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Abstract

This paper concerns the fluid dynamics modelled by the stochastic flow


η̇ (t, x) = u (t,η (t, x)) + σ (t,η (t, x)) ◦ Ẇ

η(0, x) = x

where the turbulent term is driven by the white noise Ẇ . The motivation for
this setting is to understand the motion of fluid parcels in turbulent and randomly
forced fluid flows. Stochastic Euler equations for the undetermined components
u(t, x) and σ(t, x) of the spatial velocity field is derived from the first principles.
The resulting equations include as particular cases the deterministic and randomly
forced counterparts of these equations.

In the second part of the paper we prove the existence and uniqueness of a strong
local solution of the stochastic Navier-Stokes equation in W 1

p

(
Rd
)
, d > 1, p > d.

In the 2D case, the existence and uniqueness of a global strong solution is shown.
In the third part, we deal with the propagation of Wiener chaos by the stochastic

Navier-Stokes equation and its relation to statistical moments of the solution.
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1. Introduction

The relation of the Navier-Stokes equation to the phenomenon of hydrodynamic
turbulence is widely regarded as one of the most fascinating problems of fluid me-
chanics. The onset of turbulence is often related to the randomness of background
movement. One way to model this is to consider a randomly forced Navier-Stokes
equation. Bensoussan and Temam [3] have pioneered the analytical study of a
Navier-Stokes equation driven by white noise type random force. Later, this ap-
proach was substantially developed and extended by many authors (see, e.g. [4],
[5], [7], [13], [15], [21], [35], [41], [51], [52], etc.).

These papers postulated some form of randomly forced Navier-Stokes equation
at the inception point. A somewhat different approach was taken in the recent
paper [40]. This paper assumed that the dynamics of the fluid particle was given
by the stochastic diffeomorphism

(1.1) η̇ (t, x) = u (t,η (t, x)) + σ (t,η (t, x)) ◦ Ẇ , η(0, x) = x

with undetermined local characteristics u (t, x) , and σ (t, x) . 2 In this setting, Ẇ
is a time derivative of a Hilbert space valued Brownian motion (e.g. space-time
white noise) and the stochastic integral is understood in the Stratonovich sense.

The generalized random field σ (t, x) ◦ Ẇ models the turbulent part of the velocity
field, while u (t, x) models its regular component.

The idea of splitting up the velocity field into a sum of slow oscillating (deter-
ministic) and fast oscillating (stochastic) components has been often entertained in
fluid mechanics; important developments along these lines may be traced to work
of Reynolds in the 1880es. Our interest in stochastic flows of the form (1.1) stems
in part from recent developments in modelling a turbulent velocity field by a gen-
eralized Gaussian field V (t, x) with zero mean and covariance C(x − y, t − s) =
K(x− y)δ(t− s) such that the spatial part is of the form

Kij(x− y) = Aij +Dij |x− y|κ for |x− y| << 1

where κ ∈ (0, 2) and decays rapidly as |x− y| −→ ∞. This model was pioneered by
Kraichnan in his work on turbulent transport [26] and substantially developed later
in a series of work by Gawedzki et al. [16], [17] and other authors. The velocity
field V (t, x) can be realized by way of its identification with a random field of the

form σ (x) · Ẇ (t) (see [2], [31], and Section 2.2).
Relating the Kraichnan velocity field to classic fluid mechanics might naturally

lead us to ask: “Can we compensate V (t, x) by a field u (t, x) that is more regular
with respect to time variable, so that there is a balance of momentum for the
resulting field U (t, x) = u (t, x) +σ (x) ◦ Ẇ (t) or, equivalently, that the motion of
a fluid particle modelled by (1.1) satisfies the 2nd Newton law?”3

The answer to this question is positive. Moreover, it turns out that following
the classic scheme of Newtonian fluid mechanics (i.e. coupling (1.1) with Newton’s
second law), a quite general stochastic Navier-Stokes equation

2Here and throughout the rest of the paper, vector fields on Rd are denoted by boldface letters.

This convention also applies if the entries of the vector field are taking values in a Hilbert space.
3A priori, it is not clear in what sense the motion described by Kraichnan’s velocity might fit

into the paradigm of Newtonian mechanics.
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(1.2)

∂tu =∆u− (u,∇)u−∇p+ f(u)

[(σ,∇)u−∇p̃+ g(u)] ◦ Ẇ

may be derived for u (t, x) (see [40] and Section 2.2). Special cases of this equation
include the standard deterministic Navier-Stokes and Euler equation as well as
many other variations of the stochastic Navier-Stokes equation considered in the
literature. A more detailed treatment of this subject is given in Section 2. To
emphasize the relation of equation (1.2) to the flow (1.1) involving the (short time)

turbulent component σ (x)◦Ẇ (t) , we will often refer to it as a turbulent stochastic
Navier-Stokes equation.

Section 3 deals with the analytical theory of the stochastic Navier-Stokes equa-
tion (1.2) and some generalizations of this equation. One technically challenging
feature of the SNS equation (1.2) is that it involves multiplicative noise with the
diffusion coefficient depending on ∇u.The existence and uniqueness of a maximal
local solution in the Sobolev space W 1

p

(
Rd
)
for arbitrary d > 1and p > d is shown

(Theorem 1). Note that owing to the embedding C1−d/p
(
Rd
)
⊂ W 1

p

(
Rd
)
, the

solution is Hölder continuous. The maximal solution is understood in the (prob-
abilistic) strong sense, e.g. pathwise rather than as a solution of a martingale
problem. For the latter, see e.g. [4], [15], [41], [51]. In the case of d = 2, it is proved
in Theorem 2 that there exists a unique global solution of equation (1.2) .

We remark that the results of Section 3 do not cover the case of only Hölder-
continuous σ (x) , that assumption being important for Kraichnan’s turbulent ve-
locity model. This case is addressed in the forthcoming paper [43].

The Lp- theory of strong solutions of SNS equations was studied in [5] (see also
references therein). In this paper, the local (global in 2D) existence and uniqueness
were proved for a randomly forced Navier-Stokes equation

(1.3) ∂tu =∆u− (u,∇)u−∇p+ f(u)+g(u)◦Ẇ

in a smooth bounded domain of Rd (d = 2 or 3). In this equation, the noise
influences the motion of the fluid only by the velocity, rather than by the velocity
and its gradient, as is the case in [4], [15], [39], and the present paper. Consequently,
it does not cover the case of turbulent stochastic flow.

For a substantial body of related work on Lp−solutions of deterministic Navier-
Stokes equations, see, e.g. [18], [24], [25], etc.

Section 4 deals with the propagation of Wiener chaos and moment theory for
SNS equations. In this Section, we derive a deterministic parabolic system for the
Hermite-Fourier coefficients in a Wiener chaos expansion of u (t, x) , which we refer
to as ”propagator”. We show that the statistical moments of the velocity field
u (t, x) can be directly expressed via the solution of the propagator. While still an
infinite-dimensional system, the propagator for the SNS equation is a much more
simple object than the related Kolmogorov equation. On the other hand, it is quite
sufficient for dealing with the basic statistical properties of solutions to the SNS
equation.4

4The main results of the paper were announced in [39].
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2. Phenomenology of Stochastic Navier-Stokes and Euler Equations

2.1. Preliminaries. Classic fluid mechanics deals with two essentially equivalent
approaches to modelling the motion of fluid, namely Euclidean and Lagrangian
formalisms. The centerpiece of the former is the Navier-Stokes equation for the
fluid velocity u(t, x). This equation is expressed in Euclidean coordinates as

(2.1)





∂tu+ uluxl − ν∆u+ 1
ρ∇p = f , in [0, ∞)×Rd,

u(0) = u0.

In the case of ideal fluid, (2.1) reduces to Euler equation

(2.2)





∂tu+ uluxl +
1
ρ∇p = f , in [0, ∞)×Rd,

u(0) = u0.

In the case of incompressible fluid, both equations have to be complemented by the
equation

divu(t, x) = 0.

The Lagrangian formalism emphasizes the dynamics of fluid particles. Let us
write η(t, x) for the trajectory followed by the fluid particle that is at point x at
time t = 0. Obviously, η(t) = (ηi(t, x), i = 1, ..., d) verifies the equation

(2.3) ∂tη
i (t, x) = ui (t,η (t, x)) , ηi (0, x) = xi.

The function η(t, x) is usually referred to as a fluid flow or fluid flow map. Equation
(2.3) yields that the fluid flow is defined by u(t, x), a solution of the Navier-Stokes
( Euler) equation. On the other hand, one could argue that fluid flow η is an equally
or even more basic notion than velocity u. Indeed, the classic Euclidean approach
postulates that the fluid particle motion is given by (2.3) with unknown smooth
velocity field u; it then shows that this equation, together with Newton’s second
law, yield (2.1) (see e.g. [30], [8]). A more recent approach to fluid mechanics
pioneered by Arnold, Marsden and Ebin (see [1], [14]) treats the fluid flow as an
intrinsically defined infinite-dimensional dynamical system.

In this paper we consider a flow similar to (2.3) but make the fluid particle
subject to turbulent diffusion. The motivation for this setting is to understand the
motion of fluid parcels in turbulent and randomly forced fluid flows.

More specifically, we postulate that the fluid particles motion is given by the
equation

(2.4) η̇ (t, x) = u (t,η (t, x)) + σ (t,η (t, x)) ◦ Ẇ ,η(0, x) = x

where W (t) is a cylindrical Brownian motion in some Hilbert space Y (see [41]),

Ẇ = ∂W (t)/∂t, and u(t, x) and σ(t, x) are unknown random fields.
The fluid flow map (2.4) corresponds to the velocity field

(2.5) U (t, x) = σ (t, x) ◦ Ẇ + u (t, x) .

The singular term of this field, σ (t, x) ◦ Ẇ , is referred to as the “turbulent com-
ponent”. If W and σ are statistically independent, e.g. if σ is non-random,
σ (t, x) ◦ Ẇ := σ(t, x) · Ẇ + 1

2σxp (t, x)σ
p (t, x) .
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We remark that Kraichnan’s turbulence model is an interesting example of the
turbulent component in (2.5) .

In the generalization of Kraichnan’s model introduced in [16] (see also [17]),
the turbulent component V (t, x) is modelled by a homogeneous, isotropic, and
stationary Gaussian random field with zero mean and covariance

EV i (t, x)V j (s, x) = Kij (x− y) δ (t− s)
where Kij (x− y) = Cij

0 δij−Dij (x− y) .The following asymptotic properties were
assumed:

(i) The spatial covariance Kij (x− y) decays fast for |x− y| > 1;
(ii) For |x− y| << 1,

Dij (x− y) = D
(
(d+ κ− 1) δij − κxixj/ |x|2

)
|x|κ .

As illustrated in [31] , one possible construction of a homogeneous Gaussian
random field with the Kraichnan type covariance is given by

σ (x) · Ẇ (t) =
d

dt

(
∞∑

i=1

σk (x)w
k (t)

)

where wk (t) are independent one-dimensional Brownian motions and σk (x) are
Hölder continuous with an exponent κ/2 and so that divσk (x) = 0 and∑

ik |σik (x) |2 ≤ K <∞.
In this section we will derive equations for u(t, x) and σ(t, x). This will be done

by coupling (2.4) with Newton’s second law, in much the same way as it is done in
classic macroscopic fluid dynamics.

The obtained equations include as particular cases the deterministic Navier-
Stokes equation (2.1), as well as Navier-Stokes equation with stochastic forcing
(see [3], [4], [5], [7], [15], [41], [51] etc.).

2.2. Balance of Momentum. Let (Ω,F ,P) be a complete probability space and
Y be a separable Hilbert space. LetW be an Y -valued cylindrical Brownian motions
on (Ω,F ,P). Write FW

t = σ(W (s), s ≤ t).
Consider the equation

(2.6) dη(t, x) = u(t,η(t, x))dt+ σ(t,η(t, x)) ◦ dW (t),η(0, x) = x

where ◦ indicates the Stratonovich version of the stochastic integral .
Let us assume the following:
(H1) u is continuous semimartingale given by

(2.7) du (t, x) = α (t, x) dt+ β (t, x) ◦ dW (t)

where α : Ω × [0,∞) × Rd 7→ Rd and β : Ω × [0,∞) × Rd 7→ Y d are measurable
and FW

t -adapted functions for every x; σ : [0,∞) × Rd 7→ Y d is a non-random
measurable function.

In what follows, we shall also assume that for fixed t,η is an invertible mapping;
α,β and σ are appropriately integrable and smooth so that the stochastic integrals
are defined and the following manipulations are legitimate. In particular, to define
the Stratonovich integral one needs to assume the existence and some regularity of
the joint quadratic variation 〈β (·, x) ,W 〉t (see [29]).
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One fundamental postulate of fluid mechanics (see e.g. [8] ) is the Newton 2nd
law: “the rate of change of momentum of a fluid particle equals the force applied
to it” , that is to say

(2.8)
d

dt
η̇ (t) =

F (t,η (t))

ρ(t,η(t))

where F(t, x) is the total force applied to the fluid particle and ρ(t, x) is the mass
density. For the sake of simplicity, in this paper we assume that ρ = 1.

In our case the acceleration,

d

dt
η̇ (t) =

d

dt

(
σ (t,η (t)) ◦ Ẇ

)
+
d

dt
u (t,η (t)) ,

is highly irregular. Thus (2.8) shall be interpreted in the sense of distributions, i.e.
for every ϕ ∈ C∞0

(
R1
)
,

(2.9)

∫
ϕ (t)F (t,η (t)) dt = −

∫
ϕ′ (t)σ (t,η (t)) ◦ dW (t) +

∫
ϕ (t) du (t,η (t)) .

Obviously, both sides of (2.8) must have the same structure. Hence, formulas (2.9)
and (2.11) yield that there exist FW

t -adapted functions f : Ω × [0,∞) × Rd 7→
Rd,g : Ω× [0,∞)×Rd 7→ Y d, and d : Ω× [0,∞)×Rd 7→ Y d so that

(2.10)

∫
ϕ (t)F (t,η (t)) dt = −

∫
ϕ′ (t)d (t,η (t)) ◦ dW (t)+

∫
ϕ (t) (f (t,η (t)) dt+ g(t,η (t)) ◦ dW (t))

By the Itô-Wentzell formula (see e.g. Theorem 3.3.2 in [29] or Theorem 1.4.9 in
[47] ),

(2.11)
du (t,η (t)) = α (t,η (t)) dt+ β (t,η (t)) ◦ dW (t)+

uxiu
i(t,η(t))dt+ uxiσ

i(t,η(t)) ◦ dW (t)

By matching terms in (2.9) and (2.10) and taking into account (2.11), we obtain
the following equalities:

(2.12) d = σ,g = β + uxiσ
i,

(2.13) α = −uxju
j + f ,

Thus, we arrive at the following equation for the regular velocity component u :

(2.14) du =
[
−uxju

j + f
]
dt+

[
g(t, x)− uxpσ

p (t, x)
]
◦ dW (t).
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2.3. Derivation of Stochastic Euler and Navier -Stokes Equations.

2.3.1. Incompressible Stochastic Fluids and Euler Equation. A fluid characterized
by flow η given by (2.4) is incompressible if η(t, x) is a volume preserving map. It
can be shown that the latter holds iff

(2.15) divσ (t, x) = div u (t, x) = 0

Indeed, we may easily see that the Jacobian of η verifies the following equation

(2.16)
dJη (t) = Jη (t) {divσ (t,η (t)) · dW (t) + divu (t,η (t)) dt

+(1/2) [|divσ (t,η (t)) |2Y + (∂j divσ)(t,η(t)) · σj(t,η(t))] dt}.
The rest of the proof is similar to the case of σ = 0 (see e.g. [8]).
Suppose that the fluid is ideal (non-viscous). Similar to that found in the classic

setting, we can assume that the force acting on the fluid particle is of the form F =
−∇P + F̄ where P is the (unknown) pressure and F̄ is the given body force. More
specifically, we assume that f = −∇P a + f̄ , g = −∇P d + ḡ, and d = −∇P t + d̄.
The body force components are considered to be given, while those of the pressure
are subject to determination.

(2.17)





du = [−uxiu
i −∇P a + f̄ ]dt+

(
ḡ −∇P d − uxiσ

i
)
◦ dW ;

σ (t, x) = −∇P t (t, x) + d̄ (t, x) , divu = 0,divσ = 0;

u(0, x) = u0(x)

Since divu=divσ = 0, we have ∆P t =divd̄, ∆P d =divḡ, and

∆P a = div [̄f − uxiu
i].

The number of equations equals the number of unknown functions and so math-
ematically this is a reasonable system.

Write 2aij = σi ·σj . Since divσ = 0, the first equation in (2.17) can be rewritten
in the Itô form as follows

du =

[
(aijuxi)xj − uxju

j − 1

2

(
gxpσ

p −G
)
+ f

]
dt

+
[
g − uxpσ

p
]
· dW.

In spite of the presence of the “effective viscosity” term (aijuxi (t, x))xj , which is
induced by the turbulent term, we shall still regard the equation (2.17) as stochastic
Euler equation. First, it was derived for the ideal fluid. Second, (2.17) passes the
ultimate test for Euler type equations, namely, it conserves the energy. Specifically,
it can be easily shown that if there are no free forces, f̄ = ḡ = h̄ = 0, then

(2.18)

∫
|u(t, x)|2dx =

∫
|u(0, x)|2dx P − a.s.
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Besides, in ”appearance” the equation (2.17) bears more of a resemblance to
the deterministic Euler equation, since it does not contain the second order term.
A special case of equation (2.17) was derived (very informally) in [21] using the
variational formulation of Euler equation. In this paper it was assumed that σ =
const, ḡ = h̄ = 0, and W was a one-dimensional Brownian motion.

Now let us consider some comparatively straightforward generalization of the
setup considered above. Let V be a Y -valued cylindrical Brownian motion inde-

pendent of W . Write FW,V
t = σ(W (s), V (s), s ≤ t).

Assume
(H1’) du (t, x) = α (t, x) dt+ β (t, x) · dW (t) + γ(t, x) · dV (t)
where α : Ω× [0,∞)×Rd 7→ Rd,β : Ω× [0,∞)×Rd 7→ Y d, and γ : Ω× [0,∞)×

Rd 7→ Y d are FW,V
t -adapted functions.

The stochastic integrals in (H1’) are understood in the Itô sense.

Remark 1. The Itô setting has its advantages and disadvantages. One advantage
of the Itô formulation is that it does not require the existence of joint quadratic
variations 〈g (·, x) ,W 〉t , 〈β (·, x) ,W 〉t , and 〈γ (·, x) ,V 〉t which is a necessary as-
sumption for the existence of the related Stratonovich integrals. On the other hand,
if the fluid particles motion is given by the Itô equation

(2.19) dη (t, x) = u(t,η(t, x))dt+ σ(t,η(t, x)) · dW (t),

the equations (2.15) would not anymore guarantee that η(t, x) is a volume preserving
map. Instead, a more cumbersome condition would be needed. Therefore, we will
continue with the Stratonovich form (2.6)

Of course, owing to (H1’), the balance of momentum considerations yield that
the force must be of the form

F =
d

dt

(
d ◦ Ẇ

)
+ f + g · Ẇ (t) + h · V̇ (t)

The interested reader could prove that in the new setting we have





du (t, x) = (
(
aijuxi

)
xj
− uxiu

i − gxi · σi −∇P a + f̄)dt+

(
ḡ −∇P d − uxiσ

i
)
· dW (t) +

(
h̄−∇P̃ d

)
· dV (t);

σ (t, x) = −∇P t (t, x) + d̄ (t, x) , divu = 0,divσ = 0;

u(0, x) = u0(x)

where h = −∇P̃ d + h̄ (for detail see [40]) .

2.3.2. Stochastic Navier-Stokes Equation. Let us drop now assumption ( 2.17) and

assume that the fluid we are dealing with is viscous. This requires the appropriate
modification of the structure of forces acting on the fluid particle. Because of the
molecular motion of particles, the force exerted per unit area on an arbitrary surface
S in the fluid has a component of the form

ν∇U (x, t)~n = ν[∇σ (t, x) ◦ Ẇ +∇u (t, x)]~n,

where ~n is the unit normal to S (see [8]). By divergence theorem, this implies
the following structure of forces: f = −∇P a + ν∆u+ 1

2∆σxp (t, x)∆σ
p (t, x)+f̄ ,
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g = −∇P d + ∆σ + ḡ, h = −∇P̃ d + h̄. The resulting stochastic Navier-Stokes
equation for the components of the velocity field (2.5) is as follows:

(2.20)





du = [ν∆u+(aijuxi)xj − uxiu
i −
(
ḡxi −∇P d

xi

)
· σi−

∇P a + f̄+ 1
2∆σxp (t, x) ·∆σp (t, x)]dt+

(
h̄−∇P̃ d

)
· dV (t) +

(
ḡ+ν∆σ −∇P d − uxiσ

i
)
· dW ;

σ (t, x) = −∇P t (t, x) + d̄ (t, x) , divu = 0,divσ = 0;u(0, x) = u0(x)

where ν is the viscosity coefficient.

