. Therefore,

sup |\I’n(vk) — Uy (5k)| < sup |\Pn(vk) - \Pn({)k)l =+ sup ‘an(@k) - @k|

+sup [0* — W, (8%)] < Clsup [v(2)=v ()| + ((1/n)" + (1/n')")[%]1 ],
and the statement follows. 1

We will need the following equalities and estimates later.

Lemma 8. Let v,d € H},n = (1'');<; € H} (R, RY=D/2) 7 = p|n[P=2,p > d.
Then

/ (Vd" x Opv.n) do = / (d*Okv x V., 1) dx + /(V x v,d*opn) da.

Also, for each € there is a constant C. such that for all v,d € H},m = (njl)j<l €
H; (Rd, Rd(d—l)/Q)

/| (Vd* x opv.n) dz| < 5/ In|P=2|Vn|* dz + Ce(|nlh + [Vv[B|d[R,).
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Proof. Tt is enough to prove the statement for v,d € C, 7! € C§°. Integrating
by parts, we have

/(de X Opv.n) do = /é?jk(ajdkakvl — O d* o7 )iy dae
= _/5jkdk(8k3jvl — OO ) da — /sjkdk@kvl@jﬁjl — O’ 0, ) d

= /ejk(dkajvl — dkaﬂjj)akﬁjl dr + /5jk(dk8kvj81 ﬁjl — dkak’l}lajﬁjl) dx,
where ¢, = (—1)77*~1. Therefore, for each e there is a constant C. such that

[ (Ve <o) dal <e [P do s e [ lnp -2l da,
and the statement follows by Holder inequality. i
Remark 7. If d =2, then for all v € H,

Vvk X 8kv =0.
l

Let u=u, = (u}) = (u') be a maximal HJ-solution to (3.24). Let n =7, =

(n) =curl u,. Fix a large number M > 0 and T' > 0. Given a positive integer n,
let 7,, = T,M'T be the set of all stopping times 7 < T A (,, such that P-a.s.

iglj“un(s)'p + n,(s)lp) < M.

In the case d = 2 we also introduce the set 7, = 7,M-T of all stopping times 7 < T
such that

sup([un (s)lp + |05, (5)lp + [un(5)l2 + [1,(5)]2) < M.

s<rt

Let T = T N T, Ty = Tn N T

Lemma 9. a) Let B1, B2(p), B3(p) be satisfied (p > d), E(|uolf ) < oo. Let
u=u, = (u,) = (u) be H,-solutions to (3.24). Then

n

. /
hTIlnsup{E sup [w,y —w, |7 0 >0, 1€ T} =0
s<T

where Tp =T, N Ty
b) Let B1, B2(p), B3(p), B2(2), B3(2) be satisfied (p > d =2), and

E(luol{ , + [uolf ) < oo,

t
/0 (IGO0, )12 5 + [F (0,12 5) dr < o0

P-a.s. for all t. Let u =, = (ul) = (u!) be H} N Hj-solution to (3.24). Then

n

lim_ sup{Bsup(, — wal?, + [y~ waf,) 0 2,7 € T} =0,
n—oo s<T ’ ’

where ’Z:)n =T, NT.
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Proof. Let T € T,y n,n’ > n. Consider

w(t) =un(tAT)—u,(tAT), &) =n,, (EAT) =1, (tAT).

Denote G = u,/, u = u,.
Applying It6 formula (see [38]) we have

(3.42)
(w(t)[z = [w(O)[s = p [y Np(w(r),r)dr+p [;"7 [ Iw(r)[P~2(w(r),a(r) dz dr

N +p Jy"" [ ()P ()
t:r”fonp DIw(r) P w! (r)uwd () +
= Jy T Iw )P (w (), S[Ohw(r) W (aF) +

where c(r) = (¢/(r)); = o*Opw(r) + G(ad,r) — G(u,r),

Baw,
)|p 2(5”]0” (r)dzx)dr

|w
(U, (@*) — U, (uF))Ou] dv) dr

and
éi(r) = Uk(r)ﬁkwi(r) d(r) + Uk(r)ﬁkwj(r) di(r) 4+ di(r) - d(r)

where d'(r) = G*(ii(r), ) — G*(u(r),r).
Also, by It6 formula (see [38]),

1&( 0)b — / Ny ( dr+p/AT(/|§(r)|p_2§l(r)Hl(r) da dr

/ /\5 VP=2(&(r), r (T(r)) — 1 (u(r)) da dr

+p/tAT/§ P2 (r) kL (r) d dW,

p

w3 [ o= 2060 080+ 160 20,15 ) de) dr

o [ [ 6 0 (0 ) + () — ey
where k(1) = (<*(r)); = *0L€(r) + B(.r) — B(u, 1))
HH(r) = (H' ()1 = V() + H(a(r) 1) — H(u(r), 1))
and
£(r) = 0* ()€ (1) - DY)+ H (10K 1) - D7) + DV (r) - DV 1)
where Di(r) = Bi(@i(r), r) — Bi(u(r),r).
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By Lemmas 6 a) and 7 b) and Sobolev embedding theorem

L= |/|w P2 (w(r), S[Oew(r) T () + (o (@) — W (uF)) D] d ]
(343) < 5/|VW(7‘)|2|W(7‘)|p*2 dz + C(|w(r)[b + [w(r) AL + |w(r)B|P)

< 8/ [Vw (r)[*[w(r)[P~* da + Ce(M)(lw(r) [} + [£(r) [} +n~"7)

where A = |,/ (a*) — U,,(u*)], B = |V, (@¥)|,v =1 —d/p.
Similarly, by Lemmas 6 b) and 7 b),

L= / €(5) |26 () (T () — W, (), dt
Ba) < [IVEPIEnIP o+ C(An, (0] + 160)E)

< 6/ [VEr)PIE)P~2 da + Co (M) (lw(r) [} + [€(r) [} +n7").
Obviously,

Ly = I/(IE(T)I”_Qé(T% V(W (@) x 0;1(r) — V(T (u')) x dyu(r)) dal
< I/(IE(T)I”_ZE(T% (VW (@) = V(¥ (') x 0;0(r)) da

+|/|£ )P72E(r), V(U (') x O;w(r)) dz| = Lyy + Laa.
By Lemmas 8 and 7 (part b)),

Ly < 6/ E(r)[P72VE(r)|? do + Co(€(r)[5 + [Va(r) D] AL, )

<< [160)P-2IVEEIP do -+ C.ONEM + W)l + ),
(3.45)

Ly < 6/ E()[P~2VE() [ da + Co(IE(r) [} + [Vw(r)[5| BIE,)

<< [160)P219EmP do + C.ON(EW).

Let Z; = |w(t)[b + [£(t)[h. Using (3.43)-(3.45) and estimating the remaining
terms by Lemmas 2 and 3, we obtain that for some adapted functions a(t), b(t)
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(b(t) is Y-valued)

(3.46) dZy = a(t) dt + b(t) - AW,

and there is a constant C' such that on [0, 7] for all 7 € 7,y ,, 0’ >n
(3.47) a(t) < C(Z, + (1/n"P)), |b(t)|y < CZ.

