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Presentation outline
Generalized Pattern Search (GPS)

¢ Unconstrained problem

min f(x)

TERM

¢ Bound and linear constraints

ml)I(lf(.CC) where X ={x € R": Az < b} N ¢, u]
uS

¢ General constraints

' = e <0,1=1,2,...
xg(lggf(x) where Q ={x :¢i(x) <0,0=1,2,...,m}
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Unconstrained optimization

min f(x)

rcR™

where f : R™ — R U {00} may be discontinuous or infinite valued,
and:

¢ f is usually given as a black box (typically a computer code),

¢ [ is expensive and have few correct digits,

¢ f(x) may fail expensively and unexpectedly.
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Ancestor of GPS : Coordinate search

¢ INITIALIZATION:
xo . initial point in R"
Ag > 0 : initial step size.
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Ancestor of GPS : Coordinate search

¢ INITIALIZATION:
xo . initial point in R"
Ag > 0 : initial step size.

¢ PoLL STEP: For k=0,1,...
If f(t) < f(xg) for some t € Py := {x) + Age; 11 € N},
set xp41 =1
and Ak—l—l — Ak;
otherwise 1 is a minimizer over the set Py,
set Tp41 = Tk

and Agyq = 5k,
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ro=(2,2)T,Ap=1

Coordinate search run

F=4772
@

=166

f=4401
@

£=29286
o

f=4176
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Coordinate search run

r1=(1,2)T,A1=1
=166




Coordinate search run

£=262
@

C'31:(172),1_’7A1:1
F=81  f=166  f=4401

=106
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Coordinate search run

ro=(2,2)T,A5=1




Coordinate search run

f=152
ro=(2,2)T,A5=1
f=2646 =81 f=166
® @
=36
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Coordinate search run

r3=(0,1)T Az=1




Coordinate search run

r3=(0,1)T Az=1

=381
f=2466 =36 fi=106
® ®
=17
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Coordinate search run

x4=(0,0)T,A4=1




Coordinate search run
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Coordinate search run

z4=(0,0)T,As=1 x4 1s called a mesh local optimizer
f=36
£=2402 =17 f=82
o o
o
f=24
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z5=24=(0,0)T,A4=1

Coordinate search run
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Coordinate search run

A budget of 20 function evaluations produces

r = (0,0)" with f(z) = 17.

Can we do better with the coordinate search ?
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Coordinate search : opportunistic run
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Coordinate search : opportunistic run

ro=(2,2)T,Ap=1

£=4772
o
=166  f=4401 f=29286
@ o o
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Coordinate search : opportunistic run

£=262
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Coordinate search : opportunistic run
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Coordinate search : opportunistic run

r3=(0,1)T Az=1

=381
f=2466 =36 fi=106
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Coordinate search : opportunistic run

r,=(0,0)T,Ay=1
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Coordinate search : opportunistic run

r,=(0,0)T,Ay=1

f=36
f=2402 =17 f=82
® ®
®
f=24
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Coordinate search : opportunistic run

z5=24=(0,0)T,A4=1
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Coordinate search : opportunistic run

z5=24=(0,0)T,A4=1

17

F=1.0

625
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Coordinate search : opportunistic run

26=(0,0.5)T,Ay=4

f=1.0

@

625
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Coordinate search : opportunistic run

A budget of 20 function evaluations produces

r = (0.5,0)" with f(x) = 1.0625.

Can we do better with the coordinate search ?
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Coordinate search : dynamic run

ro=(2,2)T,Ap=1

=4401
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Coordinate search : dynamic run
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Coordinate search : dynamic run

F=4772
@
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Coordinate search : dynamic run

F=4772
@

ro=(2,2)T,Ap=1

fl=166 f=4401 f=29286
®— 9 o
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Coordinate search : dynamic run

r1=(1,2)T,A1=1
=166
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Coordinate search : dynamic run

r1=(1,2)T,A1=1

=166

IMA, Jan 2003

21



Coordinate search : dynamic run

ro=(2,2)T,A5=1
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Coordinate search : dynamic run

x2:(272)T7A2:1
F=2646 =81
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ro=(2,2)T,A5=1
f=2646

