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Preface

The goal of these lectures is to acquaint the audience with some approaches to a class of nasty
optimization problems involving nonconvex nonlinear extended-valued functions. Such functions
arise often in multidisciplinary optimization (MDO). The first three lectures are meant to set the
context for applying our algorithms. The context determines the form of the algorithms, and to
present this context requires a bit more than just a short list of assumptions. Briefly though, the
objective function and constraints depend not only on the optimization variables, but also on some
ancillary variables such as the solutions of some coupled systems by stand-alone solvers for partial
differential equations, table look-ups, and other nonsmooth simulation codes. This has important
algorithmic implications. First, the function and constraint values may be very expensive. Sec-
ond, the functions may be nondifferentiable and discontinuous. In fact, they are often treated as
extended valued since a function call may not return a value even if all the specified constraints are
satisfied.

The approach we treat in these lectures has been successful for some real problems in engi-
neering design. We hope to convince engineers and mathematicians alike that not only are the
algorithms given here useful, but the mathematics involved is interesting and relevant. We hope
to convince mathematicians that good applied problems produce good mathematics, and that con-
trary to what they may have heard, they will suffer no loss of virtue as a direct result of considering
them.
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The first lecture sets the context for the engineering applications, and then we give detail on the
mathematical infrastructure for the application framework. In Lecture 4, we give more detail about
applying the methods. For the most part, the material is taken from the published papers referred
to in place. We owe much to our collaborators for these obvious contributions, but even more, we
acknowledge the motivation our Boeing collaborators provided.

In order to aid the reader, we combine the notes for Lectures 1&4 with the bibliography and we
use hyperref. This makes the references and the equation numbers consistent and allows Acrobat
to facilitate navigation for the online reader.
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Lecture 1

1 Properties of the Target Class of Problems

• General statement of the problem

min
x∈X⊂<n

f(x) s.t. C(x) ≤ 0 , (1)

wheref : X ⊂ <n → < ∪ {∞} andC : X ⊂ <n → (< ∪ {∞})m are functions with
C = (c1, . . . , cm)T , andX = {x ∈ <n : a ≤ Ax ≤ b} for a, b ∈ <n ∪ {±∞} with a < b,
andA a matrix of rational numbers. The total feasible region is denoted byΩ.

• Open and closed constraints

– A constraint isclosedat a point if it is satisfied at that point. Some constraints are
specified to be closed at every iteration, and they are calledclosed constraints; xk ∈ X
is a typical example.

– Openconstraints at a point are constraints that are not satisfied at the point. Constraints
not required to be satisfied until the solution is reached are calledopen constraints;
general constraintsC(x) ≤ 0 are usually open.

• Continuous, discrete, and categorical variables

– Continuous variables must always take values from<n.

– Discrete variables are subject to an open constraint that they belong to some dis-
crete subset of<n. This enables the use of branch-and-bound algorithms that proceed
through allowing continuous relaxations of some of the discrete variables while holding
others to specific discrete values.

– Categorical variables are subject to a closed constraint that they belong to some discrete
subset. Thus, there is often no point in representing categorical variables in terms of
real numbers. In practice, a component ofx is categorical if it must belong to the
feasible discrete set or else the problem functions cannot be evaluated.

• User desideratum

– Ease of use, ”global” solutions, robust performance

∗ A global optimizer is a feasible point at which the objective function value is as
low as it ever is at any other feasible point. A local optimizer is a feasible point at
which the objective is as low as it ever is for all feasible points near to the point
in question. The operative word is “near” since this implies a topology on the
domain, or at least on the set of feasible points. The definition of a topology for a
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problem with mixed categorical and continuous variables is crucial since this gives
meaning to the points the algorithm can be expected to find.
The issue of finding global solutions is an interesting one. A fundamental reference
is [75] where it is shown that it is impossible for an implementable algorithm to
be guarenteed to solve all general nonconvex global optimization problems. Of
course, this does not mean that we may not find a global optimizer in a particular
case of interest.
The study of global optimization algorithms is useful in part because it is the near-
est model problem to what the user really wants - the “right” local optimizer. By
designing to achieve this ideal outcome, we may increase chances that we will
succeed for a particular problem, and at least we offer the user assurance that we
tried to find the best local optimizer we could.
Sometimes it is confusing to beginners in the subject that many algorithms can
be shown to converge globally (i.e., from any starting point) to a local optimizer.
Thus, to say an algorithm isglobally convergentis not to say that it always finds a
global optimizer.

∗ Users often put efficiency down the list of priorities when compared to reliability
in finding some better point and trying to find a global optimizer. This is true
even for many expensive problems. Of course, once it is demonstrated that an
algorithm will find a solution reliably, then the user predictably will begin to press
for efficiency.

– Optimization under uncertainty: This is the latest new thing in optimization. It is meant
to ensure that the optimum is robust with respect to uncertainty inf, C andx. The end
result is an optimization problem with perturbedf, C. It is pretty easy to think of
sources of uncertainty, the difficult thing is to quantify them.