(We use B3(p) to estimate the term

/ (0 — 2)E0) P () (r) + E(r)P~265,]7% (r) duc)

Now the part a) of the statement follows by Lemma 18.
In the case b) we have (7 € T,/ ,,)

(w(t)s = [w(O)5 —p f;"" [w(s)l5™*Na(w(r),r) dr
+p fy " Iw(r)[B2 [ (w(r), (>>dwdr+pf5” (e
/2 (Jo W) S ) d) dr + (0= 2) Jy7 () ! (r) dxwydr)
—p Jo " W ()BT w! () [k () W (8 (1)) + (W () — W (uF)) Oprt] )

Similarly,
£ = €O — p / €L 2 No(E(r), ) ds

—p/o HOl. /(E(T%V(‘Pn(ﬂi(r))) x 0w (r)

+ (V (U, (v (1)) = V(T (u'(r))) x dyu(r)) dz dr

tAT 2 tAT b2 .
p / E(r)[2 </<£<r>,H<r>>da:dr+ / PIE)E </ € (r)wl(r) da) W,

+

N3

/0 €[ K () doyar + Do - 2) /0 e

r) dz|3 dr.
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Let n’ > n. According to Lemmas 6 (part a)) and 7 (part a)) and Sobolev
embedding theorem, for each € > 0 there is a constant C, such that P-a.s. on [0, 7|

H= I/wl(r)(‘l’n'(@k(r)) = Wy (u*(r)))Opu (r)] da
< el Vw(r)[5 + Celu(r) 3 [ W (" (1)) = W (u" (1) 13
< e|Vw(r)[3 + CeMP(Jw(r)lf o + n (VA3 + [VE(r)[2)

<e|Vw(r)|3 + C.M?*(lw(r)[f o +172),
and
(348)  [w(r)5*H < e[Vw(r)[5lw(r)[5~* + Co(M)(Iw(r)[5 + [&(r)]5 +n 7).

By Lemma 8 and Sobolev imbedding theorem,

L= | [ (€0), 9w (a'(r)) % rwe(r) dof

(3.49) < | VE)[3 + Co(I&(r)13 + [T (@' (1) [ Vw(r)]3)

< e[VE(r) 3 + C-(1+ M?)[&(r)]3.

By Lemma 8 and Lemma 7 b),

Ly = | [ (60), (V0 ('(r) = V(0 (u'(1)) x Oru(r)) dof

< IVE) 3 + C(6()I3 + [0 (8 (1))~ W (5 () 2 [ Va(r) 3)
(3.50)
< elVEW) + CLIEW + M2(w(r) , +n > M)

< e|VE)3 + Ce(M)(IE(r) + [w(r)lT, +n7)

where v =1 — 2/p. So,

€(r) 15 La < e VE)BIE(r)I5™ + Co(M)(IE(r) 5 + [w(r) [}, +n7%),
(3.51)

()5 Ly < €| VE(r)[3IE(r) 5" + Co(M)E(r)I5
Let Ky = |w(t)|5 +1€(¢)]5. Using (3.48)-(3.51) and estimating the remaining terms

by Lemmas 2 and 3, we obtain that for some adapted functions a(t), b(t) (b(t) is
Y -valued)

(3.52) dK; = a(t) dt + b(t) - AW,
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and there is a constant C' such that on [0,7] for all 7 € 7,y ,, 0’ > n
(3.53) a(t) < O(K: + [w(t)[1, + (1/n7)), b(D)ly < OK;.

(We use B3(2) to estimate [ b%(r)dz).
Combining (3.46), (3.52), (3.47), (3.53), we find that for some adapted functions
a(t), b(t)

Ry = |w(t) + €05 + w@)lp + 6@

= R(0) + /Ot&(r) dr + /Ot b(r) - dW,,

and there is a constant C, such that on any [0, 7],7 € fn/,n
a(t) < CIR(t) + (1/nP) + (1/n?")], [b(t)ly < CR(1).
Now the part b) of the statement follows by Lemma 18 (see Appendix). I

3.6. Local existence and uniqueness.

3.6.1. Uniqueness.

Proposition 7. Let 7 be a bounded stopping time, p > d. Let B1, B2(p) be
satisfied. Assume u(t) and G(t) are Ly-solutions of (3.7) in [[0,7]] and also H-
valued and continuous.

Then P-a.s. u(t A1) =0t AT) for all t.

Proof. For v € H;) we set

G(v,7) = (G"(v,r)i<i<a = S(G(v,7)) = G(a" (r)9v),

F(v,r) = S(F(v,r) + b (r)d;v) — 3:G(a ()0, w).
Then for all v,v € Hzl),

G(v,r) = G(¥,7)|p < Clv =¥y,
(3.54)
[F(v,r) = F(@,7)|-1,, < Clv = ¥,

Let

Nyfwir) = = [P 2 oua(r)oz0t) + 27 (o~ vl

+ |v|p_26ij]ak(r) o™ (1) O O]} da.

Obviously (see (3.28)),

N,y(v,r) 25/|V|P*2|VV|2dx.
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Let w(t) =u(t A7) — U(t A 7). By Itd formula (see [38]),

tAT tAT
|P:_p/ Ny( dr+p/ /|w )P~ 2 l() (r)dxdr

i [ [ wmpue)d s an

+ § /0 T( / [(p = 2)|w(r)|P~ 4w’ (r)w? () + |w(r)|P~ 28] (r) dz) drr

/ / [w(r)[P~%( S[0rw(r)a" (r) + w* (r)Opu(r)] dz) dr

where ¢(r) = (¢'(r))1<i<a = c*Ow(r) + G(i,r) — G(u, ),
a(r) = (a'(r)); = F'(q,r) — F'(u,r),

and
éi(r) = Uk(r)('“)kwi(r) -d (1) + Jk(r)akwj(r) ~di(r) +di(r) - d (r)

where d'(r) = G*(a(r),7) = G*(u(r),r).
By (3.54), for each € > 0 there is a constant C. such that

(3.55) \/\w P24l (r dx|<5/|w P2 VW (r) 2 d + Celw(r)[2.

Integrating by parts, using Sobolev embedding theorem (p > d) and Holder in-
equality, we obtain that for each € > 0 there is a constant C; such that

|/|W P2 (w(r), S[Oxw(r)u” (r) + w* (r)Opu(r)] dx|

|/|W P2 (w(r), OxSlw(r)a’ (r) + w (r)u(r)]
(3.56)

< 6/ |w(r)|P~2|Vw(r)|? dz + C. / \w(r)[P~2|S[w(r)ak (r) +wk(r)u|2dx

< 6/ w(r)|[P=2[Vw(r)|* dz + Celw(r) [ (1T(r)[1p + u(r)]1)-
By (3.54), for each € > 0 there is a constant C, such that

(3.57) |/[(P = 2)[w(r)[P~ ' (r)w (r) + [w(r)[P265;]cY (r) da|

< 5/ |vv(7“)\p_2|VW(7")|2 dx + C€|W(7‘)\§.
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Integrating by parts and by (3.54) we have
(3.58) \/\W(r)|p_2wl(r)cl(r) dx| < C|W(r)|£.

Let M > 1 and 7y = inf(¢ : |Q(¢)|1,p + [u(t)|1p, > M) A 7. Since (3.55)-(3.58)

hold, the assumptions of Lemma 18 (see Appendix) are satisfied with
Zu= [w(O)lfrer = [ 1wl 2 Vw(o)? do. fo = g0 = 0.2 = 0.

Therefore, P-a.s. w(t A 7p7) = 0 for all ¢. Since M is arbitrary, the pathwise
uniqueness follows.