=166
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Coordinate search : dynamic run

f=152

ro=(2,2)T,A5=1
f=2646

=166
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Coordinate search : dynamic run

f=152
ro=(2,2)T,A5=1
f=2646 =81 f=166
® @
=36
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Coordinate search : dynamic run

r3=(0,1)T Az=1
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Coordinate search : dynamic run

r3=(0,1)T Az=1

=17
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Coordinate search : dynamic run

r,=(0,0)T,Ay=1
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Coordinate search : dynamic run

r,=(0,0)T,Ay=1

f=36
f=2402 =17 f=82
® ®
®
f=24
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Coordinate search : dynamic run

z5=24=(0,0)T,A4=1
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Coordinate search : dynamic run

$5:$4:(0,0)T,A4:%

F>411. f=17 F=1.0625
@ @
f+17.25
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Coordinate search : dynamic run

26=(0,0.5)T,Ay=4

f=1.

0625

26



Coordinate search : dynamic run

26=(0,0.5)T,Ay=4

f=1.0625 | f=82

£+0.375
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Coordinate search : 3 strategies

Complete Fixed order Dynamic order
o fz) ! f(z) ! f(z)
After 20 function evaluations
(0,0) 17 (.5,0) 1.0625| (.5,—.5) 0.375

After 50 function evaluations

(.375, —.375) 1.8e-2

(.375, —.312) 5.7e-3

(.375, —.344) 3.1e-3

IMA, Jan 2003
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Convergence of coordinate searches

if the sequence of iterates {x} belongs to a compact set
¢ lllin A =20

¢ there is an = which is the limit of a sequence of mesh local
optimizers

¢ If f is continuously differentiable at &, then V f(z) = 0.



Convergence of coordinate searches

if the sequence of iterates {x} belongs to a compact set
¢ lllin A =20

¢ there is an = which is the limit of a sequence of mesh local
optimizers

¢ If f is continuously differentiable at &, then V f(z) = 0.

... but we do not know anything about f.

We need to work with less restrictive differentiability assumptions.

IMA, Jan 2003
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Coordinate search on a

non-differentiable function
F(z) = ||z]|oo with 20 = (1, 1)7.

Level set:
(zcR2: f(z) = 1) w0 = (1,1)7




Coordinate search on a
non-differentiable function

F(x) = ||#]| o0 with 2o = (1, )T

Level set:
{r eR?: f(x) =1}

Lo = (17 1)T

A directional algorithm

IMA, Jan 2003
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Clarke Calculus

If fis Lipschitz' near # € R", then Clarke's generalized derivative at
Z In the direction v € R" Is

o/ =, T f(y+tv)_f(y)
f(zv) = ;ﬂ??ﬁ) . -

lthere exists a nonnegative scalar K such that

[f(z) = f(2")] < K|z — 2|

for all x, 2" in some open neighborhood of .

IMA, Jan 2003
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Facts on Clarke calculus
¢ The generalized gradient of f at x is the set

Of(x) := {CeR"™: fo(x;v) > vl for all v € R™}.

¢ Let f be Lipschitz near x, then

Of(x) =co{limVf(x;) : x; — x and Vf(x;) exists }.

¢ Generalized derivative can be obtained from the generalized
gradient : f°(z;v) = max{v!i(: (€ af(x)}.

¢ If x is a minimizer of f, and f is Lipschitz near x, then 0 € 0f(x).
Generalizes the 1st order necessary condition for continuously

differentiable f: 0 = V f(x).
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¢ If f is differentiable (Hadamard, Gateaux, or Fréchet) at x, then
the derivative of f at x is in the generalized gradient 0f(x).

¢ When f is convex, 0f(x) = subdifferential.

¢ f is regular at x if for all v € R", the one-sided directional
derivative f'(x;v) exists and equals f°(z;v).

¢ [ is strictly differentiable at x if for all v € R"™,

s flytto) = fy)
y—x,t|0 {

= Vf(x)lv.

¢ If f is Lipschitz near x and 0f(x) reduces to a singleton {(}, then
f is strictly differentiable at = and V f(x) = (.