2.3.3. Special cases. Now let us review several important particular cases.
1. Assume that the stochastic components of the force g = h = d = 0. Then, by

(2.12) , σ = γ = β = 0, and we arrive at the standard deterministic Euler equation.
2. Assume that there is no turbulent component in (2.4) and the force has no

turbulent component, i.e. σ = g = 0. Then, by (2.12) , d = β = 0, and the
stochastic Navier-Stokes equation reduces to the following Navier-Stokes equation
with random forcing:





du = [ν∆u− uxiu
i −∇P a + f̄ ]dt+ h · dV (t);

divu = 0,u(0, x) = u0(x).

3. Assume that ν = 0, β = 0 and α,γ are FV
t −adapted. Then, by (2.12) , we

have

(2.21) α = −uxiu
j + f −

(
uxia

ij
)
xj
,g = uxpσ

p.

We then arrive at the following equation for u :

(2.22)





du = [−uxiu
i −∇P a + f̄−

(
ḡ −∇P d

)
xj
·
(
d̄j − P t

xj

)
]dt+

(
h̄−∇P̃ d

)
· dV (t);

div u = 0,u(0, x) = u0(x).

In addition, (2.21) yields

(2.23) ∆P d = uixpσ
p
xi − divḡ.

Obviously, if h = 0, the dynamics of the non-turbulent component u of the velocity
field U = σ ◦ Ẇ + u is given by a deterministic Euler type equation.

We remark that the above results rectify the statement in [40] that equation
(2.17) is ill-posed if β = 0.
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3. Analytical Theory of Turbulent Stochastic Navier-Stokes

Equations

3.1. Preliminaries.

3.1.1. Notation. We begin by outlining some of the notation that will be used in
the paper.

Rd denotes a d-dimensional Euclidean space with elements x = (x1, . . . , xd); if
x, y ∈ Rd, we write

(x, y) =

d∑

i=1

xiyi, |x| =
√

(x, x).

Let us fix a separable Hilbert space Y . The scalar product of x, y ∈ Y will be
denoted by x · y.

If u is a function on Rd, the following notational conventions will be used for its
partial derivatives: ∂iu = ∂u/∂xi, ∂

2
ij = ∂2u/∂xi∂xj , ∂tu = ∂u/∂t, and ∇u = ∂u =

(∂1u, . . . , ∂du), and ∂
2u = (∂2iju) denotes the Hessian matrix of second derivatives.

Let α = (α1, ..., αd) be a multi-index, then ∂αx = Πd
i=1∂

αi
xi .

Let C∞0 = C∞0 (Rd) be the set of all infinitely differentiable functions on Rd with
compact support.

For s ∈ (−∞,∞), write Λs = Λs
x =

(
1−∑d

i=1 ∂
2/∂x2i

)s/2
.

For p ∈ [1,∞] and s ∈ (−∞,∞), we define the space Hs
p = Hs

p(R
d) as the space

of generalized functions u with the finite norm

|u|s,p = |Λsu|p,
where | · |p is the Lp norm. Obviously, H0

p = Lp. Note that if s ≥ 0 is an integer,

the space Hs
p coincides with the Sobolev space W s

p =W s
p (R

d).

If p ∈ [1,∞], and s ∈ (−∞,∞), Hs
p(Y ) = Hs

p(R
d, Y ) denotes the space of

Y−valued functions on Rd so that the norm ||g||s,p = | |Λsg|Y |p < ∞. We also
write Lp(Y ) = Lp(R

d, Y ) = H0
p (Y ) = H0

p (R
d, Y ). Let C∞0 (Y ) be the space of

Y -valued infinitely differentiable functions on Rd with compact support.
Obviously, the spaces C∞0 , C∞0 (Y ), Hs

p

(
Rd
)
and Hs

p(R
d, Y ) can be extended

to vector functions (denoted by bold-faced letters). For example, the space of all
vector functions u = (u1, . . . , ud) such that Λsul ∈ Lp, l = 1, . . . , d, with the finite
norm

|u|s,p = (
∑

l

|ul|ps,p)1/p,

we denote by Hs
p = Hs

p(R
d). Similarly, we denote by Hs

p(Y ) = Hs
p(R

d, Y ) the space

of all vector functions g = (gl)1≤l≤d, with Y -valued components gl, 1 ≤ l ≤ d,

so that ||g||s,p = (
∑

l |gl|ps,p)1/p < ∞. The set of all infinitely differentiable vector

functions u = (u1, . . . , ud) on Rd with compact support will be denoted by C∞0 . We
denote C∞0 (Y ) the set of all infinitely differentiable vector functions u = (u1, . . . , ud)
on Rd with compact support (all ul are Y -valued).

When s = 0, Hs
p(Y ) = Lp(Y ) = Lp(R

d, Y ). Also, in this case, the norm ||g||0,p
is denoted more briefly by ||g||p. To forcefully distinguish Lp−norms in spaces of
Y−valued functions, we write || · ||p, while in all other cases a norm is denoted by
|·| .
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The duality 〈·, ·〉s between Hs
q

(
Rd
)
, and H−s

p

(
Rd
)
, p ≥ 2, s ∈ (−∞,∞), and

q = p/ (p− 1) is defined by

〈φ,ψ〉s = 〈φ,ψ〉s,p =

d∑

i=1

∫

Rd

[
Λsφi

]
(x) Λ−sψi (x) dx,φ ∈ Hs

q,ψ ∈ H−s
p .

3.1.2. Solenoidal and gradient projections of Hilbert-valued vector fields. In this
section we present some facts about solenoidal and gradient projections of vector
fields mostly proved in [37].

We will use the Riesz transform for the definition of the projections. We set for
f ∈ L2(R

d, Y ),

Rj(f)(x) = lim
ε→0

c∗

∫

|y|≥ε

yj
|y|d+1

f(x− y) dy, j = 1, . . . , d,

with c∗ = G(n+1
2 )/π(n+1)/2 (G is the Gamma function). Rj is called a Riesz

transform. According to [49] (see Chapter III , formula (8), p. 58),

R̂jf(x) = −i
ξj
|ξ| f̂ ,

where

f̂(ξ) = F(f) = (2π)−d/2

∫
e−i(ξ,x)f(x) dx.

Given a function f ∈ Lp(R
d, Y ), we define a vector Riesz transform

Rf = (R1f, . . . , Rdf).
For v ∈L2(Y ) set (see [24], [25])

G(v) = −RRjv
j ,S(v) = v − G(v).

Then (see [24], [25], Lemma 2.7 in [37]), L2(Y ) is a direct sum

L2(Y ) = G(L2(Y ))⊕ S(L2(Y )),

S(L2(Y )) = {g ∈ L2(Y ) : divg = 0},
and G(L2(Y )) is a Hilbert subspace orthogonal to S(L2(Y )).

Remark 2. If f ∈ C∞0 (Rd), it is known (see e.g. [44]) that the classical solution
to

(3.1) ∆u(x) = f(x), x ∈ Rd

is given by the formula

(3.2) u(x) =

∫
Γ(x− y)f(y) dy

where

Γ (x− y) =
{
|x− y|2−d

/d(2− d)ωd, d > 2
1
2π ln |x− y| , d = 2.

and ωd is the volume of the unit ball in R
d. If f ∈ C∞0 (Y ), we may easily show that

(3.3) G(f) = ∇

∫
Γxi(x− y)f i(y) dy = −RRjf

j .
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The functions G(v) and S(v) are usually referred to as the potential and the
solenoidal, projections, respectively, of the vector field v.

The following statement holds.

Lemma 1. (see [24], [25], Lemma 2.11 and Lemma 2.12 in [37]) G,S can be ex-
tended continuously to all Hs

p(Y ), s ∈ (−∞,∞) : there is a constant C so that for
all v ∈ Hs

p(Y )

||G(v)||s,p ≤ C||v||s,p, ||S(v)||s,p ≤ C||v||s,p.
Moreover, the space Hs

p (Y ) can be decomposed into the direct sum:

Hs
p (Y ) = G(Hs

p (Y ))⊕ S(Hs
p (Y )),

and, if (1/p) + (1/q) = 1, f ∈ G(Hs
p (Y )),g ∈ S(H−s

q (Y )), then

(3.4) 〈f ,g〉Hsp(Y ),H−sq (Y ) = 0.

Also,

(3.5) S(Hs
p (Y )) = {v ∈Hs

p (Y ) : divv = 0}.

3.2. Strong solutions of Navier-Stokes equation in Rd.

3.2.1. Main Results. Let (Ω,F ,P) be a probability space with a filtration F of right
continuous σ-algebras (Ft)t≥0. All the σ−algebras are assumed to beP−completed.
Let W (t) be an F-adapted cylindrical Brownian motion in Y .

For v ∈H1
p, let G(v, t) = G(v, t, x) be a predictable Lp(Y )-valued function and

F(v, t) = F(v, t, x) a predictable Lp-valued function. Let us consider the following
Navier-Stokes equation:

(3.6)





∂tu
l (t, x) = ∂i

(
a ij (t, x) ∂ju

l (t, x)
)
− uk (t, x) ∂kul(t, x)

−∂lP (t, x) + bi(t, x)∂iu(t, x) + F l (u (t) , t, x)+

+[σi(t, x)∂iu
l (t, x) +Gl (u (t) , t, x)− ∂lP̃ (t, x)] Ẇt,

divu = 0,u (0, x) = u0 (x) , l = 1, . . . d.

In the vector form, the equation would be
(3.7)
∂tu (t) = ∂i

(
a ij (t) ∂ju (t)

)
− uk (t) ∂ku(t)−∇P (t) + bi(t)∂iu(t) + F (u (t) , t)+

F (u (t) , t) + [σi(t)∂iu (t) +G (u (t) , t)−∇P̃ (t)] Ẇt,

u (0) = u0,divu = 0.

Of course, the unknowns in the equation (3.7) are the functions u =
(
ul
)
1≤l≤d

, P, and

P̃ .
Everywhere in this section it is assumed that p ≥ 2. The vector field u0 is always

F0-measurable and divu0 = 0.
It is assumed that aij , bi are measurable F-adapted functions on [0,∞)×Rd, and

the matrix
(
aij
)
is symmetric. Let us assume also that σi is an Y -valued measurable

F-adapted functions on [0,∞)×Rd.
In addition, we will need the following assumptions.
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B1. P-a.s.
1∑

k=0

(|∂kaij |+ |∂k bi|+ |∂k σi|Y ) ≤ K;

for all t ≥ 0, x, λ ∈ Rd, we have

K|λ|2 ≥ [aij(t, x)− 1

2
σi(t, x) · σj(t, x)]λiλj ≥ δ|λ|2,

where K, δ are fixed strictly positive constants (notice, that this assumption ex-
cludes Euler equation).

B2(p). For all v ∈ H1
p, t > 0

|F(v,t)− F(v̄,t)|p ≤ C|v − v̄|p, ||G(v,t)−G(v̄,t)||p ≤ C|v − v̄|p,
and for all t > 0,v ∈H1

p,

| |G(v, t)| |1,p ≤ | |G(0, t)| |1,p + C|v|1,p, |F(v, t)|1,p ≤ |F(0, t)|1,p + C|v|1,p.
Suppose also that

∫ t

0

(| |G(0, r)| |p1,p + |F(0, r)|p1,p) dr <∞

P-a.s. for all t.
B3(p). For each M, there is a constant C such that for all v, v̄ ∈ BM,p = {v ∈

H1
p : |v|1,p ≤M}, t > 0

||∇(G(v,t)−G(v̄,t))||p ≤ C|v − v̄|1,p.
Since div u = 0, we have

(3.8)
div
(
σi(t)∂iu (t) +G (u (t) , t)−∇P̃ (t)

)
= 0

and
div
[
−uk (t) ∂ku(t)) + ∂i

(
a ij (t) ∂ju (t)

)
+ F (u(t), t)−∇P (t)

]
= 0.

Then, if the expressions in the left hand sides of both equations in (3.8) belong to
H1

p for some p > 1, by Remark 2 we have

∇P̃ (t, x) = G
(
σi(t)∂iu (t) +G(u(t), t)

)
,

and

∇P (t, x) = G[−uk (t))∂ku(t)) + ∂i
(
a ij (t) ∂ju (t)

)
+ F (u(t), t)].

So, in Lp-theory instead of equation (3.7), we can and will consider its equivalent
form
(3.9)



∂tu (t) = S[∂i
(
a ij (t) ∂ju (t)

)
− uk (t) ∂ku(t) + bi(t)∂iu(t) + F (u (t) , t)]

+S[σi(t)∂iu (t) +G (u (t) , t)] Ẇt,u (0) = u0.

Given a stopping time τ , we define a stochastic interval

[[0, τ(ω)]] =

{
[0, τ(ω)], if τ(ω) <∞,
[0,∞), otherwise.

Let s ∈ {0, 1}.
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Definition 1. Given a stopping time τ , an Hs
p(R

d)-valued F−adapted function
u(t) on [0,∞) is called an Hs

p-solution of equation (3.7) (or (3.9)) in [[0, τ ]] if it is
strongly continuous in t with probability 1,

(3.10) u(t) = u(t ∧ τ) and
∫ t∧τ

0

|u(r)|ps+1,p dr <∞ ∀t > 0,P− a.s.,

and the equality

(3.11)
u(t) = u0 +

∫ t∧τ

0
S[−ui (r) ∂iu (r) + ∂i(a

ij(r)∂ju (r) ) + F(u(r), r)]dr+

∫ t∧τ

0
S(σk(r)∂ku (r) +G(u(r), r)) · dW (r)

holds in Hs−1
p (Rd) for every t > 0, P-a.s.

If τ = ∞, we simply say u is an Hs
p-solution of equation (??). The stochastic

integral in (3.11) is defined in the Appendix.
Sometimes, when the context is clear, instead of “Hs

p-solution” we will just say
“solution”.

If an Hs
p-solution in [[0, τ ]] is also Hs

q-solution in [[0, τ ]], we call it Hs
p∩Hs

q-solution
in [[0, τ ]].

Example 1. Let f l be measurable F-adapted functions on [0,∞)×Rd ×Rd. Let
hl,i be Y -valued measurable F-adapted functions on [0,∞)×Rd, and gl be Y -valued
measurable F-adapted functions on [0,∞)×Rd ×Rd. Given v ∈ H1

p, define

G(v, t) = (gl(t, x,v(x)))1≤l≤d

(3.12)

F(v,t) = (f l(t, x,v(x))l + (hl,j(t, x)Lj(t, x,v))1≤l≤d,

where L(t, x,v) = (Ll(t, x,v))1≤l≤d = G[σk(t)∂kv +G(v, t)].
Assume that for each t ≥ 0, x ∈ Rd, u ∈ Rd,

1∑

k=0

|∂kxg(s, x, u)| ≤ G1(s, x) +K|u|,

1∑

k=0

|∂kxf(s, x, u)| ≤ F1(s, x) +K|u|,(3.13)

|∂ug|+ |∂uf |+
1∑

k=0

(|∂kxhl,j |Y + |∂kxσj |Y ) ≤ C,

and P-a.s. for all t

(3.14)

∫ t

0

(|G1(r)|pp + |F1(r)|pp) dr <∞.

The assumptions (3.13), (3.14), imply the assumption B2(p) for G,F defined
by (3.12).
The assumptions (3.13), (3.14) and the boundedness of ∂2ug(t, x, u) imply the

assumption B3(p) for G.
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Now we can formulate the main theorems on local and global existence and
uniqueness.

Theorem 1. a) Let B1, B2(p), B3(p) be satisfied (p > d) and E(|u0|p1,p) <∞.
Then there is a unique predictable stopping time ζ, P(ζ > 0) = 1, such that for

each stopping time S, [0, S] ⊆ [0, ζ) if and only if there is a H1
p-valued continuous

Lp-solution to (3.7) in [[0, S]];
Also, there is a unique H1

p-valued continuous process u(t) on [0, ζ), such that
lim supt↑ζ |u(t)|1,p =∞ on {ζ <∞}, and u(t∧S) is Lp-solution of (3.7) in [[0, S]]
for each S, so that [0, S] ⊆ [0, ζ).
Moreover, if E(|u0|p2−2/p,p) <∞, then u(t) is also H1

p-solution of (3.7) in [[0, S]]

for all stopping times S, such that [0, S] ⊆ [0, ζ) and limt↑ζ |u(t)|1,p = ∞ on {ζ <
∞} P-a.s.
b) Let B1, B2(p), B3(p), B2(2), B3(2) be satisfied, and

E(|u0|p1,p + |u0|p1,2) <∞,

∫ t

0

(||G(0, r)||p1,2 + |F(0, r)|
p
1,2) dr <∞

P-a.s. for all t. Then there is a unique predictable stopping time ζ, P(ζ > 0) = 1,
such that for each stopping time S, [0, S] ⊆ [0, ζ) if and only if there is a H1

p ∩H1
2-

valued continuous Lp ∩ L2-solution to (3.7) in [[0, S]];
Also, there is a unique H1

p∩H1
2-valued continuous process u(t) on [0, ζ), such that

lim supt↑ζ(|u(t)|1,p+ |u(t)|1,2) =∞ on {ζ <∞}, and u(t∧S) is an Lp∩L2-solution
to (3.7) on [0, S] for each S, so that [0, S] ⊆ [0, ζ).
Moreover, if E(|u0|p2−2/p,p) < ∞, then u(t) is also H1

p ∩ H1
2-solution of (3.7) in

[[0, S]] for all stopping times S, such that [0, S] ⊆ [0, ζ).

In both cases, (u(t), ζ) is called a maximal solution to (3.7), and ζ is called its
explosion time.

If d = 2, a stronger result holds. Specifically, there is a unique global solution.

Theorem 2. Let B1, B2(p), B3(p), B2(2), B3(2) be satisfied, p > d = 2, and

E(|u0|p2−2/p,p + |u0|
p
1,2) <∞,

∫ t

0

(||G(0, r)||p1,2 + |F(0, r)|
p
1,2) dr <∞

P-a.s. for all t.
Then there is a maximal unique H1

p ∩ H1
2-solution (u(t), ζ) of (3.7) and P(ζ =

∞) = 1.
Moreover, for each T > 0 there is a constant C, such that for all stopping times

τ ≤ T,

E sups≤τ (|u(t)|p1,p + |u(t)|p1,2) ≤ C[E(|u0|p1,p + |u0|p1,2)

+
∫ τ

0
(||G(0, r)||p1,p + |F(0, r)|

p
1,p + ||G(0, r)||p1,2 + |F(0, r)|

p
1,2) dr].

Proof of these theorems will be given in Sections 3.3-3.6.
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3.3. Mollified Navier-Stokes equation. In this section we consider an auxiliary
equation obtained from (3.7) by applying the standard mollifier to the first term of
the Navier-Stokes nonlinearity (u ·∇)u.

Let ψ(x) ∈ C∞0 (Rd), ψ ≥ 0,
∫
ψ dx = 1. Given a scalar function v on Rd, we

define

Ψε(v)(x) =

{ ∫
v(x− y)ψε(y) dy, ε > 0,

v, ε = 0,

where ψε(x) = ε−dψ(x/ε), ε > 0. Similarly, for a vector function v:

Ψε(v)(x) =

{
(
∫
vl(x− y)ψε(y) dy)l, ε > 0,

v(x), ε = 0.

For a fixed ε ≥ 0, we consider the equation for u =
(
ul
)
1≤l≤d

, P, P̃

∂tu(t, x) = ∂i(a
ij(t, x)∂ju)−Ψε(uk(t))∂ku(t)+D(u(t), t, x)−∇P (t, x)

+[σk(t, x)∂ku(t, x) +G(u(t), t, x)−∇P̃ (t, x)] · Ẇ ,(3.15)

u(0, x) = u0(x), divu = 0,

where u(t) = u(t, x) = (uk(t, x))1≤k≤d and D(v, t) = bi(t)∂iv + F(v, t).
Obviously, if ε = 0, (3.15) coincides with (3.7).
Similarly to (3.7), the equation (3.15) is equivalent to

∂tu(t) = S[∂i(aij(t)∂ju(t))−Ψε(uk(t))∂ku(t)+D(u(t), t))] + S[σk(t)∂ku(t) +G(u(t), t)] · Ẇ ,

(3.16)

u(0) = u0.

For ε > 0 we will solve (3.16) in Hs
p, s ∈ (−∞,∞), p ≥ 2.

