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m Dynamic Optimization Problem
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t, time _ t;, final time
z, dlfferen_tlal va_rlables u, control variables
y, algebraic variables p, time independent parameters
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% DAE Models in Process Engineering

Differential Equations
*Conservation Laws (Mass, Energy, Momentum)

Algebraic Equations
*Congtitutive Equations, Equilibbrium (physical properties,
hydraulic s, rate laws)
*Semi-explicit form
*Assume to be index one (i.e., algebraic variablescan be solved
uniquely by algebraic equations)
«If not, DAEcan be reformulated to index one (see Ascherand
Petzold)

Characteristics
sLarge-scale models — not easly scaled
*Sarse but no regular structure
Direct linear solverswidely used
*Coarse-grained decomposition of linearalgebra
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. DAE Optimization in Chemical Engineering
- Batch Distillation Operating Policies
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.. Dynamic Optimization Approaches

Pontryagin(1962)

Inefficient for constrained
problems
Discretize Vassiliadis(1994)
controls

Efficient for constrained problems
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% Sequential Approaches

Parameter Optimization

Consider asimpler problem without control profiles:
e.g., equipment design with DAE models - reactors, absorbers, heat exchangers

Min F (z(t))
Z=Fzp).2(0 =2
ozt)  h() =0

By treating the ODE model as a "black-box" a sequential algorithm can be constructed that can be treated as a
nonlinear program.

NLP
Solver
P
ODE f.g.h Gradient
Model Z@ ) Calculation

Task: How are gradients calculated for optimizer?
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& Gradient Calculation

» Perturbation
e Sensitivity Equations
» Adjoint Equations

Pertubation

Calculate approximate gradient by solving ODE model (np + 1) times
Lety =F,gandh(att=t,)

dy/dp,={y (pi+-s)-y (P} - s;

* Very simpleto set up
» Leadsto poor performance of optimizer and poor detection of optimum
unless roundoff error (O(l/ SL DQG WXQFDWRQ HUURU O( s L)) are small.

»  Work is proportional to np (expensive)
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From ODE modd!:

Sengitivity Equations

ﬂlp{zdi: F(z p.t),2(0) = z,(p)}
ﬂLm| =1

defines (t) = 0 ,...np

_d _TF_IFT _ 10
¢=—(s)=—+— s, s(0)=—+*~
=5 ) S s(0) 0

(nz x np sensitivity egquations)

zands,i=1,...np, an beintegrated forward simultaneously.

for implicit ODE solvers, s(t) can be carried forward in time after converging on z
linear sensitivity equations exploited in ODESSA, DASSAC, DASPK, DSL48s and

anumber of other DAE solvers

Sensitivity equations are efficient for problems with many more constraints than

parameters (1 + ng + nh > np)
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Example: Sensitivity Equations

W=7 +z;
®=22,+70p,
2=57(0=p

sk =2zs,+22s,
st,=2S,+2S8,+S,p,
S, = 0, 51,2(0) =1

s§, =2z5s,,+22,5,,
s$,=2+25S,,+2S,,+S,,P,
S, = 0, 52,2(0) =0




&h Adjoint Equations

Adjoint or Dual approach to sensitivity
Adjoin model to objective function or constraint

(y =F.gorh)
t

y =y (t)- §(z¢ F(z pt))dt
(I (1)) serve as multipliers on ODE's)

Now, integrate by parts .
f

Y =y ) +1(0) z(p)- /(t) 2t )+ o'/ ¢+ /TF(z p,p))dt
0
and find dy /dp subject to feasibility of ODE's

Now, set all terms not in dp to zero. 0

&My ((t,)) Nz (p) , 0, e &F o
=4 A (t t /(0); d ¢+—/ aZt g/ dpdt
&) (t, >uaz( )+ a2t & 1o ()H p+93/ g E0*e p
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&h Adjoint System