IMA, Jan 2003
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Differentiable, not strictly differentiable

y = x2(2+sin(17X))

f is Lipschitz and differentiable, near O:
y'(0) =0 and y' = 2x(2 + sin(Z)) — mcos(%)
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Differentiable, not strictly differentiable

y = x2(2+sin(17X))

f is Lipschitz and differentiable, near O:

y'(0) =0 and ¢y = 22(2 +sin(2)) —

The derivative is not continuous at O:

y'(55) =

T

C

wlw ®)

S

Sk
N——"

ﬂ
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Differentiable, not strictly differentiable

y = X2(2+sin(1Ux))

f is Lipschitz and differentiable, near O:

y'(0) =0 and y' = 2x(2 + sin(Z

The derivative is not continuous at O:

f is not strictly differentiable :
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Differentiable, not strictly differentiable

y = X2(2+sin(1Ux))

f is Lipschitz and differentiable, near O:

y'(0) =0 and y' = 2x(2 + sin(Z)) — mcos(%)
The derivative is not continuous at O:

V(g =17
f is not strictly differentiable : 0f(0) = [—m, 7]
f is not regular : f°0,£1) =7 # f(0,+£1) =0

IMA, Jan 2003
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Strictly, not continuously differentiable

Hiriart—Urruty and Lemarechal
2 T T

1751 (P(X)
1.5 X
25| X/(1+X)
A
0.75}
0.5
0.25] —
8 T3 112 1
. U if u <0

f(x)= |, o(u)du where ©(u)=
)= Jo ) ) o ifr+l>1>k
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Strictly, not continuously differentiable

Ex: Hiriart-Urruty and Lemarechal

f 0.35f

0.3r

0.25f

0.2

0.15¢

0.1r

0.05f

% 1/4 1/3 1/2 1
X

f is Lipschitz near & = 0, has kinks at £ with 9f(%) = [%H,%]
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Strictly, not continuously differentiable

Ex: Hiriart-Urruty and Lemarechal
f 0.35f - |

0.3r
0.25f
0.2
0.15r
0.1r

0.05f

% 1/4 1/3 1/2 1
X

f is Lipschitz near & = 0, has kinks at £ with 9f(%) = [%H,%]
f is not strictly differentiable, nor continuously differentiable, in any
neighborhood of £ = 0.

0f(0) = {0} therefore f is strictly differentiable at = 0.

IMA, Jan 2003
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Convergence of coordinate searches

if the sequence of iterates {x;} belongs to a compact set.
¢ lllICIl A =20

¢ there is an & which is the limit of a sequence {xy}rckx of mesh
local optimizers (f(xr + Axe;) > f(xy) for all e;)

¢ | If f is Lipschitz near z, then f°(z;+e;) > 0 for every e;
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Convergence of coordinate searches

if the sequence of iterates {x;} belongs to a compact set.
¢ lllICIl A =20

¢ there is an & which is the limit of a sequence {xy}rckx of mesh
local optimizers (f(xr + Axe;) > f(xy) for all e;)

¢ | If f is Lipschitz near z, then f°(z;+e;) > 0 for every e;

te;) —
PROOF: f°(Z;e;) := limsup fly +tei) — f(y)
y—x, t|0 t

> Thmsup flaxr + Age;) — f(ag)
ke K Ag
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Convergence of coordinate searches

if the sequence of iterates {x;} belongs to a compact set.
¢ lllICIl A =20

¢ there is an & which is the limit of a sequence {xy}rcx of mesh
local optimizers (f(xr + Are;) > f(xg) for all e;)
¢ | If f is Lipschitz near z, then f°(z;+e;) > 0 for every e;

fy+te;) — fy)

PROOF: f°(Z;e;) := limsup
y—x, t|0 t
Ape;) —
> limsupf(xk+ kei) — f(zk) > 0
keK Ay
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Convergence of coordinate searches

if the sequence of iterates {x} belongs to a compact set
¢ lllICIl A =20

¢ there is an & which is the limit of a sequence {xy}rckx of mesh
local optimizers

¢ | If f is Lipschitz near Z, then f°(z;+e;) > 0 for every e;

¢ | If fisregular at z, then f'(z;+e;) > 0 for every e,

¢ | If f is strictly differentiable at z, then Vf(Z) =0

IMA, Jan 2003



The two phases of
Pattern search algorithms

(GLOBAL SEARCH on the mesh

Flexibility,

User heuristics,
Knowledge of the model,
Surrogate functions.