A way to think about uncertainty inx is

min
x∈X⊂<n

FR(x) s.t. C(x) ≤ 0 , where
∫
R(x)

dµ = 1 andFR(x)
.
=

∫
R(x)

f(y)dµ. (2)

Here, we think ofR(x) as the subset containingx together with some probability
distribution pertaining to the member ofR(x) that might actually result if we specify
that x is to be used. Then we optimize the ”average”f(x) over overR(x) to get a
robust estimate of the likely value of the objective function in the actual design ifx is
specified. Take the case of a structural member whosediameter is a design variable
(actually, there are good reasons why the reciprocal of the diameter is often used!). In
this case, if I optimize the design and order a load of structural members all of a certain
diameter, I am unlikely to get a grossly different diameter, but I am likely to have
no two of exactly the same diameter. The idea of robust design is to make decisions
that won’t lead to less than expected performance because of this. Clearly there are
important issues related to the extent to which we are confident of the relevance off as
an objective function, but that is a separate issue to some extent.
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But now consider that the structure is being designed to have optimal performance in
some context, like climatic conditions, loads, etc. Notice that these conditions might
be treated as certain but varying, or they may be treated as uncertain.

For example, an airplane might be designed with performance at its cruise altitude and
speed as the major part of the objective function, but either in the objective function or
constraints or both, there will also be some consideration of performance during takeoff
and landing. These considerations could be modelled as deterministic. Uncertainty
comes into play when one tries to robustify against not flying at exactly the specified
altitude and speed during a stage of the flight, or any of the other myriad things the
reader can easily conjure.

– Statement of multiobjective problem and Pareto surface: Virtually all real optimization
problems have more than one objective and they conflict with each other. Call them
f1, f2, · · · fp. A standard approach is to set goals for all but one objective and to write
goal satisfaction as a constraint. The set of vectors of function values(f1(x), · · · fp(x))
at the solutions for the various choices of goals as the goals vary is called the Pareto
surface or efficient frontier. Thus, a point on the Pareto surface has the property that
to improve any function value with a feasible move, at least one other function has to
degrade. A standard procedure is to construct part of the Pareto surface in lower dimen-
sions by studying the ”trade off” between a pair of competing objectives. For example
how much more would the wing weigh if we made it 1% more stiff? Multiobjective op-
timization is one of the really important areas of optimization for applications. There is
a nice relationship between multiobjective and robust optimization. One can view un-
certainty as an objective along with the usual performance objective, but my impression
is that it is more often treated via constraints.

2 Multidisciplinary Design Optimization (MDO)

• Multidisciplinary Analysis (MDA) - Why is it hard?

– Formulate as a system of nonlinear equations
The idea is to build a solver for coupled systems of disciplines by linking single dis-
cipline ”blackbox” legacy solvers together instead of recoding a single tightly coupled
solver.
Given a decision vectorx ∈ <nd , find u(x) ∈ <ns by solvingF (x, u) = 0, where
F (x, ·) : <ns → <ns , but F (x, u) is computed in blocks of rows. In other words,
you may not be able to computeF1(x, u) without computingF2(x, u), . . . Fn1(x, u)
as well. For simplicity, we letFi(x, u) denote the entire block of rows ofF (x, u)
that are computed all together. Figure 1 shows the case of aeroelastic analysis where
u = (M1, M2)

T , andx represents the nominal wing geometry. Think ofx, which is
suppressed in the figure, as parameterizing each of the single discipline boxes, which
are indicated by the dashed lines. There certainly are other parameters that characterize
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Figure 1: Aeroelastic System

the so-called “design point”, like the viscosity of the air, angle of attack of the wing,
and speed. We have completed the MDA for a given decision vectorx when we have
foundu(x) such that the following hold foru = (M1, M2).

F1(x, M1, M2) = E21 ◦ F21 ◦ A1(M1)−M2, (3)

F2(x, M1, M2) = E12 ◦ F12 ◦ A2(M2)−M1. (4)

andA1 is the the flow solver (maybe finite difference) andA2 denotes the structures
code (maybe finite element). TheE, F routines are interface routines that do such
bookkeeping as converting pressures to loads and deflections to shape. Figure 2 pro-
vides a more detailed idea of what theE andF boxes look like in that there is probably
one required for each of the other disciplines connected toAi. These interface boxes
are the source of many of the difficulties with MDO.

– Why is successive replacements is used in MDA and not Newton? When faced with
a system of nonlinear equations to solve, we automatically think of Newton’s method.
The problem is the availability of derivatives ofF with respect tou. Each finite dif-
ference step would require a single discipline solve, and the number of correct digits
in the difference might be small anyway. Still, one suspects that sparsity is there to be
exploited, and the number of variables involved may be too large to use Broyden-type
updating methods. The most common approach is for the user to apply intuition to a
sequencing of the single discipline solvers and use successive replacements, i.e., fix
u2, . . . uns , solve the first equation block for a newu1. Now fix all but u2 with the
newu1, and useF2 to get a newu2, etc, and iterate. If convergence is a problem, then
reorder the equation and unknowns and try again.

