
1

Carnegie Mellon

Optimization of ODE/ DAE Optimization of ODE/ DAE 
Constra ined ModelsConstra ined Models

L. T. L. T. BieglerBiegler

Depar tment of Chemical EngineeringDepar tment of Chemical Engineering
Carnegie Mellon UniversityCarnegie Mellon University

Pittsburgh, PA 15213Pittsburgh, PA 15213

January 8, 2003January 8, 2003

Carnegie Mellon

OutlineOutline

ÞÞ Introduc tion to DA E OptimizationIntroduc tion to DA E Optimization

ÞÞ Sequentia l ApproachesSequentia l Approaches
ÞÞ Charac teristic sCharac teristic s
ÞÞ Evaluating SensitivityEva luating Sensitivity
ÞÞ Multip le ShootingMultip le Shooting

ÞÞ Simultaneous ApproachesSimultaneous Approaches
ÞÞ Problem FormulationProb lem Formulation
ÞÞ La rgeLa rge-- scale NLPscale NLP

ÞÞ Examples and DemoExamples and Demo

ÞÞ Conc lusions and future workConc lusions and future work



2

Carnegie Mellon

tf, final time
u, control variables
p, time independent parameters

t,  time
z, d ifferentia l variables
y, a lgebraic  variables

Dynamic  Optimization Dynamic  Optimization ProblemProblem
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DA E Models in Process Eng ineeringDA E Models in Process Eng ineering

Differentia l Equations
•Conservation Laws (Ma ss, Energy, Momentum)

Algebraic  Equations
•Constitutive Equations, Equilib rium (physical properties, 
hydraulic s, rate laws)
•Semi-explic it form
•Assume to be index one (i.e., a lgebraic variables can be solved 
uniquely by a lgebraic equations)
•If not, DAE can be reformulated to index one (see Ascher and 
Petzold)

Characteristic s
•La rge-scale models – not easily scaled
•Sparse but no regular structure
•Direct linear solvers widely used
•Coarse-gra ined decomposition of linear a lgebra
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DAE Optimization in Chemical Engineer ing
Batch Distillation Operating Policies

0 X OWLS UR G X F W 3 R OLF LH V

5 X Q � E H WZ H H Q � G LV WLOOD WLR Q � E D WF K H V

7 UH D W� D V � E R X Q G D U\ � Y D OX H � R S WLP L] D WLR Q � S UR E OH P

: K H Q � WR � V Z LWF K � I UR P � $ � WR � R I I F X W WR � % "

+ R Z � P X F K � R I I F X W WR � UH F \ F OH "

5 H I OX [ "

% R LOX S 5 D WH "

2 S H UD WLQ J � 7 LP H "

$
%

Carnegie Mellon

Dynamic  Optimization Dynamic  Optimization ApproachesApproaches

DA E Optimization Problem

Sequential Approach

Vassiliad is(1994)Disc retize 
controls

Variational Approach

Pontryagin(1962)

Ineffic ient fo r constra ined 
problems

Apply a NLP so lver

Effic ient fo r constrained problems
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Sequential Approaches
Parameter  Optimization

Consider a simpler problem without control profiles: 
e.g., equipment design with DAE models - reactors, absorbers, heat exchangers

Min F (z(tf))
z' = F(z, p), z (0) = z0

g(z(tf)) ����� h(z(tf)) = 0

By treating the ODE model as a "black-box" a sequential algorithm can be constructed that can be treated as a 
nonlinear program.

Task:  How are gradients calculated for optimizer?

NLP
Solver

ODE
Model

Gradient
Calculation

P

f ,g,h

z (t)

Carnegie Mellon

Gradient Calculation

• Perturbation
• Sensitivity Equations
• Adjoint Equations

Per tubation

Calculate approximate gradient by solving ODE model  (np + 1) times
Let y = F , g and h (at t = tf)

dy /dpi = { y (pi + ¨ S i) - y (pi)} / ¨ S i

• Very simple to set up
• Leads to poor performance of optimizer and poor detection of optimum 

unless roundoff error (O(1/¨ S L� � D Q G � WUX Q F D WLR Q � H UUR U� � O(¨ S L)) are small. 
• Work is proportional to np (expensive)
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Sensitivity Equations
From ODE model:

(nz x np sensitivity equations)

• z and si , i = 1,…np, an be integrated forward simultaneously.
• for implicit ODE solvers, si(t) can be carried forward in time after converging on z
• linear sensitivity equations exploited in ODESSA, DASSAC, DASPK, DSL48s and 

a number of other DAE solvers
• Sensitivity equations are efficient for problems with many more constraints than 

parameters (1 + ng + nh > np)
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Example:  Sensitivity Equations
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Adjoint Equations
Adjoint or Dual approach to sensitivity
Adjoin model to objective function or constraint 
(y = F ,g or h)

(l (t)) serve as multipliers on ODE's)

Now, integrate by parts

and  find  dy /dp subject to feasibility of ODE's

Now, set all terms not in dp to zero.
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Adjoint System

• Integrate model equations forward
• Integrate adjoint equations backward and evaluate integral and 

sensitivities.  
Notes:
• nz (ng + nh + 1) adjoint equations must be solved backward 

(one for each objective and constraint function)
• for implicit ODE solvers, profiles (and even matrices) can be 

stored and carried backward after solving forward for z as in 
DASPK/Adjoint (Li and Petzold)

• more efficient on problems where: np > 1 + ng + nh
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Example:  Adjoint Equations
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Profile Optimization 
(Optimal Control)

Examples:
• Optimal Feed Strategy (Schedule) in Batch Reactor 
• Optimal Startup and Shutdown Policy
• Optimal Control of Transients and Upsets

Sequential Approach:

Represent control profile as parametric approximation
(piecewise constant, linear, polynomial, etc.)
• Apply NLP to discretization as with parametric optimization
• Obtain gradients through adjoints (Hasdorff; Sargent and 

Sullivan; Goh and Teo) or sensitivity equations (Vassiliadis, 
Pantelides and Sargent; Gill, Petzold et al.)
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Nonlinear Programming ProblemNonlinear Programming Problem
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Example: Batch reactor - temperature profile

Maximize yield of B after one hour's operation by manipulating a transformed 
temperature, u(t). 

Minimize -zB(1.0)
s.t.

z'A = -(u+u2/2) zA
z'B = u zA
zA(0) = 1
zB(0) = 0
0 ” � X � W� � ” � �

u(T(t))

A B

C

u

u /2
2
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Optimal Batch Reactor  Temperature-
Piecewise Constant
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Optimum B/A:  0.57105
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Optimal Batch Reactor  Temperature-
Piecewise L inear
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Piecewise Linear Approximation with Variable Time Elements
Optimum B/A:  0.5726

Equivalent # of ODE solutions:  32
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Optimal Batch Reactor  Temperature-
Var iational Approach

Piecewise Linear Approximation with Variable Time Elements
Optimum B/A:  0.5732

Equivalent # of ODE solutions:  58
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Dynamic Optimization - Sequential Strategies

• Small NLP problem, O(np+nu) (large-scale NLP solver not 
required) 
– Use NPSOL, NLPQL, etc. 
– Second derivatives difficult to get

• Repeated solution of DAE model and sensitivity/adjoint
equations, scales with nz and np
– Dominant computational cost
– May fail at intermediate points

• Sequential optimization is not recommended for unstable 
systems. State variables blow up at intermediate iterations for 
control variables and parameters.

• Discretizecontrol profiles to parameters (at what level?)
• Path constraints are difficult to handle exactly for NLP 

approach
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Instabilities in DAE Models

This example cannot be solved with sequential methods (Bock, 1983):

dy1/dt = y2

dy2/dt = t 2 y1 + (p2 - t 2) sin (p t)

• The characteristic solution to these equations is given by:

y1(t) = sin (p t) + c1 exp(-t t) + c2 exp(t t)
y2 (t) = p cos (p t) - c1 t exp(-t t) + c2 t exp(t t) 

• Both c1 and c2 can be set to zero by either of the following equivalent 
conditions:

IVP y1(0) = 0, y2 (0) = p
BVP y1(0) = 0, y1(1) = 0

Carnegie Mellon

IVP Solution

• If we now add roundoff errors e1 and e2 to the IVP and BVP conditions, we 
see significant differences in the sensitivities of the solutions. 