Definition 2. Given a stopping time τ , an Hs
p(R

d)-valued F−adapted function u(t)
on [0,∞) is called an Hs

p-solution of equation (3.15) (or (3.16)) in [[0, τ ]] if it is
strongly continuous in t with probability 1,

(3.17) u(t) = u(t ∧ τ),
∫ t∧τ

0

|u(r)|ps+1,p dr <∞ ∀t > 0,P− a.s.,

and the equality
(3.18)

u(t) = u0+

∫ t∧τ

0

S[−Ψε(ui)∂iu+∂i(a
ij(r)∂ju) +D(u)]dr+

∫ t∧τ

0

S(σk∂ku+G(u))·dW (r)

holds in Hs−1
p (Rd) for every t > 0, P-a.s.

If τ =∞, we simply say u is an Hs
p-solution of equation (3.15).

If an Hs
p-solution in [[0, τ ]] is also Hs

q-solution in [[0, τ ]], we call it Hs
p∩Hs

q-solution
in [[0, τ ]].

In this subsection, we fix ε > 0 and consider the corresponding equation (3.15)
(equivalently (3.16)).
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For an integer s > 0, we denote

Cs(Y ) =



u ∈ C

s−1 : ||u||Cs =
∑

|a|≤s−1

||∂αu||∞ +
∑

|α|=s−1

sup
x6=y

|∂αu(x)− ∂αu(y)|Y
|x− y| <∞



 .

Define

Bs(Y ) =





Hs
∞(Y ), if s > 0 is not an integer,

Cs(Y ), if s > 0 is an integer,
L∞(Y ), if s = 0,

and denote the corresponding norms by | · |Bs .
The following assumptions will be often used in the future.
A. For all t ≥ 0, x, λ ∈Rd,

K|λ|2 ≥ [aij(t, x)− 1

2
σi(t, x) · σj(t, x)]λiλj ≥ δ|λ|2,

where K, δ are fixed strictly positive constants.
A1(s, p). For all t, x, y,P-a.s.

|aij(t, x)− aij(t, y)|+ |σi(t, x)− σi(t, y)|Y ≤ K|x− y|
and 




|aij(t)|Bs ≤ K, if s ≥ 1,

|a(t, x)| ≤ K, if − 1 < s < 1,

|aij(t)|B−s+ε ≤ K, if s ≤ −1.
where ε ∈ (0, 1).

For all i, t, x 


||σi(t)||Bs ≤ K, if s ≥ 1,
|σi(t, x)|Y ≤ K, if s ∈ (−1, 1),
||σi(t)||B−s+ε ≤ K, if s ≤ −1,

where ε ∈ (0, 1).
A2(s, p) For v ∈Hs+1

p , G(v, t) = G(v, t, x) is a predictable Hs
p(Y )-valued func-

tion and D(v, t) = D(v, t, x) is a predictable Hs−1
p -valued function, and P-a.s. for

each t ∫ t

0

(|D(0, r)|ps−1,p + ||G(0, r)||ps,p) dr <∞ ∀t > 0,P− a.s.

where 0 = (0, . . . , 0).
A3(s, p). For every ε > 0, there exists a constantKε such that for any u,v ∈Hs+1

p ,

|D(u, t, x)−D(v, t, x)|s−1,p + ||G(u, t, x)−G(v, t, x)||s,p ≤

ε|u− v|s+1,p +Kε|u− v|s−1,p P− a.s.
We start with the following statement.

Proposition 1. Let s ∈ (−∞,∞), p ∈ [2,∞). Assume A, A1(s, p)-A3(s, p) are
satisfied and E(|u0|

p
s+1−2/p,p) < ∞. Then there is a unique predictable stopping

time ζ, P(ζ > 0) = 1, such that, for each stopping time S, [0, S] ⊆ [0, ζ) if and only
if there is a unique Hs

p-solution to (3.15) in [[0, S]];
Also, there is a unique Hs

p-valued continuous process u(t) on [0, ζ) such that P-
a.s. lim supt↑ζ |u(t)|s,p = ∞ on {ζ < ∞}, and u(t ∧ S) is a solution to (3.15) in
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[[0, S]] for each S so that [0, S] ⊆ [0, ζ). Moreover, for each T > 0,M > 1 there is
a constant C, such that for each stopping time τ ≤ T ∧ τM

E[sup
r≤τ

|u(r)|ps,p +
∫ τ

0

|∂2u(r)|ps−1,p dr] ≤ CE[|u0|ps+1−2/p,p +

∫ τ

0

(|D(0, r)|ps−1,p

(3.19)

+ |G(0, r)|ps,p) dr],
where τM = inf(t : |u(t)|s,p ≥M).
(The pair (u(t), ζ) is called a maximal Hs

p-solution of (3.15))

Proof. For each M > 0, we define a function on Hs
p

ϕM (u) =

{
u, if |u|s,p ≤M,

M |u|−1s,pu, otherwise.

For every u, ū ∈ Hs
p, we have obviously |ϕM (u)|s,p ≤M and

|ϕM (u)−ϕM (ū)|s,p ≤ 2|u− ū|s,p.
Define a function Bk

M (u) = ukεϕM (u),u ∈ Hs
p, where ukε = Ψε(uk). There is a

constant C, so that for each u,v ∈ Hs
p

(3.20) |Bk
M (u)−Bk

M (v)|s,p ≤ CM |u− v|s,p.
Indeed, if |u|s,p ≤M, |v|s,p ≤M , then

Bk
M (u)−Bk

M (v) = ukεu− vkεv = (ukε − vkε )u+ vkε (u− v),

and, by Lemma 7 in [38],

|Bk
M (u)−Bk

M (v)|s,p ≤ |ukε − vkε |B|s| |u|s,p + |vkε |B|s| |u− v|s,p ≤ CM |u− v|s,p.
If |u|s,p ≤M, |v|s,p > M , then

Bk
M (u)−Bk

M (v) = ukεu− vkεvM |v|−1s,p

= |v|−1s,p[(u
k
ε − vkε )vM +Mukε(u− v) + ukεu(|v|s,p −M)],

and, by Lemma 7 in [38],

|Bk
M (u)−Bk

M (v)|s,p ≤ C[|ukε − vkε |B|s|M +M |ukε |B|s| |u− v|s,p

+|ukε |B|s| |u− v|s,p] ≤ CM |u− v|s,p.
Similarly, if |u|s,p > M, |v|s,p > M , then

Bk
M (u)−Bk

M (v) = ukεuM |u|−1s,p − vkεvM |v|−1s,p =

M |u|−1s,p|v|−1s,p[(u
k
ε − vkε )u|v|s,p + vkε (u− v)|u|s,p + vkεu(|v|s,p − |u|s,p)],

and

|Bk
M (u)−Bk

M (v)|s,p ≤ C[|ukε − vkε |B|s|M +M |vkε |B|s| |u− v|s,p|v|−1s,p

+|vkε |B|s| |u− v|s,p|v|−1s,p] ≤ CM |u− v|s,p.
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So, (3.20) holds and therefore

(3.21) |Bk
M (u)|s,p ≤ CM |u|s,p.

Since (3.20), (3.21) hold, then, according to Theorem 3.3 in [37] and Remark 5.5
in [28], for each M , there is a unique Hs

p-solution u = uM of the equation

∂tu(t) = ∂i(a
ij(t)∂ju(t))−∂kBk

M (u(t))+D(u(t), t) +∇p(t)

+ [σk(t)∂ku(t) +G(u(t), t) +∇p̃(t)] · Ẇ ,

u(0) = u0,divu = 0.

Let τM = inf{t : |uM (t)|s,p ≥M}. By Corollary 3.6 in [37], P-a.s.

(3.22) uM (t ∧ τM ) = uM ′(t ∧ τM ) for all t,

if M ′ > M. Following the proof of Theorem 14.21 in [22], we consider the set S of
all stopping times S, such that a Hs

p-solution to (3.15) exists on [0, S]. Obviously,
S is not empty (τM ∈ S for all M). It is closed with respect to the finite minimum
and finite maximum operations. Let ζ be the essential upper bound of the set
S. So, there is a sequence Tn ∈ S increasing to ζ. Let Un be a corresponding
sequence of solutions in [0, Tn]. The sequence Un defines a solution u on ∪n[0, Tn].
Let yt = |u(t)|ps,p, Rm = ζ ∧ inf(t : yt ≥ m). Then u( · ∧Tq ∧ Rm) is a solution in
[0, Tq ∧Rm]. Passing to a limit as q →∞, we obtain that u(· ∧Rm) is a solution in
[0, Rm]. If P(Rm = ζ < ∞) > 0, then (3.22) would imply that there is a stopping
time S ∈ S such that S ≥ Rm and P(Rm = ζ < S) > 0. This would contradict
the definition of ζ. Thus P-a.s. Rm < ζ on {ζ < ∞}, and lim supt↑ζ yt = ∞ on
{ζ < ∞}. So the sequence (Rm) “announces” ζ and ζ is a predictable stopping
time. Let S be a stopping time such that P-a.s. S < ζ. Then u(· ∧S) is a solution
in [0, S]: it is enough to notice that u(· ∧ Rq ∧ S) is a solution in [0, Rq ∧ S] and
pass to the limit as q →∞.

Let τM = inf(t : yt ≥ m). Since u(· ∧ τM ) = uM (· ∧ τM ), it follows by Theorem
3.3 in [37], that for each T and M there is a constant C, so that for each stopping
time τ ≤ τM ∧ T and all t,

E[sup
r≤τ

|u(r ∧ τ)|ps,p +
∫ t∧τ

0

|∂2u(r)|ps−1,p dr]

≤ CE[|u0|ps+1,p +

∫ t∧τ

0

(|D(0, r)|ps−1,p + |ukε (r)u(r)|ps,p + |G(0, r)|ps,p) dr]

≤ CE[|u0|ps+1,p +

∫ t∧τ

0

(|D(0, r)|ps−1,p + |u(r)|ps,p + |G(0, r)|ps,p) dr].

So, the inequality (3.19) follows by Gronwall Lemma.

Corollary 1. Let s ∈ (−∞,∞), p ∈ [2,∞). Assume A, A1(s, p)-A3(s, p). As-
sume further A1(s, q)-A3(s, q) for q ≥ 2, and suppose that E(|u0|ps+1−2/p,p +

|u0|qs+1−2/q,q) < ∞. Then the maximal unique Hs
p−solution (u, ζ) of equation
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(3.15) defined in Proposition 1 is also a maximal unique Hs
q−solution of the equa-

tion. Moreover, for each T > 0,M > 1, there is a constant C, such that for each
stopping time τ ≤ T ∧ τM ,

E[sup
r≤τ

|u(r)|ls,l +
∫ τ

0

|∂2u(r)|ls−1,l dr] ≤ CE[|u0|ls+1,l +

∫ τ

0

(|D(0, r)|ls−1,l

+ |G(0, r)|ls,l) dr], l = p, q

where τM = inf(t : |u(t)|s,p ≥M).
(The pair (u(t), ζ) is called a maximal H1

p ∩H1
q-solution.)

Proof. Let (u(t), ζ) be the maximal Hs
p−solution u of equation (3.15), τM = inf{t :

|u(t)|s,p ≥M}. Consider the equation for ξ :

∂tξ(t) = S[∂i(aij(t)∂jξ(t))−∂k(Ψε(uk(t ∧ τM ))ξ(t))+D(ξ(t), t)]

+ S[σk(t)∂kξ(t) +G(ξ(t), t)] · Ẇ , ξ(0) = u0(x).

By Theorem 3.3, Corollary 3.7, and Corollary 3.6 in [37], ξ(t)= u(t) is also a unique
Hs

q-solution of (3.15) in [[0, τM ]], and the statement obviously follows.

Proposition 2. Assume that for each v ∈Hs+1
p , G(v, t) is a predictable Hs+1

p -
valued process and D(v, t) is a predictable Hs

p-valued process. Let A, A1(s, p)-

A3(s, p), A1(s + 1, p), A2(s + 1, p) be satisfied, E|u0|ps+2−2/p,p < ∞, and for all
t > 0,v ∈Hs+1

p ,

| |G(v, t)| |s+1,p ≤ | |G(0, t)| |s+1,p + C|v|s+1,p.

|D(v, t)|s,p ≤ |D(0, t)|s,p + C|v|s+1,p.

Suppose also that

∫ t

0

(| |G(0, r)| |ps+1,p + |D(0, r)|ps,p) dr <∞

P-a.s. for all t.
Then the unique maximal Hs

p-solution of (3.15) is also a unique maximal Hs+1
p -

solution.
Moreover, for each T > 0,M > 1, there is a constant C, such that for each

stopping time τ ≤ T ∧ τM ,

E[sup
r≤τ

|u(r)|ps+1,p +

∫ τ

0

|∂2u(r)|ps,p dr] ≤ CE[|u0|ps+2−2/p,p

+

∫ τ

0

(|D(0, r)|ps,p + | |G(0, r)| |ps+1,p) dr],

where τM = inf(t : |u(t)|s,p ≥M).
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Proof. Since the assumptions A, A1(s, p)-A3(s, p) are satisfied, the existence and
uniqueness of maximal Hs

p- solution is guaranteed by Proposition 1. Let τM =
inf{t : |u(t)|s,p ≥M}. Consider a linear equation

∂tξ(t) = S(∂i(aij(t)∂jξ(t))−Ψε(uk (t ∧ τM ))∂ku
l(t)+D(u(t), t)+

S[σk(t)∂kξ(t) +G(u(t), t)] · Ẇ , ξ(0) = u0.

By Proposition 3.8 in [37], the linear equation has a unique Hs+1
p -solution in

[[0, τM ]], which is also a unique Hs
p-solution. Thus, ξ = u P-a.s. on [[0, τM ]]. More-

over, for each T, there is a constant C, such that for all stopping times τ ≤ T ∧ τM ,

E[ sup
r≤t∧τ

|u(r)|ps+1,p +

∫ t∧τ

0

|∂2u(r)|ps,p dr] ≤ CE[|u0|ps+2−2/p,p +

∫ t∧τ

0

(|u(r)|ps+1,p

+ |Ψε(uk (r))u(r)|ps+1,p + |D(0, r)|ps,p + ||G (0,r)||ps+1,p) dr]

for all t. Since

|Ψε(uk (r ∧ τM ))u(r)|ps+1,p ≤ CM |u(r)|ps+1,p,

we have

E[ sup
r≤t∧τ

|u(r)|ps+1,p +

∫ t∧τ

0

|∂2u(r)|ps,p dr] ≤ CE[|u0|ps+2−2/p,p +

∫ t∧τ

0

(|u(r)|ps+1,p

+ |D(0, r)|ps,p + ||G (0,r)||ps+1,p) dr].

Now the estimate of the statement follows by Gronwall lemma.

Corollary 2. Assume A, A1(s, 2)-A3(s, 2), p ≥ 2. Suppose E|u0|ps,2 < ∞. As-
sume further that

∫ t

0

(|D(0,r)|ps−1,2 + | |G(0, r)| |ps,2) dr <∞

P-a.s. for all t. Let (u,ζ) be the maximal Hs
2-solution to (3.15).

Then for each T > 0,M > 1, there is a constant C, such that for each stopping
time τ ≤ T ∧ τM ,

E[ sup
r≤τ

|u(r)|ps,2 +
∫ τ

0

|u(r)|p−2s,2 |∇u(r)|2s,2 dr ≤ CE[|u0|ps,2 +
∫ τ

0

(|D(0, r)|ps−1,2

+ | |G(0, r)| |ps,2) dr],

where τM = inf(t : |u(t)|s,p ≥M).
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Proof. Let M > 0, τM = inf{t : |u(t)|s,2 ≥M}. We easily obtain the statement by
Proposition 2 in [38] applied to Hs

2-solution ξ of the equation

∂tξ(t) = ∂i(a
ij(t)∂jξ(t))−Ψε(uk (t ∧ τM ))∂kξ(t)+D(ξ(t), t)

− G[∂i(aij(t)∂jξ(t))−Ψε(uk (t ∧ τM ))∂kξ(t)+D(ξ(t), t)]

[σk(t)∂kξ(t) +G(ξ(t), t)− G(σk(t)∂kξ(t) +G(ξ(t), t))] · Ẇ ,

ξ(0) = u0, div ξ = 0.

According to Proposition 2 in [38],

E sup
r≤τ

|u(r)|ps,2 ≤ CE[|u0|ps,2 +
∫ τ

0

(|D(0, r)|ps−1,2+

+ |Ψε(uk(r))u(r)|ps,2 + | |G(0, r)| |ps,2) dr].
Since

|Ψε(uk(r))u(r)|ps,2 ≤ CM |u(r)|ps,2,
the statement follows by Gronwall lemma.

Corollary 3. Let s ∈ {0, 1, . . .}, q ≥ 2,E|u0|qs+1−2/q,q < ∞, and A, A1(s, q)-

A3(s, q) hold. Assume further that aij ∈ Bs∨2, if s ≥ 1, and

| |G(v, t)| |s,q ≤ | |G(0, t)| |s,q + C|v|s,q, |D(v, t)|s−1,q ≤ |D(0, t)|s−1,q + C|v|s,q,
∫ t

0
(|D(0,r)|ps−1,q + | |G(0, r)| |ps,q) dr <∞

P-a.s. for all t. Let (u,ζ) be a maximal Hs
q-solution to (3.15).

Then for each T > 0,M > 1, there is a constant C, such that for each stopping
time τ ≤ T ∧ τM ,

E sup
r≤τ

|u(r)|ps,q ≤ CE[|u0|ps,q +
∫ τ

0

(|D(0, r)|ps−1,q + | |G(0, r)| |ps,q) dr],

where τM = inf{t : |u(t)|s,q ≥M}.
Proof. Let M > 1, τM = inf{t : |u(t)|s,q ≥M}. We obtain easily the statement by
Proposition 3 in [38] applied to Hs

q-solution ξ of the equation

∂tξ(t) = ∂i(a
ij(t)∂jξ(t))−Ψε(uk (t ∧ τM ))∂kξ(t)+D(ξ(t), t)

− G(∂i(aij(t)∂jξ(t))−Ψε(uk (t ∧ τM ))∂kξ
l(t)+D(ξ(t), t))

[σk(t)∂kξ(t) +G(ξ(t), t)− G(σk(t)∂kξ(t) +G(ξ(t), t))] · Ẇ ,

ξ(0) = u0, div ξ = 0.
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According to Proposition 2 in [38],

E sup
r≤τ∧t

|u(r)|ps,q ≤ CE[|u0|ps,q +
∫ t∧τ

0

(|D(0, r)|ps−1,q+

+ |Ψε(uk(r))u(r)|ps,q + | |G(0, r)| |ps,q) dr],
Also,

|Ψε(uk(r))u(r)|ps,q ≤ CM |u(r)|ps,q,
and the statement follows by Gronwall lemma.

Now we point out a simple case when ζ =∞ P-a.s.

Proposition 3. Assume A, A1(0, 2)-A3(0, 2) are satisfied and E|u0|22 < ∞. Let
(u(t), ζ) be a maximal H0

2 = L2-solution to (3.15).
Then the stopping time ζ = ∞ P-a.s. Moreover, for each T > 0, there is a

constant C, so that for all stopping times τ ≤ T,

E[ sup
r≤τ

|u(r)|22 +
∫ τ

0

|∇u(r)|22 dr] ≤ CE[|u0|22 +
∫ τ

0

|D(0, r)|2−1,2 + ||G(0, r)||22 dr].

Proof. LetM > 1, τM = inf{t : |u(t)|s,2 ≥M),uM (t) = u(t∧τM )}. By Itô formula
(see [38]) we have

|uM (t)|22 = |u(0)|22 + 2

∫ t∧τM

0

〈u(r),D(u(r), r)〉1 ds

− 2

∫ t∧τM

0

∫
aij(r)∂iu

l(r))∂ju
l(r) dx dr

+ 2

∫ t∧τM

0

(

∫
ul(r)b̃l(r) dx) · dWr +

∫ t∧τM

0

∫ ∑

i

|bi(r)|2Y dx dr

where b̃k(r) = σi(r)∂iu
k(r)+Qk(u, r), bk(r) = σi(r)∂iu

k(r)+Qk(u, r)−G(σi(r)∂iuk(r)+
Qk(u, r)). Therefore, for each T, there is a constant C, independent of M, so that
for all stopping times τ ≤ T,

E sup
r≤τ

|uM (r)|22 +
∫ τ

0

|∇uM (r)|22 dr ≤ CE[|u0|22 +
∫ τ

0

(|uM (r)|22

+ |D(0, r)|2−1,2 + ||G(0, r)||22 dr],
and the statement follows.