• Formulations of MDO using aeroelastic design example

– MDF or black box or closed equations or control theory method (different fields call it
different names. Different engineering disciplines are often different worlds.): This is
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Figure 2: Generic Discipline

the traditional approach in which a complete MDA foru(x) is done for each choice of
the design variablesx. Thus, the optimization problem to be solved is a function only
of the design variablesx, and it looks like (1). An important point is that the objective
functionf(x) is almost surely of the formf(x) = f̄(x, u(x)). The point being that the
state or system variablesu are needed to evaluate the design objective function. Thus,
givenx, we solve an MDA problem foru, and then we have the arguments to evaluate
f̄ , C̄. Notice that if there are bounds onu, then they become bounds onu(x), and hence
they are really nonlinear constraints. If bounds onu(x) must be closed, ( for example
bounds onu may represent safety considerations - like operating temperatures of some
chemical process), then we may have a nasty difficulty for the optimization algorithm.

∗ Advantage is optimization variables are the design variables (generallynd << ns

and every iterate can be made feasible. Thus, when we stop, we only need to
restore feasibility inC(x), often called the side constraints.

∗ Disadvantage is computational effort to complete an MDA for every function
value. Even finite difference derivatives with respect tox require an MDA for
each forward difference quotient.

– All-at-once (AAO) or Simultaneous Analysis and Design (SAND) or open equations
or nonlinear programming method: This is the ideal in many ways. It doesn’t always
work. There is some analytic and practical evidence that nonsmooth behavior in the so-
lution u(x) gets smoothed as it passes throughf(x, u(x)) and so the blackbox method
may work when the AAO method doesn’t. However, when the AAO approach does
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Figure 3: Multidisciplinary Feasible (MDF) Method
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Figure 4: All-At-Once or AAO Formulation

work, it seems most efficient. One solves the AAO problem as:

min
x,u

f(x, u) s.t. x ∈ X, F (x, u) = 0, andC(x) ≤ 0 . (5)

Notice that this requires that we “open” the single discipline solvers in order to be
able to evaluate their internal residuals ( remember, U is produced by solving an inter-
nal system of equations). This is expensive, and generally it is resisted by the single
discipline specialists.

∗ Advantage is less expensive function values and derivatives as well as a generally
less nonlinear optimization problem

∗ Disadvantage is many more variables (the design variables + the ancillary vari-
ablesu, as well as the inability to use legacy disciplinary solvers. Feasible point
algorithms are not compatible
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– Individual Discipline Feasible (IDF) or In-Between methods: Generally, a small per-
centage of the state variables from one discipline’s solver are needed as input to other
solvers. Suppose we reflect this by writingu = (z, u), andz is the smaller subvector
of the solver variablesu actually needed as input to various solvers. We can now pose
the MDO problem as:

min
x,z

f̄(x, z, u(z, x)) s.t. x ∈ X, C(x) ≤ 0, (z, u(z, x))− u(x) = 0. (6)

∗ Advantage is ability to use legacy disciplinary solvers as they are and the opti-
mization problem is nearer the size of the MDF than the AAO problem. Seems to
be more efficient than the blackbox.

∗ Disadvantage is that the derivatives needed are like those needed for MDA, and
feasible point algorithms are not compatible

Alexandrov and Lewis seem to have rediscovered this formulation, although there may
be some difference we missed, and they do not compare it to IDF. They call it DAO
or “distributed analysis optimization”, a nicer name than IDF [3]. Alexandrov and
Kodiyalam give computational evidence that this is an effective formulation [2].
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Lecture 4

4 Surrogates for Expensive Functions

The earlier lectures set up the mathematical underpinnings of the surrogate management frame-
work (SMF) for solving the design optimization problem (1). Our purpose here is to give an
overview of how surrogates can be constructed for the problems we have seen in the previous two
Lectures and to provide a test case attesting to the value of the SMF.

Many problems in engineering design are posed in the MDF, or multidisciplinary feasible,
MDO format. The function values require calls to expensive solver codes often formed by linking
single discipline solvers. The linking of these solvers may be unsuccessful and expensive anyway,
and in general not very many digits of the results are correct. But, engineers are resourceful
people, and they do not have the luxury of throwing up their hands just because a problem is
intractable. A common approach they take is to build relatively inexpensive approximations to use
as optimization surrogates for the expensive functions. A convenient straw man for this approach
is the following:

The straw man surrogate (SMS) approach:

1. Choose surrogatessf andSC based on either:

• less expensive solvers based on simplified physical models; or

• approximations obtained by evaluatingf, C at selected design sites,x1, . . . , xd, and
interpolating or smoothing the function values.

2. Solve the surrogate optimization problem to obtainxs.

min sf (x) (7)

s.t. SC(x) ≤ 0

Every user has their favorite approach for this part. Good choices are some sort of random-
ized search or standard nonlinear programming algorithms. Several point might be returned
as putatively better designs. It is pointless to solve (7) to much accuracy except in the un-
likely event that we know the surrogates to be accurate approximations, as for example when
quasi-Newton approximations are used as surrogates. Since we are more interested in using
(7) as a way to identify basins of local optimality for the real design problem, we will global
search techniques on the inexpensive surrogate problem.

3. Computef(xs), C(xs) on at least one of the putative new designs to determine if any is an
improvement over the previous bestx.

What if no improvement was found? In the traditional quasi-Newton approach where the sur-
rogates match at least the gradient of the problem functions at the iterate, improvement can be
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guaranteed by a line search or trust region variant of (7) [33]. Basically, this is the result of using a
surrogate that is guaranteed to be first order accurate in the distance from the current iterate. Such
methods are not our subject.