• For the IVP case, the sensitivity to the analytic solution profile is seen by 
large changes in the profiles y1(t) and y2(t) given by:

y1 (t) = sin (p t) + (e1 - e2/t ) exp(-t t)/2  
+(e1 + e2/t ) exp(t t)/2

y2 (t) = p cos(p t) - (t e1 - e2) exp(-t t)/2 
+ (t e1 + e2) exp(t t)/2

• Therefore, even if e1 and e2 are at the level of machine precision (< 10-13), a 
large value of t and t will lead to unbounded solution profiles. 
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BVP Solution

• On the other hand, for the boundary value problem, the errors 
affect the analytic solution profiles in the following way: 

y1(t) = sin (p t) + [e1 exp(t )- e2] exp(-t t)/[exp(t ) - exp(-t )] 
+ [e1 exp(-t ) - e2] exp(t t)/[exp(t ) - exp(-t )] 

y2(t) = p cos (p t) - t [e1 exp(t )- e2] exp(- t t)/[exp(t ) - exp(-t )] 
+ t [e1 exp(- t ) - e2] exp(t t)/[exp(t ) - exp(-t )] 

• Errors in these profiles never exceed t (e1 + e2), and as a result 
a solution to the BVP is readily obtained.

Carnegie Mellon

BVP and IVP Profiles
• e1, e2 = 10-9

• Linear BVP solves easily
• IVP blows up before midpoint
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Dynamic  Optimization Dynamic  Optimization ApproachesApproaches

DA E Optimization Problem

Multip le Shooting

Sequential Approach

Vassiliad is(1994)

Can not handle instabilities properly
Small NLP

Handles instabilities La rger NLP

Disc retize some 
state variables

Disc retize 
controls

Variational Approach

Pontryagin(1962)

Ineffic ient fo r constra ined 
problems

Apply a NLP so lver

Effic ient fo r constrained problems

Carnegie Mellon

Multiple Shooting for Dynamic Optimization

• Divide time domain into separate regions

• Integrate DAEsstate equations over each region 
• Evaluate sensitivities in each region as in sequential approach wrt uij, p and 

zj

• Impose matching constraints in NLP for state variables over each region
• Variables in NLP are due to control profiles as well as initial conditions in 

each region
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Nonlinear Programming ProblemNonlinear Programming Problem

uL

x

xxx

xc

xf
n

££

=

ÂÎ

        

0)(s.t    

)(min

( ))(),(  min
,,

ffpu
tytz

ji

y

( )   z)z(tpuz,yF
dt
dz

jjji ==÷
ø

ö
ç
è

æ    ,,, ,

( ) 0,ji, =pz,y,uG

ul

u
iji

l
i

u
kkjij

l
k

u
kkjij

l
k

jjjij

ppp

uuu

ytpuzyy

ztpuzzz

ztpuzz

££

££

££

££

=- ++

,

,

,

11,

),,,(

),,,(

0),,,(s.t. 

(0)0 zz o = Solved Implicitly

Carnegie Mellon

BVP Problem Decomposition

Consider: Jacobian of Constraint Matrix for NLP
• bound unstable modes with boundary conditions (dichotomy)
• can be done implicitly by determining stable pivot sequences in multiple 

shooting constraints approach
• well-conditioned problem implies dichotomy in BVP problem (deHoog and 

Mattheij)
Bock Problem (with t = 50)
• Sequential approach blows up (starting within 10-9 of optimum
• Multiple Shooting optimization requires 4 SQP iterations

B1 A1

A2

A3

A4

AN

B2

B3

B4

BN

IC

FC
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Dynamic Optimization –
Multiple Shooting Strategies

• Larger NLP problem O(np+nu+NE nz) 
– Use SNOPT, MINOS, etc.
– Second derivatives difficult to get

• Repeated solution of DAE model and sensitivity/adjoint equations, scales 
with nz and np
– Dominant computational cost
– May fail at intermediate points

• Multiple shooting can deal with unstable systems with sufficient time 
elements. 