3.4. Approximating sequence. Given a scalar function v on Rd, we define

Ψn(v)(x) = Ψ1/n(v)(x) =

∫
v(x− y)ψ1/n(y) dy,

where ψε(x) = ε−dψ(x/ε). Similarly, for a vector function v:

Ψn(v)(x) = Ψ1/n(v)(x).
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We construct a sequence of approximations to (3.7) by solving for u = (ul)1≤l≤d =
un =

(
uln
)
1≤l≤d

the equation

(3.23)





∂tu (t) = S[∂i
(
a ij (t) ∂ju (t)

)
−Ψn(u

i(t))∂iu(t)

+bi(t)∂iu(t) + F (u(t), t)] + S[σi(t)∂iu (t) +G (u(t), t)] Ẇt,

u (0) = u0,n,

where u0,n = u0 ∗ ψ1/n,Ψn(v)(x) = Ψ1/n(v)(x) =
∫
v(x − y)ψ1/n(y) dy. Alterna-

tively, we may write it as

(3.24)

∂tu (t) = ∂i
(
a ij (t) ∂ju (t)

)
−Ψn(u

i (t))∂iu(t)−∇P (t)+

bi(t)∂iu(t) + F (u (t) , t) + [σi(t)∂iu (t) +G (u (t) , t)−∇P̃ (t)] Ẇt,

u (0) = u0,n,divu = 0.

Proposition 4. a) Let B1, B2(p) be satisfied (p ≥ 2), E(|u0|p1,p) <∞. Then for
each n > 1 there is a unique maximal H1

p-solution (u, ζ) = (un, ζn) of (3.24).

b) Let B1, B2(p) (p > 2), and B2(2),B2(2, p) be satisfied, and E(|u0|p1,p +

|u0|p1,2) <∞. Then for each n > 1 the unique maximal H1
p-solution (u, ζ) = (un, ζn)

is also a unique maximal H1
2-solution of (3.24). Moreover, ζ = ζn =∞ P-a.s.

Proof. Fix n. For each p ≥ 2, the conditions B1, B2(p) imply the assumptions A,
A1(0, p)-A3(0, p) and A1(1, p)-A2(1, p) with

D(v, t) = bi∂iv + F(v,t),

We apply Propositions 1 and 2 to (3.24) in order to obtain part a) of the statement.
Part b) follows by Corollary 1 and Propositions 1-3.

Applying curl operator to both sides of (3.24), we obtain obviously the following
statement.

Remark 3. Under the assumptions of Proposition 4, for each stopping time S such
that [0, S] ⊆ [0, ζ) η=curl u (definition and properties of curl and crossproduct for
d > 3 are given in Appendix, subsection 5.5) satisfies in [[0, S]] the equation

(3.25)

∂tη (t) = ∂i
(
a ij (t) ∂jη (t)

)
−Ψn(u

i(t))∂iη(t)

+rn(u(t)) + bi(t)∂iη(t) + curl {F (u(t),t)}+ r(u(t), t)

+[σi(t)∂iη (t) + r̃(u(t), t) + curl {G (u(t), t)}] Ẇt,

η (0) = curlu0,n,

where

r(v, t) = ∂i(∇aij(t)× ∂jv) + (∇bi(t))× ∂iv,

rn(v) = −∇Ψn(v
i)× ∂iv, r̃(v, t) = ∇σi(t)× ∂iv,v ∈ H1

p.
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The equation is linear in η. In fact, each component of (3.25) has a unique Lp-
solution in [[0, S]] of a corresponding linear equation (It is also L2-solution in [[0, S]]
in the case b)).

For v ∈ H1
p we set

Ln(v) = G[Ψn(v
i)∂iv],

G̃(v, r) = (G̃l(v, r))1≤l≤d = S(G(v, r))− G(σi(r)∂iv),

F̃(v, r) = S(F(v, r)) + S(bi(r)∂iv)− ∂iG(aij(r)∂jv).
Also, we define

H(v, t) = curl {F (v,t)}+ r(v, t),B(v, t) = r̃(v, t) + curl {G (v, t)},
where

r(v, t) = ∂i(∇aij(t)× ∂jv) + (∇bi(t))× ∂iv, r̃(v, t) = ∇σi(t)× ∂iv.
Then we can rewrite (3.24) as

(3.26)

∂tu (t) = ∂i
(
a ij (t) ∂ju (t)

)
−Ψn(u

i (t))∂iu(t)

+F̃ (u (t) , t) + Ln(u(t) + [σi(t)∂iu (t) + G̃ (u (t) , t)] Ẇt,

u (0) = u0,n,divu = 0.

Similarly, the equation (3.25) can be written as

(3.27)

∂tη (t) = ∂i
(
a ij (t) ∂jη (t)

)
−Ψn(u

i(t))∂iη(t)

+rn(u(t)) + bi(t)∂iη(t) +H (u(t),t) + [σi(t)∂iη (t) +B (u(t), t)}] Ẇt,

η (0) = curlu0,n,

where

rn(v) = −∇Ψn(v
i)× ∂iv,v ∈ H1

p.

For the estimate of Lp-norm of u, we will need some simple estimates of F̃, G̃,H,B.

Lemma 2. Assume B2(p) holds. Then
a) there is a constant C so that for all v ∈ H1

p, t,

|F̃(v, t)|−1,p ≤ C(|F(0, t)|p + |v|p),

||G̃(v, t)||p ≤ C(||G(0, t)||p + |v|p),

|H(v, t)|−1,p ≤ C(|F(0, t)|p + |v|p + |∇v|p),

||B(v, t)||p ≤ C(||G (0, t) ||1,p + |v|p + |∇v|p);
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b) there is a constant C so that for all v, v̄ ∈ H1
p, t ≥ 0

|F̃(v, t)− F̃(v̄, t)|−1,p ≤ C|v|p,

||G̃(v, t)− G̃(v̄, t)||p ≤ C|v|p),

|H(v, t)−H(v̄, t)|−1,p ≤ C(|v − v̄|p + |∇v −∇v̄|p),

||B(v, t)−B(v̄, t)||p ≤ C(|v − v̄|p + |∇v −∇v̄|p);

Proof. By our assumption and Lemma 1 there is a constant C so that

|S(F(v, t))|p ≤ |F(0, t)|p + C|v|p),

||S(G(v, t))||p ≤ ||G(0, t)||p + C|v|p)

By Corollary 6 and Lemma 21 (see Appendix), there is a constant C so that

|∂iG(aij(r)∂jv)|−1,p ≤ C|v|p, |G(σi(r)∂iv)|p ≤ C|v|p.
Also,

|S(bi(r)∂iv)|−1,p = |∂iS(bi(r)v)−S(∂ibi(r)v)|−1,p ≤ C|v|p,
and the statement, obviously, follows.

The following standard estimate will be needed later as well.

Lemma 3. Let p ≥ 2.
a) There is a constant C such that for all v ∈H1

p (R
d,Rm),

|v̄|1,p′ ≤ C[

(∫
|v|p−2|∇v|2 dx

)1/2

|v|(p−2)/2p + |v|p−1p ]

where v̄ = |v|p−2v, (p′)−1 + p−1 = 1.
For each ε > 0 there is a constant Cε such that for all v ∈H1

p (R
d,Rm),

|v̄|1,p′ |v|p ≤ ε

(∫
|v|p−2|∇v|2 dx

)
+ Cε|v|pp.

b) For each ε > 0 there is a constant Cε such that for all v ∈H1
p (R

d,Rm),h ∈
Lp(R

d,Rm)
∫
|v|p−2|∇v||h| dx ≤ ε

(∫
|v|p−2|∇v|2 dx

)
+ Cε(|v|pp + |h|pp).

c) If for all t, x, y

|σ(t, x)− σ(t, y)|Y ≤ K|x− y|,
then there is a constant C such that for all v ∈H1

p (R
d,Rm),h ∈ Lp(R

d,Rm)

|
∫

(|v|p−2v, σk∂kv + h) dx| ≤ C(|v|pp + |v|p−1p |h|p).
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Proof. We have

|v̄|1,p′ ≤ C(|v̄|p′ +
∑

k

|∂kv̄|p′),

and, obviously, |v̄|p′ = |v|p−1p . By Hölder inequality,

|∂kv̄|p′ ≤ C| |v|p−2|∇v| |p′ = C

(∫
|v|p

′(p−2)|∇v|p
′
)1/p′

= C

(∫
|v|p

′(p−2)/2
(|∇v|p

′

|v|p
′(p−2)/2

)

)1/p′

≤ C

(∫
(|∇v|p

′

|v|p
′(p−2)/2

)2/p
′

)1/2(∫
(|v|p

′(p−2)/2
)2/(2−p′)

)(2−p′)/2

= C(

∫
|v|p−2|∇v|2 dx)1/2|v|(p−2)/2p .

Therefore

|v̄|1,p′ |v|p ≤ C(

∫
|v|p−2|∇v|2 dx)1/2|v|p/2p + |v|pp),

and the part a) follows.
For each ε > 0 there is a constant Cε such that∫

|v|p−2|∇v||h| dx≤ ε
(∫

|v|p−2|∇v|2 dx
)
+ Cε

∫
|v|p−2|h|2 dx

and part b) follows by Hölder inequality.
Inegrating by parts, we obtain easily c).

For the estimates of Lp-norms, we will need the following important quantity.
For v ∈ H1

p (R
d,Rm), we define

Np(v,t) = −
∫
{[|v|p−2vl∂i(aij(t)∂jvl) + 2−1[(p− 2)|v|p−4vi(s)vj(s)

+ |v|p−2δij ]σk(t) · σm(t)∂kv
i∂mv

j ]} dx
(3.28)

=

∫
|v|p−2∂ivlAij(t)∂jv

l dx

+ (p− 2)

∫
|v|p−4 vm∂ivmAij(t)vl∂jv

l dx,

where

Aij(t) = aij(t)− 1

2
σi(t) · σj(t).

Notice,

(p− 2)

∫
|v|p−4 vm∂ivmAijvl∂jv

l dx = [4(p− 2)/p2]aij∂i(|v|p/2)∂j(|v|p/2).
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3.5. Estimates of approximations.

3.5.1. Estimate of Lp-norm of u. For estimating Lp-norms of the approximations,
we need some auxiliary statements. We start with some interpolation inequalities.

Lemma 4. ( see [12]) a) Given v ∈ H1
p, p > d > 2,

∫
|v|p+2 dx ≤ C|v|p+2−d

p H(v)d/p,

where H(v) = |∇(|v|p/2)|22;
b) Given v ∈ H1

p, p > d = 2,

(

∫
|v|2p dx)2/p ≤ 22/p|v|2pH(v)2/p.

Proof. a) is proved in [12]: one applies the inequality

|φ|2(p+2)/p ≤ c|φ|1−d/(p+2)
2 |∇φ|d/(p+2)

2

for the scalar function φ = |v|p/2.
In the case b) we apply the inequality

∫
φ4 dx ≤ 2

∫
φ2 dx

∫
|∇φ|2 dx

for the scalar function φ = |v|p/2. We have
∫
|v|2p dx ≤ 2

∫
|v|p dx

∫
|∇(|v|p/2)|2 dx = 2|v|ppH(v).

Notice H(v) ≤ C
∫
|v|p−2|∇v|2 dx ≤ C|v|p1,p.We have also the following obvious

statement.

Corollary 4. a) Let p > d > 2. For each ε there is a constant Cε such that for all
v ∈ H1

p, ∫
|v|p+2 dx ≤ εH(v) + Cε(|v|pp)1+µ,

where µ = 2/(p− d).
b) Let p > d = 2. For each ε there is a constant Cε such that for all v ∈ H1

p,

|v|p−2p (

∫
|v|2p dx)2/p ≤ εH(v) + Cε(|v|pp)1+µ,

where µ = 2/(p− d).

Lemma 5. For each ε there is a constant Cε independent of n such that for all
v ∈ H1

p

(3.29) |
∫
|v|p−2(v,Ln(v)) dx| ≤ ε

∫
|v|p−2|∇v|2 dx+ Cε(|v|pp)1+µ,

where µ = 2/(p− d).
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Proof. Denote Dil the l-th component of Di = G(Ψn(v
i)v). Since

G(Ψn(v
i)∂iv) = ∂iG(Ψn(v

i)v),

integrating by parts, we get that for each ε there is a constant Cε independent of
n such that

|
∫
|v|p−2(v,Ln(v)) dx | = |

∫
∂i(|v|p−2vl)Dil dx| ≤ C

∫
|v|p−2|∇u||Di| dx

≤ ε

∫
|v|p−2|∇v|2 dx+ Cε

∫
|v|p−2|Di|2 dx.

We need to estimate the term B =
∫
|v|p−2|Di|2 dx =

∫
|v|p−2|Di|2. By Hölder

inequality and Lemma 1,

B ≤ (

∫
|v|p+2)

p−2
p+2 (

∫
|Di| p+2

2 )
4

p+2 ≤
∫
|v|p+2)

p−2
p+2 (

∫
{|Ψn(v

i)||v|} p+2

2 )
4

p+2

(3.30)

≤ (

∫
|v|p+2)

p−2

p+2 (

∫
|Ψκ(v

i)|p+2)
2

p+2 (

∫
|v|p+2)

2
p+2 ≤

∫
|v|p+2.

On the other hand,

B ≤ (

∫
|v|p) p−2

p (

∫
|Di|p) 2

p ≤ C|v|p−2p (

∫
{|Ψκ(v

i)||v|}p) 2
p

(3.31)

≤ C|v|p−2p (

∫
|Ψn(v

i)|2p) 1
p (

∫
|v|2p) 1

p ≤ C|v|p−2p (

∫
|v|2p) 2

p .

By Corollary 4 ( using (3.30) for d > 2, and (3.31) for d = 2), for each ε there is a
constant Cε such that

B ≤ εH(v) + Cε(|v|pp)1+µ,

where µ = 2/(p− d) and

H(v) = |∇(|v|p/2)|22 ≤ C

∫
|v|p−2|∇v|2 dx ≤ C(|v|pp + |∇v|pp.

Using the Itô formula we estimate the Lp-norm of the solution.

Proposition 5. a) Let B1, B2(p) be satisfied, p > d, E|u0|p1,p <∞. Then for some
F-adapted functions a(s), b(s) (in which a(s) is real valued and b(s) is Y -valued)
P-a.s. in [0, ζn)

(3.32) |u(t)|pp = |u0,n|pp +
∫ t

0

a(r) ds+

∫ t

0

γ(r) · Ẇsds.

Moreover, there is a constant C independent of n such that

a(r) ≤ C[|u(r)|pp + (|u(r)|pp)1+µ + |G(0,r)|pp + |F(0, r)|
p
p],

(3.33)

|γ(r)|Y ≤ C[|u(r)|pp + |u(r)|p−1p |G(0, r)|p),
where µ = 2/(p− d).



31

b) a) Let B1, B2(p) and B2(2), be satisfied, p > d, and

E(|u0|p1,p + |u0|p1,2) <∞,

∫ t

0

(||G(0, r)||p1,2 + |F(0, r)|
p
1,2) dr <∞

P-a.s. for all t. Then (3.32), (3.33) hold and for some F-adapted functions ã(s), γ̃(s)
and all t,

|u(t)|p2 = |u0,n|p2 +
∫ t

0

ã(r) dr +

∫ t

0

γ̃(r) · dWr.

P-a.s. Moreover, there is a constant C independent of n such that

ã(r) ≤ C[|u(r)|p2 + |G(0,r)|p2 + |F(0, r)|
p
2],

|γ̃(r)|Y ≤ C[|u(r)|p2 + |u(r)|p−12 |G(0, r)|2)
Proof. According to Proposition 4, there is a solution u = un to (3.24) such that
P-a.s. for all T

sup
t≤T

|u(t)|p1,p +
∫ T

0

|∂2u(t)|pp dt <∞.

Denoting c(r) = (ci(r))1≤i≤d = σk∂ku(r) + G̃(u(r), r), and applying Itô formula
to u satisfying (3.26) (see [38]), we find that

|u(t)|pp = |u0|pp − p
∫ t

0

Np(u(r), r) dr + p

∫ t

0

∫
|u(r)|p−2(u(r),Ln(u(r))) dx dr

+ p

∫ t

0

(

∫
|u(r)|p−2(u(r), F̃(u(r), r)) dx+

∫ t

0

p(

∫
|u(r)|p−2ul(r)cl(r) dxẆ ds

+
p

2

∫ t

0

(

∫
[(p− 2)|u(r)|p−4ui(r)uj(r) + |u(r)|p−2δij ]b̄ij(r) dx) ds,

where

b̄ij(r) = σk(r)∂ku
i(r) · dj(r) + σk(r)∂ku

j(r) · di(r) + di(r) · dj(r),
and di(r) = G̃i(u(r), r). By Lemmas 2 and 3, for each ε > 0 there is a constant Cε

such that

|
∫
|u(r)|p−2(u(r), F̃(u(r), r)) dx| ≤ ε

∫
|u(r)|p−2|∇u(r)|2 dx+Cε(|u(r)|pp+|F(0, r)|pp),

|
∫

[(p− 2)|u(r)|p−4ui(r)uj(r) + |u(r)|p−2δij ]b̄ij(r) dx|

(3.34)

≤ ε

∫
|u(r)|p−2|∇u(r)|2 dx+ Cε(|u(r)|pp + |G(0, r)|pp).

By Lemma 3

(3.35) |
∫
|u(r)|p−2ul(r)cl(r) dx| ≤ C(|u(r)|pp + |u(r)|p−1p ||G(0, r)|p).
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So, (3.33) follows by Lemma 5.
In the case b), applying Itô formula (see [38]) we obtain

|u(t)|p2 = |u(0)|p2 − p
∫ t

0
|u(r)|p−22 N2(u(r), r) dr+

p
∫ t

0
|u(r)|p−22

∫
(u(r), F̃(u(r), r)) dx dr + p

∫ t

0
|u(r)|p−22 (

∫
ul(r)cl(r) dx) dWr+

p/2
∫ t

0
|u(r)|p−22 (

∫
b̄ii(r) dx) dr + p

2 (p− 2)
∫ t

0
|u(r)|p−42 |

∫
ul(r)cl(r) dx|2Y dr.

Since (??)-(3.35) holds for p = 2 as well, the assertion of part b) follows.

Remark 4. There is a constant C = C(K, d, p) independent of δ such that

a(s) ≤ C[|u(s)|pp + |∇u(r)|pp + (|u(s)|pp)1+µ + |G(0, s)|pp + |F(0, s)|
p
p]

|γ(s)|Y ≤ C[|u(s)|pp + |u(s)|p−1p |G(0, s)|p).

3.5.2. Estimate of Lp-norm of ∇u. Since by Biot-Savaret law (see Proposition
8 in Appendix), for each p > 1

|∇u|p ≤ C|η|p, (η = curlu),

we need to estimate |η|p. According to Remark 3, η satisfies the linear equation

(3.25) or (3.27).

Proposition 6. a) Let B1, B2(p) be satisfied (p > d), E(|u0|p1,p) < ∞, and u be
the solution of (3.26). Then for some F-adapted functions h(t), κ(t) (h(t) is real
valued and κ(t) is Y -valued) P-a.s. in [0, ζn)

|η(t)|pp = |curlu0,n|pp +
∫ t

0

h(r) ds+

∫ t

0

κ(r) · dWs.

Moreover, there is a constant C independent of n such that

h(r) ≤ C[|η(r)|pp + (|η(r)|pp)1+µ + |u(r)|pp + |F(0, r)|p1,p + ||G(0, r)||p1,p],

|κ(r)|Y ≤ C[|η(r)|pp + |u(r)|pp + |η(r)|p−1p |G(0, r)|1,p),

where µ = 2/(p− d).
b) Let B1, B2(p) and B2(2) be satisfied (p > d = 2), and

E(|u0|p1,p + |u0|p1,2) <∞,

∫ t

0

(||G(0, r)||p1,2 + |F(0, r)|
p
1,2) dr <∞

P-a.s. for all t. Let u be the solution of (3.26). Then for some F-adapted functions
ã(s), b̃(s) (ã(s) is real valued and b̃(s) is Y -valued) P-a.s. for all t

|η(t)|p2 = |curlu0,n|p2 +
∫ t

0

ã(r) ds+

∫ t

0

b̃(r) · dWs.
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Moreover, there is a constant C independent of n such that

ã(r) ≤ C[|η(r)|p2 + (|η(r)|p2)1+2/p + |u(r)|p2 + |F(0, r)|p1,2 + ||G(0, r)||p1,2],

|b̃(r)|Y ≤ C[|η(r)|p2 + |η(r)|p−12 (|u(r)|2 + ||G(0, r)||1,2)].