We are concerned with the case where the SMS did not find a better design, the accuracy of the
surrogate is suspect at best, and it can not be rigorously controlled by restricting the move in design
space. There are several sensible approaches in the literature, e.g., [16, 47]. Another interesting
approach is [81], which is intended for the case when one is to do the best one can on some fixed
budget of function evaluations.

Our main topic thoughout is a rigorous framework for the SMS, which we call the surrogate
management framework (SMF). Therefore, so early in our presentation of the material, we can not
give a detailed definition. Still, for the purposes of understanding the case study of this Lecture,
we must give the reader some correct, if vague, notion of how the SMF fits with the SMS. To this
end, we say that the SMS approach above functions as a speculative search procedure on a mesh
of certain resolution imposed on design space. We continue to iterate the SMS as long as it finds
an improved design, and we use the incident function values to recalibrate the surrogates at each
iteration. When SMS fails, we fall back on a rigidly defined, but possibly expensive, local polling
step to determine if we may refine the mesh before we recalibrate the surrogates using any function
values computed in the process and reinvoke the SMS on the finer mesh.

The remainder of this Lecture will be to give a brief and incomplete sample of ways of building
and using surrogates in optimization.

4.1 Building surrogates

In this section, we will look at some of the effective ways of constructing approximations to either
all or part of the objective and constraints and then use those approximations to build optimization
surrogates. For example, in space mapping, one optimizes a surrogate that is a composition of two
functions.

A difficult MDO issue is how to construct surrogates for the linked problem from surrogates
for the individual disciplines. The obvious approach, to carry out an MDA using the individual
discipline surrogates, raises many questions. For example, how does one match a set of individual
discipline approximate solvers of varying fidelity to obtain a surrogate? Surely some disciplines
have more influence than others on the problem, but is it sensible to expend more effort on those
approximations when they will be linked with what are clearly poor approximations to other disci-
plinary solvers? We will not treat this issue because despite its importance, it is not central to our
goals. More work is needed on such questions. This entire field is in its early days.

It will be helpful to use some terminology coined by the space mapping community. If there are
two models of a process, one very accurate but too expensive to use directly with an optimization
routine, and one much less expensive and less faithful, then we will call them thefineandcoarse
models respectively. Thus, a coarse modelf̂ might act as a surrogate, but it may be a step in
building a surrogate as we will see below.
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Another piece of terminology we will use issurfaceto denote a function (it may be vector
valued) trained to fit or to smooth fine model data. Thus we lump kriging, response surfaces,
polynomial interpolants, neural nets, etc, all as surfaces. That we do so is a function of the birdseye
view we aim for; it is not a technical judgement. Neural nets have the nice property of being set
up to interpolate to multidimensional input and output data. MUST CHECK THE LITERATURE FOR

INCREMENTAL TRAINING AS NEW TRAINING PAIRS ARE ADDED

Since it is helpful to discuss surfaces fitting approaches in context, we will begin with a brief
catalog of data site selection techniques.

4.1.1 Choosing data sites for surfaces

The first issue in building a surface is how to choose data sites on which to base the surface fit.
Here are some ways in use:

• by statistical approaches based on the underlying functional form and the domain of interest.
To this end, one might assume with dubious justification that the underlying form to be
fit is a quadratic. One then asks where the data sites should be chosen in some rectangle
containing the domain of interest in order to reproduce the quadratic. The assumptions
on the underlying form and on the rectangular region are a stiff price to pay for making
the results of the experimental design literature available for choosing the data sites. The
quadratic assumption used to obtain the data sites need not be taken seriously if the resulting
sites are well scattered, but the rectangular region is more problematic. The objective and
open constraints may not be defined throughout such a region, but also our methods will only
consider designs that satisfy any simple linear constraints and so it is unfortunate to be asked
to do expensive calculations to little purpose. Thus, it would be ideal to have schemes that
would adapt to a given polygonal region with external sites near the boundary. More work
is needed on such questions.

• by judiciously scattering points to fill space. One might eschew any assumptions about the
functional form one is trying to fit, and instead choose the data sites to be well scattered in the
domain of interest. Statisticians have again led the way in schemes for choosing space filling
sites, and again, there are difficulties when the domain of interest is not a rectangle. More
work is needed on such questions. Latin hypercube sampling (LHS) [66, 74], orthogonal
arrays (OA) [67] andOA-based LHS [76] are prototypes of this approach, which also is
used in quasi-Monte Carlo integration. Some surveys are [70, 10, 61].

• by enforcing a poisedness condition on the geometry of the points, which forces conver-
gence of the surfaces to the underlying function. A notable application of this approach is
in the work of Powell [57] and Conn, Schienberg, Toint [22]. One can think of this as the
numerical analysts’ approach as opposed to the statisticians’ approach given above. Fitting
surfaces to multidimensional data often leads to a numerically ill-conditioned problem. In
one dimension, it is well known that any distinct set of data sites gives a nonsingular co-
efficient matrix for determining the parameters in a linear fitting problem from a family of
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basis functions. One can show easily that choosing distinct multidimensional data sites does
not guard against an exactly singular coefficient matrix needing to be inverted to solve for
the fitting parameters. The poisedness conditions are meant to ensure well-conditioned fit-
ting problems to determine the initial surface and to correct it as new data comes available.
This leads to an elegant theory, though the number of points needed to apply that theory is
rather larger than one would probably use to solve the problem. But such quibbles aside, the
methods are very effective when they are properly implemented.