0 Ty (2t,))
[C=-—/ / (t
gz’ O =

dy _T2(P) ;o , SETF
—2==2/(0) + /(t) dt
dp Tp Ep Y
* Integrate model equations forward
* Integrate adjoint equations backward and evaluate integral and
sengitivities.
Notes:

* nz(ng + nh + 1) adjoint equations must be solved backward
(one for each objective and constraint function)

» for implicit ODE solvers, profiles (and even matrices) can be
stored and carried backward after solving forward for zasin
DASPK/Adjoint (Li and Petzold)

» more efficient on problems where: np> 1+ ng + nh
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&h Example: Adjoint Equations
21¢Z=12:12++§fpz
2,=52(0)=p,

Form /TF(z, p,t) =/,(Z +Z)) +/ (2,2, + 7, p,)

F Iy (z(t,))
1e=- /), /(t,) =
9z .7 Tz(t,)

Ay _92(P) | () 4 SETF | ol
o 1 O Gy O
thenbecomes

Iy (t;)
18=-21,z, - 1 ,(z, L), 14(te) =
z - 1,(z,+ p,). /,4(t;) )
_ _Tr(ty)
/2¢_'2/122'/2Z1v/2(tf)—ﬂzz(tf)
dy (t;) _
a0
dy (t) ",
dp, —gjz(t)li(t)dt
&ﬁ Profile Optimization

(Optimal Control)

Examples:

» Optimal Feed Strategy (Schedule) in Batch Reactor
* Optima Startup and Shutdown Policy

» Optima Control of Transients and Upsets

Sequential Approach:

Represent control profile as parametric approximation
(piecewise constant, linear, polynomial, etc.)
» Apply NLP to discretization as with parametric optimization

» Obtain gradients through adjoints (Hasdorff; Sargent and
Sullivan; Goh and Teo) or sensitivity equations (Vassiliadis,
Pantelides and Sargent; Gill, Petzold et a.)

CarnegieMellon




m Nonlinear Programming Problem

min y (z(t,), y(t,))

z,' £ z(u, p.t,) £ 2"
v £y, pt)Ey,"
u' £u £u’

p' £ pE p

st.

FD ¢
edtg
G(zy.y,p)=0

zy =2(0)

(zyu.p)

Solved Implicitly
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s Example: Batch reactor - temperature profile

u
A —»B

—L E u(T(®)

Maximize yield of B after one hour's operation by manipulating a transformed
temperature, u(t).

Minimize -z5(1.0)
st.

Z 5 =-(utu¥/2) z,

Zg=U2Z,

z,(0)=1

z5(0) =0

O" X w
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w  Optimal Batch Reactor Temperature-
Piecewise Constant

Optimal Profile, u(t)

0. 0.2 0.4 0.6 0.8 1.0
Time, h

Piecewise Constant Approximation with Variable Time Elements
Optimum B/A: 0.57105
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w  Optimal Batch Reactor Temperature-
Piecewise Linear

Optimal Profile, u(t)

0. 0.2 0.4 0.6 0.8 1.0
Time, h

Piecewise Linear Approximation with Variable Time Elements
Optimum B/A: 0.5726
Equivalent # of ODE solutions. 32
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Optimal Batch Reactor Temperature-
Variational Approach

Optimal Profile, u(t)

0. 0.2 0.4 0.6 0.8 1.0
Time, h

Piecewise Linear Approximation with Variable Time Elements

Optimum B/A: 0.5732
Equivalent # of ODE solutions: 58

i Dynamic Optimization - Sequential Strategies

CarnegieMellon

Small NLP problem, O(np+nu) (large-scale NLP solver not
required)

— UseNPSOL, NLPQL, etc.

— Second derivatives difficult to get

Repeated solution of DAE model and sensitivity/adjoint
equations, scales with nz and np

— Dominant computational cost

— May fail at intermediate points

Sequential optimization is not recommended for unstable
systems. State variables blow up at intermediate iterations for
control variables and parameters.

Discretize control profilesto parameters (at what level?)