Proof. By applying Itô formula to function η (t) , which verifies (3.27), we find that

|η(t)|pp = |η(0)|pp − p
∫ t

0

Np(η(r), r) ds− p
∫ t

0

∫
|η(r)|p−2(η(r), rn(u(r)) dx dr

+ p

∫ t

0

〈
|η(r)|p−2η(r),H(r)

〉
1,p

dr +

∫ t

0

p(

∫
|η(r)|p−2ηl(r)cl(r) dxẆrdr

+
p

2

∫ t

0

(

∫
[(p− 2)|η(r)|p−4ηi(r)ηj(r) + |η(r)|p−2δij ]b̄ij(r) dx) dr,

where c(r) = (ci(r))i = σk(r)∂kη(r) +B(u(r), r),

H(r) = (H l(r))l = bi(r)∂iη(r)) +H(u(r),r),

and

b̄ij(r) = σk∂kη
idj(r) + σk∂kη

jdi(r) + di(r)dj(r),

and d(r)= B(u(r), r).
According to Lemmas 2 and 3, for every ε > 0, there is a constant Cε so that

|
∫

[(p− 2)|η(r)|p−4ηi(r)ηj(r) + |η(r)|p−2δij ]b̄ij(r) dx|

(3.36)

≤ ε

∫
|η|p−2|∇η|2 dx+ Cε(|G(0, r)|p1,p + |u(r)|p1,p),

and
(3.37)

|
〈
|η(r)|p−2η(r),H(r)

〉
1,p
| ≤ ε

∫
|η|p−2|∇η|2 dx+ Cε(|F(0, r)|p1,p + |u(r)|p1,p).

Also,

(3.38) |
∫
|η(r)|p−2ηl(r)cl(r) dx|Y ≤ C(|η(r)|pp + |u(r)|p1,p + |G(0, r)|1,p|η(r)|p−1p )

It remains to estimate the term

A =

∫
|η(r)|p−2(η(r), rn(u(r)) dx

=

∫
|η(r)|p−2(η(r),∇(Ψn(u

i(r)))× ∂iu(r)) dx .

We have

|A| ≤ C(

∫
|η|p +

∫
|η|p−2|∇Ψκ(u)|2|∇u|2),
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and by Hölder inequality
∫
|η|p−2|∇Ψκ(u)|2|∇u|2 ≤ |η|p−2p+2|∇Ψn(u)|2p+2|∇u|2p+2 ≤

∫
|η|p+2,

or ∫
|η|p−2|∇Ψκ(u)|2|∇u|2 ≤ C|η|p−2p (

∫
|η|2p)2/p.

So, by Corollary 4, for each ε there is a constant Cε independent of n such that

(3.39) |A| ≤ ε

∫
|η|p−2|∇η|2 dx+ Cε(|η|pp)1+µ,

where µ = 2/(p−d). The part a) of the statement obviously follows by summarizing
all the estimates.

In the case b), we apply Itô formula to |η(t)|p2 :

|η(t)|p2 = |η(0)|p2 − p
∫ t

0
|η(r)|p−22 N2(η(r), r) dr − p

∫ t

0
|η(r)|p−22

∫
(η(r), rn(u(r)) dx dr

+p
∫ t

0
|η(r)|p−22

∫
(η(r),H(r)) dx dr +

∫ t

0
p|η(r)|p−22 (

∫
ηl(r)cl(r) dx) dWr

+p
2

∫ t

0
|η(r)|p−22 (

∫
b̄ii(r) dx) dr + p

2 (p− 2)
∫ t

0
|η(r)|p−42 |

∫
ηl(r)cl(r) dx|2Y dr.

Since (3.36)-(3.38) hold for p = 2 as well, it remains to estimateA =
∫
(η(r),∇(Ψn(u)

i
)×

∂iu(r)) dx :

|A| ≤ C|η(r)|2|η(r)|24 ≤ C|η(r)|22|∇η(r)|2, if d = 2.

So,

|η(r)|p−22 |A| ≤ ε|η(r)|p−22 |∇η(r)|22 + Cε(|η(r)|p2)1+2/p.

Now, the part b) follows.

Remark 5. a) Consider a scalar process yt = |u(t)|pp + |η(t)|pp. Then, according to
the part a) of Proposition 5 and 6, for some adapted functions h(t) and κ(t) (κ is
Y -valued) in [0, ζn)

(3.40) yt = y0 +

∫ t

0

hr dr +

∫ t

0

κr · Ẇrdr,

and there is a constant C = C(δ,K, d, p) such that

hr ≤ C(yr + y1+µ
r + zr),(3.41)

|κr|Y ≤ C(yr + y1−1/pr z̃1/pr ),

where zr = |F(0, r)|p1,p + ||G(0, r)||p1,p, z̃s = ||G(0, r)||p1,p.
b) Consider a scalar process ỹt = |u(t)|p2+ |η(t)|p2. Then, according to the part b)

of Proposition 5 and 6, for some adapted functions h̃(t) and κ̃(t) (κ̃ is Y -valued)

ỹt = ỹ0 +

∫ t

0

h̃r dr +

∫ t

0

κ̃r · Ẇrdr,
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and there is a constant C = C(δ,K, d, p) such that

h̃r ≤ C(ỹr + ỹ1+2/p
r + z̃r),

|κ̃r|Y ≤ C(ỹr + ỹ1−1/pr (z̃′r)
1/p),

where z̃r = |F(0, r)|p1,2 + ||G(0, r)||p1,2, z̃′r = ||G(0, r)||p1,2.
Introduce the following smooth scalar function

G(y) =

∫ y

0

(1 + x+ x1+µ)−1 dx.

Notice G′(y) = (1 + y + y1+µ)−1 > 0, G′′(y) ≤ 0.

Remark 6. In the context of the previous Remark we obtain by Itô formula

G(yt) = G(y0) +

∫ t

0

r̄sds+

∫ t

0

b̄s · Ẇs ds,

where rs = G′(ys)rs + 2−1G′′(ys)|b̄s|2Y ≤ C(1 + zs), |b̄s|Y = G′(ys)|bs|Y ≤ C(1 +

z̃
1/p
s ).
A similar observation holds for ỹr.

3.5.3. Convergence of approximations. The following two auxiliary statements will
be needed later.

Lemma 6. a) Let v,g, f ∈ H1
p. For each ε > 0 there is a constant Cε such that

|
∫

(S[(Ψn(v
k)−Ψn′(v̄

k))∂kg], f |f |p−2) dx| ≤ ε

∫
|∇f |2|f |p−2 dx+ Cε(|f |pp + |gA|pp),

|
∫

(S[Ψn′(v̄
k))∂kg], f |f |p−2) dx| ≤ ε

∫
|∇f |2|f |p−2 dx+ Cε(|f |pp + |gB|pp),

where A = |Ψn(v
k)−Ψn′(v̄

k)|, B = |Ψn′(v̄
k)| ;

b) Let v ∈ H1
p, f =(f l),g = (gl) ∈ H1

p (R
d,Rd(d−1)/2). For each ε > 0 there is a

constant Cε such that

|
∫

(Ψn(v
k)−Ψn′(v̄

k))∂kg
lf l|f |p−2 dx| ≤ ε

∫
|∇f |2|f |p−2 dx+ Cε(|Ag|pp + |f |pp),

where g = (gl), f = (f l), A = |Ψn(v
k)−Ψn′(v̄

k)|.
Proof. a) Indeed, we have

|
∫

(S[(Ψn(v
k)−Ψn′(v̄

k))∂kg], f |f |p−2) dx|

= |
∫

(S[(Ψn(v
k)−Ψn′(v̄

k))g], ∂k(f
l|f |p−2)) dx|

≤ ε

∫
|∇f |2|f |p−2 dx+ Cε(|f |pp + |gA|pp).

Similarly, the second estimate follows.
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b) We have

|
∫

(Ψn(v
k)−Ψn′(v̄

k))∂kg
lf l|f |p−2 dx| = |

∫
(Ψn(v

k)−Ψn′(v̄
k))gl∂k(f

l|f |p−2) dx|

≤ ε

∫
|∇f |2|f |p−2 dx+ Cε

∫
A2|g|2|f |p−2 dx ≤ ε

∫
|∇f |2|f |p−2 dx+ Cε|Ag|2p|f |p−2p

≤ ε

∫
|∇f |2|f |p−2 dx+ Cε(|Ag|pp + |f |pp),

and the statement follows.

Lemma 7. a) There is a constant C so that for all v, v̄ ∈ H1
p, n

′ ≥ n > 1,

|Ψn(v
k)−Ψn′(v̄

k)|p ≤ C(|v − v̄|1,p + n−1(|∇v|p + |∇v̄|p)].

b)Let p > d. Then there is a constant C so that for all v, v̄ ∈ H1
p, n

′ ≥ n > 1,

|Ψn(v
k)−Ψn′(v̄

k)|∞ ≤ C[|v − v̄|1,p + n−ν |v|1,p],

where ν = 1− d/p.

Proof. By Sobolev’s embedding theorem there is a constant C so that for all v ∈ H1
p

sup
x
|v(x)|+ sup

x,y
|v(x)− v( y)||x− y|ν ≤ C|v|1,p,

where ν = 1− d/p. Therefore,

sup
x
|Ψn(v

k)−Ψn′(v̄
k)| ≤ sup

x
|Ψn(v

k)−Ψn(v̄
k)|+ sup

x
|Ψn(v̄

k)− v̄k|

+sup
x
|v̄k −Ψn′(v̄

k)| ≤ C[sup
x
|v(x)−v̄(x)|+ ((1/n)ν + (1/n′)ν)|v̄|1,p],

and the statement follows.

We will need the following equalities and estimates later.

Lemma 8. Let v,d ∈ H1
p, η = (ηjl)j<l ∈ H1

p (R
d,Rd(d−1)/2), η̄ = η|η|p−2, p > d.

Then
∫ (

∇dk × ∂kv,η̄
)
dx =

∫ (
dk∂kv ×∇, η̄

)
dx+

∫
(∇× v,dk∂kη̄) dx.

Also, for each ε there is a constant Cε such that for all v,d ∈ H1
p, η = (ηjl)j<l ∈

H1
p (R

d, Rd(d−1)/2)

∫
|
(
∇dk × ∂kv,η̄

)
dx| ≤ ε

∫
|η|p−2|∇η|2 dx+ Cε(|η|pp + |∇v|pp|d|p∞).
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Proof. It is enough to prove the statement for v,d ∈ C∞0 , η
jl ∈ C∞0 . Integrating

by parts, we have
∫ (

∇dk × ∂kv,η̄
)
dx =

∫
εjk(∂jd

k∂kv
l − ∂ldk∂kvj)η̄jl dx

= −
∫
εjkd

k(∂k∂jv
l − ∂k∂lvj)η̄jl dx−

∫
εjkd

k(∂kv
l∂j η̄

jl − ∂kvj∂l η̄jl) dx

=

∫
εjk(d

k∂jv
l − dk∂lvj)∂kη̄jl dx+

∫
εjk(d

k∂kv
j∂l η̄

jl − dk∂kvl∂j η̄jl) dx,

where εjk = (−1)j+k−1. Therefore, for each ε there is a constant Cε such that

|
∫ (

∇dk × ∂kv,η̄
)
dx| ≤ ε

∫
|η|p−2|∇η|2 dx+ Cε

∫
|η|p−2|d|2|∇v|2 dx,

and the statement follows by Hölder inequality.

Remark 7. If d = 2, then for all v ∈ H1
p

∇vk × ∂kv =0.

Let u = un = (uln) = (ul) be a maximal H1
p-solution to (3.24). Let η = ηn =

(ηln) =curl un. Fix a large number M > 0 and T > 0. Given a positive integer n,
let Tn = T M,T

n be the set of all stopping times τ ≤ T ∧ ζn such that P-a.s.

sup
s≤τ

(|un(s)|p + |ηn(s)|p) ≤M.

In the case d = 2 we also introduce the set T̃n = T̃ M,T
n of all stopping times τ ≤ T

such that

sup
s≤τ

(|un(s)|p + |ηn(s)|p + |un(s)|2 + |ηn(s)|2) ≤M.

Let Tn,n′ = Tn ∩ Tn′ , T̃n,n′ = T̃n ∩ T̃n.
Lemma 9. a) Let B1, B2(p), B3(p) be satisfied (p > d), E(|u0|p1,p) < ∞. Let
u = un = (uln) = (ul) be H‘1

p -solutions to (3.24). Then

lim
n

sup{E sup
s≤τ

|un′ − un|p1,p : n′ ≥ n, τ ∈ Tn′,n} = 0

where Tn′,n = Tn ∩ Tn′ .
b) Let B1, B2(p), B3(p), B2(2), B3(2) be satisfied (p > d = 2), and

E(|u0|p1,p + |u0|p1,2) <∞,

∫ t

0

(||G(0, r)||p1,2 + |F(0, r)|
p
1,2) dr <∞

P-a.s. for all t. Let u = un = (uln) = (ul) be H1
p ∩H1

2-solution to (3.24). Then

lim
n→∞

sup{E sup
s≤τ

(|un′ − un|p1,p + |un′ − un|p1,2) : n′ ≥ n, τ ∈ T̃n′,n} = 0,

where T̃n′,n = T̃n ∩ T̃n′ .
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Proof. Let τ ∈ Tn′,n, n′ ≥ n. Consider

w(t) = un′(t ∧ τ)− un(t ∧ τ), ξ(t) = ηn′(t ∧ τ)− ηn(t ∧ τ).

Denote ū = un′ , u = un.
Applying Itô formula (see [38]) we have

(3.42)

|w(t)|pp = |w(0)|pp − p
∫ t∧τ

0
Np(w(r), r) dr + p

∫ t∧τ

0

∫
|w(r)|p−2(w(r),a(r) dx dr

+p
∫ t∧τ

0

∫
|w(r)|p−2wl(r)cl(r) dWr

+p
2

∫ t∧τ

0
(
∫
[(p− 2)|w(r)|p−4wi(r)wj(r) + |w(r)|p−2δij ]c̄ij(r) dx) dr

−p
∫ t∧τ

0
(
∫
|w(r)|p−2(w(r),S[∂kw(r)Ψn′(ū

k) + (Ψn′(ū
k)−Ψn(u

k))∂ku] dx) dr

where c(r) = (ci(r))i = σk∂kw(r) + G̃(ū, r)− G̃(u, r),

a(r) = (al(r))l = F̃ l(v, r)− F̃ l(u, r);

and

c̄ij(r) = σk(r)∂kw
i(r) · dj(r) + σk(r)∂kw

j(r) · di(r) + di(r) · dj(r)

where di(r) = G̃i(ū(r), r)− G̃i(u(r), r).
Also, by Itô formula (see [38]),

|ξ(t)|pp = |ξ(0)|pp − p
∫ t∧τ

0

Np(ξ(r), r) dr + p

∫ t∧τ

0

(

∫
|ξ(r)|p−2ξl(r)H l(r) dx dr

+ p

∫ t∧τ

0

∫
|ξ(r)|p−2(ξ(r), rn′(ū(r))− rn(u(r)) dx dr

+ p

∫ t∧τ

0

∫
|ξ(r)|p−2ξl(r)κl(r) dx dWr

+
p

2

∫ t∧τ

0

(

∫
[(p− 2)|ξ(r)|p−4ξi(r)ξj(r) + |ξ(r)|p−2δij ]κ̄ij(r) dx) dr

− p
∫ t∧τ

0

∫
|ξ(s)|p−2ξl(s)[∂kξl(s)Ψn′(ū

k) + (Ψn′(ū
k)−Ψn(u

k))∂kη
l
n dx ds

where κ(r) = (κi(r))i = σk∂kξ(r) +B(ū, r)−B(u, r)),

H(r) = (H l(r))l = bi∂iξ(r) +H(ū(r), r)−H(u(r), r));

and

κ̄ij(r) = σk(r)∂kξ
i(r) ·Dj(r) + σk(r)∂kξ

j(r) ·Di(r) +Di(r) ·Dj(r)

where Di(r) = Bi(ū(r), r)−Bi(u(r), r).
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By Lemmas 6 a) and 7 b) and Sobolev embedding theorem

L̄1 = |
∫
|w(r)|p−2(w(r),S[∂kw(r)Ψn′(ū

k) + (Ψn′(ū
k)−Ψn(u

k))∂ku] dx|

≤ ε

∫
|∇w(r)|2|w(r)|p−2 dx+ Cε(|w(r)|pp + |w(r)A|pp + |w(r)B|pp)(3.43)

≤ ε

∫
|∇w(r)|2|w(r)|p−2 dx+ Cε(M)(|w(r)|pp + |ξ(r)|pp + n−νp)

where A = |Ψn′(ū
k)−Ψn(u

k)|, B = |Ψn′(ū
k)|, ν = 1− d/p.

Similarly, by Lemmas 6 b) and 7 b),

L̄2 = |
∫
|ξ(s)|p−2ξl(s)(Ψn′(ū

k)−Ψn(u
k))∂kη

l
n dx|

≤ ε

∫
|∇ξ(r)|2|ξ(r)|p−2 dx+ Cε(|Aηn(r)|pp + |ξ(r)|pp)(3.44)

≤ ε

∫
|∇ξ(r)|2|ξ(r)|p−2 dx+ Cε(M)(|w(r)|pp + |ξ(r)|pp + n−pν).

Obviously,

L̄3 = |
∫

(|ξ(r)|p−2ξ(r),∇(Ψn′(ū
i))× ∂iū(r)−∇(Ψn(u

i))× ∂iu(r)) dx|

≤ |
∫

(|ξ(r)|p−2ξ(r), (∇(Ψn′(ū
i))−∇(Ψn(u

i))× ∂iū(r)) dx|

+ |
∫

(|ξ(r)|p−2ξ(r),∇(Ψn′(ū
i))× ∂iw(r)) dx| = L̄31 + L̄32.

By Lemmas 8 and 7 (part b)),

L̄31 ≤ ε

∫
|ξ(r)|p−2|∇ξ(r)|2 dx+ Cε(|ξ(r)|pp + |∇ū(r)|pp|A|p∞)

≤ ε

∫
|ξ(r)|p−2|∇ξ(r)|2 dx+ Cε(M)(|ξ(r)|pp + |w(r)|pp + n=pν),

(3.45)

L̄32 ≤ ε

∫
|ξ(r)|p−2|∇ξ(r)|2 dx+ Cε(|ξ(r)|pp + |∇w(r)|pp|B|p∞)

≤ ε

∫
|ξ(r)|p−2|∇ξ(r)|2 dx+ Cε(M)(|ξ(r)|pp).

Let Zt = |w(t)|pp + |ξ(t)|pp. Using (3.43)-(3.45) and estimating the remaining
terms by Lemmas 2 and 3, we obtain that for some adapted functions a(t), b(t)
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(b(t) is Y -valued)

(3.46) dZt = a(t) dt+ b(t) · dWt,

and there is a constant C such that on [0, τ ] for all τ ∈ Tn′,n, n′ ≥ n

(3.47) a(t) ≤ C(Zt + (1/nνp)), |b(t)|Y ≤ CZt.

(We use B3(p) to estimate the term

∫
[(p− 2)|ξ(r)|p−4ξi(r)ξj(r) + |ξ(r)|p−2δij ]κ̄ij(r) dx.)

Now the part a) of the statement follows by Lemma 18.

In the case b) we have (τ ∈ T̃n′,n)

|w(t)|p2 = |w(0)|p2 − p
∫ t∧τ

0
|w(s)|p−22 N2(w(r), r) dr

+p
∫ t∧τ

0
|w(r)|p−22

∫
(w(r),a(r)) dx dr + p

∫ t∧τ

0
|w(r)|P−22 (

∫
wl(r)cl(r) dx) dWr

+p/2
(∫ t∧τ

0
|w(r)|p−22 (

∫
c̄ii(r) dx) dr + (p− 2)

∫ t∧τ

0
|w(r)|p−42 |

∫
wl(r)cl(r) dx|2Y dr

)

−p
∫ t∧τ

0
|w(r)|p−22 (

∫
wl(r)[∂kw

l(r)Ψn′(ū
k(r)) + (Ψn′(ū

k)−Ψκ(u
k))∂ku

l] dx) dr.

Similarly,

|ξ(t)|p2 = |ξ(0)|p2 − p
∫ t∧τ

0

|ξ(r)|p−22 N2(ξ(r), r) ds

− p
∫ t∧τ

0

|ξ(r)|p−22

∫
(ξ(r),∇(Ψn(ū

i(r)))× ∂iw(r)

+ (∇(Ψn′(u
i(r))−∇(Ψn(u

i(r)))× ∂iu(r)) dx dr

p

∫ t∧τ

0

|ξ(r)|p−22 (

∫
(ξ(r),H(r)) dx dr +

∫ t∧τ

0

p|ξ(r)|p−22 (

∫
ξl(r)κl(r) dx) dWr

+
p

2

∫ t∧τ

0

|ξ(r)|p−22 (

∫
κ̄ii(r) dx) dr +

p

2
(p− 2)

∫ t∧τ

0

|ξ(r)|p−42 |
∫
ξl(r)κl(r) dx|2Y dr.
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Let n′ ≥ n. According to Lemmas 6 (part a)) and 7 (part a)) and Sobolev
embedding theorem, for each ε > 0 there is a constant Cε such that P-a.s. on [0, τ [

H = |
∫
wl(r)(Ψn′(ū

k(r))−Ψκ(u
k(r)))∂ku

l(r)] dx|

≤ ε|∇w(r)|22 + Cε|u(r)|2∞|Ψn′(ū
k(r))−Ψn(u

k(r)|22

≤ ε|∇w(r)|22 + CεM
2(|w(r)|21,2 + n−2(|∇ū(r)|22 + |∇ū(r)|22)

≤ ε|∇w(r)|22 + CεM
2(|w(r)|21,2 + n−2),

and

(3.48) |w(r)|p−22 H ≤ ε|∇w(r)|22|w(r)|p−22 + Cε(M)(|w(r)|p2 + |ξ(r)|p2 + n−p).

