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Comparison of diff erent forms of energy



Increasing ratio of gas heatings in German y



European natural gas alliance in the past (1970)



European natural gas alliance toda y (2000)



Ruhr gas netw ork in German y



Schematic of a pipe netw ork section with switc hing components



Detail of a pipe netw ork section with compressor s and valves



Dimension of pipes



A compressor station



Given:

� A gas network consisting of a set of compressors and valves that are

connected by pipes.

Situation:

� The gas pressure in the pipes decreases due to friction in the pipes.

� Compressors are used in order to increase the pressure again.

� The compressors consume some friction of the gas �o wing through the pipes.

Aim:

� Optimize the drives of the gas and set in the compressors cost-ef�ciently such
that the required demands are satis�ed.
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The problem



Nonlinear aspects:

� Hydraulic of pipes, ef�ciency of compressors

� Gas quality, gas delivering contracts

Mixed-Integer:

� Valve positions, switching of compressor stations

� Contracts

Time depending aspects:

� Transient hydraulics of pipes

Stochastical aspects:

� Sales quantity of gas

� Uncertainty of model parameters

� Liberalisation of gas market
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Posing the problem



Dynamic Programming:

� Gopal, 1979

� Zimmer, 1975

� Carter, 1998

Nonlinear Optimisation:

� Jemicek, Kralik, Vostry, 1993

Heuristics (Simulated Annealing, Genetic Algorithms):

� Wright, Somani, Ditzel, 1998

IP- or MIP-appoaches:

� Pratt, Wilson, 1984

� Sekirnjak, 1998
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Previous Appr oaches



De�ne a Graph
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�
��� �
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with

�

�

as set of nodes

�

�

as set of segments

The set

�

of segments consists of:

� compressors (compressor stations)

� valves/control valves

� pipes

The set

�

of nodes consists of:

� set of intersection points (of segments)

� set

�

of sources (gas delivering points)

� set

	

of sinks (gas demanding points)
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Modelling the problem in a graph
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: �o w in a pipe or a compressor

�

�

�

�

�

: pressure in a node
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: fuel gas consumption of a compressor
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: power of a compressor
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: switching variable of a valve, control valve or a compressor
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Summar y of the most impor tant variab les of the model



The momentum equation (here for cylindrical pipes):
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The continuity equation:
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The energy equation:
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The gas equation:






#




�

$

�

�&%

�

�

�

$

#

�

#

�

#

A. Martin � TU Darmstadt

Basic diff erential equations for Transient Technical Optimisation



Consider the momentum equation (here for cylindrical pipes):
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This equation simpli�es in the stationary case and for horizontal pipes:
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Together with the gas equation
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where subindex 
 indicates average numbers.
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Momentum equation and pressure loss in pipes



The continuity equation is given by:
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From the continuity equation and the gas equation we get:
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where subindex $ indicates average numbers.
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Simpli�cation of the contin uity equation



First law of Kirchhoff:

Balance of gas-�o ws in each node
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Flow balance in the nodes



Modelling valves:
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iff the valve is switched on.
A bypass valve of a compressor has to ful�ll the following additional inequalities:
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Valves



The properties of control valves can be modelled as follows:

	

�

	

� ��

���

	

�

	

�

 

!

�
�

�

 

!

�

�

� �

�

�

	

�

� ��

�
�

�

 

!

�

�

� �

�

�

	

�

�

 

!

���

�
�




�
�

�




�

where �

�

�




iff the control valve is switched on.
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(Contr ol-)v alves



Consider the momentum equation (here for cylindrical pipes):
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This equation simpli�es for the stationary case and for horizontal pipes to:
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Modelling the pressure loss in pipes
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Plot of pressure loss in pipes



Approximation of pressure loss in pipes by

� determing a triangulation of the

�

� dim. manifold with a set

�

� of grid
points and a set

�

� of triangles

� linearising the function within each triangle

p pin out
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Pipes



For the triangulation and their re�nements we use KARDOS, a software package

for solving nonlinear parabolic systems.