4.1.2 Surrogate forms

The most straightforward kind of coarse model directly approximates the fine model and acts as
an autonomous surrogate, but regardless of how they are combined to form surrogates:

• some polynomial models and response surfaces use experimental design to select data sites.

• kriging, neural nets, least degree polynomials use space filling designs.

• Hermite surfaces use data on the underlying function and its gradient. These surfaces are
well suited to trust-region surrogate management techniques [1]. GET SOME OFNATALIA ’ S

NEWER REFERENCES

There are clever ways to design surfaces to correct a coarse model and to be combined with a
coarse model to act as a surrogate in optimization (for more detail see [31]):

• surfaces from data on the difference between the fine and coarse models. The surrogate is
the coarse model + the surface

• surfaces from data on the quotient of the fine and coarse models. The surrogate is the surface
× the coarse model

• space mapping surfaces from fine model parameters to coarse model parameters. The surro-
gate is the coarse model applied to the image of the fine model parameters under the space
mapping surface (see the next section)

4.1.3 Space mapping

The idea of a space map is very appealing, and it seems to have proved its worth in electrical
engineering. John Bandler, an electrical engineer and entrepreneur from McMaster University in
Ontario, seems to have originated the idea, and he has collaborators applying it in several varia-
tions. John appears to concentrate on the global space mapping approach, while Kaj Madsen and
his student Jacob Søndergaard are developing the local space mapping approach. Local space map-
ping is a quasi-Newton alternative to the GPS based surrogate management framework we discuss
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here, and the global approach is a kind of SSM. This might tip you off to the simpler conceptual
nature of the global procedure, and so it will be the basis of our explanation.

Assume that̂f : X̂ ⊂ <m → < is the coarse model andf : X ⊂ <n → < is the fine model.
The assumption that underlies global space mapping is that there is a mapping of the fine model
parameters to the coarse model parameters,P : X → X̂, with the result thatf ≈ f̂ ◦ P well on
X. One chooses data sites inX, gathers the corresponding data onP , obtains the corresponding
surfacePs, and the optimization surrogate iŝf ◦ Ps.

The terminology is sensible, but it does temp the reader to a misconception thatP depends
only on X̂ andX. It also depends on the particular coarse and fine models, and soP̂ might be
better notation. This will become more clear later.

IS THE FOLLOWING INTUITIVE EXPLANATION USEFUL OR PATRONIZING AND EXTRANE-
OUS?

A geographically appropriate motivation for the underlying assumption can be seen from the
analogy to rowing a dragonship to a particular port. Take as a coarse model the strategy that has
the Viking helmsman head the bow directly towards the desired spot. The coarse model says that
the ship will go where the bow is pointed, which neglects wind and tide.

In space mapping, there is a useful distinction made between the full output of the two models,
the tracks they predict for the ships, and the objective, which is to minimize the distance between
the track of the ship and the desired target. Each model returns the predicted track of the ship, but
the optimization problem is to find the course input to steer that will cause the track of the ship to
lead to the mouth of the channel. Wind and current are not inX̂, which only contains headings to
steer.

But, the Danes did not reach the new world by using the coarse model as surrogate. Instead,
the helmsman considers not only the desired course, but also the additional input of wind and wave
and puts the bow on a compensatory course - he has applied a space mapping from the input vector
of desired course, wind, and wave to obtain the single coarse model parameter, steered course, and
then he applies the coarse model and steers the resulting course. The fine model can be thought of
as the actual physical experiment, i.e., if you steer a certain course with a certain wind and a certain
sea, then you will actually trace a (different) course. The objective in this case would be to arrive
at the desired port, i.e., to minimize the distance between the track of the ship and the mouth of the
channel into port. If the ship goes where it should, then the helmsman has a good space mapping.

At the risk of overdoing this analogy, one could also say that if the helmsman makes a decision
based on relevant experience and lashes the tiller before going below, that is like global space
mapping. On the other hand if he constantly readjusts his tiller based on his observations of the
ship’s track, then it is like a locally linear space mapping.

But, the Danes did not reach the new world by rowing. If the ship is under sail, then both
models must be different. The coarse model must take wind direction into account to obtain a
more complex piecewise linear arc incorporating tacking and wearing to steer rather than a straight
line. Now the fine model for sailing must tell us where we will end up by following a given
polygonal course in given sea with given wind direction and speed.
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Let us abandon the analogy and return to the formalities and the crucial question of how one
obtains the dataP (x) for a givenx ∈ X. Each such value requires an expensive fine model
evaluationf(x) as well as the solution of a cheap problem likeminx̂∈X̂ ‖f̂(x̂) − f(x)‖ for the
valueP (x) = x̂. Bandler and his collaborators have used neural nets and polynomials to definePs.
Madsen and Søndergaard also update local linear approximations to improve the coarse model and
circumvent the underlying assumption. It is likely that they will succeed in providing a rigorous
basis for their approach. One clear difficulty is that the optimization subproblem for obtaining
P (x) may have multiple solutions. This is one of the research topics Madsen and Søndergaard are
investigating. They have satisfactory regularizations, but they want to do even better. SPRINKLE

THIS PARAGRAPH LIBERALLY WITH REFERENCES FROM THEBIT ISSUE.