LocAL POLL around the incumbent solution

More rigidly defined.
Ensures appropriate first order optimality conditions.

IMA, Jan 2003
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Positive spanning sets

D C R™ is a positive spanning set if non-negative linear
combinations of the elements of D span R™.
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Positive spanning sets

D C R™ is a positive spanning set if non-negative linear
combinations of the elements of D span R™.

D contains at least n + 1 directions

IMA, Jan 2003
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Basic pattern search algorithm for

unconstrained optimization

Positive spanning directions: Dy = {d1,d2,...,d,} C D
Current best point: x;, € R"
Current mesh size parameter: Ax € R,

r+Ardy

L
aﬁk—l—Akdg

xk—l—Ade



Basic pattern search algorithm for

unconstrained optimization

Positive spanning directions: Dy = {d1,d2,...,d,} C D
Current best point: x;, € R"
Current mesh size parameter: Ax € R,



Search step (global)
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Search step (global)

Given Ak, L -

SEARCH anywhere on M.

If an IMPROVED MESH POINT . Bt 1
is found i.e. f(rri1) < f(zg) o
then set A1 > A, o

and restart the SEARCH from this
improved point.



Poll step (local)

If SEARCH fails, o °
PoLL at mesh neighbors:
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Poll step (local)

If SEARCH fails,
PoLL at mesh neighbors:

If an IMPROVED MESH POINT
is found ie. f(zpi1) < f(zg),
set Agri1 > A, and restart
SEARCH from improved point.

Lk



If SEARCH fails,
PoLL at mesh neighbors:

If an IMPROVED MESH POINT
is found ie. f(zpi1) < f(zg),
set Agri1 > A, and restart
SEARCH from improved point.

Else 2.1 = xf I1s a MESH LOCAL
OPTIMIZER. Set A1 < Ay, and
restart SEARCH from this point.

o ‘. ° ® ®
o ® ° ® ® ¢
o
o . ° ® .‘
[ ¢ ° Y o
o
o . ° ® .‘
[ ¢ ° Y ®
o ‘. ° ® ®
[ ¢ ° ® ® ¢
° 'QE . ® o.
o ® f—f']. o
o ‘. ° ® ®
[ ¢ ° Y ® ¢
o i ® ®



Convergence results
If all iterates are in a compact set then

o limkinf Ay, = 0 (the proof is non trivial since Agi1 may increase)
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local optimizers where {Ax}rex — 0, and for the set D of POLL
directions used infinitely many times in this subsequence



Convergence results
If all iterates are in a compact set then

o limkinf Ay, = 0 (the proof is non trivial since Agi1 may increase)

¢ For every limit point & of any subsequence {zy}rcx of mesh
local optimizers where {Ax}rex — 0, and for the set D of POLL
directions used infinitely many times in this subsequence

¢ | If f is Lipschitz near Z, then f°(z;d) > 0 for every d € D

¢ | If f is regular at &, then f/(&;d) > 0 for every d € D.

¢ | If f is strictly differentiable at z, then Vf(Z) = 0.
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The convergence results do not state that
if the sequence of iterates {x;} belongs to a compact set

¢ hl?flAk =0

¢ If f is continuously differentiable everywhere then
V f(z) = 0 for any limit point & of the sequence of iterates.

¢ If the entire sequence of iterates converges (at & say),
and if f is differentiable then V f(z) = 0.

¢ If the entire sequence of iterates converges (at Z say), and if f
is Lipschitz near & then 0 € 0f(2). Thus, the method does not
necessarily produce a stationary point in the Clarke sense.



Basic pattern search algorithm for linearly
constrained optimization

¢ Infeasible trial points are pruned (the objective function is not
evaluated and set to infinity).