Path constraints are difficult to handle exactly for NLP
approach

10



. | sabiliticsin DAE Modds

This example cannot be solved with sequential methods (Bock, 1983):

dy,/dt =y,
dy,Jat =t2y, + (p?-t?) sin(p t)

e Thecharacteristic solution to these equationsis given by:

yi(t) =sin(p t) + ¢, exp(-t t) + ¢, exp(t t)
Yo () =pcos(pt)-c,t exp(-t t)+c,t exp(t t)

» Both ¢, and ¢, can be set to zero by either of the following equivalent
conditions:

IVP y1(0)=0,y,(0)=p
BVP  ,(0)=0,y,(1) =0
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&% IV P Solution

+ If we now add roundoff errors e, and e, to the | VP and BVP conditions, we
see significant differencesin the sensitivities of the solutions.

» For the IVP case, the sensitivity to the analytic solution profileis seen by
large changes in the profiles y,(t) and y,(t) given by:

y1 () =sin(pt) + (e, - &ft) exp(-t t)/2
+(e, + e)ft) exp(t t)/2

Y. () =pcos(pt)- (t e -e)exp(-tt)2
+(t e +e)exp(t t)/2

» Therefore, evenif e and e, are at the level of machine precision (< 10-13), a
large value of t and 't will lead to unbounded solution profiles.

CarnegieMellon
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&% BV P Solution

* On the other hand, for the boundary value problem, the errors
affect the analytic solution profiles in the following way:

yi() =sin (p t) + [e; exp(t)- &;] exp(-t t)/[exp(t) - exp(-t)]
+[e; exp(-t) - €] exp(t t)/[exp(t) - exp(-t)]

Yo(t) =pcos(pt) -t [e exp(t)- ] exp(- t t)/[exp(t) - exp(-t)]
+1t [e, exp(-1) - )] exp(t t)/[exp(t) - exp(-t)]

» Errorsin these profiles never exceed t (e, + e,), and as aresult
asolution to the BVP is readily obtained.

CarnegieMellon

&h BVPand IVP Profiles

© €,6=10°
» Linear BVP solveseasily
» VP blows up before midpoint

CarnegieMellon
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Dynamic Optimization Approaches

Pontryagin(1962)

Inefficient for constrained
problems
Discretize Vassiliadis(1994)
controls
Efficient for constrained problems Can not handle instabilities properly
Small NLP

Discretize some
state variables

Handles instabilities Larger NLP

CarnegieMellon

Multiple Shooting for Dynamic Optimization

< Dividetime domain into separate regions

| | |

* Integrate DAESs state equations over each region

« Evaluate sensitivities in each region as in sequential approach wrt u
Z
]
* Impose matching constraintsin NLP for state variables over each region
* Variablesin NLP are due to control profiles aswell asinitial conditionsin

each region

pand

j

CarnegieMellon
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Nonlinear Programming Problem
min y (z(t,), y(t,))

st.  z(z,,u;;,pty)- 2,.,=0
z, £2(z;,u,,pt) £2,°
Ve £y(z,,u,,pt)EY,"

u' £u,; £u"

p' £ p£ p*
o6z
2 o, o) 2073
Glzy.y,.p)=0
2y =2(0) Solved Implicitly
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BV P Problem Decomposition

0

0

0
\ D\
\@ 0

Consider: Jacobian of Constraint Matrix for NLP
» bound unstable modes with boundary conditions (dichotomy)

» can be done implicitly by determining stable pivot sequencesin multiple
shooting constraints approach

» well-conditioned problem implies dichotomy in BV P problem (deHoog and
Mattheij)

Bock Problem (witht = 50)

» Sequentia approach blows up (starting within 10 of optimum

» Multiple Shooting optimization requires 4 SQP iterations
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Dynamic Optimization —
Multiple Shooting Strategies

» Larger NLP problem O(np+nu+NE nz)
— Use SNOPT, MINOS, etc.
— Second derivatives difficult to get

» Repeated solution of DAE model and sensitivity/adjoint equations, scales
with nz and np

— Dominant computational cost
— May fail at intermediate points

» Multiple shooting can deal with unstable systems with sufficient time
elements.