4.1.4 Orthogonal Arrays and DACE Surfaces

We will use kriging or DACE surrogates of the objective function in the numerical studies that
follow. The constraints are simple inequalities and bounds, and no surrogates were necessary.

These approaches may be based on whatever data one has, or they may choose data sites in a
couple of ways. In LHS, the domain is ann-dimensional cube and the vectors that determine the
data sites have each component chosen from equally spaced values. InOAs, the components are
assigned froml distinct values.

An OA is said to be of strengthσ if every subset ofσ components has the same number
of occurrences of each of thelσ choices of component values. LHS designs are of strength1.
The design sites at which the objective functionf was evaluated to provide data for the initial
surrogate was anOA of strength 2. Efficient code for generatingOA designs is available from
STATLIB(http://lib.stat.cmu.edu).

OAs were devised for rectangular regions. In the helicopter rotor blade design examples, the
mass constraint induces a nonrectangular feasible region. One might try various strategies for
adaptingOA designs to this region, e.g.

• Generate a design withd points in the rectangle defined by the variable bounds, then alter
the design so that thed points satisfy the mass constraint.

• Generate a design with many points in the rectangle defined by the variable bounds, then
discard the points that are outside a slightly expanded mass constraint boundary.

We were able to ignore this restriction in the case study because the constraints were not active
during the solution process. This is fortunate because it avoids confounding ways of dealing with
oddly shaped regions with the overall problem of using a surrogate.

After the design sites have been chosen and the objective functionf has been evaluated there,
the initial surrogates can be constructed. This surrogate is intended to be an approximation off
throughout the region of interest that is inexpensive to evaluate. It is recalibrated as new function
values are obtained in the course of solving the optimization problem. We use a flexible set of
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functions from which surrogates can be selected to avoid overly restrictive assumptions on the
structure off .

The surrogates for these tests came from the family of functions defined by the kriging pro-
cedures discussed in the DACE literature. The kriging parameterization is defined by means and
covariances of function values, and it may seem more intuitive than other fixed degree polynomial
approximations in the response surface literature. For some choices of covariance function, kriging
is equivalent to spline interpolation, a correspondence that has been discussed in the geostatistics
literature [83].

The surfaces we use can be written

s(x) =
d∑

i=1

wi(x)f(xi) .

Thus, prediction function values at anyx are weighted averages of the values off at the data
sites. The weightwi(x) depends on how far theith data site is fromx.

The correlations needed to define weights were gotten by attempting global optimization of
the (log) likelihood function. An interesting point here is that since this parameter identification
problem for the surrogate involved only the surrogate form, very accurate objective and derivative
values for them are available. That is why were were able to use the multistart Newton algorithm
in [68]. Of course, this is a nontrivial computation, but, it does not approach the cost of applying a
derivative-free algorithm directly to the actual design problem.

One technical difficulty with using surfaces as surrogates is that one always has to invert a
matrix to obtain coefficients. Kriging calculations require inversion of the matrix of estimated cor-
relations between function values at the design sites. The initial matrix usually is well-conditioned
if the initial data sites are chosen by any of the methods suggested. However, if we are successful
in our optimization procedure, then we will be called upon to recalibrate the surface using data at
points that cluster as they converge to an optimizer. Thus the process of recalibration generally
causes subsequent matrices to be ill conditioned with respect to inversion. In the case of kriging
correlation matrices, Andrew Booker has effective new procedures, but for these results, the prob-
lem was dealt with by adding a small number (10−6) to the diagonal of the correlation matrix. With
this addition, the approximating functions do not exactly interpolate the observed function values;
however, they retain their flexibility and predict observations very closely. GET REFERENCES

FROM ANDREW ONCE THEY ARE APPROVED FOR RELEASE.

Finally, Booker has found that performing a functional analysis of variance [39, 67, 70] on
the surrogate functions is a useful way of identifying lower-dimensional subspaces in which most
of the variation ins resides. This ANOVA technique, which can in principle be applied to any
square-integrable function, decomposess into main effects(contributions of individual variables
to variation ins) andinteraction effects(contributions of combinations of variables to variation in
s). The hope is that one can identify a few key variables that account for most of the variation
in f , then solve 7 on the lower dimensional subspace defined by those variables. The point is
that derivative-free search methods generally reduce to some sort of sampling techniques. As
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the dimension increases, the number of function values needed to make even a moderately dense
sample goes up exponentially. Here, not surprisingly, when we restricted the search to the indicated
11 dimensional subspace, we found a better minimizer in fewer function values than in the 31
variable case.

4.2 The surrogate management framework

The SMF is just a reprise of the filter pattern search method with the strawman algorithm playing
the role of aSEARCHroutine. Thus, the algorithm steps become:

Search step: Use surrogatessf , SC to find some promising candidates wheref, C will be
evaluated.

Poll step: Polling is done on the actual (barrier) functions, which guarantees convergence of
the algorithm (through the sequence of unsuccessful poll steps).

Updatesf , SC with the new evaluations off, C.