3.6.2. Existence. Now we extract a converging subsequence.

Lemma 10. a) Let B1, B2(p), B3(p) be satisfied (p > d), E(|uol} ) < co. Then
there is a bounded stopping time T such that P(7 > 0) = 1 and a unique L,,-solution
u(t) of (3.7) in [[0,7]] which is also H}-valued continuous process such that

Esup [u(?)[}, < oo.
t<t

b) Let B1, B2(p), B2(2), B3(p), B3(2) be satisfied (p > d =2), and

E(|u0|11),p + |UO‘11)72> < o0,

t
/0 (IGO0, )12 5 + [F(0, )2 ) dr < o0

P-a.s. for all t. Then there is a stopping time T such that P(r > 0) = 1 and
a unique Ly, N Ly-solution a(t) of (3.7) in [[0,7]], which is also H}, N Hj-valued
continuous process such that

Esup([u(t)[f, + [u(t)[7 5) < oo
t<t
Proof. We apply Lemma 19 (see Appendix) to extract a converging subsequence.
We choose the Banach space

B— H, in the case a),
~ | HyNHj, in the case b).

In ]HI; N H we use the norm:
vl = (|v]) + |curl v|} + [v]5 + |cur1v|’2’)1/p.

In H} the norm |v|p = (|v|E + [curl v[2)!/? is used.
Fix arbitrary Tp > 0, My > 1. Since Lemma 9 holds, according to Lemma 19, it
is enough to prove that

(3.59) %imO sup  P( sup |u,(s)|g > |u,(0)|p + My —1) =0.

n,TeTnMo’TO s<TAT

where 7,M0:70 is the set of all stopping times 7 < T such that sup,., |u,(s)|p <
My + |un(0)|B Let T < Ty,

S, = inf(t: [un(t)|p > [un(0)|5 + Mo — 1).
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Let

K, = foz(HG(O:T)HIf,p +|F(0,7)[} ) dr, in the case a),
JLUIG(O, NI + R, +1G(0, NI[Z 5 + [F(0, 775 dr, in the case b).

Define 7™ = inf(t : K; > M) A Ty. By Propositions 5 and 6, for 7 € T,Mo 70 we

have for each M

p ( sup [un(®)]s > [un(0)]5 + Mo — 1)

t<TAT

< P(|u,(Sn AT)|B > [un(0)|p + Mo — 1)

< P(lun(Sp AT > [un(0)[ + (Mo — 1)F)

< P(Jun(Su AT AT > [, (0)] + (Mo — 1))

+P (M < Tp) < C(Mo)[T + EK,mpr] + P (Y < Tp) .
Therefore, for each M

limsup sup P ( sup |un(s)|s > [un(0)|s + Mo — 1) <P (™ <Ty),

T—0 nﬂ_ef]-?f\/fovTo s<TAT

and (3.59) follows. By Lemma 19, there is a stopping time 7 such that P(r >
0) = 1, a B-valued stochastic process u on the interval [0, 7] and a subsequence u,,
converging uniformly on [0, 7] to u. Obviously, u(t) is an Ly-solution (respectively,
LL,, N Lo-solution) of (3.7) in [[0, 7] which is also H], (respectively, H}, N Hj) valued
and continuous. Uniqueness follows by Proposition 7. I

The following almost obvious statement is a straightforward generalization of
Lemma 10 .

Lemma 11. a) Let B1, B2(p), B3(p) be satisfied (p > d) and E(|ugl},) < oo.
Assume that u(t) is a H)-valued continuous Ly-solution of (3.7) on [0, S], where S
is a finite stopping time and

Esup [u(?)[}, < oo.
t<S

Then there exist a finite stopping time T and a Hzl)—valued continuous LL,-solution
v(t) to (3.7) in [[0, T]] such that P(r > S) =1 and v coincides with u on [0, S] and

Esup|v(t)[}, < oo.
t<rt ’

b) Let B1, B2(p), B3(p), B2(2), B3(2) be satisfied, and

E(luolf , + [olf ») < o0,

t
[ GO+ .0 ) dr < o
0
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P-a.s. for allt. Assume that u(t) is a Hzl, N H3-valued continuous L, N La-solution
of (3.7) in [[0, S]], where S is a finite stopping time and

Esup(fu(®)ff, + u(t)fi,) < oo
Then there exist a finite stopping time T and a Hzl, NH-valued continuous L, N Lo-
solution v(t) of (3.7) in [[0,7]] such that P(r > S) =1, and v coincides with u on
[0,5] and

Esup(v(lf, + V(0T 2) < oo

Now we can prove the main result.

3.6.3. Proof of Theorem 1. We follow here the proof of Theorem 14.21 in [22].
Consider the set S of all finite stopping times S such that a H; (respectively Hzlj N

H3)-valued continuous L, (respectively L, N Ly)-solution u(t) of (3.7) exists in
[0, 5] and

Esup [u(t)[} , < oo (respectively Esup([u(t)[} , + [u(t)[{ ;) < o0).
t<S ’ t<s ’ ’

By Lemma 10, & is not empty. It is closed with respect to the finite minimum
and finite maximum operations. Let ¢ be the essential upper bound of the set
S. So, there is a sequence T,, € S increasing to . Let U, be a corresponding
sequence of solutions on [0, T,]. Since Proposition 7 holds, the sequence U,, defines
a continuous process u on U, [0, T,,].

Let y, = |U(¢)|1,p( respectively y, = |u(t)|1,p + |u(t)|1,2)). Let R, = ¢ Ainf(¢:
y¢ > m). Then T, A R,, € S and u(- ATy A R,,) is a solution in [[0,T, A Ry,]].
Passing to a limit as ¢ — oo, we obtain that R,, € S and u(- A R,,) is a solution in
[0, Ry]]. If P(R,, = (¢ < 00) > 0, Lemma 11 would imply that there is a stopping
time S € S such that S > R, and P(R,, = ( < S) > 0. This would contradict the
definition of (. Thus P-a.s. R,, < ( on {¢ < oo}, and, obviously, limsup,;; y: = oo
on {¢ < oo}. So, the sequence (R,,) “announces” ¢ and ( is a predictable stopping
time. Obviously, [0,S] C [0,¢) for all S € S. Let S be a stopping time such that
P-as. S < (. ThenT,AS € S and u(- AT, AS) is a solution in [[0, T, A S]]. Passing
to the limit as ¢ — oo we obtain that u(- A S) is a solution in [[0, S]].

Let, in addition, E(|u0|§72/p’p) < 00. Let S be a stopping time such that S < ¢
P-a.s. Consider a linear equation in [[0, S]] for v(¥)

(3.60)
v (t) = 8[0; (a¥ (t) 9;v (1)) — u¥ (t) Opu(t) + b (t)0;u(t) + F (u(t),t)]

+8[o(H)dv (t) + G (u (t) , )] Wy,

v (0) = up.

By Theorem 3.3 in [37], in the case a) there is a unique H-solution of (3.60) which
is also a unique Ly-solution. So, u(t) = v(t) on [0, 5] and u(t) is an H]-solution
to (3.7) in [[0,5]]. In the case b) we do the same using Corollary 3.7 in [37] and
obtain that u(t) is a H} N Hj-solution in [[0, S]].