» Discretize control profiles to parameters (at what level?)
» Path congtraints are difficult to handle exactly for NLP approach

» Extensive developments and applications by Bock and coworkers using
MUSCOD code

CarnegieMellon

Dynamic Optimization Approaches

Pontryagin(1962)

problems
Discretize Vassiliadis(1994)
controls

‘ Inefficient for constrained

Efficient for gonstrained problems Can not handle instabilities properly

. . Small NLP
Discretize all

state variables

Handles instabilities Large NLP

CarnegieMellon
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Transform to a Nonlinear Programming Probler

Continuousvariables

N\

Discretized variables -

CarnegieMellon

Collocation on Finite Elements
(Implicit Runge-Kutta)

. Polynomials
Truesolution

|
T I
to tn Collocation points f

Finite element, n Mesh points

elementn q=2 'ﬁt |"'u'""'ﬁ“"“l..-u
.

gt TR

V&

™~ N\ YO=3 QWY  uM=4 O
q=1 g=1

Z(t): Zn—l + (t - tn—l)éK V\lq(t) dzq

g=1 th

Differential variable s
Continuous

CarnegieMellon

Algebraic and
Control variables
Discontinuous
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Decomposition for Large-Scale NLPs

Jacobian of the discretized DAE constraints

- -

~S o -
1 | == |
/I/ 7\
(- / B — Initial conditions

+ Equations at collocation points
Continuity equations
| , I | 7|

Discretized control
variables, element lengths
and parameters

Differential an algebraic
discretized variables

Nonlinear Programming Problem
min y (Zi Y iqoUig Pty )
aelzo 2
S.t. ¢~ - =0
edt J gZudt”’Z ylj7qj’pT
& dz o
ngil at _7Zi1yi,j7ui,j1p2$_0
0
=fg— ,z,,%
gdti-l,j 1[21
zy =2(0)
z,'£z,£2,"
yi,jl £y, £y ;"
u ' £u,, £u, "
p'EpEp"
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Open Questions

KKTconditions of NLP consistent with optimality conditions
of variational problem?

- DAEdiscretization (Biehn and Campbell, Polak and
Schwartz, Dontchev and Hager)

- High index active constraints (Campbell)
- Singulararcs

How should elements be adjusted to enforce consistency?

- Mesh refinement
- Moving mesh

CarnegieMellon

Dynamic Optimization —
Simultaneous Strategies

» DAE model and gradients part of NLP
— No additional solvers needed
— Gradients calculated cheaply
— Second derivatives available cheaply

» Simultaneous strategies can deal with unstable systems with sufficient time
elements.

» Discretize control and state profiles as parameters (at what level ?)

» Path congtraints can be handled exactly for NLP approach (but see open
questions!)

» Extensive developments and applications at Boeing, Carnegie Mellon and
elsewhere

e Large NLP problem O(np+nu+NE K(nz+ny))
— Large-scale solvers and NLP strategies needed to solve these!

CarnegieMellon
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NLP Formulation

min f (%)

{1 A"

S.t C(X) =0 Can generalize for
Original Formulation X3 0 xt £ xE XV

\ 4

min / ,(x)=f(x)- 78 Ins
X A" =
Barrier Approach s.t C(X) =0 '

s- x=0

PAsm: 0, x*(m: x*

Solution of the Barrier Problem

P Newton Directions (KKT System)

Nf(x)+ A(x)/ -v = 0
XVe-me = 0
c(x) =0
[
P Reducing the System q,:n)('le- V- X_Jvci

Qs Aglo_ &V i

e e+0—"é S=XV
EN ofgl €ct

Primal-Dual versiorgB
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IPO PT Algorithm and Code

(A. Waechter)