• Discretize control profiles to parameters (at what level?)
• Path constraints are difficult to handle exactly for NLP approach
• Extensive developments and applications by Bock and coworkers using 

MUSCOD code

Carnegie Mellon

Dynamic  Optimization Dynamic  Optimization ApproachesApproaches

DA E Optimization Problem

Simultaneous Approach

Sequential Approach

Vassiliad is(1994)

Can not handle instabilities properly
Small NLP

Handles instabilities La rge NLP

Disc retize all 
state variables

Disc retize 
controls

Variational Approach

Pontryagin(1962)

Ineffic ient fo r constra ined 
problems

Apply a NLP so lver

Effic ient fo r constrained problems
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Nonlinear Programming
Problem (NLP)

Nonlinear Dynamic
Optimization Problem 

Collocation on
finite Elements

Continuous variablesContinuous variables

Disc retized variablesDisc retized variables

Transfo rm to a NonlinearTransfo rm to a Nonlinear ProgrammingProgramming ProblemProblem

Carnegie Mellon
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Decomposition for La rge-Scale NLPs

Equations at collocation points
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Nonlinear Programming ProblemNonlinear Programming Problem
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Open Questions

KKT conditions o f  NLP consistent with optimality conditions 
of variational problem?

- DA E d isc retization (Biehn and Campbell, Polak and 
Sc hwartz, Dontchev and Hager)

- High index active constraints (Campbell)

- Singular arc s

How should elements be adjusted to enforce consistency?

- Mesh refinement

- Moving mesh

Carnegie Mellon

Dynamic Optimization –
Simultaneous Strategies

• DAE model and gradients part of NLP
– No additional solvers needed
– Gradients calculated cheaply
– Second derivatives available cheaply

• Simultaneous strategies can deal with unstable systems with sufficient time 
elements. 

• Discretize control and state profiles as parameters (at what level?)
• Path constraints can be handled exactly for NLP approach (but see open 

questions!)
• Extensive developments and applications at Boeing, Carnegie Mellon and 

elsewhere
• Large NLP problem O(np+nu+NE K(nz+ny)) 

– Large-scale solvers and NLP strategies needed to solve these! 



19

Carnegie Mellon

NLP Fo rmulation
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39

IPOPT Algorithm and Code 
(A. Waechter)

Options 

Full or Reduced Space Full or Reduced Space 
Decomposition of KKT MatrixDecomposition of KKT Matrix

Line Search StrategiesLine Search Strategies

- l2 exact penalty merit function

- augmented Lagrangian
function

- Filter method (adapted from 
Fletcher and Leyffer)

Hessian Calculation Hessian Calculation 

- BFG S (reduced space)

- SR1 (reduced space)

- Exact full Hessian (direct)

- Exact reduced Hessian (direct)

- Preconditioned CG 

Comparisons

34 COPS Problems 

(600 - 160 000 variables)

486 CUTE Problems 

(2 – 50 000 variables)

56 MITT Problems 

(12097 – 99998 variables)

Performs well compared with LOQO, 
KNITRO and SNOPT

Code AvailabilityCode Availability

Can be downloaded from:
http://www.coin-or.org

See links for additional information

Carnegie Mellon

D
Nitrogen

Oxygen, Argon, Nitrogen

1

15

u = F

Continuous Distillation Column Example

ò -
ft set dtDD
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2)(min
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UL FFF ££

426 DAEs
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NLP options:

• Interior point 

• rSQP Decomposition

• Filter Line Search

• Exact Hessian

• Preconditioned CG

Re sults fo r Continuous Distilla tion Optimization
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Inter face of DynoPC

Outputs/Graphic & TextsModel in FORTRAN

F2c/C++

ADOL_C

Preprocessor

DDASSL

COLDAE

Data/Config.

Simulator /Discretizer

F/DF

Starting Point Linearization

Optimal Solution

FILTER

Redued SQP

F/DF
Line Search

Calc. of independent 
variable move

Interior Point
For QP

Decomposition

DynoPC – Windows Implementation

Carnegie Mellon
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Example: Batch Reactor Temperature
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Example: Car Problem

Min tf
s.t. z1' = z2

z2' = u
z2

�

zmax

-2 
�������

subroutine model(nz,ny,nu,np,t,z,dmz,y,u,p,f)
double precision t, z(nz),dmz(nz), y(ny),u(nu),p(np)

double precision f(nz+ny)

f(1) = p(1)*z(2) - dmz(1)
f(2) = p(1)*u(1) - dmz(2)

return
end403020100
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Example: Crystallizer Temperature

Steam
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water
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Control var iable = T j acket = f(t)?