It remains to prove that, in the case a), limy¢ [u(t)]1p, = 0o on {¢ < oo}, if
E(|u0|’2’_2/p’p) < oo.
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Fix an arbitrary m > 1. Let
Tm+1 = 1nf(t LYt >m+ 1)
Define a sequence of stopping times

Slzinf(t>7m+1:yt§m)/\(, Sgn:inf(t>52n,1:yt2m+1)/\C,

52n+1 = mf(t > SQn Yt < m) A\ C

Let S = lim,, S,,. Applying It formula (see proof of Proposition 5) we find that for
some adapted a(r), b(r)

y(EAS) = [u(t AS)[p+ [curlu(t A S)[P

(3.61)
tAS tAS
— 4(0) +/ a(r) dr + / b(r) - AW,
0 0
and
(3.62) ar < C(yr +yi™ + 2., |bely < Cly, +yi =1 /Pz/P)

where 2, = [F(O.1)[7, + [GO.M|} . 5 = GOV p > 0.
We will prove that P(S = { < oo0) = 0. Since m is arbitrary, this will imply that
P-a.s. limyy¢ [u(t)|1,, = 00 on {¢ < oo}
For M > 1 we set

T /Ot(F(O,r) PG, M|, dr > M),
It is enough to prove that for all ¢, M,
P(S=¢<gnt™)=0.
If P(S=(<gATM) >0 for some M,q, then by (3.61), (3.62),

00 = EZ[y(Sgk) —y(S(2k —1)] < C(m, M)< 0.

The statement follows.
3.7. Stochastic Navier-Stokes Equation in 2D.
Lemma 12. Let B1, B2(p), B3(p), B2(2), B3(2) be satisfied, p > d =2, and

E(luol;_,,,, + [10li2) < oo,

t
/0 (IGO0, 7)I[7 5 + [F(0, 1) [F ) dr < oo

P-a.s. for allt.
Then there is a mazimal unique H} N H-solution u(t) of (3.7) and for some
F-adapted functions a;(t), b(t) (ai(t) is real valued and bi(t) is Y -valued), I = p, 2,
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P-a.s. on [0,5] C[0,¢)

()7 = [n(O)]F + /Oaz ds+/bl
|u(t)|g=\u(0)\g—|—/o a(r) ds—i—/o b(r) - dW,

I =p,2, n(t) =curlu(t). Moreover, there is a constant C independent of S such
that

lar(r)] < Clln(r)f5 + [a()f + IGO0, 7)[[7, + [F(0,7)[] ],

[Bi(r)ly < Cln()IF + @)} + ()7 G0, ),
la(r)] < Cllu(r)[3 +11G(0,7)[[1 , + [F(0,7)[7 5,

[b(r)ly < Clla(r)[5 + [u(r)5~ 1G(0,)]],),
l=p,2.
Proof. The existence of a unique maximal Hzl, N Hi-solution (u(t), () is guaranteed
by Theorem 1. Since in 2D Vv? x §;v = 0, the following "regular growth” equation
holds for n(¢) in any [[0,5]] C [0,¢) (cf (3.27):

9 (1) = 0; (a7 (£) 9;m (1)) — ' (1) im(t) + b'(H)9m(t) + H (u(t).t)
+[o"()0m (t) + B (u(t),1))] dWy, 1 (0) = curlug.
By It6 formula (see [38]),
u(t A S)E = [u(O)f —p f," [u(r)5> Na(u(r) ds+
pJy" )5 f(u(r) &) dadr +p [ [u(r) 572 (f u! (r)e! () da) dW, +

p/2 [ [a() B2 B (r) da) dr + B(p — 2) [ [a(r)|§74) [ ! (r)ed(r) daf2 dr

where
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Similarly, for each stopping time S so that [0,.5] C [0, ¢)

tAS tAS
A S)E = O —p [ Il Name)dr+p [ g [ ). ) dear
tAS - P tAS - )
[ e [aneyanaw + 8 [ me 50 e

+§(p 2/ Ole 4\/ r) dz|2 dr,
0

H(r) = b'(r)din(r)+H(u(r), 1)), 3(r) = 20" (r)dn - d(r) + |d(r)[5,
and d(r)= Vo' x d;utcurl (G (u,t)), v(r) = or(r)Oxn(r) + d(r). By Lemmas 2
and 3,

where

tAS

tAS
A S = O+ [ el ds+ [ b -aw,

tAS tAS
lu(t A S)|5 = [u(0)[5 —|—/ a(r) ds + / b(r) - dWs,
0 0
and there is a constant C' independent of S such that

ax(r) < Clln(r)l5 + [u(r)[3 + G0, )|l , + [F(0,7)[] o],
[b2(r)ly < Clin(r)l5 + [u@) + lIn(r)5 1G(0,7)], 5),
a(r) < Cllu(r)f; + IG(0,7)[[7 , + [F(0,7)[7 2],

b(r)ly < Cllu(r)fb + [u(r)[5~{|G(0, 7)][5)-
Also by Ito formula

i oL - / N, (n(r),7) ds +p / (In(r)[P~>n(r).a(r),  dr

/ ([ i) P=2a()etr) dodiV, + p /t< = 2Inwr25) de) ar

a(r) = b'omteurl (F(u,r)) + 0;(Va” x 0;u)+(Vb') x 9;u

where

= b'Oym+curl (F(u,r)) +r(u(r),r),

b(r) = 20" - d(r) + |d(r)[5,
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and d = Vo' x d;utcurl (G (u,t)), c(r) = o*(r)on(r) + d(r). Using Lemmas 2
and 3, we obtain

t t
(Ol = )+ [ aplr) ds+ [ by aw.

0 0

and there is a constant C' independent of S such that

lap(r)| < Clln(r)[} + ()} + G0, MY, + [F(0,7)[F ],

[bp(r)ly < Clin()[} + ()]} + [In(r)[;7HIG(0,7)] ).

So, the statement follows. |
Now we can complete the proof of Theorem 2.

3.7.1. Proof of Theorem 2. We have immediately the existence of a maximal so-
lution by Theorem 1. It remains to prove that P(¢ = oo) = 1 and the estimate.
Let

ye = [u(@®)[3 + |eurlu(t)[; + [curlu(t) [},
Ry, = inf(t : y+ > m) A (. Since in 2D L, is continuously embedded into H}
(L, € H3), we obtain by Lemma 12 that for some adapted functions h(t), x(t),

tARm tARm,
YtAR,, = Yo + / h(r)dr + / k(r) - dW,,
0 0

and there is a constant C independent of m such that
h(r) < C(yr + z), w(r) < C(y, + yiil/pgv}/p)
where

z = [|G(0, M)}, + [F(0,7)[7 , + [|G(0,1)[[7 5 + [F(0,7)[F ,,

4 =[IG(0,n)|[T, + [IG(0,M)[[1 .
By Lemma 18 (see Appendix), for each T there is a constant C' (independent of m)
so that for all stopping times 7 < T

Esup yc < CBfyo + / NIG©, 7, + [F(O,7f,
t<t 0

(3.63)
+ G0, )]} , + [F(0,7)[75) dr].
Let

t
Ko =[O0, +PO.0E, + GO0, +[FO.N ) dv

For M > 1 set ™ = inf(t : K; > M). Since the sequence R,, “announces” the
predictable stopping time (, for each "> 0 and M > 1 we have

P(Rm < T) < P(yRm/\T/\TM > m) + P(TM < T)

<m ™' Byg, ararv + P < T).
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So, by (3.63), for each M > 1

limsupP(R,, < T) < P(r™ < T).

