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Consider a system
X, =b(X;), Xo=1x€ R"

where b(z) is a smooth vector field in R" which has an asymptotically
stable equilibrium at a point O € R" such that : lim;_., X; = O for each
trajectory X; = b(X;), Xg =z € R".

Now consider the system with a small perturbation :

Xe=bX)+eW, X =2 € R",0<e< 1. (1)

where Wt is a standard n-dimensional white noise.

let D C R™ be a bounded domain with smooth boundary dD. The
bounded domain D is attracted to O € D. Let b(x) - n(x)|zeap < 0, where
n(x) is the exterior normal to dD. Let the initial point X§ =z € D.

Denote by 7¢ = min{t¢ : X7 ¢ D} the first exit time from D for the process
X;. It is well know that X is a Markov Process. The exit problem for the
perturbed system X; , which describes the asymptotic behaviour of 7° and
X:. , is studied in [1]. The main result is given in terms of action functionals
[1]. The meaning of the action functional e~1Syr(¢) is that exp{e " Sor(p)}
is, roughly speaking, the main term of the probability that X7, 0 <t < T
belong to a small neighborhood of a function ¢ : [0,7] — R™ when £ | 0.
Under the uniform topology in the space Cyr of continuous function [0, 7] —
R", the action functional for the family X; when € | 0, in the space of Cyr,
is equal %Sor(p), where

T . e .
Sur(e) = S Jy 105 = bles)|Pds, ifeis abs. cont., ¢y = X§ = ,
+o00, for the rest of Coyr.
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If the perturbation is not white noise, the action function, in general,
will be different. Furthermore, the Markovian property of the process X7,
as a rule, does not hold. We will consider the action functions and the exit
problem for a perturbed system where the perturbation differs from white
noise, but is, in a sense, close to it.

Three cases are considered.

Case 1: Let W, be replaced by a random walk & with time step ¢ and
space step h, where h is a random variable and has the Gaussian distribution
N(0,6), § = Var(h). & converges to W; when & | 0 and it can be shown
that if p? := g = O(1), the family ££ has the same action functional as the
family eW, as € | 0 under the uniform topology.

Case 2: For fixed n, let W, be replaced by a random walk ff ™ with time
step § and space step 0, £V/6, ..., +nV/3, such that fffé — & = 4/} with
probability %Pi,i =1,...,nand B+ P+ ...+ P, = 1. §f’” converges to
W, when 6 | 0 and Y 7" #*P; = 1. However, the large deviations in this
case are different from those in the case of white noise. It turns out that if
pu? = g =O0O(1) and Py, ..., P, satisfies 1" | Pii** = 2k—1)!I, k=1,...,n,
the action functional for the family 85?’” in the space Cyr when ¢ | 0 is
e725%.(¢) where

Shin(p) = { 3 Jy (82)2ds + O(u™), if [ 1] < oo,
¢ 400, otherwise.

Based on the action functional and the Markovian property of the random
walk, exit problem for casel and 2 can be described following the same idea
as Chapter4 [1].

Case 3: Let W, be replaced by ¢ where 7¢ is a n-dimensional mean-zero
Gaussian process with the correlation matrix such that Enin) = = p(52)
where p(t) = 0 when |¢t| > 1. After the replacement, equation (?7) becomes
X = b(Xf’E) +en?, X§ =x € R",0 < e < 1. The action functional for the
family anlfS “ will be discussed as well as the exit problem for the system Xf <
when both ¢ and € tend to 0. Notice that the process X; is not Markovian
any more.
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