Options

Full or Reduced Sace
Decomposition of KKT Matrix

Line Search Srategies

- |, exact penalty merit function

-augmented Lagrangian
function

- Flter method (adapted from
Fletcherand Leyffer)

He ssian Calculation
- BFG S (reduced space)
- SR1 (reduced space)
- Exact full He ssian (direct)
- Exact reduced Hessian (direct)

- Preconditioned CG

Comparisons
34 COPS Problems
(600 - 160 000 variables)
486 CUTE Problems
(2 —50 000 variables)
56 MITT Problems
(12097 — 99998 variables)

Perform swell compared with LOQO,
KNITRO and SNOPT

Code Availability

Can be downloaded from:
http://www.coin-or.org

See links for additional information
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Continuous Distillation Column Example

A,

1 Nitrogen
426 DAEs

15

minéf(D- D*=)2dit

st. DAE
F'£F£FY

\_/:l E ? Oxygen, Argon, Nitrogen

CarnegieMellon
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Basic Model for Distillation

Differential Equations for each tray

am _ F+V, +L,-V.- L Global mass balance
dI i i+] - i
dx. Mass balance
M'TIJ: F|Z|.| +V|+1(M+1.1 - x‘1)+ L|-1(X|-1., - X‘J)_ Vn(yu - Xn.;) each component
dh\‘ v I v | v |
M o :le(hHl - h )+ L,,l(h‘,1 - h ) Vv, (h‘ - h ) Energy balance
Algebraic Equations for each tray
Ky, = 1,(T,.P) L=f(M) h=f(T.x)
Equilibrium e
YVii = %Ki ay,;=1 Other relations
=1
Reformulate asan Index 1 DAE
a@nc ) aenc o) nc aenc o}
%Eé vi-t= 968 K x, -1T=] Kwd’iwé % K 2dT g
j=1 o dt%J:l & e dt 81:1 dT; bdt
dh! _ 8% gn! dx;  gn! dT;

CarnegieMellon
Re sults for Continuous Distillation Optimization
clanenis | Cooton | prvarise] Lo,
50 3 150/ 67620 1215
100 3 300/ 135170 12/3.4
300 3 600 / 405370 16/18.0
600 3 1200/ 810670 18/66.2
NLP options:
o ﬁ « Interior point
Z * rSQP Decomposition
6 | * Filter Line Search
s » Exact Hessian
R _— T « Preconditioned CG
CarnegieMellon
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DynoPC — Windows Implementation

| Modd in FORTRAN [ Data/contig. |

Outputs/Graphic & Texts

T

N7

Interface of DynoPC

Preprocessor

( Redued SQP

o

Calc. of independent
variable move

»(_ DDASSL
F/DF

Simulator/Discr etizer Starting Point

Decomposition

-

L N

Interior Point
For QP

(e 7

CarnegieMellon

Example: Batch Reactor Temperature

1 2
(A }J—>[B | —>[C |

Max Db(t;)
st.
da _ E
a &Pt &)
By B
at SPGBy
a+b+c =1

CarnegieMellon

xa

E
)k, ep(- £2)%b

il

22



Example: Car Problem

Min t;
st 2)'=12
z,’=u
Z Zmax
-2

subroutine model (nz,ny,nu,np,t,z,dmz,y,u,p,f)
double precision t, z(nz),dmz(nz), y(ny),u(nu),p(np)