Therefore lim,, P(R,, < T) =0, and P(¢ = c0) = 1. The statement follows.

4. WIENER CHAOS AND MOMENT THEORY

4.1. Preliminaries. In this Section we continue the study of global solutions of
stochastic Navier-Stokes equations. We will deal with the equation

omu = 0 (aijaju) +bi9;u — uFdu+ h - Gt (Jik&-u + g) —
(4.1) VP+f+[c*du+g—VP] - W, divu=0,

u(0,2) =ug (z)

with the free forces f =f (t,z) and g = g (¢,z) that do not include a solution as
an independent variable. Since the existence of global solutions is proved only for
d = 2, we restrict ourselves to this case.

Our goal now is to investigate how the SNS equation (4.1) propagates the chaos
generated by the driving Brownian motion and randomness in the initial conditions.
We are particularly interested in deriving formulas for the statistical moments of a
solution to (4.1).

Let (2, F,P) be a complete probability space. Let W () and £€° be a cylindrical
Brownian motion and a cylindrical Gaussian random variable in Y. We assume that
W (t) and £° are defined on (Q, F,P) and independent.

Let us fix a positive number T' < co. Let Fr be a P-completion of o {£%, W (r) :
r <t} and F; be the a o-algebra generated by Ny« s<ra{€®, W (r),r < s} and all
the negligible sets of . The filtration of right continuous o-algebras (F;)i<7 will
be denoted by F.

We will assume in the future that the initial value ug (x) is random but its
randomness is due solely to its dependence on £°.

To begin with we shall introduce additional notation and recall some basic facts
of the Wiener chaos theory (see e.g. [19],[20],[34], [36], etc).

Let us fix a positive number T' < oo. Let {my, k > 1} be an orthonormal basis in
Ly (0,T) and {¢;,k > 1} an orthonormal basis in Y. Write £¥ = fOT m; (s) dw" (t)
where w” (t) = (W (), lk)y -

Without any loss of generality, we assume that Fy is generated by the sequence
of independent standard (i.e. N (0,1) ) Gaussian random variables {f?,i > 1}

Let @ = {a¥, k>0;i>1} be a multiindex, i.e. for every (i,k), af € N =
{0,1,2,...}. We shall consider only such « that |a| = ka‘ af < oo, ie., only a
finite number of af is non-zero, and we denote by J the set of all such multiindices.
Obviously, if a € J, the number a! = II; ;af! is well defined. We also write
ol =TI, (o).

For a € 7, write

T #ar &)

k=0

8

Ca =

?

I
—
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- 22 22
where H,, is the n'* Hermite polynomial H,,(z) = (—1)" (d—e’7> e,

dx™
The random variable ¢, is often referred to as (unnormalized) o Wick polynomial.
Let Jy be a subset of J consisting of all multiindices of the form

a={af k>0,i>1:aF =0if k #0}

We will often denote a multiindex from J, by a’. Obviously, for o € 7,

Cao = H Hoz,? (gzo)
=1

It is a standard fact that

0 if
(42) ECats = { (a! ifaa i g) :

The most important feature of the Wick polynomials ¢, is that the set {C J/ValaeJ }
is an orthonormal basis in Ls (2, Fr,P) ( see e.g. [6],[36]) . This result is often
referred to as the Cameron-Martin theorem. The following lemma is an obvious
extension of the Cameron-Martin theorem to the vector case.

Let H be a separable Hilbert space and {h;,7 > 1} be an orthonormal basis in
H.

Lemma 13. Let n : Q@ — H be an F-measurable random variable so that
E |\77||$_[ < 00. Then, n admits the Wiener chaos expansion in L?(;H)

(4.3) n= 1,

al
aceJ
where ﬁa = E[Uﬁa] = Z?il E[(n’ ht)COL]h’l
Moreover,
A 12 oo
Mo L
(4.4 Bl = 30 el = 373 LBl hncal?
acg acJ i=1

In the future, we will refer to the functions 7, as unnormalized Hermite-Fourier
coefficients, or simply, Hermite-Fourier coefficients, of 7 .

4.2. Propagator. Suppose that the assumptions of Theorem 2 hold. Then, equa-
tion (4.1) has a unique F—adapted global solution in HJ (R?) M Hj (R?) and

Bsup (ju(t)E, + a0 ;) < .

By (4.3), a solution of (4.1) allows the Wiener Chaos expansion u (t,z) =
Zaej WCQ

This equality holds for all ¢ in Lo (Q; H (RQ)) as well as for all ¢,z in Lo (Q; R2) .
The latter is due to the well-known imbedding H; , C C*~2/.

Of course, the main problem of interest is how to characterize the Hermite-
Fourier coefficients u,, (¢,z). It will be shown below that these coefficients verify
a certain nonlinear system of equations. This system describes the pattern of
deterministic propagation of randomness in (4.1).

In this Section we shall make the following additional assumptions:
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(C1) The initial value ug is a measurable Fo- adapted function.

(C2) The coefficients a' and b are measurable functions on [0,T)xR?; f! are
predictable functions on [0,T) x R% x Q; 0!, k' are Y —valued measurable functions
on [0,T) x R?, ¢' are Y —valued predictable functions on [0,T) x R? x Q, and for
all t,x Z;O (|oknt (t,z)|y + |0ko (t,2)]) < C.

(C3) For p>2andl=2p,

T
/0 E <|g<t> LI an) dt < co.

Note that, in contrast to the previous sections, we postulate that ¢ , b* and h'»*
are non-random.

Now we introduce some additional notation.

Write

—_ 1 /a) ,; R
(45) W0, ()= Y 2 (5) s 008100 0).
peg0<p<a
M (Ta,t) = 07 (£)0;a () + &a ().
For j # 0, we define multiindex « (¢,5) € J by the formula

ok aFif (kD) # (j,i) or k=0
o) ot ={ G £ G,

i.e. the multiindex « (7, ) might differ from « only by its (¢, j) entry which is equal
to (aé — 1) V0.
Set

(Bagi) (t) + 07 () 00031 (1) afmy (1) if & To
otherwise.

DM (fq,t) = { gzk#o
and
Lo (Tast) = 9; (¥ (t) 05t (1)) + 0" (£)9;0a(t) + £, (1) + B (H)G (M (f14,1) -
Theorem 3. Assume that C1—C3 as well as the assumptions of Theorem 2 hold.
Then the Fourier-Hermite coefficients G, of the global solution of SNS (4.1)are

continuous H), (R?) M H3 (R?)-valued functions on [0, T)]. Moreover, the set of func-
tions {l, (t,z),a € J} werifies the following system of equations

(0 (1), ‘P)Q = (1, (0), ‘10)2 + fg{<£0 (04,8), ) +
(4.7) (—uidiug (s) + DM (fia, 5), @), }ds; diviig () =0
for allt <T and ¢ € (C(‘)X’ (RQ))2 so that dive =0.

4.2.1. Proof of Theorem 3. To begin with, we remark that for « = 0, @1, (0) = Euy,
and if a has at least one positive entry o with k # 0, G, (0) = 0.

By Theorem 2 we have that u (¢), a solution of equation (4.1), is a continuous
H, (R?) N Hj (R?)-valued function and

(4.8) Esup(fu(t)ff, + u(®)fi,) < oo
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Owing to (4.8) ,we have by Holder inequality that for [ = 2,p
(4.9) sup ([aa ()], + [(9iu) ,(1)],) < oo .