By Lemma 8 and Sobolev imbedding theorem,

L1 = |
∫

(ξ(r),∇(Ψn(ū
i(r)))× ∂iw(r) dx|

≤ ε|∇ξ(r)|22 + Cε(|ξ(r)|22 + |Ψn(ū
i(r))|2∞|∇w(r)|22)(3.49)

≤ ε|∇ξ(r)|22 + Cε(1 +M2)|ξ(r)|22.

By Lemma 8 and Lemma 7 b),

L2 = |
∫

(ξ(r), (∇(Ψn′(ū
i(r))−∇(Ψn(u

i(r)))× ∂iu(r)) dx|

≤ ε|∇ξ(r)|22 + Cε(|ξ(r)|22 + |Ψn(ū
i(r))−Ψn′(ū

i(r))|2∞|∇u(r)|22)
(3.50)

≤ ε|∇ξ(r)|22 + Cε[|ξ(r)|22 +M2(|w(r)|21,p + n−2νM2)]

≤ ε|∇ξ(r)|22 + Cε(M)(|ξ(r)|22 + |w(r)|21,p + n−2ν)

where ν = 1− 2/p. So,

|ξ(r)|p−22 L2 ≤ ε|∇ξ(r)|22|ξ(r)|p−22 + Cε(M)(|ξ(r)|p2 + |w(r)|p1,p + n−2ν),

(3.51)

|ξ(r)|p−22 L1 ≤ ε|∇ξ(r)|22|ξ(r)|p−22 + Cε(M)|ξ(r)|p2
Let Kt = |w(t)|p2 + |ξ(t)|p2. Using (3.48)-(3.51) and estimating the remaining terms
by Lemmas 2 and 3, we obtain that for some adapted functions ā(t), b̄(t) (b̄(t) is
Y -valued)

(3.52) dKt = ā(t) dt+ b̄(t) · dWt,
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and there is a constant C such that on [0, τ ] for all τ ∈ Tn′,n, n′ ≥ n

(3.53) ā(t) ≤ C(Kt + |w(t)|p1,p + (1/np)), |b̄(t)|Y ≤ CKt.

(We use B3(2) to estimate
∫
b̄ii(r) dx).

Combining (3.46), (3.52), (3.47), (3.53), we find that for some adapted functions

ã(t), b̃(t)

Rt = |w(t)|p2 + |ξ(t)|p2 + |w(t)|pp + |ξ(t)|pp

= R(0) +

∫ t

0

ã(r) dr +

∫ t

0

b̃(r) · dWr,

and there is a constant C, such that on any [0, τ ], τ ∈ T̃n′,n
ã(t) ≤ C[R(t) + (1/np) + (1/npν)], |b̄(t)|Y ≤ CR(t).

Now the part b) of the statement follows by Lemma 18 (see Appendix).

3.6. Local existence and uniqueness.

3.6.1. Uniqueness.

Proposition 7. Let τ be a bounded stopping time, p > d. Let B1, B2(p) be
satisfied. Assume u(t) and ū(t) are Lp-solutions of (3.7) in [[0, τ ]] and also H1

p-
valued and continuous.
Then P-a.s. u(t ∧ τ) = ū(t ∧ τ) for all t.

Proof. For v ∈ H1
p we set

G̃(v, r) = (G̃l(v, r))1≤l≤d = S(G(v, r))− G(σi(r)∂iv),

F̃(v, r) = S(F(v, r) + bi(r)∂iv)− ∂iG(aij(r)∂jw).

Then for all v, v̄ ∈ H1
p,

|G̃(v, r)− G̃(v̄, r)|p ≤ C|v − v̄|p,
(3.54)

|F̃(v, r)− F̃(v̄, r)|−1,p ≤ C|v − v̄|p.

Let

Np(v, r) = −
∫
{[|v|p−2vl∂i(aij(r)∂jvl) + 2−1[(p− 2)|v|p−4vivj

+ |v|p−2δij ]σk(r) · σm(r)∂kv
i∂mv

j ]} dx.

Obviously (see (3.28)),

Np(v, r) ≥δ
∫
|v|p−2|∇v|2 dx.
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Let w(t) = u(t ∧ τ)− ū(t ∧ τ). By Itô formula (see [38]),

|w(t)|pp = −p
∫ t∧τ

0

Np(w(r), r) dr + p

∫ t∧τ

0

∫
|w(r)|p−2wl(r)al(r) dx dr

+ p

∫ t∧τ

0

∫
|w(r)|p−2wl(r)cl(s) dWs

+
p

2

∫ t∧τ

0

(

∫
[(p− 2)|w(r)|p−4wi(r)wj(r) + |w(r)|p−2δij ]c̄ij(r) dx) dr

− p
∫ t∧τ

0

(

∫
|w(r)|p−2(w(r),S[∂kw(r)ūk(r) + wk(r)∂ku(r)] dx) dr

where c(r) = (ci(r))1≤i≤d = σk∂kw(r) + G̃(ū, r)− G̃(u, r),

a(r) = (al(r))l = F̃ l(ū, r)− F̃ l(u, r),

and

c̄ij(r) = σk(r)∂kw
i(r) · dj(r) + σk(r)∂kw

j(r) · di(r) + di(r) · dj(r)
where di(r) = G̃i(ū(r), r)− G̃i(u(r), r).

By (3.54), for each ε > 0 there is a constant Cε such that

(3.55) |
∫
|w(r)|p−2wl(r)al(r) dx| ≤ ε

∫
|w(r)|p−2|∇w(r)|2 dx+ Cε|w(r)|pp.

Integrating by parts, using Sobolev embedding theorem (p > d) and Hölder in-
equality, we obtain that for each ε > 0 there is a constant Cε such that

|
∫
|w(r)|p−2(w(r),S[∂kw(r)ūk(r) + wk(r)∂ku(r)] dx|

= |
∫
|w(r)|p−2(w(r), ∂kS[w(r)ūk(r) + wk(r)u(r)]

(3.56)

≤ ε

∫
|w(r)|p−2|∇w(r)|2 dx+ Cε

∫
|w(r)|p−2|S[w(r)ūk(r) + wk(r)u|2 dx

≤ ε

∫
|w(r)|p−2|∇w(r)|2 dx+ Cε|w(r)|pp(|ū(r)|1,p + |u(r)|1,p).

By (3.54), for each ε > 0 there is a constant Cε such that

|
∫

[(p− 2)|w(r)|p−4wi(r)wj(r) + |w(r)|p−2δij ]c̄ij(r) dx|(3.57)

≤ ε

∫
|w(r)|p−2|∇w(r)|2 dx+ Cε|w(r)|pp.
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Integrating by parts and by (3.54) we have

(3.58) |
∫
|w(r)|p−2wl(r)cl(r) dx| ≤ C|w(r)|pp.

Let M > 1 and τM = inf(t : |ū(t)|1,p + |u(t)|1,p ≥ M) ∧ τ . Since (3.55)-(3.58)
hold, the assumptions of Lemma 18 (see Appendix) are satisfied with

Zt = |w(t)|pp, ct =
∫
|w(t)|p−2|∇w(t)|2 dx, ft = gt = 0, Z0 = 0.

Therefore, P-a.s. w(t ∧ τM ) = 0 for all t. Since M is arbitrary, the pathwise
uniqueness follows.

3.6.2. Existence. Now we extract a converging subsequence.

Lemma 10. a) Let B1, B2(p), B3(p) be satisfied (p > d), E(|u0|p1,p) <∞. Then
there is a bounded stopping time τ such that P(τ > 0) = 1 and a unique Lp-solution
u(t) of (3.7) in [[0, τ ]] which is also H1

p-valued continuous process such that

E sup
t≤τ

|u(t)|p1,p <∞.

b) Let B1, B2(p), B2(2), B3(p), B3(2) be satisfied (p > d = 2), and

E(|u0|p1,p + |u0|p1,2) <∞,

∫ t

0

(||G(0, r)||p1,2 + |F(0, r)|
p
1,2) dr <∞

P-a.s. for all t. Then there is a stopping time τ such that P(τ > 0) = 1 and
a unique Lp ∩ L2-solution u(t) of (3.7) in [[0, τ ]], which is also H1

p ∩ H1
2-valued

continuous process such that

E sup
t≤τ

(|u(t)|p1,p + |u(t)|p1,2) <∞.

Proof. We apply Lemma 19 (see Appendix) to extract a converging subsequence.
We choose the Banach space

B =

{
H1

p, in the case a),
H1

p ∩H1
2, in the case b).

In H1
p ∩H1

2 we use the norm:

|v|B = (|v|pp + |curlv|pp + |v|p2 + |curlv|p2)1/p.

In H1
p the norm |v|B = (|v|pp + |curlv|pp)1/p is used.

Fix arbitrary T0 > 0,M0 > 1. Since Lemma 9 holds, according to Lemma 19, it
is enough to prove that

(3.59) lim
T→0

sup
n,τ∈T

M0,T0
n

P( sup
s≤τ∧T

|un(s)|B > |un(0)|B +M0 − 1) = 0.

where T M0,T0
n is the set of all stopping times τ ≤ T0 such that sups≤τ |un(s)|B ≤

M0 + |un(0)|B . Let T < T0,

Sn = inf(t : |un(t)|B > |un(0)|B +M0 − 1).
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Let

Kt =

{ ∫ t

0
(||G(0, r)||p1,p + |F(0, r)|p1,p) dr, in the case a),∫ t

0
(||G(0, r)||p1,p + |F(0, r)|p1,p + ||G(0, r)||p1,2 + |F(0, r)|p1,2) dr, in the case b).

Define τM = inf(t : Kt ≥ M) ∧ T0. By Propositions 5 and 6, for τ ∈ T M0,T0
n , we

have for each M

P

(
sup

t≤τ∧T
|un(t)|B > |un(0)|B +M0 − 1

)

≤ P(|un(Sn ∧ T )|B > |un(0)|B +M0 − 1)

≤ P(|un(Sn ∧ T )|pB > |un(0)|pB + (M0 − 1)p)

≤ P(|un(Sn ∧ τM ∧ T )|pB > |un(0)|pB + (M0 − 1)p)

+P
(
τM < T0

)
≤ C(M0)[T +EKτM∧T ] +P

(
τM < T0

)
.

Therefore, for each M

lim sup
T→0

sup
n,τ∈T

M0,T0
n

P

(
sup

s≤τ∧T
|un(s)|B > |un(0)|B +M0 − 1

)
≤ P

(
τM < T0

)
,

and (3.59) follows. By Lemma 19, there is a stopping time τ such that P(τ >
0) = 1, a B-valued stochastic process u on the interval [0, τ ] and a subsequence unk

converging uniformly on [0, τ ] to u. Obviously, u(t) is an Lp-solution (respectively,
Lp ∩ L2-solution) of (3.7) in [[0, τ ]] which is also H1

p (respectively, H1
p ∩H1

2) valued
and continuous. Uniqueness follows by Proposition 7.

The following almost obvious statement is a straightforward generalization of
Lemma 10 .

Lemma 11. a) Let B1, B2(p), B3(p) be satisfied (p > d) and E(|u0|p1,p) < ∞.
Assume that u(t) is a H1

p-valued continuous Lp-solution of (3.7) on [0, S], where S
is a finite stopping time and

E sup
t≤S

|u(t)|p1,p <∞.

Then there exist a finite stopping time τ and a H1
p-valued continuous Lp-solution

v(t) to (3.7) in [[0, τ ]] such that P(τ > S) = 1 and v coincides with u on [0, S] and

E sup
t≤τ

|v(t)|p1,p <∞.

b) Let B1, B2(p), B3(p), B2(2), B3(2) be satisfied, and

E(|u0|p1,p + |u0|p1,2) <∞,

∫ t

0

(||G(0, r)||p1,2 + |F(0, r)|
p
1,2) dr <∞
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P-a.s. for all t. Assume that u(t) is a H1
p ∩H1

2-valued continuous Lp ∩ L2-solution
of (3.7) in [[0, S]], where S is a finite stopping time and

E sup
t≤S

(|u(t)|p1,p + |u(t)|p1,2) <∞.

Then there exist a finite stopping time τ and a H1
p ∩H1

2-valued continuous Lp ∩L2-
solution v(t) of (3.7) in [[0, τ ]] such that P(τ > S) = 1, and v coincides with u on
[0, S] and

E sup
t≤τ

(|v(t)|p1,p + |v(t)|p1,2) <∞.

Now we can prove the main result.

3.6.3. Proof of Theorem 1. We follow here the proof of Theorem 14.21 in [22].
Consider the set S of all finite stopping times S such that a H1

p (respectively H1
p ∩

H1
2)-valued continuous Lp (respectively Lp ∩ L2)-solution u(t) of (3.7) exists in

[[0, S]] and

E sup
t≤S

|u(t)|p1,p <∞ (respectively E sup
t≤S

(|u(t)|p1,p + |u(t)|p1,2) <∞).

By Lemma 10, S is not empty. It is closed with respect to the finite minimum
and finite maximum operations. Let ζ be the essential upper bound of the set
S. So, there is a sequence Tn ∈ S increasing to ζ. Let Un be a corresponding
sequence of solutions on [0, Tn]. Since Proposition 7 holds, the sequence Un defines
a continuous process u on ∪n[0, Tn].

Let yt = |U(t)|1,p( respectively yt = |u(t)|1,p + |u(t)|1,2)). Let Rm = ζ ∧ inf(t :
yt ≥ m). Then Tq ∧ Rm ∈ S and u( · ∧Tq ∧ Rm) is a solution in [[0, Tq ∧ Rm]].
Passing to a limit as q →∞, we obtain that Rm ∈ S and u(· ∧Rm) is a solution in
[[0, Rm]]. If P(Rm = ζ <∞) > 0, Lemma 11 would imply that there is a stopping
time S ∈ S such that S ≥ Rm and P(Rm = ζ < S) > 0. This would contradict the
definition of ζ. Thus P-a.s. Rm < ζ on {ζ <∞}, and, obviously, lim supt↑ζ yt =∞
on {ζ <∞}. So, the sequence (Rm) “announces” ζ and ζ is a predictable stopping
time. Obviously, [0, S] ⊆ [0, ζ) for all S ∈ S. Let S be a stopping time such that
P-a.s. S < ζ. Then Tq∧S ∈ S and u(·∧Tq∧S) is a solution in [[0, Tq∧S]]. Passing
to the limit as q →∞ we obtain that u(· ∧ S) is a solution in [[0, S]].

Let, in addition, E(|u0|p2−2/p,p) <∞. Let S be a stopping time such that S < ζ

P-a.s. Consider a linear equation in [[0, S]] for v(t)
(3.60)



∂tv (t) = S[∂i
(
a ij (t) ∂jv (t)

)
− uk (t) ∂ku(t) + bi(t)∂iu(t) + F (u (t) , t)]

+S[σi(t)∂iv (t) +G (u (t) , t)] Ẇt,

v (0) = u0.

By Theorem 3.3 in [37], in the case a) there is a unique H1
p-solution of (3.60) which

is also a unique Lp-solution. So, u(t) = v(t) on [0, S] and u(t) is an H1
p-solution

to (3.7) in [[0, S]]. In the case b) we do the same using Corollary 3.7 in [37] and
obtain that u(t) is a H1

p ∩H1
2-solution in [[0, S]].

It remains to prove that, in the case a), limt↑ζ |u(t)|1,p = ∞ on {ζ < ∞}, if
E(|u0|p2−2/p,p) <∞.
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Fix an arbitrary m > 1. Let

τm+1 = inf(t : yt ≥ m+ 1).

Define a sequence of stopping times

S1 = inf(t > τm+1 : yt ≤ m) ∧ ζ, S2n = inf(t > S2n−1 : yt ≥ m+ 1) ∧ ζ,

S2n+1 = inf(t > S2n : yt ≤ m) ∧ ζ.

Let S = limn Sn. Applying Itô formula (see proof of Proposition 5) we find that for
some adapted a(r), b(r)

y(t ∧ S) = |u(t ∧ S)|pp + |curlu(t ∧ S)|pp
(3.61)

= y(0) +

∫ t∧S

0

a(r) dr +

∫ t∧S

0

b(r) · dWr,

and

(3.62) ar ≤ C(yr + y1+µ
r + zr), |br|Y ≤ C(yr + y1−1/pr z̃1/pr )

where zr = |F(0, r)|p1,p + ||G(0, r)||p1,p, z̃r = ||G(0, r)||p1,p, µ > 0.

We will prove that P(S = ζ <∞) = 0. Since m is arbitrary, this will imply that
P-a.s. limt↑ζ |u(t)|1,p =∞ on {ζ <∞}.

For M > 1 we set

τM = inf(t :

∫ t

0

(|F(0, r)|p1,p + ||G(0, r)||p1,p) dr ≥M).

It is enough to prove that for all q,M,

P(S = ζ < q ∧ τM ) = 0.

If P(S = ζ < q ∧ τM ) > 0 for some M, q, then by (3.61), (3.62),

∞ = E
∑

k≥1

[y(S2k)− y(S(2k − 1)] ≤ C(m,M)<∞.

The statement follows.

3.7. Stochastic Navier-Stokes Equation in 2D.

Lemma 12. Let B1, B2(p), B3(p), B2(2), B3(2) be satisfied, p > d = 2, and

E(|u0|p2−2/p,p + |u0|
p
1,2) <∞,

∫ t

0

(||G(0, r)||p1,2 + |F(0, r)|
p
1,2) dr <∞

P-a.s. for all t.
Then there is a maximal unique H1

p ∩ H1
2-solution u(t) of (3.7) and for some

F-adapted functions al(t), bl(t) (al(t) is real valued and bl(t) is Y -valued), l = p, 2,
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P-a.s. on [0, S] ⊆ [0, ζ)

|η(t)|pl = |η(0)|pl +
∫ t

0

al(r) ds+

∫ t

0

bl(r) · dWs,

|u(t)|p2 = |u(0)|p2 +
∫ t

0

a(r) ds+

∫ t

0

b(r) · dWs,

l = p, 2, η(t) =curlu(t). Moreover, there is a constant C independent of S such
that

|al(r)| ≤ C[|η(r)|p2 + |u(r)|pl + ||G(0, r)||p1,l + |F(0, r)|
p
1,l],

|bl(r)|Y ≤ C[|η(r)|pl + |u(r)|
p
l + ||η(r)|

p−1
l ||G(0, r)|1,l),

|a(r)| ≤ C[|u(r)|p2 + ||G(0, r)||p1,2 + |F(0, r)|
p
1,2],

|b(r)|Y ≤ C[|u(r)|p2 + |u(r)|p−12 ||G(0, r)||2),

l = p, 2.

Proof. The existence of a unique maximal H1
p ∩H1

2-solution (u(t), ζ) is guaranteed

by Theorem 1. Since in 2D ∇vi×∂iv = 0, the following ”regular growth” equation
holds for η(t) in any [[0, S]] ⊆ [0, ζ) (cf (3.27):

∂tη (t) = ∂i
(
a ij (t) ∂jη (t)

)
− ui (t) ∂iη(t) + bi(t)∂iη(t) +H (u(t),t)

+ [σi(t)∂iη (t) +B (u(t), t))] dWt, η (0) = curlu0.