¢ When x, is close to the boundary of the feasible region, the POLL
directions must conform to the boundary.

4

B~
N




Convergence results — linearly constraints

If all iterates are in a compact set then

o limkinf A =0

¢ For every limit point & of any subsequence {zy}rcx of mesh
local optimizers where {Ax}rex — 0, and for the set D of POLL
directions used infinitely many times in this subsequence



Convergence results — linearly constraints

If all iterates are in a compact set then

o limkinf A =0

¢ For every limit point & of any subsequence {zy}rcx of mesh
local optimizers where {Ax}rex — 0, and for the set D of POLL
directions used infinitely many times in this subsequence

¢ | If fis Lipschitz near &, then f°(&;d) > 0 for every d € DNTx (&)

¢ | If fis regular at &, then f/(i;d) > 0 for every d € D N Tx(&).

¢ | If fiss.d. at &, then Vf(2)?v > 0 for every v € T'x (%)
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Positive spanning sets

¢ A richer set of D increases the number of directions in f),
and thus the directions for which f°(z;d) > 0.

¢ User's domain specific knowledge can help choose D, C D.

¢ Theory limited to a finite number of directions in D, so the
barrier approach (reject infeasible points) does not apply to general
constraints because a finite number can not conform to the
boundary of (.

11



General nonlinear constrained optimization

min  f(z)

st. 2€Q={x|C(x) <0}, where C = (c,ca,...,cm)"

X is defined by bound and linear constraints.
Define the nonnegative constraint violation function h : R” — R

h(z) = Z max(0, ¢;(z))>.

Note that h(x) = 0 iff z € 2, and h inherits smoothness from C.



General nonlinear constrained optimization

min  f(z)

st. 2€Q={x|C(x) <0}, where C = (c,ca,...,cm)"

X is defined by bound and linear constraints.
Define the nonnegative constraint violation function h : R” — R

h(z) = Z max(0, ¢;(z))>.

Note that h(x) = 0 iff z € 2, and h inherits smoothness from C.
We look at the biobjective optimization problem where a priority is
given to the minimization of A over the minimization of f.
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Pattern Search with filter
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Pattern Search with filter

F=20

30

20

10+

13



Pattern Search with filter
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h with filter
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h with filter
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Convergence results — general constraints
Polling around least infeasible point gives priority to the
minimization of A versus the minimization of f.

If all iterates are in a compact set then
O limkinf A =0

¢ For every limit point p of any subsequence {pi}rcx of mesh
isolated poll centers where {Ar}rex — 0, and for the set D of
POLL directions used infinitely many times in this subsequence
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Convergence results — general constraints
Polling around least infeasible point gives priority to the
minimization of A versus the minimization of f.

If all iterates are in a compact set then
O limkinf A =0

¢ For every limit point p of any subsequence {pi}rcx of mesh
isolated poll centers where {Ar}rex — 0, and for the set D of
POLL directions used infinitely many times in this subsequence

If h is Lipschitz near p, and p is feasible then h°(z;v) > 0 for
every v € T'x (D)

¢ | If h is Lipschitz near p, then h°(p;d) > 0 for every d € ﬁﬂTX(ﬁ)
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¢ | If his regular at p, then h'(z;d) > 0 for every d € Dn Tx (p)

¢ | If hiss.d. at p, then Vh(2)Tv > 0 for every v € Tx (&)

Note: The same convergence results hold for f, with an additional
requirement: p must be strictly feasible with respect to the general
constraints.
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17 vars, 13 ctrs, kriging
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A planform filter : 17

vars, 13 ctrs, kriging
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A planform filter :

Filter after 117 evaluations
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¢ GPS algorithms are directional algorithms:
Analysis is easy with Clarke calculus
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Discussion

¢ GPS algorithms are directional algorithms:
Analysis is easy with Clarke calculus

¢ Optimality results depend on local differentiability
The analysis can be extended by considering other directions

¢ Linear and bound constraints are treated by appropriate polling
directions

¢ General constraints are treated by the filter

¢ GPS for problems with categorical variables
Tomorrow's talk by Mark Abramsom

22