Surrogate Management Framework

Given initial surrogatessf , sC andp0 ∈ M0, a grid on<n,
let P0 ⊂ M0 bep0 and the points ofM0 adjacent tox0.

Fork = 0, 1, · · ·, do

1. Search onsf , sC to find an unfilteredxk+1 ∈ Mk and then setMk+1 = Mk and update the
surrogates;

2. Else ifpk is the only unfiltered point inPk; Then setxk+1 = xk andMk+1 = Mk/2 and
update the surrogates; Else return to 1.

Thus, the algorithmic framework is very simple, and surprisingly effective.

4.3 The Helicopter Rotor Blade Design Problem - A Case Study

In order to show how effective surrogate optimization can be, we consider structural design of
helicopter rotor blades to minimize vibration transmittal to the hub.

As indicated in Figure 6, the design variables consist of up to five structural parameters for
each span segment. The variations on this problem that we have considered have 11, 31, and 56
variables. As described below the objective function is a weighted sum of various harmonics of
forces and moments. The analysis code used is Tech01 [72].

Tech01 is an MDA code. The disciplines include dynamic structures, aerodynamics, wake
modeling, and controls. The run time for a Tech01 fixed-wake analysis is roughly 20 minutes on
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Span segme� nt
�
s

Possible variables
in each segment are —

• mass
• CG offset, and
• stiffnesses in 3 directions

Figure 6: Rotor blade design variables

a mid-level workstation. However, the run time can increase to several days on the same machine
if wake updating is used for greater physical fidelity. Our main focus is on the use of approxi-
mations to the analysis code results as objective function surrogates for optimization, so to save
computational time, the test results discussed here use fixed-wake analyses.

A more detailed statement of the optimization problem is

minimize f(x) =
nh∑
i=1

wi
|hi(x)|

|hi(xB) + 1|
with respect to x ∈ <n

subject to xuj ≥ xj ≥ xlj, j = 1, . . . , n
cuk ≥ ck(x) ≥ clk, k = 1, . . . , ncon.

(8)

In the above equation, thehi, i = 1, . . . , nh, are output responses from Tech01. The subscript
i is an index that maps from the response function vector elements to forces in three directions,
moments in three directions, and harmonic numbers for each force and moment. In addition, the
indexing may span several flight conditions, such as hover and forward flight at various speeds.
Normalization to account for the different physical units of the responses is accomplished by in-
cludinghi(xB) in the denominator of the objective function terms, wherexB is thebaselinedesign.

The objective function components are weighted by factorswi. The limits xuj, xlj, cuk, and
clk are upper and lower bounds on the variables and constraints, respectively. The constraints
ck(x) can be quantities such as required rotor horsepower, centrifugal force, autorotational inertia,
snow load, and limits on total mass. Aside from the bounds on the independent variables, the
only constraint in the examples considered here is total mass. Since the masses are a subset of the
design variables, the mass constraint is a linear constraint involving a subset of the variables. Thus,
it is independent of the analysis results, and does not require consideration of issues involving the
construction of surrogate approximations of constraint functions.
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Example Variables Objective Constraints
31 Variable 10 masses, weighted sum of 1st upper bound on

10 centers of gravity, and 2nd harmonics sum of masses
11 stiffnesses in for two flight
a single direction conditions

Table 1: Rotor blade design examples

The helicopter rotor blade design problem is summarized in Table 1. Note that this problem
has upper and lower bounds on all the variables.

We now summarize the performance of several optimization methods when applied to the
helicopter rotor blade design problem described in Section 4.3. We remind the reader that this
problem has a linear inequality constraint which we treat by declining to evaluatef(x) for any
infeasiblex, which is how we will treat linear and bound constraints in all our algorithms. The
optimization methods that we considered are the following:

• MMF : This is Serafini’s [71] implementation of the surrogate management framework. An
initial approximation was constructed from 59 successful function evaluations using the DA-
CEPAC software package [10, 11]. The initial iterate was a baseline solution provided by
Boeing. SEARCH evaluated the current approximation on a 29,800-point subset of the cur-
rent mesh and returned the three points with the lowest values. The true objective function
was then evaluated sequentially at each of these points until one was found to be better than
the current iterate.

• PDS: This is Torczon’s implementation [77] of the parallel direct search method of [34], with
modifications by Serafini to support constraints and the standard Message Passing Interface
(MPI) parallel communications library [73]. The initial iterate was the baseline solution
provided by Boeing. PDS was executed using 96 evaluations of the objective per iteration,
more than the minimal number (62) required to ensure convergence. This algorithm readily
takes advantage of a parallel environment.

• GA: This is a genetic algorithm from PGAPack [62]. On the advice of its author, David
Levine, we used a steady-state reproductive strategy with a population size of 200 and a
replacement rate of 10% of the population per iteration.

4.3.1 Comparative results

For each of the above optimization methods, the best objective function value obtained after se-
lected numbers of function evaluations was plotted against the number of function evaluations.
The resulting graph, adapted from [14, 71], is displayed in Figure 7. We report the total number of
attemptsto evaluate the objective function, whether or not the attempt was successful. However,
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we did not count unsuccessful attempts encountered during the construction of initial approxima-
tions, prior to commencement of the optimization algorithm. Thus, for MMF, our count includes
the 59 successful function evaluations obtained by DACEPAC, but not the additional 97 evaluation
attempts that failed.

