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Consider a system

Ẋt = b(Xt), X0 = x ∈ Rn.

where b(x) is a smooth vector field in Rn which has an asymptotically
stable equilibrium at a point O ∈ Rn such that : limt→∞ Xt = O for each
trajectory Ẋt = b(Xt), X0 = x ∈ Rn.

Now consider the system with a small perturbation :

Ẋε
t = b(Xε

t ) + εẆt, Xε
0 = x ∈ Rn, 0 < ε � 1. (1)

where Ẇt is a standard n-dimensional white noise.
let D ⊂ Rn be a bounded domain with smooth boundary ∂D. The

bounded domain D is attracted to O ∈ D. Let b(x) · n(x)|x∈∂D < 0, where
n(x) is the exterior normal to ∂D. Let the initial point Xε

0 = x ∈ D.
Denote by τ ε = min{t : Xε

t /∈ D} the first exit time from D for the process
Xε

t . It is well know that Xε
t is a Markov Process. The exit problem for the

perturbed system Xε
t , which describes the asymptotic behaviour of τ ε and

Xε
τε , is studied in [1]. The main result is given in terms of action functionals

[1]. The meaning of the action functional ε−1S0T (ϕ) is that exp{ε−1S0T (ϕ)}
is, roughly speaking, the main term of the probability that Xε

t , 0 ≤ t ≤ T ,
belong to a small neighborhood of a function ϕ : [0, T ] → Rn when ε ↓ 0.
Under the uniform topology in the space C0T of continuous function [0, T ] →
Rn, the action functional for the family Xε

t when ε ↓ 0, in the space of C0T ,
is equal 1

ε2 S0T (ϕ), where

SoT (ϕ) =

{

1

2

∫ T

0
|ϕ̇s − b(ϕs)|2ds, ifϕ is abs. cont., ϕ0 = Xε

0 = x,
+∞, for the rest of C0T .
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If the perturbation is not white noise, the action function, in general,
will be different. Furthermore, the Markovian property of the process X ε

t ,
as a rule, does not hold. We will consider the action functions and the exit
problem for a perturbed system where the perturbation differs from white
noise, but is, in a sense, close to it.

Three cases are considered.
Case 1: Let Wt be replaced by a random walk ξδ

t with time step δ and
space step h, where h is a random variable and has the Gaussian distribution
N(0, δ), δ = V ar(h). ξδ

t converges to Wt when δ ↓ 0 and it can be shown
that if µ2 := δ

ε
= O(1), the family εξδ

t has the same action functional as the
family εWt as ε ↓ 0 under the uniform topology.

Case 2: For fixed n, let Wt be replaced by a random walk ξδ,n
t with time

step δ and space step 0,±
√

δ, . . . ,±n
√

δ, such that ξδ,n
t+δ − ξδ,n

t = ±i
√

δ with

probability 1

2
Pi, i = 1, . . . , n and P0 + P1 + . . . + Pn = 1. ξδ,n

t converges to
Wt when δ ↓ 0 and

∑n
i=1

i2Pi = 1. However, the large deviations in this
case are different from those in the case of white noise. It turns out that if
µ2 := δ

ε
= O(1) and P0, . . . , Pn satisfies

∑n
i=1

Pii
2k = (2k−1)!!, k = 1, . . . , n,

the action functional for the family εξδ,n
t in the space C0T when ε ↓ 0 is

ε−2Sµ
oT (ϕ) where

Sµ
oT (ϕ) =

{

1

2

∫ T

0
(ϕ̇s)

2ds + O(µ2n), if
∫ T

0
|ϕ̇s|2 < ∞.

+∞, otherwise.

Based on the action functional and the Markovian property of the random
walk, exit problem for case1 and 2 can be described following the same idea
as Chapter4 [1].

Case 3: Let Ẇt be replaced by ηδ
t where ηδ

t is a n-dimensional mean-zero
Gaussian process with the correlation matrix such that Eηδ

sη
δ
t = 1

δn
ρ( t−s

δ
)

where ρ(t) = 0 when |t| > 1. After the replacement, equation (??) becomes
Ẋδ,ε

t = b(Xδ,ε
t )+ εηδ

t , Xε
0 = x ∈ Rn, 0 < ε � 1. The action functional for the

family εXδ,ε
t will be discussed as well as the exit problem for the system X δ,ε

t

when both δ and ε tend to 0. Notice that the process Xε
t is not Markovian

any more.
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