By Itô formula (see [38]),

|u(t ∧ S)|p2 = |u(0)|p2 − p
∫ t∧S

0
|u(r)|p−22 N2(u(r)) ds+

p
∫ t∧S

0
|u(r)|p−22

∫
(u(r), ā(r)) dx dr + p

∫ t∧S

0
|u(r)|p−22 (

∫
ul(r)cl(r) dx) dWr+

p/2
∫ t∧S

0
|u(r)|p−22 (

∫
b̄ii(r) dx) dr + p

2 (p− 2)
∫ t∧S

0
|u(r)|q−42 |

∫
ul(r)cl(r) dx|2Y dr

where

ā(r) = bi(r)∂iu(r)+F(u(r), r),

b̄ij(r) = σk(r)∂ku
i(r) · dj(r) + σk(r)∂ku

j(r) · di(r) + di(r) · dj(r),

and d(r) = (di(r)) = G̃(u(r), r)), c(r) = (cl(r)) = σk(r)∂ku(r) + d(r).
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Similarly, for each stopping time S so that [0, S] ⊆ [0, ζ)

|η(t ∧ S)|p2 = |η(0)|p2 − p
∫ t∧S

0

|η(r)|p−22 N2(η(r), r) dr + p

∫ t∧S

0

|η(r)|p−22

∫
(η(r),H(r) dx dr

+

∫ t∧S

0

p|η(r)|p−22

∫
η(r)γ(r) dx) dWr +

p

2

∫ t∧S

0

|η(r)|p−22 (

∫
γ̄(r) dx) dr

+
p

2
(p− 2)

∫ t∧S

0

|η(r)|p−42 |
∫
η(r)γ(r) dx|2Y dr,

where

H(r) = bi(r)∂iη(r)+H(u(r), r)), γ̄(r) = 2σk(r)∂kη · d̄(r) + |d̄(r)|2Y ,
and d̄(r)= ∇σi × ∂iu+curl (G (u, t)), γ(r) = σk(r)∂kη(r) + d̄(r). By Lemmas 2
and 3,

|η(t ∧ S)|p2 = |η(0)|p2 +
∫ t∧S

0

a2(r) ds+

∫ t∧S

0

b2(r) · dWs,

|u(t ∧ S)|p2 = |u(0)|p2 +
∫ t∧S

0

a(r) ds+

∫ t∧S

0

b(r) · dWs,

and there is a constant C independent of S such that

a2(r) ≤ C[|η(r)|p2 + |u(r)|p2 + ||G(0, r)||p1,2 + |F(0, r)|
p
1,2],

|b2(r)|Y ≤ C[|η(r)|p2 + |u(r)|p2 + ||η(r)|p−12 ||G(0, r)|1,2),

a(r) ≤ C[|u(r)|p2 + ||G(0, r)||p1,2 + |F(0, r)|
p
1,2],

|b(r)|Y ≤ C[|u(r)|p2 + |u(r)|p−12 ||G(0, r)||p2).
Also by Itô formula

|η(t)|pp = |η(0)|pp − p
∫ t

0

Np(η(r), r) ds+ p

∫ t

0

〈
|η(r)|p−2η(r), ā(r)

〉
1,p

dr

+

∫ t

0

p(

∫
|η(r)|p−2η(r)c(r) dxdẆr + p

∫ t

0

(

∫
(p− 2)|η(r)|p−2b̄(r) dx) dr

where

ā(r) = bi∂iη+curl (F(u, r)) + ∂i(∇aij × ∂ju)+(∇bi)× ∂iu

= bi∂iη+curl (F(u, r)) + r(u(r), r),

b̄(r) = 2σk∂kη · d(r) + |d̄(r)|2Y ,
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and d̄ = ∇σi × ∂iu+curl (G (u, t)), c(r) = σk(r)∂kη(r) + d̄(r). Using Lemmas 2
and 3, we obtain

|η(t)|pp = |η(0)|pp +
∫ t

0

ap(r) ds+

∫ t

0

bp(r) · dWs.

and there is a constant C independent of S such that

|ap(r)| ≤ C[|η(r)|pp + |u(r)|pp + ||G(0, r)||p1,p + |F(0, r)|
p
1,p],

|bp(r)|Y ≤ C[|η(r)|pp + |u(r)|pp + ||η(r)|p−1p ||G(0, r)|1,p).
So, the statement follows.

Now we can complete the proof of Theorem 2.

3.7.1. Proof of Theorem 2. We have immediately the existence of a maximal so-
lution by Theorem 1. It remains to prove that P(ζ = ∞) = 1 and the estimate.
Let

yt = |u(t)|p2 + |curlu(t)|p2 + |curlu(t)|pp,
Rm = inf(t : yt ≥ m) ∧ ζ. Since in 2D Lp is continuously embedded into H1

2

(Lp ⊆ H1
2), we obtain by Lemma 12 that for some adapted functions h(t), κ(t),

yt∧Rm
= y0 +

∫ t∧Rm

0

h(r) dr +

∫ t∧Rm

0

κ(r) · dWr,

and there is a constant C independent of m such that

h(r) ≤ C(yr + zr), κ(r) ≤ C(yr + y1−1/pr z̃1/pr )

where

zr = ||G(0, r)||p1,p + |F(0, r)|
p
1,p + ||G(0, r)||p1,2 + |F(0, r)|

p
1,2,

z̃r = ||G(0, r)||p1,p + ||G(0, r)||p1,2.
By Lemma 18 (see Appendix), for each T there is a constant C (independent of m)
so that for all stopping times τ ≤ T

E sup
t≤τ

yt ≤ CE[y0 +

∫ τ

0

(||G(0, r)||p1,p + |F(0, r)|
p
1,p

(3.63)

+ ||G(0, r)||p1,2 + |F(0, r)|
p
1,2) dr].

Let

Kt =

∫ t

0

(||G(0, r)||p1,p + |F(0, r)|
p
1,p + ||G(0, r)||p1,2 + |F(0, r)|

p
1,2) dr.

For M > 1 set τM = inf(t : Kt ≥ M). Since the sequence Rm “announces” the
predictable stopping time ζ, for each T > 0 and M > 1 we have

P(Rm < T ) ≤ P(yRm∧T∧τM ≥ m) +P(τM < T )

≤ m−1EyRm∧T∧τM +P(τM < T ).
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So, by (3.63), for each M > 1

lim sup
m

P(Rm < T ) ≤ P(τM < T ).

Therefore limmP(Rm < T ) = 0, and P(ζ =∞) = 1. The statement follows.

4. Wiener Chaos and Moment Theory

4.1. Preliminaries. In this Section we continue the study of global solutions of
stochastic Navier-Stokes equations. We will deal with the equation

(4.1)

∂tu = ∂i
(
a ij∂ju

)
+ bi∂iu− uk∂ku+ hi · Gi

(
σik∂iu+ g

)
−

∇P + f + [σik∂iu+ g −∇P̃ ] · Ẇt, div u = 0,

u (0, x) = u0 (x)

with the free forces f = f (t, x) and g = g (t, x) that do not include a solution as
an independent variable. Since the existence of global solutions is proved only for
d = 2, we restrict ourselves to this case.

Our goal now is to investigate how the SNS equation (4.1) propagates the chaos
generated by the driving Brownian motion and randomness in the initial conditions.
We are particularly interested in deriving formulas for the statistical moments of a
solution to (4.1).

Let (Ω,F ,P) be a complete probability space. Let W (t) and ξ0 be a cylindrical
Brownian motion and a cylindrical Gaussian random variable in Y.We assume that
W (t) and ξ0 are defined on (Ω,F ,P) and independent.

Let us fix a positive number T <∞. Let FT be a P-completion of σ{ξ0,W (r) :
r ≤ t} and Ft be the a σ-algebra generated by ∩t<s≤Tσ{ξ0,W (r) , r ≤ s} and all
the negligible sets of F . The filtration of right continuous σ-algebras (Ft)t≤T will
be denoted by F.

We will assume in the future that the initial value u0 (x) is random but its
randomness is due solely to its dependence on ξ0.

To begin with we shall introduce additional notation and recall some basic facts
of the Wiener chaos theory (see e.g. [19],[20],[34], [36], etc).

Let us fix a positive number T <∞. Let {mk, k ≥ 1} be an orthonormal basis in

L2 (0, T ) and {`k, k ≥ 1} an orthonormal basis in Y. Write ξki =
∫ T

0
mi (s) dw

k (t)

where wk (t) = (W (t) , `k)Y .
Without any loss of generality, we assume that F0 is generated by the sequence

of independent standard (i.e. N (0, 1) ) Gaussian random variables
{
ξ0i , i ≥ 1

}

Let α =
{
αk
i , k ≥ 0; i ≥ 1

}
be a multiindex, i.e. for every (i, k) , αk

i ∈ N =

{0, 1, 2, . . .}. We shall consider only such α that |α| = ∑
k,i α

k
i < ∞, i.e., only a

finite number of αk
i is non-zero, and we denote by J the set of all such multiindices.

Obviously, if α ∈ J , the number α! = Πk,iα
k
i ! is well defined. We also write

α! =
∏

k,l(α
l
k!).

For α ∈ J , write

ζα :=

∞∏

i=1

∞∏

k=0

Hαki
(ξki )
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where Hn is the nth Hermite polynomial Hn(x) = (−1)n
(

dn

dxn e
− x2

2

)
e
x2

2 .

The random variable ζα is often referred to as (unnormalized) αth Wick polynomial.
Let J0 be a subset of J consisting of all multiindices of the form

α =
{
αk
i , k ≥ 0, i ≥ 1 : αk

i = 0 if k 6= 0
}

We will often denote a multiindex from J0 by α0. Obviously, for α0 ∈ J ,

ζα0 :=

∞∏

i=1

Hα0
i
(ξ0i ).

It is a standard fact that

(4.2) Eζαζβ =

{(
0 if α 6= β

α! if α = β

)
.

The most important feature of the Wick polynomials ζα is that the set
{
ζα/

√
α!, α ∈ J

}

is an orthonormal basis in L2 (Ω,FT ,P) ( see e.g. [6],[36]) . This result is often
referred to as the Cameron-Martin theorem. The following lemma is an obvious
extension of the Cameron-Martin theorem to the vector case.

Let H be a separable Hilbert space and {hi, i ≥ 1} be an orthonormal basis in
H.
Lemma 13. Let η : Ω −→ H be an F-measurable random variable so that
E ‖η‖2H <∞. Then, η admits the Wiener chaos expansion in L2(Ω;H) :

(4.3) η =
∑

α∈J

η̂α
α!
ζα

where η̂α = E[ηζα] :=
∑∞

i=1E[(η, hi)ζα]hi.
Moreover,

(4.4) E ‖η‖2H =
∑

α∈J

|η̂α|2
α!

=
∑

α∈J

∞∑

i=1

1

α!
E[(η, hi)Hζα]

2.

In the future, we will refer to the functions η̂α as unnormalized Hermite-Fourier
coefficients, or simply, Hermite-Fourier coefficients, of η .

4.2. Propagator. Suppose that the assumptions of Theorem 2 hold. Then, equa-
tion (4.1) has a unique F−adapted global solution in H1

p

(
R2
)⋂

H1
2

(
R2
)
and

E sup
s≤T

(
|u(t)|21,p + |u(t)|p1,2

)
<∞.

By (4.3), a solution of (4.1) allows the Wiener Chaos expansion u (t, x) =∑
α∈J

ûα(t,x)
α! ζα.

This equality holds for all t in L2

(
Ω;H1

2

(
R2
))

as well as for all t, x in L2

(
Ω;R2

)
.

The latter is due to the well-known imbedding H1,p ⊂ C1−2/p.
Of course, the main problem of interest is how to characterize the Hermite-

Fourier coefficients uα (t, x) . It will be shown below that these coefficients verify
a certain nonlinear system of equations. This system describes the pattern of
deterministic propagation of randomness in (4.1).

In this Section we shall make the following additional assumptions:
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(C1) The initial value u0 is a measurable F0- adapted function.
(C2) The coefficients αij and bi are measurable functions on [0, T )×R2; f l are

predictable functions on [0, T )×R2×Ω;σl, hl,i are Y−valued measurable functions
on [0, T )×R2, gl are Y−valued predictable functions on [0, T )×R2 ×Ω, and for

all t, x
∑1

i=0

(∣∣∂kxhl,i (t, x)
∣∣
Y
+
∣∣∂kxσ (t, x)

∣∣) ≤ C.

(C3) For p > 2 and l = 2, p,
∫ T

0

E

(
|g (t)|p1,l +

∑

i

|f (t)|p1,l

)
dt <∞.

Note that, in contrast to the previous sections, we postulate that aij , bi and hl,i

are non-random.
Now we introduce some additional notation.
Write

(4.5) ûi∂iuα (t) =
∑

p∈J

∑

0≤β≤α

1

p!

(
α

β

)
ûip+β (t) ∂iûp+α−β (t) ,

M (ûα,t) = σj(t)∂jûα (t) + ĝα (t) .

For j 6= 0, we define multiindex α (i, j) ∈ J by the formula

(4.6) α (i, j)
k
l =

{
αk
l if (k, l) 6= (j, i) or k = 0(
αk
l − 1

)
∧ 0 if (k, l) = (j, i) ,

i.e. the multiindex α (i, j) might differ from α only by its (i, j) entry which is equal
to
(
αi
j − 1

)
∨ 0.

Set

DM (ûα, t) =

{ ∑
k 6=0

(
ĝα(i,k) (t) + σj (t) ∂jûα(i,k) (t)

)
αk
imi (t) if α /∈ J0

0 otherwise.

and

L0 (ûα,t) = ∂i
(
a ij (t) ∂jûα (t)

)
+ bi(t)∂iûα(t) + f̂α (t) + hi(t)Gi(M (ûα, t) .

Theorem 3. Assume that C1−C3 as well as the assumptions of Theorem 2 hold.
Then the Fourier-Hermite coefficients ûα of the global solution of SNS (4.1)are

continuous H1
p

(
R2
)⋂

H1
2

(
R2
)
-valued functions on [0, T ].Moreover, the set of func-

tions {ûα (t, x) , α ∈ J } verifies the following system of equations

(4.7)





(ûα (t) ,ϕ)2 = (ûα (0) ,ϕ)2 +
∫ t

0
{〈L0 (ûα,s) ,ϕ〉+

(−ûi∂iuα (s) +DM (ûα, s),ϕ)2}ds; divûα (t) = 0

for all t ≤ T and ϕ ∈
(
C∞0

(
R2
))2

so that divϕ =0.

4.2.1. Proof of Theorem 3. To begin with, we remark that for α = 0, ûα (0) = Eu0,
and if α has at least one positive entry αk

i with k 6= 0, ûα (0) = 0.
By Theorem 2 we have that u (t) , a solution of equation (4.1) , is a continuous

H1
p

(
R2
)⋂

H1
2

(
R2
)
-valued function and

(4.8) E sup
t≤T

(|u(t)|p1,p + |u(t)|p1,2) <∞.
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Owing to (4.8) ,we have by Hölder inequality that for l = 2, p

(4.9) sup
t≤T

(
|ûα(t)|l + |(∂iu)α(t)|l

)
<∞ .

By Fubini Theorem, for all ϕ ∈
(
C∞0

(
R2
))2

and t ≤ T,

((∂iu(t))α ,ϕ)2 = −E [(u (t) ,∂iϕ)2 ζα] = − (ûα (t) ,∂iϕ)2 .

Thus,

(4.10) ∂iûα(t) = ̂(∂iu (t))α.

Now, by (4.9) and (4.10)we have that for all t, ûα (t) ∈ H1
p

(
R2
)⋂

H1
2

(
R2
)
. Since

for integer n and q ≥ 1, the norm |·|n,q is equivalent to the norm of the Sobolev

space Wn,q,by (4.10) and Hölder inequality, we have that for l = 2, p

|ûα(t)− ûα(s)|1,l ≤

C (|E (u(t)− u(s)) ζα|l +
∑

i |E (∂iu(t)− ∂iu(s)) ζα|l) ≤

C ′E|u(t)− u(s)|1,l.
Thus, by the Dominated Convergence Theorem we have that the Fourier-Hermite
coefficients ûα (t) are continuous in H1

p

(
R2
)⋂

H1
2

(
R2
)
.

Owing to (4.10), we also have that for every α ∈ J , divûα(t) = 0.
We continue with two simple but useful lemmas.

Lemma 14. Let η and ψ be F-measurable H-valued random variables, and
E
[
‖η‖2H + ‖ψ‖2H

]
<∞.

Then,

(4.11)

(ψ, η)H =
∑

γ,β∈J

(
ψ̂γ , η̂β

)
H

∑
p≤γ∧β ((γ − p)! (β − p)!p!)

−1
ζγ+β−2p

=
∑

α,p∈J

∑
0≤β≤α

(
α
β

)
1

α!p!

(
ψ̂p+α−β , η̂p+β

)
H
ζα.

Proof. It is a standard fact (see e.g. [36]) that

(4.12) ζγζβ =
∑

p≤γ∧β

(
γ

p

)(
β

p

)
p!ζγ+β−2p.

By Lemma 13 and (4.12) , we have

(4.13)

(ψ, η)H =
∑

γ,β∈J
1

γ!β!

(
ψ̂γ , η̂β

)
H
ζγζβ =

∑
γ′,β′∈J

(
ψ̂γ′ , η̂β′

)
H

∑
p≤γ′∧β′

(
(γ′ − p)!

(
β′ − p

)
!p!
)−1

ζγ′+β′−2p

By making the change of variables α = γ ′ + β′ − 2p, β = β′ − p in (4.13) and
observing that γ′ − p = α− β, we arrive at

(ψ, η)H =
∑

α,p∈J

∑

0≤β≤α

(
α

β

)
1

α!p!

(
ψ̂p+α−β , η̂p+β

)
H
ζα.
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Lemma 15. (see [43])The process ζα (t) = E [ζα|Ft] verifies the following equation:

(4.14) dζα(t) = mi (t)α
k
i ζα(i,k)(t)dw

k (t) .

Remark 8. Write Dζα (t) = mi (t)α
k
i ζα(i,k)(t)`k where as before (`k)k≥1 is an

orthonormal basis in Y. It is readily checked (cf. [45]) that Dζα (t) is the Malli-
avin derivative of ζα (t) . Now we can rewrite equation (4.14) in the following more
compact and maybe more insightful form:

dζα(t) = Dζα (t) · dW (t) .

Note that since , (ζα(t),Ft) is a uniformly integrable martingale, we can sharpen
(4.3) as follows:

Corollary 5. If v ∈ L2(Ω,Fs,P;L2) for some s ∈ [0, T ], then v̂α = E [vζα(s)] ,
and

v =
∑

α∈J

v̂α

α!
ζα(s)

in L2(Ω,Fs,P;L2).

Write,Mk (u, t) = σjk(t)∂ju (t)+gk (t) andMk(ûα, t) = σjk(t)∂jûα (t)+ ĝkα (t)
where σjk =

(
σi, `k

)
Y

, gk = (g,`k)Y , and (`k, k ≥ 1) is an orthonormal basis in
Y. By Itô formula, Lemma 15, and (4.1), we have




d ((u (t) ,ϕ)2ζα (t)) = [ζα (t) 〈L (u,t) ,ϕ〉+ I{α/∈J}

∑
k 6=0mi (t)α

k
i ζα(i,k)(t)

(
Mk (u,t) ,ϕ

)
2
]dt

+
[
ζα (t) (Mk (u,t) ,ϕ)2 + I{α6=α0}(u (t) ,ϕ)2mi (t)α

k
i ζα(i,k)(t)

]
dwk (t)

where

〈L (u) ,ϕ〉 := [−
(
a ij∂ju, ∂iϕ

)
2
+ (bi∂iu− uk∂ku+ f +

(
hi · Gi(M (u)),ϕ

)
2
].

Taking the expectations of both sides of the equation and using Corollary 5, we
arrive at

(4.15)

∂tûα (t) = E [ζα (t) 〈L (u,t) ,ϕ〉]+I{α/∈J0}

∑

k 6=0

mi (t)α
k
iE
[
ζα(i,k)(t)

(
Mk (u,t) ,ϕ

)
2

]
.

Now we shall express E [ζα (t) 〈L (u,t) ,ϕ〉] and E
[
ζα(i,k)(t)

(
Mk (u,t) ,ϕ

)
2

]
in

terms of Hermite-Fourier coefficients of u, f ,and g.

Write
〈
L̃0 (u,t) ,ϕ

〉
= −

(
a ij (t) ∂ju (t) , ∂iϕ

)
2
+ (bi(t)∂iu(t) + f (t) ,ϕ)2. Obvi-

ously, 〈L0 (u,t) ,ϕ〉 =
〈
L̃0 (u,t) ,ϕ

〉
+R (t,ϕ) where

(4.16) R (t,ϕ) =
(
hi(t) · G(σj(t)∂ju (t) + g (t)),ϕ

)
2
.

It is easily seen that

(4.17) E
[
ζα (t)

(
L̃0 (u,t) ,ϕ

)
2

]
=
(
L̃0 (ûα,t) ,ϕ

)
2
,

and for α /∈ J0,
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(4.18)∑

k 6=0

mi (t)E
[
ζα(i,k)(t)α

k
i

(
Mk (u,t) ,ϕ

)
2

]
=
∑

k 6=0

mi (t)α
k
i

(
Mk

(
ûα(i,k), t

)
,ϕ
)
2
.