By Fubini Theorem, for all ¢ € (C{)’o (RQ))2 and t < T,

(Bru(t)) o 5 0)y = ~BI(u () 0i0)y Cal = — (T (1) Dr6p),
Thus,
(4.10) O;t1a () = (Du (1)),

Now, by (4.9) and (4.10)we have that for all ¢, @, (¢) € Hj, (R?) Hj (R?) . Since
for integer n and ¢ > 1, the norm ||n o is equivalent to the norm of the Sobolev
space W™ by (4.10) and Hélder inequality, we have that for [ = 2, p

[0 (t) — 0a(s)|11 <
C([E(u(t) = u(s)) Cule + 22; [E (Oiu(t) — 0iu(s)) (1) <

C'Elu(t) —u(s)|1,.
Thus, by the Dominated Convergence Theorem we have that the Fourier-Hermite
coefficients i, (t) are continuous in H, (R?) () Hj (R?).
Owing to (4.10), we also have that for every a € J, divii,(t) = 0.
We continue with two simple but useful lemmas.

Lemma 14. Let n and i be F-measurable H-valued random variables, and

2 2
E [Inll3, + 03] < oo.
Then,

Wi = Yypeg (P4718), Tperns (=PI B=D)P) €5y
(4.11)

= Yapes Lozpza (3) atm (%mfﬁ’ﬁpw)?{ Ca-
Proof. Tt is a standard fact (see e.g. [36]) that
7\ (B
s cirm 5 ()
p<YAB
By Lemma 13 and (4.12), we have
(W = Yy peg 7 (P30715), € =
(4.13)
O —1
Z'Y/vBIEJ (w'}’/’nﬁ/>,}_{ Zpg’y’/\ﬁ' ((PY/ - p)' (6/ 7p) 'p') C,Y/+18/72p

By making the change of variables a = 7/ + 3’ — 2p,3 = 3 — p in (4.13) and
observing that v — p = a — 3, we arrive at

o= 5 5 (5) am (Frvasoioes) o

a,peJ 0<p<La
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Lemma 15. (see [43])The process C,, (t) = E [(,|Fi] verifies the following equation:
(4.14) dCo (1) = mi (8) OF o py (8)dw" (2) .

Remark 8. Write D(,, (t) = m; (t) afga(i,k)(t)ék where as before ().~ s an
orthonormal basis in Y. It is readily checked (cf. [45]) that DC,, (t) is the Malli-
avin deriwative of ¢, (t). Now we can rewrite equation (4.14) in the following more
compact and maybe more insightful form:

dCa (t) = DCoc (t) -dW (t) .

Note that since , (¢, (t), F¢) is a uniformly integrable martingale, we can sharpen
(4.3) as follows:

Corollary 5. If v € L3(Q, F,,P;LLy) for some s € [0,T], then ¥, = E[v(,(s)],

and A
V=) TEC()

acd ’
in L2(Q, F,, P:Ly).

Write, M¥ (u,t) = 07%(t)0;u (t) +g" (t) and M*(lin,t) = 075 ()01, (t) +&F (t)
where ¢/F = (Ji,ﬁk)y , 8" = (g,k)y , and (¢, k > 1) is an orthonormal basis in
Y. By It6 formula, Lemma 15, and (4.1), we have

d((u(t),)2Cn (1) = [Co (1) (L (WE), ) + Ttagy Dpro mi (£) O Cagipy (1) (M (ut) , @), Jdt

(G (8) (M (01) 02 + Tazany (0 (1) @2 (8) af Cogiy (8)] du® (1)
where
(L (u), ) = [ (a”0)u, dip), + (b'Ou — uPopu+f + (h' - G'(M (u)), ®),l-

Taking the expectations of both sides of the equation and using Corollary 5, we
arrive at

(4.15)
8tﬁa (t) =E [Ca (t) <‘C (u?t) ) 90>]+I{a¢50} Z myg (t) O‘fE {Ca(i,k) (t) (Mk (u’t) ; 99)2:| .
k#0

Now we shall express E [(,, (t) (£ (u,t), )] and E [Ca(i’k)(t) (MFE (uyt), 50)2} in
terms of Hermite-Fourier coefficients of u, f,and g.
Write <E,0 (u,t) ,<p> — — (¥ (1) Dyu(t), Dip), + (B (1)Du(t) + £ (£) , @)y. Obvi-

OU-SIy7 <£0 (uvt) ) (P> = <‘C~O (U.,t) ’ (10> +R (ta SO) where

(4.16) R(t,¢) = (W'(1) - G0’ (D0yu (t) + g (1)), ),
It is easily seen that
(4.17) E [¢o (1) (Lo () 0) | = (Lo (@ait) ) .

and for o ¢ Jo,
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(4.18)
Zmi (t) E [Ca(i,k) (t)Oéif (Mk (Llﬂf) 790)2:| = Z m; (t) a? (Mk (ﬁa(i,k)7 t) 7()0)2 .
k#0 k#0

Let us consider now the term (u’ (t) d;u () ,go)2 . By Schwartz inequality,

E [} o |Cots® (5,2) 0 (5,2) @ (2)| dsda <

(fot Jrz E ¢! (s,x)|2dsdx>1/2 (fot Joo E |00 (s,2) @7 ()} del')l/Z e

Thus, by Fubini Theorem and Lemma 14, we have that

E [Co () Jy (u (5) Dru(s) ,0), ds| =
(4.19)

Za,pej Zoggga ,%(Z) (ﬂ;wr,@ (t) 7az‘ﬁp+a—5 (t) ) 4P>2 .

It remains to evaluate
R(t) = [¢, (1) (0i(t) - Glo? (105u (1) + g (1), ), |

To this end, we need the following simple result.

— —

Lemma 16. Ifv € L*(Q, F,, P;Ls), then for alla € J, (GV), = GV and (Sv), =
SVq.

Proof. Since S (v)=v—G (v), it is sufficient to prove only the first equality. By
Stein’s Theorem, G (v) is Fs—measurable and |Gv|, < C|v|; , which yields that
Gv €L?(Q, F,,P;Ly). Thus by Fubini Theorem we have

—

Gv), =E [cav e dy} =V [ Tule = )0l () dy = G0

It follows immediately from the lemma that

R(t.p) = ('(t) - G(o! (1)0;1a (1) + 8a (1)), ) , -
This completes the proof of Theorem 3.

Now we shall derive another convenient representation for the term w‘9;u,,.
For , 8 € J, define | — 8] = (Ja1 — B4],|az — Bs| 5 -.-) -

Definition 3. We say that a triple of multiindices (a, B,7) is complete, written
(a, B,7v) € C, if all the entries of the multiindex oo + [ + v are even numbers and
la— Bl <y <a+pb.

Obviously, if («, 8,7) is complete, then we have also that [a —v| < 8 < a+
Y v =0 <a<~vy+p6,and a+B—v,a— [+, and f+y— « are even multiindices.
It is readily checked that the following criterion holds:

Lemma 17. A triple (a, 8,7) is complete if and only if « + 5+ v = 2p for some
peJ andp < aAp.
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For (a, 3,7) € C, we define

o= (42 () (2222))

Obviously @ («, 3, 7) is invariant with respect to permutations of the arguments.