Maximize crystal size
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SUBROUTINE model(nz,ny,nu,np,x,z,dmz,y,u,p,f)
implicit double precision (a-h,o-z)
double precision f(nz+ny),z(nz),dmz(nz),Y(ny),yp(4),u(1)
double precision kgr, ln0, ls0, kc, ke, kex, lau, deltT, alpha
dimension a(0:3), b(0:3)
data alpha/1.d-4/,a/-66.4309d0, 2.8604d0, -.022579d0, 6.7117d-5/,
+  b/16.08852d0, -2.708263d0, .0670694d0, -3.5685d-4/, kgr/ 4.18d-3/,
+  en / 1.1d0/, ln0/ 5.d-5/, Bn / 3.85d2/, em / 5.72/, ws0/ 2.d0/,
+  Ls0/ 5.d-4     /, Kc / 35.d0 /, Kex/ 65.d0/, are/ 5.8d0 /,
+  amt/ 60.d0  /, V0 / 1500.d0/, cw0/ 80.d0/,cw1/ 45.d0/,v1 /200.d0/,
+ tm1/ 55.d0/,x6r/0.d0/, tem/ 0.15d0/,clau/ 1580.d0/,lau/1.35d0/,
+   cp/ 0.4d0    /,cbata/ 1.2d0/, calfa/ .2d0   /, cwt/ 10.d0/

ke= kex*area  
x7i = cw0* lau/(100.d0-cw0)
v = (1.d0 - cw0/100.d0)*v0 
w = lau*v0  
yp(1) = (deltT + dsqrt(deltT**2 + alpha**2))*0.5d0
yp(2) = (a(0) + a(1)*yp(4) + a(2)*yp(4)**2 + a(3)*yp(4)**3)
yp(3) = (b(0) + b(1)*yp(4) + b(2)* yp(4)**2 + b(3)* yp(4)**3)
deltT = yp(2) - z(8)  
yp(4) = 100.d0*z(7)/(lau+z(7))

f(1) = Kgr*z(1)**0.5*yp(1)**en - dmz(1)
f(2) = Bn*yp(1)**em*1.d-6 - dmz(2)
f(3) = ((z(2)*dmz(1) + dmz(2) * Ln0)*1.d+6*1.d-4) - dmz(3)
f(4) = (2.d0*cbata*z(3)*1.d+4*dmz(1)+dmz(2)*Ln0**2*1.d+6)-dmz(4)
f(5) = (3.d0*calfa*z(4)*dmz(1)+dmz(2)*Ln0**3*1.d+6) - dmz(5)
f(6) = (3.d0*Ws0/(Ls0**3)*z(1)**2*dmz(1)+clau*V*dmz(5))-dmz(6)
f(7) = -dmz(6)/V - dmz(7)
f(8) = (Kc*dmz(6) - Ke*(z(8) - u(1)))/(w*cp) - dmz(8)
f(9) = y(1)+YP(3)- u(1) 
return
end
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Conc lusions

Importance of Dynamic  Optimization
• Numerous Case Studies
• Classification of Methods

Sequentia l Method s
� Sensitivity/Adjoint Calculations
� Characteristic s and Lim itations

Simultaneous Methods
ƒ Flexib le formulations fo r Dynamic  Optimization
ƒ La rge-scale optimization problems

ƒ IPOPT: Spec ially suited for bounded large-scale problem s

Illustrated with challenging dynamic optimization 
problems

Carnegie Mellon

Future work
Refinement of Formulation for NLP So lver

- Improved Linear Solvers

- Handling Negative Curvature

Open Questions Optimal Contro l
- Justification of Optimal Mesh Placement

- Suitable DA E Disc retizations

- High Index Inequalities? Singular Arc s?

Handling Disjunc tions, Complementarity Constra ints
- MPEC Modeling Strategies fo r other hybrid systems
- Convergence Properties of IPOPT-C

Extending Modeling Interfaces for Dynamic 
Optimization
- DynoPC – Windows/VB
- OCC       – MA TLA B

- INCOOP – ESO/gProm s