Let us consider now the term
(
ui (t) ∂iu (t) ,ϕ

)
2
. By Schwartz inequality,

E
∫ t

0

∫
R2

∣∣ζαui (s, x) ∂iuj (s, x)ϕj (x)
∣∣ dsdx ≤

(∫ t

0

∫
R2 E

∣∣ζαui (s, x)
∣∣2 dsdx

)1/2 (∫ t

0

∫
R2 E

∣∣∂iuj (s, x)ϕj (x)
∣∣2 dsdx

)1/2
<∞.

Thus, by Fubini Theorem and Lemma 14, we have that

(4.19)

E
[
ζα (t)

∫ t

0

(
ui (s) ∂iu (s) ,ϕ

)
2
ds
]
=

∑
α,p∈J

∑
0≤β≤α

1
p!

(
α
β

) (
ûip+β (t) , ∂iûp+α−β (t) ,ϕ

)
2
.

It remains to evaluate

R (t) = E
[
ζα (t)

(
hi(t) · G(σj(t)∂ju (t) + g (t)),ϕ

)
L2

]
.

To this end, we need the following simple result.

Lemma 16. If v ∈ L2(Ω,Fs,P;L2), then for all α ∈ J , (̂Gv)α = Gv̂α and (̂Sv)α =
Sv̂α.

Proof. Since S (v)= v−G (v) , it is sufficient to prove only the first equality. By
Stein’s Theorem, G (v) is Fs−measurable and |Gv|L2

≤ C |v|L2
, which yields that

Gv ∈L2(Ω,Fs,P;L2). Thus by Fubini Theorem we have

(̂Gv)α = E

[
ζα∇

∫
Γxi(x− y)vi(y) dy

]
= ∇

∫
Γxi(x− y)viα(y) dy = Gv̂α.

It follows immediately from the lemma that

R (t,ϕ) =
(
hi(t) · G(σj(t)∂jûα (t) + gα (t)),ϕ

)
2
.

This completes the proof of Theorem 3.

Now we shall derive another convenient representation for the term ûi∂iuα.
For α, β ∈ J , define |α− β| = (|a1 − β1| , |a2 − β2| , ...) .

Definition 3. We say that a triple of multiindices (α, β, γ) is complete, written
(α, β, γ) ∈ C, if all the entries of the multiindex α + β + γ are even numbers and
|α− β| ≤ γ ≤ α+ β.

Obviously, if (α, β, γ) is complete, then we have also that |α− γ| ≤ β ≤ α +
γ, |γ − β| ≤ α ≤ γ+β, and α+β−γ, α−β+γ, and β+γ−α are even multiindices.

It is readily checked that the following criterion holds:

Lemma 17. A triple (α, β, γ) is complete if and only if α + β + γ = 2p for some
p ∈ J and p ≤ α ∧ β.
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For (α, β, γ) ∈ C, we define

Φ (α, β, γ) =

((
α− β + γ

2

)
!

(
β − α+ γ

2

)
!

(
α+ β − γ

2

)
!

)−1
.

Obviously Φ (α, β, γ) is invariant with respect to permutations of the arguments.
For α ∈ J , write Uα = {γ, β ∈ J : (α, β, γ) ∈ C} .
By Lemma 14,

(4.20) Eui∂iu
jζα =

∑

γ,β∈J

ûiγ∂iû
j
β

∑

p≤γ∧β

((γ − p)! (β − p)!p!)−1 α!I(α=γ+β−2p).

Since γ+β−α = 2p, then γ+β+α is also an even multiindex. Also, the inequality
p ≤ γ ∧ β implies |γ − β| ≤ α ≤ γ + β. Thus (γ, β, α) is complete. Now, it follows
from (4.20) that

(4.21) ̂(ui∂iu)α =
∑

γ,β∈Uα

α!ûiγ∂iûβΦ(α, β, γ) .

The propagators for advection type equations were studied in [33], [42], [45] (see
also the references therein). Applications of Wiener chaos expansions to fluid me-
chanics have been sporadically discussed in the literature since 1960s. For example,
the inertial range spectrum of low order Wiener Chaos truncations of a (random)
Burgers equation were discussed in [10], [9], [48], [46]. There also exists a body of
engineering literature on numerical aspects of Wiener Chaos approximations (see
e.g. [32] , [23] and the references therein).

4.3. Moments. Making use of the Wiener chaos expansion [6] for a solution of
the SNS (4.1) , one can immediately compute the first two moments of the so-
lution via the Hermite-Fourier coefficients given by equation (4.7) for the prop-
agator. Indeed, let us assume that the assumptions of Theorem 3 hold. It
was shown in the previous section that the Hermite-Fourier coefficients ûα (t)
are H1

p

(
R2
)⋂

H1
2

(
R2
)
−valued uniformly continuous functions of t. Owing to the

imbedding H1,p

(
R2
)
⊂ C1−2/p

(
R2
)
, we can interpret the Hermite-Fourier coeffi-

cients ûα (t, x) as continuous real functions on R2 × [0, T ] .
Since Eζα = 0 for α 6= 0 and Eζ0 = 1 where 0 is the multiindex α ∈ J such

that |α| = 0, we have that for all t, x,

Eu (t,x)= û0 (t,x) .

By [6] and Parceval’s identity, one has that for all x,y ∈ Rd and t, s ∈ [0, T ] ,

E (u (t,x) ,u (s,y)) =
∑

α∈J

1

α!
(ûα (t,x) , ûα (s,y)) .

Similarly, given the solution of the equation (4.7) , the higher order moments of
the solution to SNS equation (4.1) can be obtained by computing the moments of
the Wick polynomials ζα.

Below we will derive some convenient formulas for these moments.
Let us consider the triple product ζαζβζγ . By (4.12)

(4.22) ζαζβζγ =
∑

p≤α∧β

(
α

p

)(
β

p

)
p!ζα+β−2pζγ .

It is readily checked that if f is a function on J , then for α, β ∈ J ,
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(4.23)
∑

p≤α∧β

f (α+ β − 2p)

(
α

p

)(
β

p

)
p! = α!β!

∑

r∈Uα,β

f (r) Φ (α, β, r) .

Therefore, from (4.22) , (4.23) , and (4.2) follows

(4.24)
Eζαζβζγ = α!β!

∑
r∈Uα,β Φ(α, β, r)Eζrζγ =

α!β!γ!
∑

r∈Uα,β Φ(α, β, r) I(r=γ) = α!β!γ!Φ (α, β, γ) I{(α,β,γ)∈C}.

By induction, it is easy to verify that

(4.25)

EΠm+1
i=1 ζαi = Πm−3

i=0 r
i!αm−i!

∑
ri+1∈U(αm−i,ri) Φ

(
αm−i, ri, ri+1

)
×

rm−2!α2!α1!Φ
(
α2, rm−2, α1

)
I{(α2,rm−2,α1)∈C}

where r0 = αm+1(cf. [34] Thm. 5.3).
For example,

Eζαζβζγζκ = α!β!γ!κ!
∑

r∈U(α,β) Φ(α, β, r) r!Φ (r, γ, κ) I{(r,γ,κ)∈C}.

Formula (4.25) allows to compute pseudo-moments of orders higher then 2. Let
v be an FT−measurable random variable and Ev3 <∞.

Obviously, the set {ζα, α ∈ J} is total in all Lp(Ω). Given v ∈ Lp(Ω), there is
a sequence of finite linear combinations vm =

∑
α c

m
α ξα so that E|v − vm|p → 0 as

m→∞. If p = 3, then, of course,

E(vm)3 =
∑

(α,β,γ)∈C

v̂mα v̂
m
β v̂

m
γ Φ(α, β, γ)→ Ev3.

It is readily checked that v̂mα → v̂α for all α. Therefore, we may define the third
pseudo-moment < v3 > by the formula

< v3 >=
∑

(α,β,γ)∈C

v̂αv̂β v̂γΦ(α, β, γ) .

Formula

(4.26) < v4 >=
∑

α,β,γ,κ

v̂αv̂β v̂γ v̂κ
∑

r∈U(α,β)

Φ(α, β, r) r!Φ (r, γ, κ) I{(r,γ,κ)∈C}

as well as similar formulas for higher pseudo-moments could be proved by similar
arguments.

Of course, the pseudo-moments < vp > coincide with the respective moments
for p = 1, 2. However, if p > 2 the relation between the moments and the related
pseudo-moments is an open problem.

5. Appendix

5.1. Non-negative semimartingales. We will need also some estimates of non-
negative semimartingales.
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Lemma 18. Let Zt be a non-negative semimartingale such that

Zt = Z0 +

∫ t

0

as ds+

∫ t

0

bs · dWs.

Assume that there are non-negative measurable functions cs, fs, gs, and a number
δ ≥ 0 such that so that for any ε,

as ≤ (−δ + εδ)cs + Cε(Zs + fs), |bs|Y ≤ δε(csZs)
1/2 + Cε(Zs + Z1−1/p

s g1/ps ),

where Cε is a constant depending on ε.
Then for every T > 0, there is a constant C = C(T ) such that for all stopping

times τ ≤ T

E[ sup
s≤τ

|Zs|+ (δ/2)

∫ τ

0

cs ds] ≤ CE[Z0 +

∫ τ

0

(fs + gs) ds].

Proof. Let s < t ≤ T, t − s ≤ 1 and τ̃ be a stopping time such that sups≤τ̃ Zs is
bounded and

E

∫ τ̃

0

(fs + gs) ds <∞.

Fix an arbitrary stopping time τ . Let τ̄ = τ̃ ∧ τ . Then by Burkhoelder’s inequality

E[ sup
s≤r≤t

Zr∧τ̄ + δ

∫ t∧τ̄

s∧τ̄

cr dr] ≤ EZs∧τ̄ +E[δε

∫ t∧τ̄

s∧τ̄

cr dr + Cε,δ sup
s≤r≤t

Zr∧τ̄ (t− s)+

Cε,δ

∫ t∧τ̄

s∧τ̄

fr dr +N(

∫ t∧τ̄

s∧τ̄

(ε2δ2Zrcr + C2
ε,δZ

2
r + C2

ε,δZ
2(1−1/p)
r g2/pr ) dr)1/2]

Obviously, for every ε > 0, there is a constant Cε independent of T such that

(

∫ t∧τ̄

s∧τ̄

Z2(1−1/p)
r g2/ps ds)1/2 ≤ sup

s≤r≤t
Z
1−1/p
r∧τ̄ (

∫ t∧τ̄

s∧τ̄

g2/ps ds)1/2

≤ ε sup
s≤r≤t

Zr∧τ̄ + Cε(

∫ t∧τ̄

s∧τ̄

g2/ps ds)p/2.

Hence,

E[ sup
s≤r≤t

Zr∧τ̄ + δ

∫ t∧τ̄

s∧τ̄

cr dr] ≤ EZs∧τ̄ +E{δε
∫ t∧τ̄

s∧τ̄

cr dr+

(N + 1)Cε,δ sup
s≤r≤t

Zr∧τ̄ (t− s)1/2 + C̃ε,δ[

∫ t∧τ̄

s∧τ̄

fr dr + (

∫ t∧τ̄

s∧τ̄

g2/pr dr)p/2]+

ε sup
s≤r≤t

Zr∧τ̄ + 2−1Nεδ sup
s≤r≤t

Zr∧τ̄ + 2−1Nεδ

∫ t∧τ̄

s∧τ̄

cr dr}.

Let us take ε so that
(
1− ε

(
1 + 2−1Nδ

))
/
(
1− ε

(
1 + 2−1Nδ

))
= 1/4.



60

Then, there is a constant C = C(T ) such that

E sup
s≤r≤t

Zr∧τ̄ + (1/4)δ

∫ t

s

cr dr ≤ CE[Zs∧τ̄ + sup
s≤r≤t

Zr∧τ̄ (t− s)1/2)

+

∫ t∧τ̄

s∧τ̄

fr dr + (

∫ t∧τ̄

s∧τ̄

g2/pr dr)p/2].

By choosing κ = t− s small enough, we obtain

(5.1) E sup
s≤r≤t

Zr∧τ̄ + (1/2)δ

∫ t∧τ̄

s∧τ̄

cr dr ≤ CE[Zs∧τ̄ +

∫ t∧τ̄

s∧τ̄

(fs + gs) ds].

To prove a similar estimate for s = 0 and an arbitrary t ≤ T , we apply (5.1) estimate
successively on the intervals, [0, κ] , [κ, 2κ] , ... Now, the statement follows.

5.2. Convergence lemma. Let B be a Banach space with a norm |·|B . Let Xn be
a sequence of B-valued continuous processes defined on [0, ζn), where ζn = ζn(Xn)
is such that P-a.s. ζn > 0 and

lim sup
t↑ζn

|Xn(t)|B =∞

on {ζn < ∞}. For M > 0, T > 0, n, n′, let T M,T
n be the set of all stopping times

τ ≤ T such that sups≤τ |Xn(s)|B ≤M + |Xn(0)|B , T M,T
n,n′ = T M,T

n ∩ T M,T
n′ .

Lemma 19. a) Let P-a.s. ζn =∞ for all n. Assume that for each M,T

lim
n→∞

sup
n′≥n,τ∈TM,T

n,n′

E sup
s≤τ

|Xn(s)−Xn′(s)|B = 0,

sup
n

E sup
s≤T

|Xn(s)|B <∞.

Then there is a B-valued continuous process X and a subsequence nk such that
P-a.s. for each T

sup
s≤T

|Xnk(s)−X(s)|B → 0.

b) Assume that for some M0 > 1, T0 > 0

lim
n→∞

sup
n′≥n,τ∈T

M0,T0
n,n′

E sup
s≤τ

|Xn(s)−Xn′(s)|B = 0,

and

lim
T→0

sup
n,τ∈T

M0,T0
n

P( sup
s≤τ∧T

|Xn(s)|B > |Xn(0)|B +M0 − 1) = 0.

Then there is a bounded stopping time τ such that P(τ > 0) = 1 and a B-valued
continuous process X on [0, τ ] and a subsequence nk such that P-a.s.

sup
s≤τ

|Xnk(s)−X(s)|B → 0.

Moreover, if supnE|Xn(0)|pB <∞, p ≥ 1, then E supt≤τ |X(t)|pB <∞.
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Proof. a) Obviously, there are nk ↑ ∞, Tk ↑ ∞,Mk ↑ ∞ such that

sup
n′≥nk

E sup
s≤τ∈T k

n,n′

|Xnk(s)−Xn′(s)|B ≤ 2−2k,

where T k
n,n′ = T Mk,Tk

n,n′ . Fix T > 0 and M > 0. Let τk = inf(t : |Xnk(t)|B >

|Xnk(0)|B +M + 2−k) ∧ T. Then, for k so that Mk > M + 2−k, Tk > T, we have

P( sup
s≤τk∧τk+1

|Xnk(s)−Xnk+1
(s)|B > 2−k/4)

≤ 4 · 2kE sup
s≤τk∧τk+1

|Xnk(s)−Xnk+1
(s)|B ≤ 4 · 2−k.

By Borelli-Cantelli lemma,

sup
s≤τk∧τk+1

|Xnk(s)−Xnk+1
(s)|B ≤ 2−k/4

or τk+1 ≤ τk for sufficiently large k. Let τ = limk τk. Then Xnk(t) converges to
some process X(t) on [0, τ ]. Also,

P(τ < T ) = limP(τk < T ) ≤M−1E sup
s≤T

|Xnk(s)|B .

b) Obviously, there is nk ↑ ∞ such that

sup
n′≥nk

E sup
s≤τ∈Tn,n′

|Xnk(s)−Xn′(s)|B ≤ 2−2k,

where Tn,n′ = T M0,T0

n,n′ . Let τk = inf(t : |Xnk(t)|B > |Xnk(0)|B +M0−1+2−k)∧T0.
Then

P( sup
s≤τk∧τk+1

|Xnk(s)−Xnk+1
(s)|B > 2−k/4)

≤ 4 · 2kE sup
s≤τk∧τk+1

|Xnk(s)−Xnk+1
(s)|B ≤ 4 · 2−k.

By Borelli-Cantelli lemma,

sup
s≤τk∧τk+1

|Xnk(s)−Xnk+1
(s)|B ≤ 2−k/4

or τk+1 ≤ τk for sufficiently large k. Let τ = limk τk. Then Xnk(s) converges to
some process X(s) on [0, τ ]. Also,

P(τ < ε) = limP(τk < ε) ≤ lim sup
k

P( sup
s≤τk∧ε

|Xnk(s)|B > |Xnk(0)|B+M0−1)→ 0,

as ε→ 0, i. e. P(τ = 0) = 0.
Since

sup
k
E sup

t≤τ
|Xnk(t)|pB <∞,

if supnE|Xn(0)|pB <∞, the last assertion follows by Fatou lemma.
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5.3. Estimates of gradient projection. In this section, for the sake of conve-
nience, we summarize some basic estimates for gradient projections proved in [37].

Lemma 20. (see Lemma 2.13 in [37]) Assume v ∈ Hs+1
p (Y ), p ∈ (1,∞). Then

(5.2) G(∂lv) = ∂lG(v) =− (1−∆)−s/2RRl((1−∆)s/2divv).

There is a constant C such that for all v ∈ Hs+1
p (Y ),

||∂G(v)||s,p ≤ C||divv||s,p,
and for all v ∈ Hs

p(Y ),

||G(v)||s,p ≤ C||divv||s−1,p + ||v||s−1,p.

We need Lp-estimates of the function G(h) where h =cj∂jv.

Lemma 21. (see Lemma 2.14 in [37]) Let h =cj(x)∂jv(x), where c =(cj) is a
measurable d-vector of Hilbert space Y -valued functions, v ∈ Hs+1

p ,divv = 0, ε ∈
(0, 1). Assume

||c||B|s| <∞, if s ≥ 1,

||c||B1 <∞, if s ∈ (−1, 1),

||c||B−s+ε <∞, if s ≤ −1.
Then

||G(h)||s,p ≤
{
C(||∂lcj∂jv||s−1,p + ||cj∂jv||s−1,p) if s > 0,
C(||∂lcjvl||s,p + ||(div c)v||s,p], if s ≤ 0.

Also, we need Lp-estimates of the function G(h) where h = ∂i(c
ij(x)∂jv).

Corollary 6. (see Corollary 2.15 in [37]) Let h = ∂i(c
ij(x)∂jv), where c =(c

ij) is
a measurable function, v ∈ Hs+1

p ,divv = 0, ε ∈ (0, 1). Assume

|c|B|s| <∞, if s ≥ 1,

|c|B1 <∞, if s ∈ (−1, 1),

|c|B−s+ε <∞, if s ≤ −1.
Then

|G(h)|s−1,p ≤
{
C(|∂lcij∂jvl|s−1,p + |cij∂jvl|s−1,p) if s > 0,
C(|∂lcijvj |s,p + |∂jcij v|s,p], if s ≤ 0.

5.4. Biot-Savart law in Rd. Biot-Savart law is usually discussed only in dimen-
sions d = 2, 3. In this subsection we introduce a slightly more general construction
for any d.

Definition 4. a) Given two vectors a = (a1, . . . , ad),b = (b1, . . . , bd) in Rd, we
define their product

a× b =
(
εlk(a

kbl − albk)
)
1≤k<l≤d

∈ Rd(d−1)/2,

where εlk = (−1)l+k−1;
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(In standard notations, we could use also a matrix
√
2a ∧ b =

(
akbl − albk

)
1≤k,l≤d

).

b) Given a vector field v(x) = (v1(x), . . . , vd(x)), we define a new vector field

curlv = ∇× v =
(
εlk(∂kv

l − ∂lvk)
)
1≤k<l≤d

∈ Rd(d−1)/2.

Remark 9. a) Given a scalar function a, we have

(5.3) curl (av) = a curl (v) + (∇a)× v.

b) If v = ∇p (p is a scalar function), then curlv = ∇× v = 0.

Proposition 8. For each v ∈H1
p

∂mS(v) = −
∑

j

RmRj(∂jv −∇vj).

There is a constant C so that for all v ∈H1
p

|∂S(v)|p ≤ C|curlv|p.

In general, there is a constant C so that for all v ∈Hs+1
p ,

|∂S(v)|s,p = |S(∂v)|s,p ≤ C|curlv|s,p,

|S(v)|s+1,p ≤ C(|curlv|s,p + |v|s,p),

or for all v ∈Hs
p

|S(v)|s,p ≤ C(|curlv|s−1,p + |v|s−1,p).

Proof. Indeed, considering Fourier transforms, we easily find that for all v ∈ C∞0 ,

S(v) = v − G(v). = −
∑

j

(RjRjv−RjRv
j) = −R(R ∧ v),

∂mS(v) = −
∑

j

RmRj(∂jv −∇vj).

Also,

∂mJsS(v) = −
∑

j

RmRj(∂jJsv −∇Jsv
j)

= −
∑

j

RmRjJs(∂jv −∇vj),

where Js = (1−∆)s/2. Since Riesz transform is bounded in Lp and

|v|s,p + |∂v|s,p ∼ |v|s+1,p,

the statement follows.
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