For a € J, write U* ={v,8 € J : (o, 8,7) € C}.
By Lemma 14,

(420)  Bu'onl(, = > aididd > (v=p)(B-p)p) " allamnis-2p)-
v.Be€T p<YAB

Since v+ 3 —a = 2p, then v+ G+ « is also an even multiindex. Also, the inequality

p <y A QB implies |y — | < a <~ + S. Thus (v, 3, «) is complete. Now, it follows

from (4.20) that

(4.21) (Wom), = . alidias® (a,6,7).

¥,BEU

The propagators for advection type equations were studied in [33], [42], [45] (see
also the references therein). Applications of Wiener chaos expansions to fluid me-
chanics have been sporadically discussed in the literature since 1960s. For example,
the inertial range spectrum of low order Wiener Chaos truncations of a (random)
Burgers equation were discussed in [10], [9], [48], [46]. There also exists a body of
engineering literature on numerical aspects of Wiener Chaos approximations (see
e.g. [32] , [23] and the references therein).

4.3. Moments. Making use of the Wiener chaos expansion [6] for a solution of
the SNS (4.1), one can immediately compute the first two moments of the so-
lution via the Hermite-Fourier coefficients given by equation (4.7) for the prop-
agator. Indeed, let us assume that the assumptions of Theorem 3 hold. It
was shown in the previous section that the Hermite-Fourier coefficients i, (t)
are Hj, (R?) M Hj (R?) —valued uniformly continuous functions of ¢. Owing to the
imbedding H; (Rz) c or=2/p (Rz) , we can interpret the Hermite-Fourier coeffi-
cients 1, (¢, ) as continuous real functions on R? x [0,77].

Since E¢, = 0 for a # 0 and E{, = 1 where 0 is the multiindex o € J such
that |a| = 0, we have that for all ¢, x,

Eu (t,x) = 19 (t,%) .
By [6] and Parceval’s identity, one has that for all x,y € R% and t,s € [0,7],

1
E(u(t,x),u(s,y) = > — (B (£,%) 100 (5,Y)) -
aceJ

Similarly, given the solution of the equation (4.7), the higher order moments of
the solution to SNS equation (4.1) can be obtained by computing the moments of
the Wick polynomials (.

Below we will derive some convenient formulas for these moments.

Let us consider the triple product ¢,(4¢,. By (4.12)

(4.22) o= 3 (a) (5)p!<a+g_2p<7.

p<anf p p
It is readily checked that if f is a function on 7, then for o, 8 € 7,
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(4.23) S fla+G-2) (Z) (6)}7! —alfl S £ () ®(a,f,r).

p<anf p reUe.B

Therefore, from (4.22), (4.23), and (4.2) follows

ECaCﬂgfy = O"ﬂ' ZreUﬂﬁ o (Oé, 67 T) ECTC’y =

04'5'7' ZreUa-B o (Oé, ﬁ? ’I") I(r:'y) = Oé'ﬁ'V"I) (aa ﬁa ’7) I{(a,ﬁ,'y)GC}'

By induction, it is easy to verify that

(4.24)

m—+1 _ 1ym—3,.i| ,m—1 m—i .4 p.i+1
EHi:l Cai = Hi:O rla !ZriJrleU(am—iﬂ«i) d (Ol y T ) X

(4.25)
20?10 ® (02,172 o) I a2 pm—2 a1)ec)

where r% = a™*1(cf. [34] Thm. 5.3).
For example,

ECaCﬁCnd = a'ﬁ"yl’%' ZrEU(a,B) @ (Oé, ﬁ7 T) rl® (Tv v K:) I{(r,'y,m)EC}-

Formula (4.25) allows to compute pseudo-moments of orders higher then 2. Let
v be an Fp—measurable random variable and Ev3 < cc.

Obviously, the set {(,,a € J} is total in all L,(2). Given v € L,(Q), there is
a sequence of finite linear combinations v™ = 3" ¢c'{,, so that Ejv —v™ P — 0 as
m — oo. If p = 3, then, of course,

E(v™)3 = Z Oy 0500 (o, B,7) — Ev3.
(e.By)€C

It is readily checked that 9]]' — 7, for all @. Therefore, we may define the third
pseudo-moment < v3 > by the formula

<vd>= 3" iy ® (a,8,7).

(a,8,7)€C
Formula
(4.26) <vt>= Z Vo030~ Oy Z ® (o, B,7) 1@ (1,7, &) I(ry,m)eC)
a,B,7,k reU(a,B)

as well as similar formulas for higher pseudo-moments could be proved by similar
arguments.
Of course, the pseudo-moments < vP > coincide with the respective moments
for p = 1,2. However, if p > 2 the relation between the moments and the related
pseudo-moments is an open problem.

5. APPENDIX

5.1. Non-negative semimartingales. We will need also some estimates of non-
negative semimartingales.
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Lemma 18. Let Z; be a non-negative semimartingale such that

t t
Zt=20+/ asds+/ by - dW,.
0 0

Assume that there are non-negative measurable functions cs, fs,gs, and a number
0 > 0 such that so that for any €,

as < (=64 e0)cs 4+ Co(Zs + [, |bsly < 0e(csZs)/? + C(Zs + 217 1/Pgl/P),

where C; is a constant depending on €.
Then for every T > 0, there is a constant C' = C(T') such that for all stopping
times T <T

E[sup |Z,| + (5/2)/ cs ds] < CE[Z, Jr/ (fs + gs) ds].
s<Tt 0 0

Proof. Let s <t <T,t—s <1 and 7 be a stopping time such that sup,.; Z; is

bounded and

E/o (fs +gs)ds < 0.

Fix an arbitrary stopping time 7. Let 7 = 7 A 7. Then by Burkhoelder’s inequality

tAT

tAT
E[ sup Z.az + (5/ crdr] <EZaz + E[§5/ crdr+Ces sup Zpaz(t — s)+
SAT s

s<r<t SAT s<r<t

tAT tAT
Cos [ s N[ (@62, + G232+ C2, 2207 M g2l )
SAT s

AT

Obviously, for every & > 0, there is a constant C. independent of T' such that

AT tAT
([ -z < sy 21 giras?
s SN

AT s<r<t

7

SAT

tAT
<& sup ZM;—l—CE(/ gg/pds)p/z.
s<r<t s
Hence,

tAT

AT
E[ sup Z.ar + 6/ crdr] <EZgpz + E{&S/ ¢, dr+
SAT s

s<r<t

SAT

tAT tAT
(N+1)Ce sup Zonr(t— )2+ Cesl [ frdr+(/ g7 dr)P/?]+

s<r<t SAT AT

AT
e sup Zyns +2 1Ned sup ZT/\;+2_1N6(5/ crdr}.
s<r<t s<r<t SAT

Let us take € so that
(1—e(1+27'N6)) /(1 —e(1+27'Ng)) =1/4.
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Then, there is a constant C' = C(T') such that

t
E sup ZTA;+(1/4)5/ crdr < CE[Zspz + sup ZM;(tfs)l/z)

s<r<t s<r<t

tAT AT
o[ g granen)
SAT

SAT

By choosing k =t — s small enough, we obtain

SAT

AT AT
(5.1) E sup Za7 + (1/2)6/ crdr < CE[Zspz +/ (fs + gs)ds].

s<r<t AT

To prove a similar estimate for s = 0 and an arbitrary t < T', we apply (5.1) estimate
successively on the intervals, [0, k], [%, 2k] , ... Now, the statement follows. I