The results summarized in Figure 7 are quite encouraging—so good, in fact, that it may be
that the 31-variable helicopter rotor blade design problem is substantially easier to solve than we
anticipated. Both GA and PDS performed as advertised. GA produced substantial decrease with a
small number of function evaluations, but then had difficulty descending below a fairly high value
of the objective function. PDS descended somewhat more steadily to an appreciably lower value of
the objective function. MMF found even lower objective function values in a number of function
evaluations that would be considered extremely small for finite-difference quasi-Newton methods.

The variables in the 31-variable helicopter rotor blade design problem differ by ten orders of
magnitude, and so all of the algorithms scale the decision variables to be of comparable magni-
tudes.

Finally, we observe that most of the above algorithms can exploit parallelism to reduce the
“wall clock” time required to get a solution, principally by concurrent evaluations of the objective
function. The implementations used here differ with respect to how many concurrent evaluations
can be used effectively. In particular, two of the codes, PDS and GA, were designed explicitly to
be executed in parallel and so they have the advantage that they can use any number of processors
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without any recoding. Given this implementation philosophy, the total number of function evalua-
tions these methods take to reach a solution does not compare favorably with the sequential imple-
mentations of the other algorithms. However, when executed in parallel, the “wall clock” time for
PDS and GA is more competitive. Nonetheless, for the tests reported here, MMF found feasible
solutions with appreciably lower values of the objective and required far fewer total evaluations
of the objective function in the process. Work on a parallel version of the surrogate management
framework is underway at more than one location.

4.4 Results for polynomial and DACE surrogates

Dave Serafini in his thesis [71] ran various tests comparing DACE and least degree polynomials[30].
The results in Figure8 are typical. The two surrogates were computed from the same initial orthog-
onal array. The function in Hartmann6, a standard global optimization test problem in 6 variables.
Of course, it is very cheap to evaluate, so if one actually wanted to solve this problem, it would not
pay to use surrogates.
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4.5 Filter results on a Boeing planform design application

The GPS filter algorithm has been applied often to Boeing wing planform design problems. The
wing planform is the two-dimensional, downward, vertical projection of the wing. The design
variables are the line segment end point for the wing leading edges, trailing edges, and spars. Also
there are variables related to wing thickness and aerodynamic loading. A typical design problem
is to minimize direct operating cost subject to several constraints. The constraints include required
range, maximum approach velocity, maximum required runway length, and several others. The
analysis code is a sophisticated combination of preliminary design tools from many disciplines.
The disciplines include structures, aerodynamics weights, costing, and configuration management.

This problem has 17 variables, 13 nonlinear constraints, and no linear constraints. The best
point in the initial surrogate (a kriging model that interpolates data from 200 points obtained from
an orthogonal-array-based Latin hypercube) is the least infeasible point, which has a constraint
violation of 0.426 and an objective of 9.845.

Figure 9 illustrates the progression of the filter for this application. In all plots, the symbol×
represents the initial point, except in the bottom right plot due to the scale change. The top two
plots correspond to the first 15 function evaluations, the middle ones the first 50 and the bottom
ones are the whole filter after completing the 117 evaluations. The initial point gets filtered at the
3rd function evaluation. The first feasible point is found at the 58th evaluation. The best feasible
point is denoted on the two bottom plots by a star at (0, 9.75). The bottom left plot contains several
trial points with an objective function near 9.6. This suggests that theSEARCH strategy tried but
was unsuccessful in finding a feasible design with such a lowf value.

Here are some earlier less detailed results using the filter pattern search method on a pair of
planforms:

.

X

YDesign Variables:
-- Location of spars, leading edge,
    trailing edge
-- Thickness
-- Aero loading distribution

Infeasible baseline design.
# of # of

n ctrs fevals
A 15 11 304
B 15 11 292
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The computational results presented here were enriched significantly by the cooperation and
collaboration of our Boeing colleagues. Our results showing that SMF can work with polynomial
as well as DACE approximations would have been much more difficult without the cooperation of
Tom Grandine, who provided his implementation of the least-degree polynomial interpolant [30].
We also thank David Levine for suggesting parameter values for use in PGAPack.

This field is developing rapidly. Probably the most important obstacle ahead is to extend sur-
rogate methods to handle an order of magnitude more variables, say 200. The main difficulty in
handling larger problems is the cost of finding the parameters for a response surface type model.
Our hunch is that this will drive us to more complex linking between the optimization algorithm
and the surrogates.
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FIG. 6.5. Filter progression on a Boeing planform design application

of directions, the stronger the convergence result, since adding directions can only widen the
cone C f of Corollary 5.12. Intuitively, if a POLL step identifies a poll center that is a mesh
isolated filter point, then, the next time a POLL is performed there (with a reduced mesh size
parameter) it would be natural to use a different positive spanning set to increase the likeli-
hood of detecting an eventual descent direction. However, essential to the convergence proof,
is the need to utilize a finite number of polling directions. It follows that one cannot attempt
to obtain a dense set of polling directions.

In practice, one would never use a pattern search algorithm following the rules upon

Figure 9: Filter progression on a Boeing planform design application
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