g octy o2
> 8
5 4] g Adbelraton 3 .
g double precision f(nz+ny)
B
8
<Ll (1) = p(2)*2(2) - dmz(1)
2 f(2) = p(1)*u(1) - dmz(2)
3 - - . o return
0 10 20 30 40 end
Time
CarnegieMellon
45E-03 60
4.0E-03 1gg SUBROUTINE model (nz,ny,nu,np,x,z,dmz,y,u,p,f)
3.5E-03 implicit double precision (a-h,0-2)
N 3.0E03 40 o double precision f(nz+ny),z(nz),dmz(nz),Y (ny),yp(4),u(1)
o 5( = double precision kgr, In0, IS0, ke, ke, kex, lau, deltT, alpha
— 25E-03 @ dimension &(0:3), b(0:3)
S e / T30 = data alphalL -4/, al-66.430900, 2.8604d0, -.022579d0, 6.7117c+5/,
2 \ s + 1/16.08852d0, -2.708263d0, .0670694d0, -3.5685d-4/, kgr/ 4.18d-3/,
5 15E03 \ 20~ + en/ 1.1d0/, In0/ 5.0-5/, Bn / 3.85d2, em / 5.72/, ws0/ 2.0/,
1.0E-03 +Ls0/5.d-4 /,Kc/35d0/, Kex/ 6500/, arel 5.8d0/,
50508 r10 + amt/ 60.0 /, VO/ 1500.d0/, cw0/ 80.d0/,cowL/ 45.d0/,v1 /200.d0/,
’ + tmX/ 55.d0/,x6r/0.d0, tem/ 0.15d0/,claw/ 1580.d0/, aw/1.35¢0/,
0.0E+00 : : . — 0 + cp/0.4d0 /,chatal 1.2d0/, calfal .2d0 /, cwt/ 10.d0/
0] 5 10 15 20
ke = kex*area
Time (hr) X7i = owO* law/(100.d0-cwo)

Control variable=T

CarnegieMellon

—Crystal Size —T jacket

=f(t)?

jacket

V = (1.d0 - cw0/100.d0)*v0

w =lau*vo

yp(1) = (deltT + dsgrt(deltT**2 + alphat* 2))* 0.5d0

YP(2) = (a(0) + a(1)*yp(4) + a(2)*yp(4)**2 + A3)*yp(4)**3)
YP(3) = (b(0) + b(1)*yp(4) + b(2)*yp(4)**2 + B(3)* yp(4)**3)
deltT =yp(2) - z(8)

yp(4) = 100.d0* z(7)/(lau+2(7))

f(1) = Kgr*z(1)**0.5*yp(1)**en - dmz(1)

f(2) = Bn*yp(1)**em*1.d-6 - dmz(2)

f(3) = ((2(2)* dmz(1) + dmz(2) * LnO)* 1.d+6*1.d-4) - dmz(3)

(4) = (2.d0* chata® 2(3)* 1.0+ 4* dmz(1)+dmz(2)* Ln0** 2* 1.d+6)-dmz(4)
f(5) = (3.d0* calfa* z(4)* dmz(1)+dmz(2)* Ln0* * 3* 1.d+6) - dmz(5)

(6) = (3.0* WSD/(LS0** 3)*z(1)* * 2* dmz(1) +clau V* dmz(5))-dmz(6)
f(7) = -dmz(6)/V - dmz(7)

1(8) = (Kc*dmz(6) - Ke* (2(8) - u(1)))/(w* cp) - dmz(8)

f(9) = y(D)+YP()- u(1)

return

end
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Conclusions

Importance of Dynamic Optimization
* Numerous Case Studies
+ Classification of Methods

Sequential Methods
Sensitivity/ Adjoint Calculations
Characteristicsand Limitations

Simultaneous Methods
¢ Flexible formulations for Dynamic Optimization
¢ Large-scale optimization problems
¢ IPOPT: Specially suited for bounded large-scale problems

Illustrated with challenging dynamic optimization

problems

CarnegieMellon

Future work

Refinement of Formulation for NLP Solver
- Improved Linear Solvers
- Handling Negative Curvature
Open Questions Optimal Control
- Justification of Optimal Mesh Placement
- Suitable DAE Discretizations
- High Index Inequalities? Singular Arcs?
Handling Disjunctions, Complementarity Constraints
- MPEC Modeling Strategies for other hybrid systems
- Convergence Properties of IPOPT-C
Extending Modeling Interfaces for Dynamic
Optimization
- DynoPC — Windows/'VB
-OCC -MATLAB
- INCOOP — ESO/gProms

CarnegieMellon
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