5.2. Convergence lemma. Let B be a Banach space with a norm |-|p. Let X, be
a sequence of B-valued continuous processes defined on [0, ¢,,), where ¢,, = (,,(X,)
is such that P-a.s. ¢,, > 0 and

lim sup | X,,(¢)|p = o0
¢,

on {¢, < oo}. For M > 0,T > 0,n,n', let .7 be the set of all stopping times
7 < T such that sup,., [Xn(s)|p < M + |X,,(0)|5, Tn]VfL,T =TMT N TnMT

Lemma 19. a) Let P-a.s. ¢, = co for all n. Assume that for each M, T
lim sup  Esup|X,(s) — X (s)|g =0,

n—00
n'>n,reT™T  s<7

n,n

sup E sup | X,,(s)|p < cc.
n s<T

Then there is a B-valued continuous process X and a subsequence ny such that
P-a.s. for each T

sup | Xp, (s) — X(s)|g — 0.
s<T

b) Assume that for some My > 1,75 >0

lim sup Esup | X, (s) — X, (s)| =0,
n—ee n’Zn,TETMO,’TO s<T
and
lim  sup P( sup [X,(s)| > [Xn(0)|p+ Mo—1)=0.
—0 n,TeTnMO’TO s<TAT

Then there is a bounded stopping time T such that P(r > 0) = 1 and a B-valued
continuous process X on [0,7] and a subsequence ny such that P-a.s.

Sup X, (3) = X (3)] s = 0.

Moreover, if sup,, E|X,(0); < oo,p > 1, then Esup,., |X(t)|%; < oco.
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Proof. a) Obviously, there are ny 1 00, Tj T 0o, M}, | 0o such that

sup B sup | X, (s) — X (s)|p <272,
WEm o s<reTh

where 7F,, = TV5"™ Fix T > 0 and M > 0. Let 7 = inf(t : | X, (t)|p >

n,n’

| X0, (0)|g + M +27%) AT. Then, for k so that M, > M + 2% T}, > T, we have
P( sup |ch (S) - Xnk+1 (S)lB > Q_k/4)

S<TRATR41

<4-2"BE  sup |X,. (s)—X

S<TRATR+1

(S)lB S 4'2_k.

N41

By Borelli-Cantelli lemma,

sup |X7lk (S) - X’ﬂk+1 (S)|B < 2_k/4

S<TRATR41

or Ti4+1 < 7y for sufficiently large k. Let 7 = limy 74. Then X,,, (t) converges to
some process X (t) on [0, 7]. Also,

P(r <T)=1imP(rs <T) < M 'Esup|X,,(s)|5-

s<T
b) Obviously, there is ny 1 oo such that

sup E sup | X, (s) — X (s)|p <272,
n'>ny  s<TET,

where 7,, v = 7,177 Let 7, = inf(t : | X, ()| 5 > [ X0, (0)| 5+ Mo —1+27%) AT
Then

P(sup [ Xn(s) = Xy (8)| 5 > 27"/4)

SST}CAT;C+1

<4.2E  sup | X (8) = Xnpyi (8)|B < 4 27k
S<TRATR41
By Borelli-Cantelli lemma,
sup |X"k (s) = X7lk+1(8)|B < 27k/4

S<TRATR41

or Tp4+1 < 7 for sufficiently large k. Let 7 = limy 7. Then X,,, (s) converges to
some process X (s) on [0, 7]. Also,

P(r <e)=lmP(r; <¢e) <limsupP( sup |X,,(s)|p > |Xn,(0)|g+Mo—1) — 0,
k

s<TRAe

ase —0,i. e. P(r=0) =0.
Since

sup Esup | X, ()| < oo,
k t<t

if sup,, E|X,,(0)|; < oo, the last assertion follows by Fatou lemma. NI
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5.3. Estimates of gradient projection. In this section, for the sake of conve-
nience, we summarize some basic estimates for gradient projections proved in [37].

Lemma 20. (see Lemma 2.13 in [37]) Assume v € H5T'(Y),p € (1,00). Then

(5.2) G(Ov) = 0,G(v) = — (1 — A)*?RR;((1 — A)*/2divv).
There is a constant C such that for all v € HEt(Y),
19G(V)ll,,, < Clldivvll,

and for all v € H5(Y),
NG5, < Clldivvl]

S,p —
We need L,-estimates of the function G(h) where h =¢79;v.
Lemma 21. (see Lemma 2.14 in [37)) Let h =c?(z)0;v(xz), where ¢ =(c¢7) is a

measurable d-vector of Hilbert space Y -valued functions, v € Hz+1,divv =0,¢e¢€
(0,1). Assume

s—1p T HVHs—Lp-

el gisl < 00, if s > 1,
llel|r < o0, if s € (—1,1),

lle|| g=st+e < 00, if s < —1.

fhen N0 vlleorp + 190,V s-1)
C(|0ic?05v]|s=1,p + ||?0jV]|s=1,p) if s >0,
15l < { ooy + fI(divd) v, ) ifs <0,

Also, we need L,-estimates of the function G(h) where h = 9;(c" (z)9;v).

Corollary 6. (see Corollary 2.15 in [37]) Let h = 9;(c" (x)9;v), where ¢ =(c"7) is
a measurable function, v € H;H,divv =0,e€(0,1). Assume

|C|B|s\ < oo, ifs > 1,
|C‘B1 < 00, ZfS € (_171)7

lelg=s+e < 00, if s < —1.

Then - )
Gy, < { CUA0 iy + 70501 imry) if >0,
s—1,p = C(lalcz‘]v]‘s,p + |8jclj vlg,p]’ 'LfS <0.

5.4. Biot-Savart law in R?. Biot-Savart law is usually discussed only in dimen-
sions d = 2, 3. In this subsection we introduce a slightly more general construction
for any d.

Definition 4. a) Given two vectors a = (a',...,a?),b = (b},...,0%) in R?, we
define their product

axb = (e(a"d — albh))

where gy, = (—1)+F-1,

d(d—1)/2
1<k<i<d © R )
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(In standard notations, we could use also a matriz /2a A'b = (a®b! — a'b*) L<ki<d)"
b) Given a vector field v(x) = (vi(z),...,v%(z)), we define a new vector field
curlv =V X v = (5lk(akvl _ alvk))1<k<l<d c Rd(d—l)/Q.

Remark 9. a) Given a scalar function a, we have
(5.3) curl(av) = a curl(v) + (Va) x v.
b) If v =Vp (p is a scalar function), then curlv =V x v =0.

Proposition 8. For each v €H),

OmS(v) == RpR;(0;v — V7).

J

There is a constant C so that for all v EH})
[0S (V)| < Cleurlv|p.
In general, there is a constant C' so that for all v EHZH,

|88(V)|s,p = ‘S(av)ls,p < C|CUTZV|8,IJ7

|S(V)|s+1,p < C(|CU7"ZV|S,17 +[V]sp),

or for all v €H

[SW)]sp < Clleurlv]s—1,p + [V]s-1p)-

Proof. Indeed, considering Fourier transforms, we easily find that for all v € Cg°,

S(v)=v-G(v). == (RjRjv—R;Rv’) = —R(R A V),

J

OmS(V) == R R;(0;v — V).

J

Also,

Om T S(V) = = RpmR;(0;Jov — V.J7)
J

= - ZRijJs(ajv - ij)a
J
where J; = (1 — A)*/2. Since Riesz transform is bounded in L, and
|V|S7P + |6v|s,p ~ |v|s+1,p’

the statement follows. i
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