KARDOS was developed by Jens Lang, Peter Deu�hard, Bodo Erdmann and

Rainer Roitsch at ZIB, Berlin.
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Triangulation of Pipes



Variables:
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Pipes



Basic (In)equalities for modelling of compressors:
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Compressor s



Starting from the adiabatic height
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� of a compressor
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Approach:

Piecewise linear approximation of fuel consumption

�

.
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Modelling the fuel consumption of compressor s



Approximation of fuel gas consumption of compressors by

� determing a triangulation of the three-dim. manifold
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and

� de�nition of a set

���

of three-dimensional grid points

� linearisation of the cubes/tetrahedrons

�

� between the grid points
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Compressor s



Variables:
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Compressor s
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Summar y of the most impor tant constraints I
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Summar y of the most impor tant constraints II
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This is the traditional way known from pertinent text books.
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Modelling piece wise linear functions (one dimensional case)



Consider the following polyhedron:
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Appr oximation of nonlinear functions
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Complete description in the one-dimensional case
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�

equation, that is

- at most two

�

� variables are positive,

- these two must appear consecutively.

Advantages:

� Binary variables are not necessary.

� The additional requirements can be incorporated easily within
branch & bound.
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An alternative (better) way



Consider the polyhedron:
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Properties:

� The (complete) description of this polyhedron is complex.

� There are vertices of the LP-Relaxation of
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�, where the
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� variables
ful�ll the (triangle-) conditions but the �
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The situation in the two-dimensional case



Under certain conditions the following valid inequalities de�ne facets of
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Inequalities in the two-dimensional case
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Example I
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Example I
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Example II
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Example II
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Example III
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Example III
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Example IV
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Example IV



Dispense with the binary variables and view
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as SOS Type
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constraint in dim.

�

, that is:

� At most three

�

� variables are nonzero.

� The nonzero

�

� variables must belong to the same triangle.

� Incorporate these conditions via polyhedral studies and
branch & bound.

Cf. also de Farias, Jr., Johson, Nemhauser (1997, 2001).
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Alternative appr oach
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Looking at substructures: Sequences of pipes
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models that the pressure at the end of the �rst pipe must be equal to the

pressure at the beginning of the second pipe:

71.01 71.01 71.01 71.01
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Looking at substructures II



� The facets of the polyhedra are complex, but
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�

�


�

� �.

� The vertices can be determined algorithmically.

Separationalgorithm: Let

�

�

�

�

�

�

 be the solution to be cut off. Then we look for a

cut of the form �

�

�

�

� by solving
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We have:
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�
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�
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� is valid for
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� It cuts off
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�

�

�

�

�

 iff
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�

�
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Proper ties of

�

and

���



p
out
1 = p

in

2

p p
1 2

q 1
=   q 2

Consider the polyhedra
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Observation:

�
�

� and

�
�

have also polynomially many vertices.
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Fur ther extensions I



Very important for the solution of the problem is the following case:

p
pipe, out

= p
compressor,in

pipe
q = q

compressor

out

f = f(pin

(p in,q)

,pout,q)

= p
out

p

Also in this casethere are polynomially many vertices!
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Fur ther extensions II
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Testmodell



Source

Innode

Sink Pipe

Connection

Valve

Compressor

Control valve
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Graph of Testmodell
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� ) pipes (
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) Solution
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*: without binary variables but with additional cuts
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Some computations I



Pipe fulfills triangle conditions

Pipe does not fulfill triangle conditions
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Testmodell before Pipe-to-Pipe Separation



Pipe does not fulfill triangle conditions

Pipe fulfills triangle conditions
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Testmodell after Pipe-to-Pipe Separation



compressors pipes Solution
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*: with an additional grid point at the optimum
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Some computations II (Re�nement)



� Continuation of polyhedrial studies

� Re�nement Steps in the Triangulation

� Modelling the compressors with tetrahedrons

� Development and Implementation of further separation algorithms

� The transient case must be modelled
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What to do next?



The constraints



�

�

�

in the transient case result from the constraints




�

�

�

�

�

�

�

�

�

" � � � "

�

of the stationary case and it holds:




�

�
�������������������




�







. . .




!

�

�
	�	�	�	�	�	�	�	�	�


The matrix

�

connects the individual subproblems.

Aim: Using the knowledge of the stationary case for solving the transient case.
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The principle of the transient case
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